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Three topics to explore matter
under extreme conditions
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I Beam-Energy Scan

® .8

High E Low E

Baryon stopping

STAR 201 2

T ®00-05%
i Eos-m%
[ ® 10-20%
=042 S 20309
- O 30-40% — Cleymans

T N [ £ 40-60% ---- Andronic
. - . 0.1 ® 60-80%

[ STAR Preliminary

~ 150 MeV




STAR, 2012

I Beam-Energy Scan e S

8
~N10°E

z . .
“ (]_)10 ; ---------------------- 1A60 = g
© . ol 2
T 1 oc10° 8 5
S SE§ ; ; SI
-48 10 é— _____ HIA‘F'VG_' _EEZEB_V_BM_% “2014 %
el S104; q ' 2021 %
. £ % E HADES 5 ENA61/;SHI:N§? S
ngh E Low E ol =10°L - Cew - ?g
— = RHIC- I
R N INRY 4 RHIC-BES-£
1 0 f ES-ll g 58_}

1 Y T2 34567 10 20 30

Baryon stopping

Collision Energy \syy



I Key Questions

— What is the optimal collision energy to explore the
baryon-rich matter?

— How high density Is accessible?

Our Answer

— +/Syv = 3 GeV is enough to study p = 3p,.
— p/po = 4~5 may be accessible with \/syy = 3~6 GeV.



I Chemical Freezeout
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— Highest baryon density at chemical freezeout at /syy = 6 — 10 GeV?
— Not the highest density in the early stage.
— Density in earlier stage? 3 Analysis in dynamical models



Baryon Density at Collision Point
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— Maximum baryon density exceeds p/p,= 8!
— Large event-by-event fluctuations
— How large is the high-density region? How long is the lifetime?



I VOIume Of Dense Reglon Taya, Jinno, MK, Nara, 2409.07685

Volume where the local baryon density is larger than a threshold value py

Baryon current J*(z)

Note:

— Event-by-event basis / no event average

— Directly calculable in a dynamical model

— We do not care about local thermalization.
— V5 is the upper limit of thermalized volume.
— Even non-thermal, dense region is interesting!




I Simulation Setup in JAM

O Au+Au collision for 2.4 < \/syy < 20 GeV
O Impact parameter b < 3 fm : top 5% centrality

O Momentum-dependent mean field (MF2) Nara, Ohnishi, 2022
« Setup reproducing /syy dep. of dv;/dn and v,

Smeared baryon current
discrete particle distribution =» continuous current by smearing

PM
JHx)= Y Big( X%,P)PO
1Ebaryons
Y Je—X |24V (2—X))? .
x; X, P) := e 272 r=11m
g( ) (Jonr)?




(V3)'? fm

—solid: JAM+MF Nara, Ohnishi, 2022
—shaded band: 16 and 20 e-v-e fluct.

— dashed: JAM cascade mode
— dotted: no-collision

O Formation of dense region:
O V3(3pg, t) = (6 fm)?
O V;(4po, t) = (4 fm)?
O Large e-v-e fluctuations
=»separable by event selection?
O Repulsive MF =» weaker compression
0 Compression owing to interaction



V3 for various /syy

VsnN = 3.0 GeV
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As ./syy becomes larger,

O max V5 (pw, t) becomes larger.

O The lifetime of dense region becomes shorter.
O E-v-e fluctuations are more suppressed.



Four-Volume / Lifetime

Four Volume

Va(pin) :f dt/( | d’x
—oo  Jp(z)>pwm

Lifetime
~ Vi(pwm)
7(pin) = max V3 (pn, t)
Note

V., may be relevant for the dilepton production rate.



VSny Dependence
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VSny Dependence

max V3, T
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O /syy = 3 GeV would be the best energy to create p = 3~4p, with large V5 and 7.
O Lower /syy IS suitable to create colder matter.



I Event Selection

Taya Jinno, MK, Nara 2409 07685
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density will allow us a detailed study of QCD
phase diagram.
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I Summary

— /Syny = 3 GeV Is enough to study p = 3p,.
— p/po = 4~5 may be accessible with \/syy = 3~6 GeV.

— Check model independence
— Analyses in various models

— Experiments at the sweet spot \/syy = 2.5~6 GeV
— Future exps. at FAIR, NICA, HIAF, & J-PARC-HI
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Dilepton Production Rate

— Generated by the decay of virtual photons
— Carry information of primordial medium
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Soft Modes of Second-order Phase Transitions

[1Soft modes

[ Divergence of the order-parameter fluctuations at a 2nd-order transition.
O Collective fluctuations become massless there.

