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I QCD Phase Diagram

LI ] . Rich phase structure in QCD

' S . - . ©  —QCD critical point(s)

. R— - I — color superconductivity
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% (9N . -, " ¢ .- Importance of

TR TRERY | e effective-model studies

3 T 9 — NJL(-like) model, functional RG, ...

v o % on 9 — Phase structure

~10"5g/cm® nw  — Interpreting HIC/lattice results



Finite-Size Effects

Why are they important?
— Heavy-ion collisions create FS systems

— Monte-Carlo simulations only for FS systems D ——
FS effects in effective models
0.2 r T T : . r : /
L L-dependent phase diagram 1y
0.15 | ’*5;5;::\, |
= RN .
8 o1} i Caution
- AONREN .. .
A — No phase transitions in FS systems.
005} |—-6fm —— R . . .
E;gfm — \\\\\ — Inconsistency with the FS scaling near the
ol t=m— I critical point.
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g [GeV] — Lee-Yang zeros

Kovacs+, PRD ('23)



I Lee-Yang Zeros and QCD Phase Diagram

Locating QCD-CP using Lattice data cClarke+, 2405.10196; Adam+, 2507.13254; ...

Im[prye/T]

Procedure

1. Determine 1st LYZ numerically

2. ldentify it as the LY edge singularity

3. Extrapolate to the CP

3.04
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Clarke+, 2405.10196
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— Imaginary u + Pade approx.

) A similar analysis in an effective
model should be useful for a better
understanding of this procedure.
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I Lee-Ya ng Ze YOS Yang, Lee; Lee, Yang ('52)

Partition Function Z(7', 1)

Finite V. 3 Polynomial of u (or T)

Z(Tp) = | [ (1w — i)

1
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» zeros on the complex plane
=Lee-Yang Zeros



I Lee-Ya ng Ze YOS Yang, Lee; Lee, Yang ('52)

Partition Function Z(T, p) Phase Transition & LYZ
Finite V' 2» Polynomial of u (or T) First-order transition
Z(T, 1) = | [ (0 — ) atp =t
; L
Ty A ‘ﬁ V — oo\l,
X X He g
X I
X X Repu
i

, — For V — oo, LYZs are accumulated on the
2 zeros in the complex plane line crossing the real axis at 4 = p,.

=Lee-Yang Zeros



I LYZ and 1st-Order Phase Transitions

O 1st PT =» coexistence of two phases Pg\m)
Magnetization M = (m)V = +m,V | |
O Partition function —my Mo "

7 — Tr[e—ﬁ(Ho—Mh)]

&

X 6—6Vm0h _I_ eﬁVmOh __________ ;

— e—ﬁVmoh(l _I_e2ﬁVmoh)

2>LYZs (Z = 0) at

h = i(n—l— %) ,Bvlmo

I

L

Note: LYZs become continuous for V — oo.



I LYZ around a Critical Point in Ising Model

T A

PR T — TC ° °
=T 1st-transition
singularity on the real h axis
Crossover
no singularity on the real axis
> Note:
h, LYZ in complex-h plane are

purely imaginary.
Lee-Yang, 1952



I LYZ around a Critical Point in Ising Model

T A

T —1T.
t =

T 1st-transition
singularity on the real h axis

Crossover
no singularity on the real axis

Note:
LYZ in complex-h plane are
purely imaginary.

Lee-Yang, 1952



I LYZ around a Critical Point in Ising Model
t

h;~tPo 1st-transition
singularity on the real h axis

Crossover
no singularity on the real axis

.o

LY edge singularity
Starting from the CP

Its behavior is governed by the
the scaling function.

hl""'tﬁ(S~




I LYZ around a Critical Point in Ising Model
t

tPo 1st-transition

singularity on the real h axis

Crossover
no singularity on the real axis
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LY edge singularity
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the scaling function.
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Recent Progress in LYZ/LYES and Lattice .

