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 These CPs belong to the same universality class (𝑍2).

Common critical exponents. Ex.

 CP: Second-order transition point. 
 Singularities in thermodynamic quantities.
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 Columbia plot
= order of phase tr. at 𝜇𝑞 = 0

 Example
Phase diagram 
in 𝑇 −𝑚𝑞 plane

Various orders of phase transition with a variation of  𝑚𝑞.
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small large!

Scaling of free energy

Critical exponents
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 Singular part:



V

Observables are fluctuating even in equilibrium!

variance



Cumulants

average

variance

 skewness  kurtosis

Binder Cumulant

NOTE
• Gauss distribution:

• Poisson distribution:

Review: Asakawa, MK, PPNP 90 (2016)
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• Sign of 𝑀3
𝑐 is flipped at ℎ = 0.



Ising Model

 𝑀4
𝑐,ℎ=0 changes discontinuously at the CP.

Binder Cumulant

Kurtosis:



Reviews:
Asakawa, MK, PPNP (’16)
Bluhm, MK+, NPA 1003 (’20)
MK, Esumi, Nonaka, JPS journal, 2021/8
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Review: Asakawa, MK, PPNP 90 (2016)

Detector

STAR, PRL105 (2010)

Cumulants
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 Ising Model  QCD

 Sign of 𝑁3
𝑐 flips on the phase boundary of QCD.

 Same idea is also applicable to higher order cumulants.

Stephanov, ’11



Geometric interpretation on the signs

Asakawa, Ejiri, MK, ’09

Themodynamic Relation

Fluctuations 𝑁𝐵
2
𝑐

diverge at the QCD-CP.

Sign of 𝑁𝐵
3
𝑐

can distinguish 

near and away sides!



 Nonzero and non-Poissonian cumulants 
are experimentally established.

STAR, PRL126 (’21)

suppression?



Ejiri+, Phys.Rev.D 101 (2020) 054505
Kiyohara+, Phys.Rev.D 104 (2021) 114509
Wakabayashi+, PTEP 2022 (2022) 033B05
Ashikawa+, in prep.



 Columbia plot
= order of phase tr. at 𝜇 = 0

 Example

Critical 
Point

Phase diagram in 
heavy-quark region

Lattice QCD numerical simulations are possible!

 Where are the CPs?
 Correct scaling behavior?



Ising Model

• 𝑀4
𝑐 changes discontinuously at the CP.

Binder Cumulant

Kurtosis:



Ising Model

𝑉 = ∞

Binder Cumulant

 Sudden change of 𝐵4 at the CP is smeared by finite 𝑉 effect.
 𝐵4 obtained for various 𝑉 has crossing at 𝑡 = 0.
 At the crossing point, 𝐵4 = 1.604 in 𝑍2 universality class.



Ising Model

𝑉 = ∞

smaller 𝑉

 Sudden change of 𝐵4 at the CP is smeared by finite 𝑉 effect.
 𝐵4 obtained for various 𝑉 has crossing at 𝑡 = 0.
 At the crossing point, 𝐵4 = 1.604 in 𝑍2 universality class.

Binder Cumulant

1.604 for 𝑍2



Infinite vol.:

Finite vol.:

𝑉 = ∞

smaller 𝑉

𝑍(2) universality class:



 Light-quark region  Heavy-quark region
Cuteri , Philipsen , Schön, Sciarra, ’21Kuramashi, Nakamura, Ohno, Takeda, ’20

𝑁𝑡 = 12, 𝐿𝑇 < 2.7 𝑁𝑡 = 10, 𝐿𝑇 ≤ 6

 Statistically-significant deviation of the 
crossing point from the 3d-Ising value.

𝑉 may not be large enough?



Numerical simulations with large spatial volume 
𝐿𝑇 ≥ 10

To realize it:
 Focus on the CP in the heavy-quark region
 Simulations on coarse lattices (𝑁𝑡 = 1/𝑎𝑇 = 4 → 6)
 Hopping parameter (~1/𝑚𝑞) expansion (HPE)

 Monte Carlo simulations at the LO of HPE
 Measurement at the NLO of HPE by reweighting

Kiyohara+, PRD104 (2021); Ashikawa+, in prep.



Wilson fermion 

nonzero only for neighboring (𝑥, 𝑦)

𝑁𝑡 = 4
tr[𝐵𝑛] is given by the 
closed trajectories of 
length 𝑛.



 Monte Carlo Simulation @ LO

 heat bath & over relaxation with 
modified staple

Numerical cost is almost 
the same as the pure YM!

 NLO by Reweighting

 Overlapping problem is well 
suppressed due to the LO confs.

Realize high statistical analysis



 Coarse lattice: 𝑁𝑡 = 4
 But large spatial volume:

𝐿𝑇 = 𝑁𝑠 / 𝑁𝑡 ≤ 12

 Hopping-param. (~1/𝑚𝑞) expansion

 Monte-Calro with LO action
 High statistical analysis (6 × 105 meas.)

Simulation params.

Kiyohara+, PRD104 (2021) 114509



Fitting function

params: 𝑏4, c, 𝜆𝑐 , 𝜈



 𝐵4 and 𝜈 are consistent with Z2 universality class 
only when 𝐿𝑇 ≥ 9 data are used for the analysis.

𝐿𝑇 ≥ 9
𝐿𝑇 ≥ 8

Z2



Effective Potential:

 𝑍2-FSS is well applied near the peaks
 Scaling violation around the edges

lead to scaling violation of 𝐵4

Result at



Peak Position

Gap with scaling

𝜆 dep. of the gap agrees 
well with 𝑍2-FSS.

Polyakov-loop Distribution



New result for 𝑁𝑡 = 6 (Ashikawa+, in prep.)

 For 𝑁𝑡 = 6, deviation from the finite-size 
scaling is more significant with the same 𝑉.



 Light-quark region  Heavy-quark region
Cuteri , Philipsen , Schön, Sciarra, ’21Kuramashi, Nakamura, Ohno, Takeda, ’20

𝑁𝑡 = 12, 𝐿𝑇 < 2.7 𝑁𝑡 = 10, 𝐿𝑇 ≤ 6

 Statistically-significant deviation of the 
crossing point from the 3d-Ising value.

𝑉 may not be large enough?



 Probability Distribution of Polyakov loop
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Wakabayashi+ (’22)

 HPE of free lattice field (U=1)

Wilson-loop-type

𝑁𝑡 = 4 𝜅𝑐 = 0.0602 4 Kiyohara+,’21

𝑁𝑡 = 6 𝜅𝑐 = 0.0877 9 Cuteri+, ’21

𝑁
𝑡
=
4

𝑁
𝑡
=
6

Polyakov-loop-type

𝑁
𝑡
=
4

𝑁
𝑡
=
6

NNLO and higher

Wakabayashi+ (’22)



 Critical points appear many places in QCD at nonzero 
temperature.

 Among them, a search for the CPs
1) on the 𝑇 − 𝜇𝑞 plane by Relativistic heavy-ion collisions

2) on the 𝑇 −𝑚𝑞 plane by Lattice QCD simulations

are interesting subjects that are actively studied.

 Large spatial-volume simulations are mandatory to apply 
for the FSS for the analysis of the CP on the lattice.
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Point

Definitions of transition line
 Maximum of ⟨Ω𝑅

2 ⟩
 Zero of ⟨Ω𝑅

2 ⟩
 Minimum of 𝐵4