0 QCD-CP : density-density fluctuations QCD-CP: n .
O CSC : diquark-pair field ' <:> QQ

cse: O+ OO+ -

[ Coupling of soft modes with dynamical observables
—

[ Ex.: dilepton production rate

A Y




Precursor in Metallic Superconductors

[0 Anomalous behavior of observables near > _
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Precursor of Color Superconductivity

MK, Koide, Kunihiro, Nemoto, '03, ‘05
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NJL model (2-flavor) Phase Diagram in MFA

L=pidp+ Ls+ Lo 200
Ls =G5 () + Winsr)?) ol
Lo =Geo((PivsTarar®)(h.c.) 1251
Tdiquark interaction } Sl R N 0.9Gs
75 Ge=0.7G
Parameters o ~'~ __(_}__(:.:
Gs = 5.01 GeV~?, A =650MeV, m, =0 25
%0 100 500
O Order of phase transition
L 2nd in the MFA Matsuura+("04), Giannakis+('04)

[ can be 1st due to gauge fluctuation Noronha+('06), Fejos, Yamamoto('19)



Di-quark Fluctuations

O Diquark Propagator

D"(z) = ([AT(z), A(0))O() = =

0 Random Phase Approximaion

g <I><I><I>

QR (k,w)
]- +GCQR(k7w)

Q" (k,w) =

O Diquark field becomes massless at T=Tc
[ Soft mode of CSC transition
[ Strength in the space-like region
MK, Koide, Kunihiro, Nemoto, '01,’05

Dynamical Structure Factor
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Photon Self-Energy: Precursor of CSC

O Dilepton Production Rate

d*T a 1 1 =
e~ T2n 12 gpemt I (R)

v €
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Gauge-Invariant Construction of I, (k)

Insert two photon vertices in thermodynamic potential

T (k) =

.

[Aslqmqsov-Lquin (AL)\ [qui-Thompson (MT) Density of States (DoS) o
- “ AN e
“/\/\4<A v>'\mn v I\ Y Y 4
‘ < >
\_ AN J

O WT identity k, IT*Y (k) = 0 is satisfied with AL, MT and DoS terms.



(Modified) Time-Dependent Ginzburg-Landau Approximation

TDGL approximation for T-matrix =" (k)
Gc R
— B = DE(k,
SR (kyw) = ——2C ! _ e k)
! 1+ GcQFR(k,w) ~ cw+ ER(k,0)1 T T o0 lu—o
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S e e z
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r

Vertices must be determined to be

Lconsis’ren’r with the TDGL approx.

1

J

O WT identity for AL vertex

k,TH(q,q+ k) =2~ q+k) = (k)
+<} - §)
Ta+k 1
COMT+DoS

G- -

—p—
A7 (k) = "\‘<“ "'>'U (k) = V\<H>v«
——

/‘

At the lowest order in k

' = exc

(2¢" + k")

ep: electric charge of diquarks

Similar formula for
MT+DoS vertex



Production Rate at k = 0

1= 350 [MeV]
mmm fluc (7'=1.017,) — free (I'=1.017,)
mm m fluc (7T=1.057,) === free (T'= 1.057})
mem fluc (7= 1.207,) —-= free (T'=1.207,)
A ol e Te1507) e free (T= 1.50T,)

100 200 300 400

Nishimura, MK, Kunihiro (’22)

Red: fluctuation contribution
Blue: free quarks

Go = 0.7G,, T, ~ 45 MeV

[ Di-quark fluctuations give rise to
large enhancement in the low
energy region w < 200 MeV and
T < 1.5T..

0 Anomalous enhancement is not
sensitive to T.



Invariant-Mass Spectrum

Nishimura, MK, Kunihiro (’22)
T=90 [MeV], =350 [MeV]

| 200
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= fluc (G = 0.7Gs, T, = 43 [MeV)) =
1501
e fluc (Ge = 0.5Gs, T = 14 [MeV])
125
>
= 100 0.9Gy
__________________ =
75 Go=0.7Gq
50 3Gy
-
% 100 500
1 . . I.""s- . .‘."'—"' . :
0 25 50 75 100 125 150 175
M [MeV]

[ Strong enhancement at low invariant mass.

[0 Observable in the HIC?