160
. Clarke+, 2405.10196 140
Analytic Structure N
— Scaling functions, FRG, ... i 100
An, Mesterhazy, Stephanov ('16) “Ell r o g <0
Johnson, Rennecke, Skokov ('23) £ |-y o
Karsch, Schmidt, Singh (23) v
40
005 1 9 R[#éwm 1 5 6 20
. _ o ?
Locating QCD-CP at u # 0 on the lattice? e
Clarke+, 2405.10196; Adam+, 2507.13254 — e
w0l m prve [MeV] 7 HotQCD [44]
— Taylor exp. + Imaginary u + Pade approx. D BiPar Mult
— Identify the 1st LYZ to be LYES .
200+
100+
0




On finite volume,

1st LYZ # LYES




I Linear Sigma Model (v, =3,N; = 1)

1 ¢: scalar boson

L= 2 90" — U(9) + 1;(7:7#8“ — Yolq — 99’5)¢ Y. quark
— A\ A g Tcp JLCP T5°
U(¢) = 56"+ 36" —ho set A 290 455 | 121.53 579.97 | 158.46
set B 460 4.35 | 40.04 890.84 | 158.38

Mean-field approximation 150) S
1. assume spatially uniform field ¢(x) = ¢ !
2. integrating out i neglecting S5¢? =100
3. effective potential U = U(¢) =)

. . .. ) B~
4. find {ts global minimum (solve the self 50| SetA Sot B

consistent equation) | we(T) (T
5. free—energy f = U(¢min) . —1st order — 1st order

0 500 1000
Hp [MEV]



FS Effects in Mean-Field Approach

Old Ideas: Momentum Discretization 3" log(1 4 e~ (B@-w)/T)
d>p s=+1

2m)? f(p)

—2N,T o
Lﬁnlte Zf BT T T
0.15 | .
Taking the same procedure as before, we
obtain thermodynamics in finite volume. 0.1 ¢

Usg (65T, ug) = —QNCTV/

T [GeV]

infinite —
0.05

Problems i
— Sharp phase transition appears even in (3im — \
0.2 0. 0.35

FS systems. 00 005 0.1 015

o . . uq[GeV]
LYZs do not appear in this approach. Kovacs+, PRD ('23)




I Finite-Size MF ApproaCh Kovacs+, 2510.24507

Incorporate fluctuations of ¢

f= —%an Z:fdgze—V“(WT

— Fluctuations of ¢ is incorporated into f.
— f becomes a smooth function for finite V. .
— Conventional MFA is recovered for V — oo,

— LYZs naturally emerges.

Let’'s apply this method to the study of LYZs in this model!
Wada, Kovacs, MK, Doi ('26)



I Finite-Size Scaling (FSS)

Landau potential

b _ _
E&—ﬁﬁb

ZLandau(T, n,L) ~ /d(;g e—Ld(T¢_52/2+bq_S4/4!—n¢_5)/T

_ T _
ULa,nda,u(qb; T, T]) — §¢2 =+

Scaling Transformation

T =0T, n— Y,

¢ — ¢, L— 0L

Zlandau (Ta n, L) ~ Zlandau (EyT T, ﬁynna g_lL)

N ‘FSS
~ Z(LV T, LV7n)

) .

MF scaling exponents: FSS in MF near a CP is obtained

Ur ==, Yp= ) Yo = in FS-MF approach.

d 3d d
2’ 4’ 4



FSS in General Systems

Expansion of U(¢) around the CP e
UAs
Z/{(QE, Ta /J'B) %1(}0'
_ 0T + a120 - =
= ug — (2101 + azedup)dp + o 20’12 = 5° =
, o op 501 SetA Set B
74 Op” cTm pe(T) o pg(T)
+ E 5¢ -+ Z nl &b — 1st order — 1st order
n=>5 % 500 1000
pp [MeV]

Linear-mapping relation to Landau potential

(7) B (all alz) (T —Tcp ) _ 4 (5T) a1l = 8T8q2§ua a2 = a,uBaqz;Ua
Ui 21 a22 HB — HCP OB az1 = 0rdz U, az = 0, ;0;U



I 1st LYZ in the complex-ug plane

Set A Set B
300 ' | C T "
o L [fm)] 3001 1 @T=160 MeV L [fm]
i i & it L
‘ l ‘ ‘: — = = 8 \ ‘ }1 - - 8
[ ] \ .
R - 12
H T =160 MeV
200 - I.I 'l‘ *‘ . — - = -I 6

0 200 400 600 800
Re pg [MeV]

—The 1st LYZ on finite L is away from the LYES. It never touches the real axis.
— The trajectories of LYES/LYZ move upward for small Reyg.



1st LYZ: complex-ug/u% planes: seta

Complex-ug

Complex-u%

300 T
" L{fm 6 0x10+ 7 100 MeV L ffm]
o g .10 -
Wy 12 5.0x10% ®-. 140 12
S a00] |11 & TG0 MY 6] = . 130 18
% e ; © 4.0x10% ‘m — LYES
“. 120
= =R S & L
:f{ ~m 3-0x10% 4 o 110
= 100- = e el +‘n1m
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- o Y. .
1.0x10* TS -
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. e Xy
0 0- *-J"J
0 2.50x105 5.00x10°
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— Charge conjugation symmetry leads to Z(u) = Z(—u) = Z is an even function.
— Better scaling behavior in the complex u3 plane.



