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Using the Teukolsky and Sasaki-Nakamura equations for the gravitational perturbation of Kerr
spacetime, we calculate the post-Newtonian expansion of the energy and angular momentum lumi-
nosities of gravitational waves from a test particle orbiting around a rotating black hole up through
post®/2-Newtonian (PS/ 2N) order beyond the quadrupole formula. We apply a method recently
developed by Sasaki to the case of a rotating black hole. We take into account a small inclina-
tion of the orbital plane to the lowest order of the Carter constant. The result to P3/N order is
in agreement with a similar calculation by Poisson as well as with the standard post-Newtonian
calculation by Kidder, Will, and Wiseman. Using our result, we calculate the integrated phase of
gravitational waves from a neutron-star—neutron-star binary and a black-hole—neutron-star binary
during their inspiral stage. We find that, in both cases, spin-dependent terms in the PN and P%/2N
corrections are important to construct effective template waveforms which will be used for future

laser-interferometric gravitational wave detectors.

PACS number(s): 04.30.Db, 04.25.Nx

I. INTRODUCTION

The last stage of an inspiraling compact binary
such as binary neutron stars is one of the promising
sources of gravitational waves for the near-future laser-
interferometric detectors such as Laser Interferometric
Gravitational Wave Observatory (LIGO) [1] and VIRGO
[2]. The main reasons why it is most promising are that
the event rate is expected to be ~ 3 events/yr within 200
Mpc from a statistical study [3] and that it is possible to
theoretically predict the amplitude of gravitational waves
with good accuracy. Such a binary is, moreover, not only
a strong source of gravitational waves, but also has a pos-
sibility to become a treasury of physics of neutron stars
[4], cosmology [5], theories of gravity [6], etc., provided we
obtain the data about binaries such as masses, spins, dis-
tance to the earth, and so on. However, to obtain those
data with sufficient accuracy, it is necessary to construct
theoretical template waveforms whose phasing has a frac-
tional accuracy of less than 10~* [4]. Hence considerable
efforts have been made to construct such theoretical tem-
plates [7-15].

To calculate gravitational waves from an inspiraling
compact binary, the standard method employed is the
post-Newtonian expansion (PNE) of the Einstein equa-
tions [7], in which the equations are expanded in terms
of a small parameter v ~ (M/r)'/2, where M and r are
the total mass and orbital length scale of the system,
respectively. Despite much effort, however, calculations
have been successful to only a few orders in v beyond
the leading (Newtonian) order so far. More fundamen-
tally, the nature of PNE has not been clarified due to its
complexity: nobody knows the convergence property of
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PNE nor the validity of the polynomial expansion in v
[16]. Given this situation, it is highly desirable to have
a method which is complementary to the standard PNE.
The perturbative study of a black hole spacetime is one of
such, in which we consider gravitational waves radiated
by a particle of mass 4 < M orbiting around a black hole.
This method, though restricted to the case of p <« M,
is very powerful because we can calculate fully general
relativistic corrections of gravitational waves by means
of relatively simple analyses. It is then fairly straightfor-
ward to evaluate the post-Newtonian corrections which
are to be calculated in the standard PNE. This direc-
tion of research was first done analytically by Poisson [8]
to post3/2-Newtonian (P3/2N) order and numerically by
Cutler et al. [9] to P3N order. Then a highly accurate nu-
merical calculation was done by Tagoshi and Nakamura
[14] to P*N order and an analytical calculation to the
same order was done by Tagoshi and Sasaki [15] which
confirmed the result of Tagoshi and Nakamura. In par-
ticular, the appearance of lnv terms in the energy flux
at O(v®) (P3N order) and at O(v®) (P*N order) is con-
firmed and it is clarified that the accuracy of the energy
flux to at least P3N order is necessary to construct tem-
plate waveforms for optimal use of the interferometric
data.

In this paper, we extend the analysis of Tagoshi and
Sasaki [15] to the case of circular orbits around a rotat-
ing black hole to see the effect of spin. Some analytical
[10,12] and numerical analyses [11,13] of its effect at its
leading order (i.e., P3/2N order) have been performed.
They found that it gives rise to a large error in the inte-
grated phase of gravitational waves from inspiraling bina-
ries for a typical value of the spin angular momentum if it
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is ignored in the template. The large effect of the P3/2N
order spin-orbit term causes us great anxiety about the
effects of higher-order terms due to the spin angular mo-
mentum since the convergence property of the PNE has
been found to be slow [4,14,15]. Hence we study the effect
of spin to P3/2N order in this paper.

The paper is organized as follows. In Sec. II, we show
the basic formulas to perform the PNE in our perturba-
tive approach. First we show the PNE of the Teukolsky
radial function [17] using the Sasaki-Nakamura equation
[18]. We must also perform the PNE of the angular equa-
tion, which is given in Appendix D. Then we describe
the PNE of the source terms. We consider circular or-
bits around a Kerr black hole, that is, those at constant
Boyer-Lindquist radial coordinate. These circular orbits
are, however, not necessarily on the equatorial plane and
the emission rates of gravitational waves are different for
different orbital inclination angles (or more precisely, dif-

J
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where _5S57 is the spheroidal harmonic function of spin
weight s = —2, which is normalized as
™
/ |_288“|%sinfdf = 1, (2.2)
0

and ) is the eigenvalue. The radial function Rimn.(r)
obeys the Teukolsky equation with spin weight s = —2,
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where Ty, (r) is the source term whose explicit form will
be shown later, and A = r2 — 2Mr + a?. The potential
V(r) is given by
K2 + 4i(r
A

where K = (r? + a?)w — ma.

The solution of the Teukolsky equation at infinity (r —
00) is expressed as

Vi) = - M)K

+ 8iwr + A, (2.4)

rieior Tiomas () Rt (')
1 Limw lmw
lew(r) _—> Imw / dr Az(’l‘ )
= szurae“‘” , (2.5)

where r, = M + v/ M?2 — a2 denotes the radius of the
event horizon and Ri? , is the homogeneous solution
which satisfies the ingoing-wave boundary condition at
the horizon,

o D,mwAze"“‘", r* = —oco,
tmw 3 pout iwr” —1 Rin —twr® * (26)
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where k = w—ma/2Mr4 and r* is the tortoise coordinate
defined by

ferent values of the Carter constant) [13]. To see the
leading effect of the orbital inclination, we consider orbits
with small inclination angles. In Sec. III, the energy and
angular-momentum luminosities to O(v®) beyond New-
tonian are derived. In Sec. IV, using the results given in
Sec. III, we estimate errors in the accumulated phase of
gravitational waves caused by the nonvanishing spin an-
gular momentum. Section V is devoted to the summary.
Throughout this paper we use the units of c = G =1
and GMg/c? = 1.477 km.