Production Mechanism of Virtual Photons

RPA

300

dProduction mechanism 01 = (q1, w1

[ scattering of diquarks
O diquarks: space-like region

W= W] — Wy PP
g, = (g3, w3) 510

k=q —q

# Production in the time-like region is possible.

p
“ O C.f.) Scattering of free quarks

produces virtual photons only
in the space-like region.

g1 — g2| > w1 — wo

0 100 200 (
k| [MeV

g1 = (g1, wq)

gz = (g2, w3)




Dileptons from QCD Ciritical Point

200+

first order
® critical point

NJL model (2-flavor)
L =p(i@ — m)yp + G ((¥v)* + (YivsT9)?)

1751

Parameters e
= 100
Gs = 5.5 GeV ™2, A = 631MeV, m, = 5.5 MeV = 75
50
254 ‘\\
Soft Mode of QCD'CP 0050 100 150 200 250 300 350
= fluctuation of scalar (qq) channel p [MeV]

»

D¥(z) = ([(z), P1p(0)])6(t) = =P Modification of dilepton

production through
b

P =<>-|—©<>+ u\,<v A>’\f\ —+ <+ MT, DoS

e

0 Random Phase Approximaion




Dilepton production rate near QCD-CP

Invariant mass spectrum
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[ Enhancement at low M;; region near QCD-CP

[ Distinguishment from diquark soft mode may be difficult.
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Electric Conductivity on QCD Phase Diagram

Gp=0.70 Gg Gp = 0.65 Gg Gp = 0.60 Gg
107 =
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= J
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30
— . 102

310 325 340 355 310 325 340 355 310 325 340 355
p [MeV]

] DPR in the low-energy limit = electric conductivity
O Two “hot spots” on the T-u plane



Dilepton Yields: Beam-Energy Scan

Nishimura, Nara, Steinheimer, Eur.Phys.J.A 60, 2024
Dilepton yields

2 3 4 5 6 7 8 9 10

=~ integrated rate along isentropic lines Dilepton Yields 50 < M < 100 MeV
Isentropic lines in NJL model — Sum
|
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O Divergence of fluctuations at 2nd-order phase transition
=» Soft modes near the CSC phase transitions & QCD-CP
=>» Modification of medium property near the phase transitions

[ Anomalous enhancement of the dilepton production in the ultrasoft
invariant-mass region.
=»Experimental signature to measure CSC and QCD-CP?

Future

O Competition with Dalitz decay
CIDPR from CSC phases
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Boundary Conditions in QFT

Many motivations
O Casimir effect

[ Relativistic heavy-ion collisions

0 Numerical simulations (ex. lattice QCD) __ S

p_A———
S
P ——

OO0 Matsubara formalism for thermal systems q:? 7%/ //, //




Purpose

Thermal SU(3) YM with PBC along x direction

QFT on Euclidean

— T? X R?
Ly, L, — o0

How does thermodynamics behave w.r.t. T and L,.?

ST

[0 Thermal Casimir effect in a non-perturbative system
0 QCD phase diagram as a function of L,

[0 Anisotropic pressure

[ 2 Polyakov loops will play important roles



Casimir Effect

attractive force between two conductive plates



Casimir Effect

Brown, Maclay
1969
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Brown, Maclay

Casimir Effect 1066
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1. Lattice study

MK+, Phys. Rev. D99 (2019) 094507
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2. Model analyses

Suenaga, MK, Phys. Rev. D107 (2023) 074502
D. Fujii, A. lwanaka, D. Suenaga, MK, arXiv:2404.07899



Thermodynamics on the Lattice

Various Methods

O Integral, differential, moving frame, non-equilibrium, ...
O rely on thermodynamic relations valid in V2> oo

T .
p= V InZ # Not applicable to

ST < anisotropic systems
E+p pIC Sy

OOWe employ Gradient Flow (SFtX) Method
I — <T00> P = <T11>

Components of EMT are directly accessible!



Yang-Mills Gradient Flow

Luscher 2010
5 55 Narayanan, Neuberger, 2006
YM Luscher, Weiss, 2011

ay
o @ OA,

t: “flow time” oad
dim:[length?] cading

0, A, = D,G,p = 8,0,A, + -

N—

AH(Ov .CU) — Au(x)

O diffusion equation in 4-dim space ~= ==~

= . =
O diffusion distance d ~ /8t |
O “continuous” cooling/smearing l
O No UV divergence at t>0 |




Constructing EMT Suzuki, 2013

_____________________________

_________

_________

Remormalized EMT

Tlf; () = lim |[¢1 (1)U, (t, ) + 0 ca(t) E(E, T)subt.

t—0
\_ _/

Perturbative coefficient:
Suzuki (2013); Makino, Suzuki (2014); Harlander+ (20218); Iritani, MK, Suzuki, Takaura (2019)




Thermodynamics

Iritani, MK, Suzuki, Takaura, 2019

---- Boyd et al.

