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Boundary Conditions in QFT

Many motivations
O Casimir effect

[ Relativistic heavy-ion collisions

0 Numerical simulations (ex. lattice QCD) S

S
S -
y g A

0 Matsubara formalism for thermal systems /:}:? 7%/ / //

—




Purpose

Thermal SU(3) YM with PBC along x direction

QFT on Euclidean

— T? X R?
Ly, L, — o0

How does thermodynamics behave w.r.t. T and L,.?

ST

[0 Thermal Casimir effect in a non-perturbative system
0 QCD phase diagram as a function of L,

[0 Anisotropic pressure

[ 2 Polyakov loops will play important roles



Casimir Effect

attractive force between two conductive plates



Casimir Effect

Brown, Maclay
1969

[ P, 0O

0 7
\ 0 0

0\ —
0

P,

P, <0 7
P, >0




Brown, Maclay

Casimir Effect 1066




Brown, Maclay

Casimir Effect 1066

[P, 0 0\ ___
P. 0

L : 0 P
L(L‘ \OOPz)

P, <0 7

_ LRl




Contents

1. Lattice study

MK+, Phys. Rev. D99 (2019) 094507

2. Model analyses

Suenaga, MK, Phys. Rev. D107 (2023) 074502
D. Fujii, A. lwanaka, D. Suenaga, MK, arXiv:2404.07899



Contents

-

1. Lattice study

MK+, Phys. Rev. D99 (2019) 094507

J

2. Model analyses

Suenaga, MK, Phys. Rev. D107 (2023) 074502
D. Fujii, A. lwanaka, D. Suenaga, MK, arXiv:2404.07899



Thermodynamics on the Lattice

Various Methods

O Integral, differential, moving frame, non-equilibrium, ...
O rely on thermodynamic relations valid in V2> oo

T .
p= V InZ # Not applicable to

ST < anisotropic systems
E+p pIC Sy

OOWe employ Gradient Flow (SFtX) Method
— <T00> P = <T11>

Components of EMT are directly accessible!



Thermodynamics

Iritani, MK, Suzuki, Takaura, 2019

---- Boyd et al.

—— Borsanyi et al. ---- Boyd et al. A FlowQCD 2016
O Giusti—Pepe : -_ B(.)rsa.nyl et al. ®  NLO (this work)
¢  Giusti-Pepe f N2LO (this work)
Caselle et al. Caselle et al.

A  FlowQCD 2016
®  N2LO (this work)
i N3LO (this work)

Systematic error: y, or py, A, t=20 function, fit range

O Good agreement within 1% level
0 Our method can deal with the pressure anisotropy



Numerical Setup

O SU(3) YM theory
O Wilson gauge;c 9" 4

ON =1612" "' a2l

ON,/N, =6 §
O 2000~4000confs.| V|
O Even N, f
O No Continuum extrap.

[0 Same System volume
* 12X72°X12 ~ 16X96°X16
* 18X72%X12 ~ 24X96%x16

Simulations on

OCTOPUS/Reedbush



Pressure Anisotropy @ T # 0

MK, Mogliacci, Kolbe,
Horowitz (‘21)

Free scalar field
D L2=L3=OO
] Periodic BC

free boson
— m/T=0

£, =150

0 =
P, =15 =T33




Pressure Anisotropy @ T # 0

MK, Mogliacci, Kolbe,
Horowitz (‘21)

T Free scalar field
. f, ,,,,,,,,,,,,,,,, K X i ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, i T/TC:1.12 D L —L .
27737

T/T, =1.40

el [ Periodic BC

T/T, = 2.10

free boson N, =12

— w/T=0 RSl | attice result

T/T, =1.40

UEEERlll [ Periodic BC
UT=210 | Ng Only t=>0 limit
O Error: stat.+sys.

Medium near T_ is remarkably insensitive to finite size!