II. FORMULATION

To calculate gravitational radiation from a particle or-
biting around a Kerr black hole, we start with the Teukol-
sky equation [17]. We focus on the radiation going out to
infinity described by the fourth Newman-Penrose quan-
tity, ¥4 [19], which may be expressed as

(2.1)

—
dr* r? + a?
dr = A
For definiteness, we fix the integration constant such that
r* is given explicitly by

(2.7)

. dr*
r= dr
2Mr, . r—r714 2Mr_ . r—r_
= - 1 , (2.8
T+ T4+ —T_ln 2M ry —T— n 2M ( )

where r4+ = M + /M2 — a2.

Thus in order to calculate gravitational waves emit-
ted to infinity from a particle in circular orbits, we need
to know the explicit form of the source term Timu(7),
which has support only at r = ro where 7o is the orbital
radius in the Boyer-Lindquist coordinate, the ingoing-
wave Teukolsky function lew (r) at r = ro, and its inci-
dent amplitude B,mw at infinity. We consider the expan-
sion of these quantities in terms of a small parameter,
v2 = M/ro. Note that v is approximately equal to the
orbital velocity, but not strictly equal to it in the case of
a # 0.

In addition to these, we need to expand the spheroidal
harmonics and their eigenvalues in powers of aw. Since
w = O(R) where Q is the orbital angular velocity of the
particle, we have aw = O(Mw) = O(v3). Thus the ex-
pansion in powers of aw is also a part of PNE. Note also
that the spin parameter of the black hole a does not have
to be small but can be of order M. We defer this expan-
sion of the spheroidal harmonics to Appendix D.

In the following, we consider the PNE of the ingoing-
wave Teukolsky function and the source term separately.
Since the angular eigenvalues A come into play in the
radial equation, we set

A=A +awA; +a szz + O(‘U ) ’ (29)
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where Ag = (1—-1)(I+2) and Ay = —2m (2 +1+4)/(12+1)
have been obtained previously [20], and A; is derived in
Appendix D.

A. Homogeneous solution

The PNE of the Teukolsky equation for a rotating
black hole was first performed by Poisson up to O(v®)
beyond the quadrupole formula [12]. In his method, he
introduced a parameter € = 2Mw = O(v3) and expanded
the equation in terms of it to the first order in ¢, since
only the homogeneous solution to O(e) is needed to ob-
tain the energy flux up to O(v3) level. The purpose here
is to obtain the higher terms, O(v™) (n > 3). Specifically
in this paper we consider the gravitational wave luminos-
ity to O(v®). Hence we need the homogeneous solution
accurate up to O(e?). However, it is very difficult to treat
the Teukolsky equation itself to obtain the higher-order
corrections because the zeroth-order solutions (i.e., the
kernel functions) already have a quite complicated form
[12]. Hence instead of the Teukolsky equation, we use the
Sasaki-Nakamura (SN) equation [18], which is obtained
by a certain transformation of the Teukolsky equation.
The reason to use it is that the SN equation is a general-
ization of the Regge-Wheeler (RW) equation for a = 0 to
the case of @ # 0 and hence has a more tractable struc-
ture. In addition, we can make use of algebraic formulas
for the PNE of the RW equation developed by Poisson
[8] and by Sasaki [21].

The SN equation has the form

d2
[dr*2
where the explicit forms of F' and U are given in Ap-

pendix A. It is obtained by the transformation from R;,,.,
to Ximo as

1 r
lew = ;]— { (O{ + %) Xlmw — glew,r} 9 (211)

where Ximw = XimwA/(r? +a?)!/2, and the functions o,
B, and 7 are shown in Appendix A. Conversely, we can
express X in terms of Ry, as

F(T)—d— - U(r)] Ximow =0, (2.10)

1
Ximw = (r2 +a®) V202 J_J_ [T—ZR,W] , (2.12)

where J_ = (d/dr) —i(K/A). Then the ingoing-wave so-
lution Xi» 2., which corresponds to Ri®  has the asymp-
totic behavior

Imw

r* — oo,

out zwr —iwr"
Kimw = {A‘"‘“ +A’"‘” ’ (2.13)

Cimee™ "", r*— —oo,

A% and Cln, are, respectively, related

and Dy, defined in Eq. (2.6) as

where AR .
ou
to B,mw, B

lmw

Blmu - ZU—Z ;;lnu ’
4w
B, = _ZA?::" ) (2.14)
1
Dlmw - Clmw ’
dlmw

where cg is given in Eq. (A3) of Appendix A and

V2Mri[(8 — 24iMw — 16 M2w?)r?
+(12iam — 16 M + 16amMw + 24iM>*w)r,
—4a’m? — 12iamM + 8M?] . (2.15)

dlmw =

Now let us consider the PNE of lew It is charac-
terized by the ingoing-wave boundary condition at the
horizon, X,i,’,‘w ~ e~ a5 r* 3 —co. However, since r*
cannot be expanded in terms of € at »* — —o0, a naive
expansion of the SN equation in terms of ¢ would obscure
the boundary condition at the horizon. One prescription
to circumvent this difficulty has been suggested by Sasaki
[21] in the case of the Schwarzschild black hole, namely,
to separate out the factor e=*“(""~") from X in  from the
beginning. Here we generalize this method to the case of
the Kerr black hole.

First we introduce the variable z = wr and

. Z+E[_zi_

In(z —
=l z)

N
I

zZ_

————In(z — z_)jl

Zy — 2

= wr* +€lne , (2.16)

where z4 = wry. For later convenience, we also intro-
duce a nondimensional parameter ¢ = a/M. Hence, for
example, aw = 1qe, 2+ = 3¢(1 £ 4/1—¢?). As men-
tioned before, g is not necessarily very small but can be
of order unity.

Next we define a function ¢(z) as

=2"-z— qu ! InZ= % ) (2.17)
2 Tzy—2z. z—2z_
which generalizes the phase function w(r* — r) of the
Schwarzschild case. Note that e~ *#(2) ~ e=%r" a5 p*
—o0o and ~ e~ (""=7) a5 r* 3 +00. Then we set
lmw \% 22 + a’w £lm(z) exp[—qu(z)] (218)

By this prescription, it is easy to implement the ingoing-
wave boundary condition on X}?