Comparison with Lattice Results

our result lattice (Clarke+, LT = 6)
sod T T
2.5
- 204 T = 166.6 MeV
= T = 157.5 MeV
- T = 145.0 MeV
=157 mm 7= 1361 MoV \
= B T = 120.0 MeV

1.0+

0.5

0.0 :

0 1 2 3 1 5 6

Re[urye/T]

— Deviation of the 1st LYZ from LYES is large at LT = 6.
— In lattice result, Reu/T increases for high T.
— Effects of Roberge-Weiss symmetry?




Wada, MK, Kanaya, PRL ('25)

I Lee-Yang Zero Ratios

h(’”’)(t)
First-Order Side (t < 0) Crossover Side (t > 0)
| BTN
J . g

[

V—>oo/ 2m — 1 an(t) V —=o0 .




I Finite-Size Scaling
Scaling Hypothesis

Fsing(ta ha L_l) — Fsing (Lytta Lon h) b= Fsing + Freg

~

sing (LY't, LY" h) 2 = Lging X Lreg

Zsing (ta ha L_l)

v

LYZ in the scaling region on finite volume

)

Z(t,h,L™1)

~ Zsing (LY*t, LY*h) = 0

LY hi (t) = h{ (L¥ )

Itzykson, Nucl. Phys. 220 (1983)



Wada, MK, Kanaya, PRL ('25)

I LYZ near t = 0

5

L* Im A% . L= 3
4 e
Yol
~ (9 X
. h%ﬁ; /)‘(2/
-
a 7 (1) )rYlet i ¥ h =AY (LYtt)
% )—-ﬂ‘/ - LY
L b L=96 e 5
T L=128 e = X; + Y; LYt + O(t°)
L=192 e
0- L=256 e 1st +gv
—4 —2 0 2 4
Lyﬁt Xn

R (t) = 2 (14 Comt L + O(12))

m



1,(n) () Wada, MK, Kanaya, PRL, 25

LYZ Ratios Run(® = 350

Rym(t, L)

. 2n — 1
2n —1 t < 0 (1storder) 2m — 1

Ry (t) — <

W —ree 1 t >0 (crossover) I - o0
crossing
Ry (t) = From (1 + O, tLY O(t2)) o = X/ X0
neart =0

— R(0) is L independent, the universal value.
—Intersection point of various L gives the CP.
—Reminiscent of Binder-cumulant analysis



I LYZR vs Binder Cumulant in 3d-Ising

LYZR
newn [ =16 —L=24

— L=32 L=48
—L=64 —L=96

CL128 —i-1s2 L=16 —L=24
| ~L=32 L=48
—L=64 —L=96

2.47 -

. X /dof. I I
wﬂ:lﬁ’ R =128 — L —192
©24 168 I
o 32 1.26 L - 256
O 48 1.21 i
2411 ¢ 64 1.40
@ 96 1.52
@128 1.65
@ 192 2.48
2.39 . - — r
451145 4.511475 45115 4.511525 4.51155

T

Wada, MK, Kanaya, arXiv:2508.20422



I LYZR vs Binder Cumulant in 3d-Ising

LYZR Binder cumulant

L=16 —L=24

2.471 21(T1L) — [,=132 L= A48 B4( T:L)
— =64 —L=96 |162
— =128 — [L.=192
245 — [ =256
: 1.6-
2.43 ‘FLnﬂn xzfd-ﬂ-f- —: Lo x"'/d.n.f.
o016 5.06 ' 016 32.07
® 24 1.68 ® 24 8.86
® 32 1.26 @ 32 3.33
arl[O18 1.21 15811 5 48 1.43
e 64 1.40 ® 64 1.51
® 96 1.52 ® 96 1.46
® 128 1.65 He® 128 1.01
@192  2.48 ® 192 1.41
2.39 . . — r 1.56 — . ! : :
4.51145 4.511475 45115 4.511525 4.51155 4.51145 4.511475 45115 4511525 451155
T T

Faster convergence of the violation of FSS in LYZ?
Wada, MK, Kanaya, arXiv:2508.20422