Pressure Anisotropy @ T # 0

MK, Mogliacci, Kolbe,
Horowitz (‘21)

o Free scalar field
Y 1/T.=1.12 | —oo
OL,=L=

T/T, =1.40

el [ Periodic BC

T/T, =2.10

free boson N, =12

— m/T=0 RSl | attice result

N m)T=2 T/T.=1.40
OSSN [1 Periodic BC
T=210 |Nw Only t=>0 limit
O Error: stat.+sys.

Medium near T_ is remarkably insensitive to finite size!



Higher T

High-T limit: massless free gluons
How does the anisotropy approach this limit?

Difficulties

0 Vacuum subtraction requires large-volume simulations.
O Lattice spacing not available = c_(t), ¢,(t) are not determined.



Higher T

High-T limit: massless free gluons
How does the anisotropy approach this limit?

Difficulties

[0 Vacuum subtraction requires large-volume simulations.
O Lattice spacing not available = c_(t), ¢,(t) are not determined.

.

We study
P. 1) 1 No vacuum subtr.
R = < 0 = - ZTE‘M nor Suzuki coeffs.
Pz + 0 p necessary!




T/T,=1.68
T/T,=2.10
T/T, =2.69

2
+
o)
<
2
+
Q:-Z

T/T, ~ 8.1 (B = 8.0), T/T. ~ 25 (B =9.0)

[ Ratio approaches the asymptotic value for large T.
O But, large deviation exists even at T /T, =~ 25.
[ 1st-order phase transition??
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Polyakov-loop Effective Models

Meisinger+, PRD (2003)

General Idea
Constant Polyakov loop P as dynamical variable

L~ OP=0: fi
P=Tfpex (i [ adr) e et
0 O P £ 0 : deconfinement

Free Energy
F(Ta P) — Fpert.(T; P) -+ Fpot.(T; P)

» (P) is determined to minimize F(T; P).



Thermodynamics

Meisinger+, PRD (‘03) Dumitru+, PRD (‘12)

B Latt. /3T

Qualitative behavior of lattice thermodynamics near and
above T, is well reproduced.



Extension to T? X R4

Suenaga, MK ('23); Fujii+ ("24)

2 Polyakov loops along 7 and x directions

P.=Tr {7) exp (z [)LT ATdT)] P, ="Tr [73 exp (Z /(;LT Aade)}

o0
St % R3 model
/,// T)
y O
g
Free Energy L, symmietric .
0 Function of 2 Polyakov loops. X
0 Constructed under constraints . A
in various limits and symmetries ~ pgrturbative

0 L. o0



Result =5

N, =16
Ii ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, i T/T,=1.12 -
T/T,=1.40
T/T, =1.68

T/T. =2.10

free boson Ny =12
— m/T=0 T/T, =1.12
T/T, =1.40
T/T, =1.68
T/T, =2.10

[ Lattice results for T /T, > 1.5 are well reproduced.
[0 No parameters to fit the results for T /T, = 1.4, 1.12.
O Appearance of discontinuity = 1st-order PT



P.+0

Result =5

This work
TIT; = 1.68

—TIT;=2.10

Lattice data
Q TIT;=1.68
A T/ ;=210

[ Lattice results for T /T, > 1.5 are well reproduced.
[0 No parameters to fit the results for T /T, = 1.4, 1.12.
O Appearance of discontinuity = 1st-order PT



Phase Diagram

1st order

/

Z\9 x Z\) symmetric

ZET?’ P Z‘;” broken

2 first-order tranitions!

cp B: connected to deconf. tr.
onS1 x R3
A: new phase transition

Novel 1st-tr & CP induced by interplay between 2 Polyakov loops



Summary

Lattice thermodynamics in SU(:3)YI\/I on T4 X R? has

peculiar behaviors:
O Medium at 1.4<T/T_<2.1is remarkably insensitive to the

boundary. ¢, |
O Slow approach to the SB limit atsaII oy J

Model analysis with two Polyakov loops:explains the

lattice results for T = 1.5T. qualltat|vely
O Interplay b/w two Polyakov Ioops playstaicrucial role.
[0 Appearance of new 1st-PT & CP is*predicted:

Future
[0 More lattice results to confirm the existence of the 1st PT

O Anti-periodic / Dirichlet BCs, BC for two directions, below T, ...
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Numerical Results

Massless free boson ™

This work
T/IT; =168
— T/T;=2.10

Lattice data
0 T/T;=1.68
A T/IT,=210




Yang-Mills Gradient Flow
Luscher 2010
0 OSyM B

gr b r) = =754
L4

ot

t: “flow time” -
dim:[length?] €ading

OA, = D,G,, =0,0,A, + -

AH(O, CU) — Au(aj)

[ diffusion equation in 4-dim space ~=—~~~ |
O diffusion distance d ~ /8t

O “continuous” cooling/smearing
O No UV divergence at t>0




Constructing EMT Suzuki, 2013

_________

_________

Remormalized EMT

Tf;(w) = lim |¢1 ($)U,u (L, ) + 0c2(t) E(2, T)subt. |

t—0

\_ J

Perturbative coefficient:
Suzuki (2013); Makino, Suzuki (2014); Harlander+ (20218); Iritani, MK, Suzuki, Takaura (2019)




Extrapolations t>0, a>0

—————————

<TMV (t)>1att — <Tw/ (t)>phys + Cp,yt —I-:DW, (t)a—:

—— e o o o o -

O(t) terms in SFTE lattice discretization

t 1
DContinbum Y | e r:'r .............. o
— ﬁ L N !
4 l l l Wl nl l
o N — (.
] pramm 88
) [ I | o T ].II ......... |.I.l. .............. Loz,
r 1 | n |
g |, stjong B stiong
2 |1 dibcretization ":'_, ‘l:'_' discretization
S 1 effect W y  effect
\J
> 9 >
a 2
a




energy densty /[ transverse P

Energy Density Transverse Pressure P,

- N, =16 N, =12
m 7/7.=168 . T/T.=1.12 T/T,=1.12
T/T,=1.40 T/T,=1.40
T/T.=1.68 T/T.=1.68
T/T. =210

N, =16 N, =12 f -
(= ¢ T/T, = 1.40
T/T.=1.12 T/T.=1.12 '

T/T. =1.40 T/T.=1.40
T/T,=1.68 T/T.=1.68 T/T.=1.12
T/T.=2.10 T/T.=2.10 f




Two Special Cases with PBC

1/T < Ly, =L, =L. 1/T=L,, L,=L.

y> Lz

111 = 159 = 133 Tagy =171, Too =133

(In conformal (ZHTW=O)\

P2

\_

J




T () = c1 ()0, (t) + S ea(t) E(2)
LO |1-loop |2-loop | 3-loop
a0 | OO |0
=) |0 | OO [O

Zero

Perturbative Coefficients

Suzuki, PTEP 2013, 083B03
Harlander+, 1808.09837
Iritani, MK, Suzuki, Takaura,
PTEP 2019

Iritani, MK, Suzuki,
Takaura, 2019

Suzuki (2013) Harlander+(2018)

O Choice of the scale of g2
er(t) = 1 (g (u(t))

Previous: wa(t) =1/v/8t
Improved: po(t) =1/v2e75t

Harlander+ (2018)



Small-t Extrapolation
T/T, = 1.68

P., L,T=3/2
P, L,T=9/8

Pzr LlT: 1

P,, L;T=3/2 _
P, L,T=1 Filled: N;=126 / Open: N,=12

P,, LT=3/2

Small-t extrapolation

* Solid: N;=16, Range-1

* Dotted: N,=16, Range-2,3
* Dashed: N;=12, Range-1

0.005 0.010 . 0.015 0.020
tT?

[ Stable small-t extrapolation
L No N, dependence within statistics for L, T=1, 1.5



Small-t Extrapolation
T/T, = 1.68

T/T.=1.68 P, L1T23/2

P, L,T=9/8

Pzr LlT: 1

Filled: N;=126 / Open: N,=12

Small-t extrapolation
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* Dotted: N,=16, Range-2,3
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[ Stable small-t extrapolation
L No N, dependence within statistics for L, T=1, 1.5
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