Inserting Eq. (2.18) into Eq. (2 10) and expanding it
in terms of € = 2Mw, we obtain

1m] = LD €] + €QD [€rm]
+e2Q®[¢&,,] + O(€%),

where L(®, LM QMW and Q(? are differential operators
given by

LOe
(2.19)
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2 2d I1+1) ighy d  4im
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izt za T 22 ’ (2.20) @ 222 dz  l(1+1)23
2 .
LW = ld_z + (iz + gf) 4 + 4mq A1q + 2mgq (2.22)
zdz z z ) dz I(1+1)22 222 ! )
4 1 1
= - 4= 2.21
(z3 22 + z) ’ (2.21) for arbitrary ! and
J
Q@ = __qiﬁ B 9¢% — 2m?%g? — 6imqg  i(2m2?¢? — 9¢%) — 19mgq d
422 dz2 3623 10822 dz
+ 9¢* + 5m?q® — 3imq  i(2m?¢® — 9¢*)  —63img + 81¢*> — 2m?¢? (2.23)
924 5423 37822 ’ )

for | = 2. We shall see that we do not need Q2 for ! > 3
for the post-Newtonian order we consider in this paper
[i.e., up to O(v®) beyond Newtonian]. Expanding &, in
terms of € as

oo
im =Y "N (2) (2:24)
n=0
we obtain from Eq. (2.19) the iterative equations
LOED =0, (2.25)

LOEM = LOED] + @W[el)
=wi, (2.26)
LOED] = LOER] + QW)

+QPEM =W . (2.27)

The general solution to Eq. (2.25) is immediately ob-
tained as

O = a{5; + 8O, . (2.28)
Now we consider the boundary condition. The ar-

gument is parallel to that given in Ref. [21] for the

Schwarzschild case. The condition that Xj® —ikr®

as r* — —oo implies /2% + €2¢2/4£;,,(2) should be reg-
ular at z = wry ~ €. Since € can be made arbitrar-
ily small, 1/22 + €2¢2 /45,(:1) (2) should be no more singu-
lar than O(z™™) at z = 0. Thus in particular we have
£,(33 = a}o) Ji- For convenience, we set al(o) = 1. Taking
into account the behavior of the lowest-order solution,
we then infer that /22 + 62q2/4§,(:l)(z) must be no more
singular than 2'*1~" at z = 0. Hence for n < 2, the
boundary condition is that {,(1:) is regular at z = 0.

As noted previously, in the case of a circular orbit of
J

~ €

L (=1 +3)
(W = oy, 4 (=1 +3)

radius 7g, the source term T},,. has support only at r =
7o and wrg = O(Qrg) = O(v). Hence we only need X2
at z = O(v) < 1 to evaluate the source integral, apart
from the value of the incident amplitude Ai% . Hence
the PNE of X  corresponds to the expansion not only
in terms of € = O(v3) but also z by assuming € < z < 1.
In order to evaluate the gravitational wave luminosity to

O(v®) beyond the leading order, we must calculate the

series expansion of 5,(:;) in powers of z for n = 0 to I = 4,
forn=1to!l =3, and for n = 2 to |l = 2 (see Appendix
C). On the other hand, the accuracy of A%  we need
for this purpose is O(e) or n < 1. Thus we need the
asymptotic behavior of f,(:;) at infinity only for n = 1
(that for n = 0 is trivially obtained).

To calculate £;,,., to the accuracy discussed above, we
rewrite Egs. (2.26) and (2.27) in the indefinite integral
form by using the spherical Bessel functions j; and n;:

Ez(:;) = "l/ dzzszW,(,:) -—jz/ dzzanWl(':)
(n=1,2) . (2.29)

The series expansion formulas for 6,(:;) around z = 0

are easily obtained if we know those for W,(:,:). Then it
is straightforward to impose the boundary condition at
z = 0. Further, if the integrations can be done exactly in
closed analytic form, it is easy to extract out the values
of the incident amplitude A2 by examining the asymp-
totic behavior at infinity of the thus obtained functions.
As we shall immediately see, this is easily done forn =1,
which is sufficient for our purpose.

For n = 1, if we set ¢ = 0, Eq. (2.26) becomes the
same equation as that discussed in Ref. [21]. Hence the
only correction is to include the contribution from the
Q(l)[ﬁl(:;)] term. Using the formulas developed in that
paper, this is easily done to yield

4 . YR
20T 1)@+ 17+ T Ay 1) -t T # (mdo = dima)do

-1
1 1
+ ; (E + Py 1) zz(nzjk — Jink)jr + m(Ci2z — v — In2z) — 5Si2z + ijilnz

imgq ?2+4 . imgq
T (12(2l+1))"‘“r 2 (

I+1)2+4 ,
_(l +1)2(2 + 1)> Ji+1

(2.30)
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where Ci(z) = — f:° dt cost/t and Si(x) = f: dt sint/t are cosine and sine integral functions, v is the Euler constant,
and a(Ll) is an integration constant which represents the arbitrariness of the normalization of X? . We set a(Ll) =0

for simplicity. )
In the actual calculation of the gravitational radiation to infinity, we need to know X2 (2) at € € z < 1. Using
Eq. (2.17), we obtain the expansion of Eq. (2.18) as

Xin = /2% + a?w2pm, exp(—ip)

= z§(°) (z l(}n) 1mq£(0) - iz{ﬁ?lnz)
+€2 [z( (2) zﬁ(l)lnz (0)(lnz) >

; 2 2 2
+ie® — _gm a+ §<0) (_imq+ g2 _mae ) - —£(o)mqlnz] . (2.31)

4 8 8

For n = 2, expanding Eq. (2.30) in terms of z and inserting it into Eq. (2.29), we have the series expansion of f,(:n)
Inserting it into Eq. (2.31), we obtain

R =

+é? (q + z"fzqo- me, _ o+ O(zs)) : (2.32)
S5 = g 0 (-5 + B ). s
X = 945 +0(z") . (2.34)

Once we have the homogeneous solutions of the SN equation, we have only to perform the transformation (2.11) to
obtain the corresponding solutions of the Teukolsky equation. The results are