I Convergence atT =T,

2.435+

2.430

2.425 1

2.420

2.415

2410

1.610

1.605 -

1.600

1.595 -
1.590 -
1.585 -
1.580 -
1.575 =

. LYZR

-
-
-
-
-
-

-
-
-
-
-

-
-

— Intersection
o I'=T, (Eq.(2)) — Extrapolation
¢ T=T, (Intersection) | | 0 = 0o
0 1 .1 1 1 1
256 128 64 32 16
1/L
b4 e T=T, (Eq.(2)) — Intersection
-------------------------- ¢ T= T, (Intersection) |- — Extrapolation
O L=
- - Eq. (26)
Binder cumulant I
0 1 1 1 1 1

256 128 64

32
1/L

Wada, MK, Kanaya, arXiv:2508. 20422

Red: T, of Ferrenberg ('18)
Blue: T, of intersection point

R21(0, L) = ’I“Ql(l -+ CL_w)

In 3d-Ising,

violation of FSS is more quickly
suppressed in the LYZR than the
Binder cumulant for L — oo.

Z = Zsing X Zreg



Wada, MK, Kanaya, PRL ('25)

I CP in a General System 7= v~y = ~0894

O CPonart— ¢ plane
O LYZ on the complex & plane

t\ (a1 a2 T — T, _ 4 o1
h]  \aa  ag E—¢) 0§

LY"h™(t) ~ X, + Y, LYt

Zsing (T, 6) — ZISing (t(Ta 6)7 6(7-7 5))



I CP in a General System

O CPonart— ¢ plane
O LYZ on the complex & plane

t\ (a1 a2 T—Te\ A o1
h]  \aa  ag §— & B 0§
LY"h™(t) ~ X, + Y, LYt

v

) — ¢ — Z2lsr + O(L2)
a2
<<
" X, . det AY,
51( = a,_L Yh 4
~ 22 %50

—67LY + O(L*)

Wada, MK, Kanaya, PRL ('25)
Y=y —yn = —0.894

L - o LY Edge Singularity

to finite V

l . RefLygs ~c17
. po
generalization

Im{rygs ~coT
Stephanov, 2006



Wada, MK, Kanaya, PRL ('25)

I LYZ Ratios for General CP § =~y = ~0.89

LYZ Ratio
(n)
Rum(T) = gm)(T) = Ty (1 + CLY% 6T + 0(67'2)) (1 + DL?Y + O(L4"~7))
& () nonzero for a;, # 0
o Xn . det A Y2 Yl . CL%Q 9 9
Fnm = X_m’ C = o (X2 —fl)a D_a—%Q(Yl —Y5)
T
i t

t\ (a1 a2 T — T, _ 4 0T

h az1 azz ) \&— & 0§
Tm are universal constants specific 5
to universality classes.




Wada, MK, Kanaya, PRL ('25)

LYZ Ratios vs Binder Cumulant 7= -v =084

LYZ Ratio
(n)
Rum(T) = gm)(T) = Tnm (1 + CLY%6T + 0(67'2)) (1 + DL?Y + O(L4"~7))
& () nonzero for a;, # 0
o Xn . det A Yl . CL_%Q 9 9
rnm—X—ma C= Qo (X2 X1> D_a%Q(Yl_YQ)

Binder cumulant Jin+, PRD86, 2017
Bi(t) = ba(1+ erL +0(12)) (14 dL¥ + O( (127))
nonzero for a;, # 0

T, are universal constants specific : = {—mm =i fig from
to universality classes. : Wi Cuteri+,

p 7 PRD (21)
Deviation att = 0 due to a;, # 0 /_y//// o

converges faster in LYZ ratio. e



I LYZR in Various Models

2.44

% 21 Theseiresults are almost consistent. . . .
= ' CPs in 3d-Z(2) universality class
9 2.42 T

5 ; s —lIsing: 2508.20422
5 o T ¢ —Potts: PRL, ‘25

s ' —HQ-CP: 2501.18904
% 2.381 i X

éz 2.36

N :

> . ' . . ‘

— Ising  Potts Ni;=4 N,=6

J

W
Heavy-Quark CP

Consistent within statistics 3 Confirmation of universality



Wada, MK, Kanaya, arXiv:2508. 20422

Single-LYZ Method

LYZ in 3d-Ising
L'hiy(T.L) ’

Lyh h(n) — i:L](-}LY) (Lyt t) 1.411
v

Yh (n) — Yt 2 | Lo 2/d.o.f.

