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I Lee-Ya ng Ze YOS Yang, Lee; Lee, Yang ('52)

Partition Function Z(T, p) Phase Transition & LYZ
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— For V — oo, LYZs are accumulated on the
2 zeros on the complex plane line crossing the real axis at 4 = p,.
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I LYZ around a Critical Point in Ising Model
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I LYZ around a Critical Point in Ising Model
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Recent Progress in LYZ/LYES and Lattice .
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I Purpose of This Study

On finite volume,

1st LYZ # LYES

N

Our Purpose

— Understand finite-volume
effects of LYZ

— Exploit them for the CP
searches




I Finite-Size Scaling
Scaling Hypothesis

Fsing(ta ha L_l) — Fsing (Lytta Lon h) b= Fsing + Freg

~

sing (LY't, LY" h) 2 = Lging X Lreg

Zsing (ta ha L_l)

v

LYZ in the scaling region on finite volume

)

Z(t,h,L™1)

~ Zsing (LY*t, LY*h) = 0

LY hi% (t) = h{y (L¥t)

Itzykson, Nucl. Phys. 220 (1983)



I LYZ in 3d ISing MOdel Wada, MK, Kanaya, arXiv:2508. 20422
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I Where is QCD Critical Point?

Ising model LYZ in QCD Clarke+, arXiv:2405.10196
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I Lee-Yang Zero Ratios
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I LYZ near t = 0
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1,(n) () Wada, MK, Kanaya, PRL, 25

LYZ Ratios Run(® = 350

Rym(t, L)

. 2n — 1
2n —1 t < 0 (1storder) 2m — 1

Ry (t) — <

W —ree 1 t >0 (crossover) I - o0
crossing
Ry (t) = From (1 + O, tLY O(t2)) o = X/ X0
neart =0

— R(0) is L independent, the universal value.
—Intersection point of various L gives the CP.
—Reminiscent of Binder-cumulant analysis



I LYZR vs Binder Cumulant in 3d-Ising

LYZR
newn [ =16 —L=24

— L=32 L=48
—L=64 —L=96

CL128 —i-1s2 L=16 —L=24
| ~L=32 L=48
—L=64 —L=96

2.47 -

. X /dof. I I
wﬂ:lﬁ’ R =128 — L —192
©24 168 I
o 32 1.26 L - 256
O 48 1.21 i
2411 ¢ 64 1.40
@ 96 1.52
@128 1.65
@ 192 2.48
2.39 . - — r
451145 4.511475 45115 4.511525 4.51155

T

Wada, MK, Kanaya, arXiv:2508.20422



I LYZR vs Binder Cumulant in 3d-Ising

LYZR Binder cumulant
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I Convergence atT =T,

2.435+

2.430

2.425 1

2.420

2.415

2410

1.610

1.605 -

1.600

1.595 -
1.590 -
1.585 -
1.580 -
1.575 =

. LYZR

-
-
-
-
-
-

-
-
-
-
-

-
-

— Intersection
o I'=T, (Eq.(2)) — Extrapolation
¢ T=T, (Intersection) | | 0 = 0o
0 1 .1 1 1 1
256 128 64 32 16
1/L
b4 e T=T, (Eq.(2)) — Intersection
-------------------------- ¢ T= T, (Intersection) |- — Extrapolation
O L=
- - Eq. (26)
Binder cumulant I
0 1 1 1 1 1

256 128 64

32
1/L

Wada, MK, Kanaya, arXiv:2508. 20422

Red: T, of Ferrenberg ('18)
Blue: T, of intersection point

R21(0, L) = ’I“Ql(l -+ CL_w)

In 3d-Ising,

violation of FSS is more quickly
suppressed in the LYZR than the
Binder cumulant for L — oo.

Z = Zsing X Zreg



Curvature

Our fits to an (t, L), B4, (t, L) 2.47
need a non-linear term.
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W
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Curvature

A inm o L? (8T /T, )?

Measure of non-linearity Cr. LY6T* L,
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I CP in a General System 7= v~y = ~0894
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I CP in a General System

O CPonart— ¢ plane
O LYZ on the complex & plane

t\ (a1 a2 T—Te\ A o1
h]  \aa  ag §— & B 0§
LY"h™(t) ~ X, + Y, LYt

v

) — ¢ — Z2lsr + O(L2)
a2
<<
" X, . det AY,
51( = a,_L Yh 4
~ 22 %50

—67LY + O(L*)

Wada, MK, Kanaya, PRL ('25)
Y=y —yn = —0.894

L - o LY Edge Singularity

to finite V

l . RefLygs ~c17
. po
generalization

Im{rygs ~coT
Stephanov, 2006



Wada, MK, Kanaya, PRL ('25)

I LYZ Ratios for General CP § =~y = ~0.89

LYZ Ratio
(n)
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LYZ Ratios vs Binder Cumulant 7= -v =084

LYZ Ratio
(n)
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I Numerical Analysis: 3d 3-State Potts Model
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3d 3-State Potts Model: LYZ Ratio

LYZ Ratio (R,,) Binder Cumulant
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3d 3-State Potts Model: LYZ Ratio
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I LYZR in Various Models
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Single-LYZ Method

LYZ in 3d-Ising
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Assuming the universality class and the values of y;, y;,
the intersection analysis can be performed only with a single LYZ.



I Where is the QCD Critical Point?
Single-LYZ analysis for 2+1 flavor QCD
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Intersection around T =~ 100 MeV? Yet

lower T data are mandatory.




I Summary
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Lee-Yang-zero ratio method -
— A new method to utilize the finite-size effects I
of Lee-Yang zeros for the CP searches. loat 1o
— Works successfully in 3d Ising and Potts models, ;gz igé
as well as heavy-quark QCD-CP. o1 165
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— Determination of r,,, in each universality class
— Other quantities: &, mixing matrix A, etc. I
— Application to the CP in heavy-quark QCD
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