Rin 4+ i 5 1128 i 7 2328 + i
“Mame =30 T 45° T 1260 4200 45360 ' 11340
23 3 i 4 mgzt 4125 2778 s 3li ¢ Tmgz®
+ (75“ 60 “s0° T a5 3780 T 22680"% T 37807 1620 )
2 ; 2,2 2,22 ; 3 ; ;
2 (% 2, 92 m7qTz t 3 _ Mgz v 2.3 ? 3
Z L2 -3z 28 — g% — ) 2.35
e (30 T ™ Y 6 T T2 e0° 30 Te0l” " 1m0™ e’ ) (2:35)
. 25 i 27 1 ~z4 i i 11mg2®
in 6 8 4 5
=2 - - - _ - —47 2.36
“Hamo = 630 T 1260° ~ 3780 162000 T ° (252 18009 T 756~ T 22680 ) ’ (2.36)
. 28 iz7
R} = — . 2.37
“Hame = 17340 T 28350 (2:37)
[
Here, it is worth noting that the terms linear in g(= a /M) v,  _T. (1(1) 1 ) 1
at O(v?) beyond the leading term in each Ri®  are pure tm "~ T + (lim —Inz) mut+ogdnz, (2.38)
imaginary. This implies there is no linear term in ¢ at where
the PN order of the luminosity. Such terms will appear
at the P3/2N order, which is in fact what was found by (1) [1/’(1) +P(l+1) + w){l
Poisson [12]. Further, it is expected that terms linear in g I(l+1)
will not appear at the P2N order, but at the P5/2N order. In2 2imgq 9
By the same argument, terms quadratic in ¢q are expected —ine— 2(141)2° (2.39)

to appear at the PN order, but not at the P5/2N order. ) . )
Next, we consider A,mw to O(€) = O(v®). The proce-  2nd ¥(l) is the digamma function,
dure is the same as that in the Schwarzschild case [21].
Using the relations ji4+1 ~ —ji—1 ~ (=1)"*ny,_y, etc., P(l) = z% — . (2.40)

we obtain the asymptotic behavior of {,(rln) at z = oo as
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To consider the asymptotic form of X Iy We set & M) _
Find @ _ (1) + ij;Inz and express the asymptotic form of

f,(m) at z — oo as

f(l) (1)_7 +Q(1)
= 3P — QIR + 3(PQ) +iQU)AY

where h,(l) and h§2) are the spherical Hankel functions of
the first and second kinds, respectively, which are given
by

J

lmw V22 + a?w?{y,, exp _'up)

hl(l)(z) = ji(2) + ini(2) — (—i)‘+1.ciz_

. * mq zZ— 24
~z[i1+ € +1, Inz) +--]Jexp |-t (| 2*—2— In
[t + e + t1n2) + - p[ ( Wier z—z_)}

~ Lo (26" R {1 + [P +i(Qf) + lnz)] + -}

+3 (e DL+ elP) — QL) + )]+ )

From this equation, can be easily extracted out:

lmw

: 1
A;nm___ 2 l+1 —zelne [1+e(———2—+zq(1)) + - ] , (244)

where we use the fact that wr* = 2* — elne from our
definition of z*. Specifically for [ = 2, 3, and 4, to the
orders respectively required, we have

; ) ™ . (5 mq
;%MZ—E{].—EE +ze(§—'y—ln2) +T8—E}

+0(€?) (2.45)
i _1f (B8 mq
3mw—-2{1 62+1,6(6 ¥ ln2)+726}
+0(€?) , (2.46)
Ain = % +0(e) . (2.47)

Finally, the corresponding incident amplitudes B,i:‘nw for
the Teukolsky function are obtained from Eq. (2.14).

B. The source term

A test particle obeys the equations of motion

dé 2 2 2 2 Y2
EE——i[C—cos O{a 1-FE )+sin29}]
=06(9),
- 2IE(r? +a?) —
SId'r (aE 20) + A[E(r +a®) —al,],

(2.48)

(2.41)
R (2) = ji(2) — im(z) = i**?
From Eq. (2.38), we have
Py = g QM =¢® _1nz . (2.42)
Then the asymptotic form of Xi® . becomes
(2.43)

[

where E, l,, and C are the energy, the z component of
the angular momentum, and the Carter constant [22] of
a test particle, respectively,! & = r% + a2 cos? § and

R = [E(r? + a?) — al,)?

—A[(Ea—1,)2+r*+C]. (2.49)
We consider the case in which a particle moves along a
constant radius 7 = rg, but precesses around the sym-
metric axis. The degree of precession is determined by
the value of C. If ro and C are given, the energy F
and the z component of the angular momentum [, are
obtained by the two equations, R = 0 and dR/dr = 0.
Thus the energy-momentum tensor of a test particle is
written as

T = s gdd e
x8(r = 10)5(0 — 0(£))5(6 — (1)) . (2.50)
The source term of the Teukolsky equation is
Timew = —4 / dQudtp~®p~1(By + B")
xe""”wim:ﬁ% (2.51)

V2 ’

where

In this section, these constants of motion are those mea-
sured in units of u. That is, if expressed in the standard
units, E, l,, and C in Eq. (2.48) are to be replaced with
E/p, 1./p, and C/u?, respectively.
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By = —3°PL-a[p™*Lo(p™2p " Tan)]
1 _ _ — — —
_2\/§‘P8ﬁA2L_1[p PRI (P2 AT )]
(2.52)
By = —%psﬁA2J+[p‘4J+(p‘2ﬁTmm)]

PP pA2T, [p*pAT L _1(p” 25  Tian)] »
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and Q denoting the complex conjugate of Q. In the
present case, the tetrad components of the energy-
momentum tensor, Ty, Trmn, and Tpom, are in the form

Tan = 228 — 10)3(0 — ()3 — (2))

2f Cmn
with T = S225(r = 70)5(6 — 0(0)8(0 — #(8)) ,  (259)
p=(r—iacosf)™ !,
m . Crm
L, =080+ i sin@ + s cot 6 , (2.53) Tonm = = —n0 5(r —19)6(6 — 0(t))o(p — »(t)) ,
iK
Je=0+ A where
J
Cnn = E 2y —
423t[ (r% + a?) — al,)?,
Comn = 2\/_2% [E(r? + a®) — al,] [z sin @ ( l 0) + @(0)} (2.55)
2
wel [, . l.
Cimm = — 0|aFE - —— o(6 ,
2%t [z s (a sin20) +6( )]
and ¢ = dt/dr.
Substituting Eq. (2.52) into Eq. (2.51) and performing the integration by parts, we obtain
Timew = _4 /00 dt eiwt—ime -—lLI{p"“L%(p3S)}Cnnp—2ﬁ_1(r )
Vor J-oo 2
A2 52
+=2 1T {Crmnp 252 A16(r — o)}
\/_
+X/—“L {P3S(ﬁ2P—4) r}CmnAP_zA(r — 7o)
—3P*A%SI {p* I, [pp ™ Crmd(r — 7'0)]}]
= / dt et ™ty (2.56)
[
where Timw = Tone Z eik(wAt—mAy)
m k
=089 — — in 6 t 0 .
80 sind + aw sinl + s co ) (2 57) - QOTone Z 6((4) _ w") , (260)
and S denotes _, 57 (6(t)) for simplicity.
Equation (2.56) can be further simplified by noting  Where
that the orbits of our interest have the properties wn = no +mQy (n=0,+1,%2,...) , (2.61)
0t + At) =0(t), p(t+At) =9(t)+Ap, (2.58)
At
— twt—ime(t
where At is the orbital period (of the motion in the 6 Tone = /; dte “O i
direction) and Ay is the phase advancement during At.
For convenience, we set = A%[(Anno + Amno + Ammo)8(r — o)
+H(Amn1 + Amm1)8(r — 7o)} ,r
_ 27 Acp +{A1’hﬁx25(7' - "'0)},1‘1‘] ) (2'62)
QW=7 Q=77 (2.59)