L7 R = Xn + Y L7t + O(t ) 1.384 0 16 §2./67
e 24 14.68
o ) @ 32 7.77

LYrh"™(t) for various L 048 5.00 L=16 —L=24

. ® 64 3.82 — L =232 L=48

intersect at the CP! ®% 236 —L=61 —L=96

® 128 2.19 | —L=128 —L=192

@ 192 2.57 | —L=256
1.41-3.%‘1145 4.5111475 4.5|115 4.5I1|1525 4.51|155

T

Assuming the universality class and the values of y;, y;,
the intersection analysis can be performed only with a single LYZ.



I LYZR in Linear Sigma Model

RZI(TJ L) znd/15t

R34 (T,L): 3rd/1st

2,00 2.84
1.99
— —~ 282"
~ L [fm] : ~ L [fm]
e 198 6 AN &~ 6
< |- 8 \\ < |- 8
&l 10 N\ S & |- 10
1971 e W 2.801| s
—~ Y171 SRR —~ 14
— 16 |— 16/ RN N
1.96
’(TCP 1’"21) | ’(TCP 1’"31) '
120.0 120.5 121.0 121.5 122.0 120.0 120.5 121.0 121.5 122.0
T [MeV] T [MeV]

— Intersection point converges toward T, for L — oo.
— Good accuracy for L > 10 fm.



3.15

L)

&~ 3.10-

L*Tmpg(

3.00

Single Scaled LYZ

Tr= TCPE

L [fm]

10
12
14
16

121.2

1215
T MeV]

121.8

6.20 1

6.15-

L)

&~ 6.10-

LTy (

6.00 1

5.951

T= TGPE

L [fm]

10
12
14
16

121.2

1215
T [MeV]

— Intersection point converges toward T, for L — oo.
— Good accuracy for L > 10 fm.

121.8




I Where is the QCD Critical Point?
Single-LYZ analysis for 2+1 flavor QCD

500

400 +

300

200+

100+

1stLYZ 4.0x10°
Im Hyq ® Buddapest-Wuppertal
® BiPar

3.0x104-| ® HotQCD

L"Im p,
LT =6 ® Buddapest-Wuppertal 1.0x10% 1

e BiPar ? LT =4
LT — 4 ® HotQCD . DU S —— LT — 2
T I T 0 I I T
120 140 160 120 LT _14%)\/{ 160
T [MeV] T MeV]

Intersection around T =~ 100 MeV? Yet

lower T data are mandatory.




Summary

Using a new mean-field approach incorporating
finite-size effects, we investigated the LYZs at
nonzero T, ug in the linear-sigma model.

The study of LYZs and its relation to LYES are
iInvestigated.
Large deviation at LT values employes in lattice

simulations.
The LYZR method works well.

Outlook

— Roverge-Weiss symmetry/transition
— Better interpretation of lattice results

2.45

2n(T5L) P e
—L=64 —L=96
—L=128 — L =192

— L =256

2.43 4 3 x2/d.0.f.
| © 16 5.06
@24 1.68
o 32 1.26
048 1.21
2411064 1.0
@ 96 1.52
®128 1.65
® 192 2.48 :
2.39 . r . -
4.51145 4.511475 4.5115 4.511525 4.51155
T
4.0x104
® Buddapest-Wuppertal
® BiPar
3.0x1044| ® HotQCD
Yn
L'"Im p,
2.0x10%+
1.0x10% 1
?

1é0 1-‘-’Il
LT __Tg\/IeV}




I Outlook

— Roverge-Weiss symmetry/transition
— Better interpretation of lattice results



Convergence of LYZR

The origin of Higher order terms
¢ Parameter mixing

T\ _ (@11 a2 I —1Tcp
Ui az1 a22 UB — UCP

Lowest order
LYZR  :2y =2(y; —yy) = —3/2

Binder : ¥y =2(y, —y,) = —3/4

¢ Irrelevant operator
U[,Jandau(gg; T, 1, {/\}) — UI’Jandau (&7 7,1, /\57 )\67 e )

N
= ULandau (an T, 77) + Z Azqu
=5

Exponent .y = —3/4, yo=—3/2 ...

an®”
----
-----

Fit range

* R,
* R,
* R,
o B,

11’2I4 11'.20 ‘HI‘IE '”:IE
1/L[fm ]

1/10

1/8

Fitting functiodA, a) = (Rn1,7n1), (Ba, bs)

A(Tcp, L)

a

_ 1_|_w1L—3/4_|_w2L—3/2_I_wBL—Q/él
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