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I Critical Points Everywhere!
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I Critical Points Everywhere!
V(¢) = —a¢” + b’

“ Water Isin g
e ™ Liquid Helium . Z=—"
I QCD Phase Dlagram
(E4H) / T Quark- Gluon Plasma

CPs in completely different systems share

the singularity through the universality class
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I Search for QCD-CP with Lee-Yang Zeros

in Lattice QCD Simulations

arXiv:2405.10196v1 [hep-lat] 16 May 2024
w/o AIC

Dimopoulos+, PRD ('22);
Clarke+, 2405.10196;
Adam+, 2507.13254; ...

w/ AIC
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I Lee-Ya ng Ze YOS Yang, Lee; Lee, Yang ('52)
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I Lee-Yang Zeros

Partition Function Z(7', 1)

Finite V. 3 Polynomial of u (or T)

Z(Tp) = | [ (1w — i)
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Yang, Lee; Lee, Yang ('52)

Phase Transition & LYZ

First-order transition
at u = ¢

I

T
1L

— For V — oo, LYZs gather on the line
crossing the real axis at u = p,.




I LYZ around a Critical Point in Ising Model

T A

PR T — TC ° °
=T 1st-transition
singularity on the real h axis
Crossover
no singularity on the real axis
> Note:
h, LYZ in complex-h plane are

purely imaginary.
Lee-Yang, 1952



I LYZ around a Critical Point in Ising Model
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I LYZ around a Critical Point in Ising Model
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singularity on the real h axis
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no singularity on the real axis
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LY edge singularity
Starting from the CP

Its behavior is governed by the
the scaling function.
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I LYZ around a Critical Point in Ising Model
t

tPo 1st-transition

singularity on the real h axis
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no singularity on the real axis
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LY edge singularity
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Wada, MK, Kanaya, PRL ('25)

I Lee-Yang Zero Ratios

R (1) (t)
Bum(t) = 3o (t)
First-Order Side (t < 0) Crossover Side (t > 0)
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I Finite-Size Scaling
Scaling Hypothesis

Fsing(ta ha L_l) — Fsing (Lytta Lon h) b= Fsing + Freg

~

sing (LY't, LY" h) 2 = Lging X Lreg

Zsing (ta ha L_l)

v

LYZ in the scaling region on finite volume

)

Z(t,h,L™1)

~ Zsing (LY*t, LY*h) = 0

LY hi (t) = h{ (L¥ )

Itzykson, Nucl. Phys. 220 (1983)



I LYZ neart =0

Wada, MK, Kanaya, PRL ('25)
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Wada, MK, Kanaya, PRL ('25)

I LYZ near t = 0
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h(”)(t) Wada, MK, Kanaya, PRL, 25

LYZ RatiOS an(t) — h(m)(t)

Rym(t, L)

. 2n — 1
2n —1 t < 0 (1storder) 2m — 1

Ry (t) — <

W —ree 1 t >0 (crossover) I - o0
crossing
Ry (t) = From (1 + O, tLY O(t2)) o = X/ X0
neart =0

— R(0) is L independent, the universal value.
—Intersection point of various L gives the CP.
—Reminiscent of Binder-cumulant analysis



I LYZR in 3d-Ising

LYZR
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Wada, MK, Kanaya, arXiv:2508.20422



I LYZR vs Binder Cumulant in 3d-Ising

LYZR Binder cumulant
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Faster convergence of the violation of FSS in LYZ?
Wada, MK, Kanaya, arXiv:2508.20422



I Convergence atT =T,
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Wada, MK, Kanaya, arXiv:2508. 20422

Red: T, of Ferrenberg ('18)
Blue: T, of intersection point

R21(0, L) = ’I“Ql(l -+ CL_w)

In 3d-Ising,

violation of FSS is more quickly
suppressed in the LYZR than the
Binder cumulant for L — oo.