Then the source term reduces to the form

and the A’s are given in Appendix B. Inserting Eq. (2.60)
into Eq. (2.5), we obtain Zj,, as
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Zlmw = 26(‘” - wn)zlmw,, )
n
(2.63)
Qg
Zimw, = m [ Imuwn {Anno + Amno + Ammo}

den w
(lim = {Amnl + Amml}

PRz,

e S
r=rg

Now, let us consider the orbital integral in Eq. (2.62).
To perform them, we must know the trajectory of a test
particle, i.e., 8(t) and ¢(t), but they are not simple ana-
lytical functions of ¢t for general trajectories. Thus, here
we consider the case in which a particle is in the orbit
with small inclination. To be specific, we introduce a
dimensionless parameter y defined by

_C
Y= @s
and regard it as small. Since Q% ~ 12 and C ~ 2 + 12,
[13] this is equivalent to assuming 12 +12 < 2. Note also
J

Q*=12+ad*1-E?), (2.64)

WA\ e i)
dr »2 Y

Since the right-hand side (RHS) of Eq. (2.66) contains
only even functions of y/26’, we can solve it iteratively
by expanding 8’ as

0 =0 + Y01y + y?0z) + - . (2.67)
This is similar in spirit to the method used by Apos-
tolatos et al. [23], who considered gravitational waves
from a particle in an elliptical orbit around a nonrotat-
ing black hole with small eccentricity e < 1. However,
here we only consider the lowest-order solution 6(o). This
means we take into account the effect of inclination up to
O(y), as seen from the structure of the geodesic equations
(2.48). The equation for 6 g is

da(o) 2 Q3
(—d_;“) = 5z(1-00) > (2.68)
or dividing it by (dt/d7)?,
ddoy\?: Q2
(52) - Ga-a), (2.69)
where
, a® + 13 2 .2
o=—a(aE —1,)+ W{E(TO +a®) —al,} . (2.70)

Then the solution is easily obtained as

that we do not need the exact expressions for £ and [,

in terms of 79 and C (or y), but only the PNE of them.
To the first order of y as well as to the P5/2N order, they
are given by

(2.65)
=g | (- )+ 0 (1)
31\/{,1//22&(1 v)
o (-8 + 0
—%(1—.«/”0( )]

To solve the geodesic equations under the assumption
y < 1, we first set § = m/2 + y*/20' and consider the
geodesic equation for 6. It then becomes

(2.66)

2w

0(0) = Sin(ﬂgt), Qo = g (2 _A_Z) , (2.71)

where we have chosen 6oy = 0 at ¢t = 0. Thus we have

0= —2—+y 2 sin(Qgt) . (2.72)

Note that solution (2.72) implies that the inclination an-
gle 6, is indeed given by 6; = y*/2 in the present approx-
imation.

Next, we consider the geodesic equation for ¢. Taking
account of the terms up to O(y), it becomes

dp & l. o’E 2
@it o [“(; - )y“’«»

=Q, — y%—z cos(29pt) , (2.73)

where

= —(aE - 1,) + ——{E(r3 + a%) — al.}

A()

and
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£ 1 _Ap _ K l, a%E
e =5+ 3¥h (_E)’ ”2*;(;‘7 -

(2.74)

The solution to Eq. (2.73) with ¢ =0att=0is

o =Q,t 2 sin(2Qpt) .

Q
-—Yy— 2.
T (2.75)
Note that €2, # €. This means the precession of a
test particle orbit around the spin axis of the black hole.
Specifically, to the order required for the present purpose
(see Sec. III below), we have

|

At

I, lmw, —
[1]

O\ 2
+Y Qe ( d(:)) }+ o(y*?),

where Q{“mw"
the approximation.

eiw,.t—imgp(t) — einﬂgt (1 +y

we find

) . dé
dt ezw,,t—zmcp(t) {Q?mw,. + yl/zQ}mwn 0(0) + lezmw,. 0?0) + yl/zQ?mw,. © + lemw,, 0(0)
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M1/? MY2q¢ 3 (MY%a a?

= — + =Yl —7—— —

v r§/2 r§/2 2 1‘3/2 73
+0(US)] , (2.76)

3MY2q  3a2

L e S+ o)+ (y)}
To

Qg = 1-
s [ 7

We see that Q, — Q¢ — 2Ma/r3 for ro — oo and y — 0,
which is just the Lense-Thirring precessional frequency
[24].

Now that we have the solution of the geodesic equa-
tions, we can estimate the A’s in Eq. (2.63). Up to O(y),
they are integrals of the form (see Appendix B)

db(o)
dt

dt

(2.77)

for k = 1-5 are complicated functions of rq. Substituting Egs. (2.71), (2.75) into Eq. (2.77), and using

2 1
Ilmwn = 5— [{6‘"0 + y (6"1—2 "1;2)} Q?mwn + y1/2__.(6n’_1 - 6"y1)Q}mw,.
0 2

1
+yz (20n,0 — Op,—2 —

Qg
+yz (6n,—2 —

where dn,n' is Kronecker’s delta. Applying these formu-
las to A’s of Eq. (2.63), the amplitude Z,,,,,, is found to
have the form

Zlmw,. = [(ZO,O + yzo’z)‘sn,o
+y1/2(Z1'16,,,1 +Z1"15n,—1)

+y(Z2228,,2 + Z2728,,_2) + O(v*/?)] ,
(2.80)

where Z*J are functions of ro . In principle, algebraic
calculations of Z% are straightforward, but they are al-
most impossible by hand in practice. Thus to avoid triv-
ial mistakes as well as to save time, we have made use
of the algebraic manipulation program MATHEMATICA to
obtain Z%J. We shall not list their explicit forms here
since they are too complicated and not much insight can
be gained from them.