—— Borsanyi et al. ---- Boyd et al. A FlowQCD 2016
O Giusti-Pepe . -_ B(-)rsaTnyl et al. ®  NLO (this work)
¢  Giusti-Pepe f  N2LO (this work)
Caselle et al. Caselle et al.

A FlowQCD 2016
® NZLO (this work)
i N3LO (this work)

Systematic error: y, or py, A, t=20 function, fit range

O Goodagreement within 1% level
0 Our method can deal with the anisotropic pressure



Numerical Setup

O SU@3)YM theory
O Wilson gauge;c ;,1/

O N, = 16, 127777 f;ff

ON,/N, =6 §
O 2000~4000confs.| |
O Even N, f
O No Continuum extrap.

[0 Same System volume
* 12X72°X12 ~ 16X96°X16
* 18X72%X12 ~ 24X96%x16

Simulations on

OCTOPUS/Reedbush



Brown, Maclay

Casimir Effect 1066
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Pressure Anisotropy @ T # 0

MK, Mogliacci, Kolbe,
Horowitz (‘21)

Free scalar field
D L2=L3=OO
] Periodic BC

free boson
— m/T=0

7, =1

0 <>
P, =15 =135




Pressure Anisotropy @ T # 0

MK, Mogliacci, Kolbe,
Horowitz (‘21)

T Free scalar field
. ,,,,,,,,,,,,,,,, K} i ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, i T/T‘C:112 D L —L .
2737

T/T, =1.40

el [ Periodic BC

T/T, =2.10

free boson N, =12

— m/T=0 Rl | attice result

T/T, =1.40

UEEERlll [ Periodic BC
OT=210 [N Only t=>0 limit
O Error: stat.+sys.

Medium near T_ is remarkably insensitive to finite size!



Pressure Anisotropy @ T # 0

MK, Mogliacci, Kolbe,
Horowitz (‘21)

N 16 Free scalar field
Y 1/T.=1.12 - | —oo
OL,=L=

T/T, =1.40

el [ Periodic BC

T/T, =2.10

free boson N, =12

— m/T=0 Rl | attice result

——— m)T=2 T/T.=1.40
WSS [1 Periodic BC
=210 |Ng Only t=>0 limit
O Error: stat.+sys.

Medium near T_ is remarkably insensitive to finite size!



Higher T

High-T limit: massless free gluons
How does the anisotropy approach this limit?

Difficulties

0 Vacuum subtraction requires large-volume simulations.
O Lattice spacing not available = c_(t), ¢,(t) are not determined.



Higher T

High-T limit: massless free gluons
How does the anisotropy approach this limit?

Difficulties

[0 Vacuum subtraction requires large-volume simulations.
O Lattice spacing not available = c_(t), ¢,(t) are not determined.

-

We study
P.1) 1 No vacuum subtr.
R = * 0 = - ZTEM nor Suzuki coeffs.
Pz +0 p necessary!




T/T.=1.68
T/T,=2.10
T/T, =2.69

=
+
)
=
S
+
Q:i

¢ L fT=3/2
¢ L, T=4/3
v LT=7/6

T/T, ~ 8.1 (B = 8.0), T/T. ~ 25 (B =9.0)

[ Ratio approaches the asymptotic value for large T.
O But, large deviation exists even at T /T, =~ 25.
[ 1st-order phase transition??
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Polyakov-loop Effective Models

Meisinger+, PRD (2003)

General Idea
Constant Polyakov loop P as dynamical variable

L

T OP=0: fi
P=tifpex (i [ adr) e et
0 O P +#£ 0 : deconfinement

Free Energy
F(Ta P) — Fpert.(T; P) + Fpot.(T; P)

» (P) is determined to minimize F(T; P).




Thermodynamics

Meisinger+, PRD (‘03) Dumitru+, PRD (‘12)

B Latt. 3T

Qualitative behavior of lattice thermodynamics near and
above T, is well reproduced.