Z = Zsing X Zreg



Wada, MK, Kanaya, PRL ('25)

I CP in a General System 7= v~y = ~0894

O CPonart— ¢ plane
O LYZ on the complex & plane

t\ (a1 a2 T — T, _ 4 o1
h]  \aa  ag E—¢) 0§

LY"h™(t) ~ X, + Y, LYt

Zsing (T, 6) — ZIsing (t(Ta 6)7 6(7-7 5))



I CP in a General System

O CPonart— ¢ plane
O LYZ on the complex & plane
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h]  \aa  ag §— & B 0§
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Wada, MK, Kanaya, PRL ('25)
Y=y —yn = —0.894

L - o LY Edge Singularity

to finite V

l . RefLygs ~c17
. po
generalization

Im{rygs ~coT
Stephanov, 2006



Wada, MK, Kanaya, PRL ('25)

I LYZ Ratios for General CP § =~y = ~0.89

LYZ Ratio
(n)
Rum(T) = gm)(T) = T'nm (1 + CLY 61 + 0(67'2)) (1 + DL* + O(L4"~7))
& () nonzero for a;, # 0
o Xn . det A Y2 Yl . CL%Q 9 9
Fnm = X_m’ C = o (X2 —fl)a D_a—%Q(Yl —Y5)
T
i t

t\ (a1 a2 T — T, _ 4 0T h
h agy aze ) \&— & 0§
,,m are universal constants specific
to universality classes. &




I Numerical Analysis: 3d 3-State Potts Model

H=—71 Og. 0. — Oy i =1,2,3
Z(’L,j) Y~ ] gzz 1,1 o O-,L — 1
Monte-Carlo + reweighting

Phase Diagram Binder-Cumulant Analysis
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Karsch, Stickan, 2000



3d 3-State Potts Model: LYZ Ratio

LYZ Ratio (R,,) Binder Cumulant

B, L)

1.75

25 [ Ko (7, L)

1.70

1.65
2.4
180 — - —1 =30
—L = 4 =—[L = 50
s | 3%1: 60 =L — 70
2.3 . . . .
0.54930 0.54935 0.54940 0.54945
T
0.54830 D.54935T 0.54940 0.54945 Wada, MK, Kanaya, PRL, 125
fit data Te Yy rn1 or by x*/dof
Ror  |0.549375(18) 1.53(19) 2.408(12) 0.38 .
B, 0.510382(11) 1.63(13) 1.614(8) 069  Fn1 and By give the same

value of T, within statistics.



I CP in Heavy-Quark QCD

Columbia Plot Phase Diagram
p 1
) —N
%1? critical point
=y ) crossover
2 1/m,

0 light-quarkmassm,, 4 O_I_H

CP in heavy-quark QCD
— ug = 0 & large m,,

We study the LYZ around

the HQ-QCD-CP.

» Easy to handle in lattice simulations!



I LYZ Rat|0 Ny = 4, HPE-NLO
2"d/1stlYZRatio 3" /1% 1YZ Ratio

26 | _ﬁ, X, /X = 2.40 | a0t |53
— Consistent with
251 Ra1 (5) 3d-Z(2) | 1 sg[ 31 (/8)

2.4 r 1 36l

23

B = 5.68585(26)(10) | 34y B, =5.68607(16)(7) -
X,/X; = 2.404(30)(10) X2/X, = 3.707(37)(18)

5.6850 5.6855 5.6860 5.6865 5.6870 5.6850 5.6855 5.6860 5.6865 5.687(

B B
Conistent with the Binder-cumulant analysis 8. = 5.68578(22).




I LYZR in Various Models
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I Application to QCD Critical Point?
Single-LYZ analysis for 2+1 flavor QCD
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Intersection around T =~ 100 MeV? Yet

lower T data are mandatory.




I Summary

Lee-Yang-zero ratios B ()
A new tool for the CP searches utilizing R (t) -
the finite-size scaling of Lee-Yang zeros. T h(m) (t)

— Determination of r,,,, in each universality class
Outlook _ More sophisticated utilization of R,,,,,(t, L)

— Other quantities: &, mixing matrix 4, etc.

— Application to QCD-CP and other CPs
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