"l 2)lew + y

mSlsy o2t _ ,—2if0t 3/2
o 2.78
T 2 (e )+ow’?) ), (2.78)
—(6,. -1 + ‘sn l)lew,.
92
(5n,2)Q?mw" + y—‘lﬁ(zan,o + 571,-2 + 6",2)Q15mwn + O(ys/z) ’ (279)

III. THE ENERGY
AND ANGULAR-MOMENTUM FLUXES

In this section, we calculate the energy and angular-
momentum fluxes to O(v®) beyond the quadrupole for-
mula and to O(y) in the orbital inclination. From Eqgs.
(2.1), ¥4 at — oo to the required order takes the form

i 24: zl: Zlmw,,—é\/zl:m— “""(" —t)+ime

n=—2 =2 m=-1 4

ﬂll—l

(3.1)

It is worth noting that there are symmetry rela-
tions, _2Spen(0) = 2879 "(m — 0) and Zj_pme_, =
(— 1) Zimw, - At infinity, 14 is related to the two in-
dependent modes of gravitational waves b, and hx as

Vg = (hy —ihy) . (3.2)
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From Egs. (3.1) and (3.2), the energy flux averaged
over t > At is given by
IZlmw,.lz —

dE dE
<_d_t‘_>=lZ drw?2 _tz (E),mn )

m,n m,n

(3.3)
In the same way, the angular-momentum flux is given by

(%)- 5

m|Zlmwn‘2

4rw3
l,mmn n

(%)
I,m,n dt Imn

m (dE
- Z w_" (—d—t—)lmn -

lmmn

(3.4)

As is clear from Eq. (2.80), since we take the square
of | Zimw, | we only need n = 0, +1 modes for the present
purpose. Further, since w, = mQ, + nfls, we only need
Qp at the Oth order of y. The PNE’s of £, and Qg

107

4784
N2+20=1— Hvz + 4mv® — 6qv> + ——v* + 2¢%v* —

170
+y (—1 + —v? — 40> + 15qv® —

21

M2t2x1 = Y (gv 504'0 18

4784 ,
1323
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are given in Eq. (2.76). In order to express the post-
Newtonian corrections to the luminosity, we define 7imn

as
dE 1 (dE
5 =\ 57 Mmn
&t ), 2\dt)y

where (dE/dt)n is the Newtonian quadrupole luminos-
ity:

(3.5)

(dE) _BEME_ B (k) e ()
N

dt 575 5 \M

We note that because the mode indices (I, m) here are
those associated with the spheroidal harmonics, as is
clear from Eq. (3.1), they do not correspond to the usual
spherical mode indices. This point should be kept in
mind when one attempts to interpret the PN corrections
t0 Mimr in the language of the standard PN approach.

For [ = 2, the results are as follows. If |m +n| > 2 or
m+n = 0, QYimn becomes O(v*) (k > 5). The remaining
Tmn Which contribute to the luminosity to O(v®) are
given by

4287 , 13186

v —11q2’04+ 21 v ‘T‘g‘—

qu) ,

Nat1 0 = glgvz - 1—12(103 - 51672”4 + Iléqzv“ + {év5 - %mﬁ
(o - - 5 800) o
Nat1+1 = Y (1 - %vz + 4mv® — 12903 + %v‘* + 121 2yt — 4—2—?—75115 + 112;8@5) ,
N2 0x1 =Y (%vz - 11—24113 = ﬁv“ + %qzv4 + %vs - %qu) .
Putting together the above results, we obtain (dE/dt); = Y, ..(dE/dt)imn for I = 2 as
(£), = (), (1 S om = e (-3 e
B oy B B 9] o

For I = 3, the nontrivial n;,,, are given by
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1215 , 1215 , 36467 5 1215
M3£30= o T 112 ° ' 448 © 112 ¥
(_ 3645 , 3645 , 10035m o 3645qv5)
1792 224 896 112 :

M3+£3F1 EU Y,

M3+2 0 = %04 - %qu +y (—%”4 + %qu) )
3645 , 3645 , 10935m ; 6075
’73*&1:”(1792” 224" Y ees VT 224 q“) : 39)
5 , 5 4 5t 5 25 '
Tex2Fi =Y (16 128"~ 3024” Tsoea” T 13142 ? ) :
1 1 T 5 17 5

. _ 4 _
M1 0= goer? T 1512Y T 202" o2 ?’
11 11 1 95
+y( 2+ 4 1]5+ 5) ,

T16128° " 3024° ~ 8064 9072 7"

1260 ~ 189

B Lo 1oa, ™ 5 11
M3 0x1 =Y\ 5688Y T 504 1344 10087

M+i+1 =Y (

The other 7y, are of O(v®) or higher. Then we obtain

dE dEY [1367 , 32567 , 16403r , 896 ./ gy
dat ), \dat - — (15 3.10
(dt)3 (dt)N{wos” 2020 "+ 2016 "~ s (17 3) (3.10)

For | = 4, we have

1280
MNats 0 = W"/A(l —2y),
_ 256()1]4
Mat3+1 = 567 Y,
5
Natax1 = 1134114?1 , (3.11)
5
TMat2 0 = 39691’4(1 —8y),
_ 4
Nat1+1 882v Y,
and the others are of O(v®) or higher. Hence we obtain
dE dE 8965 ,
— ) = — —v. 3.12
(dt)4 (dt)Nxagegv (3:12)

Finally, gathering all the above results, the total energy flux up to O(v®) is found to be

dE dE 1247 s T3 s oy 44711,
N (2= _ _ 2 1-2)—
< dt > ( dt )N [1 336 0 T ATV T R ? ( 2) 9072 *

33 , , 527 ,, 8191w , 3749 y)
2 g2t — 220 _ 20 s 2 s (1= V)| 3.13
167° " 967 YT 672 ¥ T 336 ¥ ( 2 (3.13)

+

The terms without g agree with those derived in Ref. [15], and the term —73gv3/12 also agrees with the previous
results [10,12].2

aslv' 1_—0 v[l — qv3/ 33—1— O(v®)] for y = 0. Consequently, his Newtonian quadrupole luminosity differs from ours by a factor
(v'/v)*® = [1 — 10qv®/3 + O(v*)]. This explains the apparent difference between his result ~11¢v3/4 and ours.