Extension to T? X R4

Suenaga, MK ('23); Fujii+ ("24)

2 Polyakov loops along 7 and x directions

P. = Tr {P exp (z /(;LT ATdT)} P, ="1Tr {73 exp (Z /OLT A;cd’r)}

o0
St %X R3 model -
//// T)
, O
g
Free Energy L, symmietric -
0 Function of 2 Polyakov loops. X
0 Constructed under constraints . A
in various limits and symmetries ~ p&rturbative

0 L. o0



Polyakov-loop Potential Term

Fujii+ (2024)

Fpot — Fsep Fcross

Faep(Pry Po; Lo, Ly) = FS B (P L) + FS B (B, Ly)

pot pot

+ c5(T [P} P, Tx[P3) + Tx[ P2 Tx( P} P,

Fovoss = g(Lry L) [C4Tr[Pj P.|Tr[PiP,]

+ C6Tr[Pf]Tr[P£’]}

§(Lr, o) = TH((TeLr)? + (TeLs)?)

ca, C5, Cs, N :parametersin the model



Result =55

N, =16
Ii ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, I T/T,=1.12
T/T,=1.40
T/T, =1.68

T/T, =2.10

free boson N,=12
— m/T=0 T/T,=1.12
T/T, =1.40
T/T, =1.68
T/T,=2.10

[ Lattice results for T /T, > 1.5 are well reproduced.
[0 No parameters to fit the results for T /T, = 1.4, 1.12.
O Appearance of discontinuity = 1st-order PT



P, +o0

Result =55

This work
TIT;=1.68

—TITy;=2.10

Lattice data
Q T/T;=1.68
A T/ T,=12.10

[ Lattice results for T /T, > 1.5 are well reproduced.
[0 No parameters to fit the results for T /T, = 1.4, 1.12.
O Appearance of discontinuity = 1st-order PT



Phase Diagram

1st order

/

Z\? x 7 symmetric

Z..Eﬂ X ZE” broken

2 first-order tranitions!

CP B: connected to deconf. tr.
onS1 x R3
A: new phase transition

Novel 1st-tr & CP induced by interplay between 2 Polyakov loops



Summary

Lattice thermodynamics in SU(:3)YI\/I on T4 X R? has

peculiar behaviors:
O Medium at 1.4<T/T_<2.1is remarkably insensitive to the

boundary. ¢, |
O Slow approach to the SB limit atsaII oy J

Model analysis with two Polyakov loops:explains the

lattice results for T = 1.5T. qualltat|vely
O Interplay b/w two Polyakov Ioops playstaicrucial role.
[0 Appearance of new 1st-PT & CP is*predicted:

Future
[0 More lattice results to confirm the existence of the 1st PT

O Anti-periodic / Dirichlet BCs, BC for two directions, below T, ...
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Numerical Results

Massless free boson

This work
TIT;= 168
— T, =2.10

Lattice data
0 T/T;=1.68
A TiT;=2.10




Extrapolations t>0, a>0

o m o - —

<TMV (t)>1att — <Tw/ (t)>phys + Cp,yt _HDLW (t)a—:

——

O(t) terms in SFTE lattice discretization

t 1
DOContinbum Y | i
— ﬁ .
4 l l l Wl nl :
o N — m om
| | | | | |
% ﬁ ¥ B |
— i I 1| e s e [ lll ......... |.I..|. .............. b= e
A 1 | T |
g || stjong L 1 stjong
2 |1 dikcretization ":'_, ":'_, discretization
S |1 effect w oy effect
> 9 > 2
a a




energy densty /[ transverse P

Energy Density Transverse Pressure P,

D N; =16 N;=12
m  7/7,—1.68 071 T/T,=1.12 T/T, =112

N, =16
T/T.=1.12
T/T. =1.40
T/T.=1.68
T/T, =2.10

T/T. =112

N, =12
T/T, =112
T/T,=1.40
T/T,.=1.68
T/T.=2.10

T/T,=1.40
T/T.=1.68
T/T,=2.10

T/T, =140

T/T.=1.68
T/T.=2.10

T/T, = 1.40

Tf!T:_‘. =112




Small-t Extrapolation
T/T. = 1.68

P, L,T=3/2
P, L,T=9/8

P, LiT=1

P,, L, T=3/2 _

P, L,T=1 Filled: N;=126 / Open: N,=12
P,, L\T=3/2

Small-t extrapolation

* Solid: N;=16, Range-1

* Dotted: N,=16, Range-2,3
* Dashed: N;=12, Range-1

0.005 0.010 ‘ 0.01
tT?

[ Stable small-t extrapolation
L No N, dependence within statistics for L, T=1, 1.5



Small-t Extrapolation
T/T. = 1.68

T/T.=1.68 P, L1T23/2

P, L,T=9/8

P, LiT=1

Filled: N;=126 / Open: N,=12

Small-t extrapolation
* Solid: N;=16, Range-1
* Dotted: N,=16, Range-2,3

0.(;00 .0.005 0.010 0.015 0.020 . .
a2 * Dashed: N;=12, Range-1

[ Stable small-t extrapolation
L No N, dependence within statistics for L, T=1, 1.5
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