*Note that Poisson [12] defines the PN expansion parameter as v’ = (MRQ,)"/®, which is related to our v = (M /7o) /?
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From Eq. (3.4), the averaged angular-momentum fluxes for [ = 2, 3, and 4 are calculated to give
dJ, dJ, y 1277 o2 y
=z = -2 1—2) +4mB3 (1-2
(alt)2 (dt) [1 2 252 ( 2)+m’ ( 2)
37915 v 2 4 (33 229
v ( ) roser” (1-5) + v (35— 55
2561 y 22229 27809
5 — _——
™ 126 (1 z) +a ( 1296 864 y)] ’ (3.14)
dJ, aJ, 1367 , ( y 32 567
= v (1-2) - )
dat /, dt ) | 1008 2 3024

+7v

2016 2

880
516403 (1_y)_ v5( 8049

G
9072 ?é_‘ )] (3.15)

dJ.\ _ (4. [8965 .(. ¥
( dt )4 - ( dt ) [3969 (1 2)] ’ (3.16)
where (dJ,/dt) is defined to be
dJ, 32u2M5/2 32 funNZ .,
Total flux of the angular momentum is then given by
dJ, dJ, y 1247 o2 Y 3 Y
Sz _ [ 2Lz _d -2 4 1-2
< dt > ( dt )N [(1 2) 336 © (1 2) +amy ( 2)
61 , 3y _ 44711 , 33 229
= - 1-2 22
127 (1 2 ) 9072 ( 2) +av (16~ 52 Y
8191 Yy s (417 4301
= - Z _— - . 3.18
e (1-5) + o0 (56 224 Y (3-18)

We note that the result is proportional to (1 — y/2) in
the limit ¢ — 0. This is simply because the orbital plane
is slightly tilted from the equatorial plane by an angle
0; ~ y'/2, hence dJ,/dt ~ (dJyor/dt) cos 6;.

From the above results, we find the following features
of the gravitational wave luminosity.

(1) As argued in Sec. II A, the quadratic terms in
q(= a/M) appear at the v* order, and the linear terms
in q appear at v® and v® orders.

(2) The coefficients of qv® and qv® in (dE/dt); and
(dE/dt)s [and hence in (dE/dt)iot] are proportional to
1 —y/2. Since 1 — y/2 ~ cos#;, these terms may be
regarded as proportional to the inner product S - L of
the spin angular momentum S and the orbital angular
momentum L. With this interpretation, our result at
the v3 order is consistent with the PN calculation of the
spin-orbit terms by Kidder et al. [10] as well as with the
numerical result of perturbative calculations by Shibata
[13].

(3) Contrary to feature (2), the coefficient of the ¢%v*
term in (dE/dt); does not seem to be expressible as a
simple function of cosf;. We suspect that a major part
of it is attributable to the quadrupolar gravitational field
around the Kerr black hole which modifies the parti-
cle orbit. In fact, for y = 0, the 2q%v* term of 73420

in Eq. (3.7) can be explained in terms of the Newto-
nian quadrupole formula as the contribution from the
quadrupole moment of the Kerr black hole.?> However,
the 1/16g%v* term in 72410 cannot be explained in this
way. An inspection of the expanded form of the I = 2
ingoing-wave Teukolsky function given in Eq. (2.35)
reveals that the ¢22% term at O(e?) is proportional to
m?2 — 4, hence it vanishes for m = 32 while it remains
finite for m = £1. Since this term will contribute to the
q?v* terms in the luminosity, we may interpret the ¢%v*
term in 772410 as due to the curvature scattering in the
near zone field. Incidentally, this suggests that the coin-
cidence of the coefficient 2 of the g?v* term in 73429 with
the Newtonian calculation is rather accidental; naively
we would expect the same curvature scattering effect to
give rise to some additional contribution to the g?v* term
in 7Ma420. In any case, our result suggests the existence
of a new type of spin-dependent terms in the energy flux
when a PN analysis beyond the present level is carried
out.

3This was first pointed out to us by E. Poisson.
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IV. IMPLICATIONS
TO COALESCING COMPACT BINARIES

In this section, we discuss the effects of PN terms in
the luminosity to the orbital evolution of inspiraling bina-
ries composed of neutron stars (NS’s) and/or black holes
(BH’s). Although our results are valid only in the test
particle limit, we ignore this fact in the following.

Since we are interested in the orbits off the equatorial
plane, we must consider the evolution of C as well as
r of the particle as it radiates gravitational waves. Al-
though not proved in any sense, let us assume that the
orbit remains quasicircular, i.e., the radius of the orbit
is approximately constant for many orbital periods. We
then would like to see if the inclination angle 6;(= y'/2)
changes in time as the orbit shrinks. Since the test par-
ticle orbit in this case is characterized by two of the four
approximate constants of motion, r, C (or y), E, and
l., we can estimate the change of y with respect to the
change of r by equating the energy and angular momen-
tum luminosities of the gravitational waves with those
lost by the particle,

dE\ _ 8E(ryy)dr 0E(ry)dy
dat /- 6r dt gy dt

™ drr3/2 Y52 o bi(a) (M/r)*/2 02 ci(g) (M/r)*/?
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To the leading order in v and y, this gives

3/2
dlny 61 (M) . (4.2)

dlnr 24q r

Thus y changes only by a small amount during the entire
inspiraling stage until » < 10M even for ¢ = 1. Hence
the approximation y =const throughout the evolution of
the orbit will be good if the orbit remains quasicircu-
lar. Furthermore, by adopting a radiation reaction for-
mula which is valid at least in the Newtonian limit, it
has been numerically found by Shibata [13] that the evo-
lution of the inclination angle is small, at least in the
low-frequency region, 7/M 2 30. This result is consis-
tent with the assumption of quasicircular orbits. Thus
we assume y =const in the following.

Then the total cycle N(r;,rs) of the phase of gravi-
tational waves from an inspiraling compact binary from
r=r; (t=t)tor=ry (t=1tg)is

dE/dr

“1dEjdt] ’ (4.3)

N = fdt— / dr}

where f is the frequency of the wave. Expanding €,
dE/dt, and dE/dr with respect to v = (M/r)'/2, N is
expressed as

(4.1)
_ <sz> _ O(ry)dr | Ol(ry)dy
dt or dt Oy dt
|
5 M
64 p

> reo dr(q) (M /r)k/2 )

(4.4)

where the series forms in the denominator and numerator represent the PN corrections to the Q,, dE/dt, and dE/dr,

that is,

> belg)(M/r)¥/? =
k=0

3 clg)(M/r)*? =

k=0

S dila) (M/r)H/? =

k=0

(dE/dr)y ’

2,

(Qw)N ’

dE/dr (4.5)

dE/dt

(dE/dt)N

and the argument of g(= a/M) is given to the coefficients by, cx, and di to emphasize the ¢ dependence of the PN
corrections. To the PN order we consider in this paper, the PN expansions of 2, and dE/dt are given in Egs. (2.76)
and (3.13), respectively. For completeness, here we show the PN expansion of dE /dr:

1- S +5¢

o[- () (o) (1) 3()]

(4.6)

Since the effect of PN corrections in the case of ¢ = 0 has been studied already [15], here we examine only the effect
due to nonvanishing g. For this purpose, we introduce the quantity AN (™) defined by

AN™(q) =

" drr3/2 Sp_ o bi(a) (M/r)*2 o c(a) (M/r)*/?

5 M
64 p vy M3/2

S o di(q) (M/r)*/?

0 bi(q)(M/r)*/? + b, (0)(M/r)™/?

—/ drr3/ {Z 1
s > heo di(q) (M/r)*/2 + dn (0)(M/r)"/2

x (i cr(@)(M/r)*/* + cn(O)(M/r)”/z) }] :

k=0

(4.7)
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This describes the effect of g corrections at the P™/2N
order.

First we consider a NS-NS binary of equal mass M =
1.4M® (M/p = 4) as a typical example. The future
laser interferometric gravitational wave detectors such as
LIGO [1] have good sensitivity in the frequency band
between 10 and 1000 Hz so we choose r; = 175M and
ry = 8M. A NS of mass 1.4My and radius R ~ 10 km
has q =~ 0.4/Py,s, where Py, is the period of rotation in
units of a ms. In this case, the phase N is accumulated at
relatively large radii »/M 2 100. Hence the convergence
of the PN series in the numerators and denominators of
the integrands in Eq. (4.7) is good enough so that we may
expand them further to obtain the approximate formula

. 5 M [Tdr (M\"3?
anta =g S [5 (5)
TS

r

X {[bn(q) + cn(q) — dn(g)]

—[6(0) + ¢cn(0) — d.(0)]} . (4.8)
This gives
AN® ~ (1O (1—0.4y)
Pms ’
(2)o
AN® ~ — (P ) (1-15y), (4.9)

ms

AN®) ~ (Pg ) (1-0.3y) .

Although the y corrections in the above are valid only
for y <« 1, we expect them to be qualitatively valid
even for y ~ 1. As mentioned previously, the correc-
tions AN®) and AN®) are due to the spin-orbit cou-
pling, hence replacing y with 2(1 — cos6;) in the above
formula will give a reasonable estimate in the qualitative
sense. As for AN, although we have not been able to
specify the physical meaning of it with certainty, at least
we may say that the dominant contribution comes from
the quadrupole moment of the gravitational field around
the Kerr black hole, as discussed at the end of the previ-
ous section. Hence we may also expect the replacement
y — 2(1 — cos ;) to be approximately correct. Thus the
inclination angle directly affects the values of these phase
corrections whenever they become important.

We know three binary pulsars in our Galaxy which
will merge within a Hubble time, PSR1913+16 [25],
PSR2127+11C [26], and PSR1534+12 [27]. Hence these
may be regarded as a typical target of the gravitational
wave detectors. Their rotation periods are P,s = 59.0,
30.5, and 37.9, respectively. If we also assume these
values as typical, we have AN®) > 1 as has been dis-
cussed previously [11,13] while AN ) and AN®) are
small. However, we know there are several pulsars with
Pye < 2 in our Galaxy [28], for which both AN®) and
AN®) exceed unity. Hence it will be safe to construct
templates which take account of the P2N and P3/2N spin
terms.

Note however that a main contribution to the correc-
tion AN is due to the quadrupole moment of the grav-
itational field, the value of which reflects the peculiarity
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of the Kerr black hole. Concerning this point, Bildsten
and Cutler [29] considered the quadrupole moment of the
gravitational field induced by the quadrupolar deforma-
tion of a NS due to its rotation and evaluated the phase
correction for a realistic NS model as

5 2
@ . _ _
AN ( Pms)

This result is somewhat larger than our estimate. That
is, the effect of the quadrupole moment of the gravita-
tional field due to a spinning NS is larger than that due
to a spinning BH for the same dimensionless spin pa-
rameter q. This suggests that if one body of a compact
binary is very rapidly rotating so that we are able to
measure AN by the matched filter technique, then to-
gether with other terms which carry information of the
orbital parameters such as the spin-orbit terms, it will be
possible to distinguish a BH from a NS even if the BH
has mass Mgy ~ 1.5Mg.

Next, we consider a BH-NS binary composed of 10Mg,
BH and 1.4Mg NS (M/p = 9.28). Our result has more
direct applicability to this case. For simplicity, we set
r; = 68M and ry = 6M irrespective of ¢ and y. In this
case, the estimation of AN(™) in terms of the approx-
imate formula (4.8) will not be a good approximation.
Instead we must use the original formula for AN(™), Eq.
(4.7), as it is. This is because the phase N in the present
case is accumulated at smaller /M than in the case of
a NS-NS binary, hence the convergence of the PN ex-
pansion becomes slow. As a consequence it is not possi-
ble to derive approximate formulas for AN(™) as simple
as Eq. (4.9). Here we only quote the critical value of
the spin parameter ¢ above which each correction AN ()
(n = 3,4,5) exceeds unity. We find AN® > 1 for
g 2 0.01. Hence the correction at this order is important
even for a very slowly rotating black hole. As for AN(%)
and AN(®), they become larger than unity if ¢ = 0.2.
This indicates that yet higher-order PN corrections will
be important if the BH is rapidly rotating (g ~ 1).

Summarizing the above analyses, we obtain the follow-
ing conclusions.

(1) The spin-orbit coupling term at the P%/2N order
is important for the evolution of NS-NS binaries with
P, S 2 and BH-NS binaries with ¢ 2 0.2. Since the
rotation of Py, ~ 1 would be the fastest possible period
that a NS could have, inclusion of the phase corrections
up through the P5/2N order seems to be enough for NS-
NS binaries. On the other hand, the terms higher than
the P3/2N order are likely to be important for BH-NS
binaries since the rotation of ¢ = 0.2 for a black hole
seems quite possible.

(2) The ¢ terms at the P2N order become important
for BH’s with ¢ 2 0.2 or NS’s with Py, < 2. However,
the latter value is based on our formula which is valid
only for a rotating BH. An estimate based on a realistic
NS model gives Pps < 5 [29]. Thus it will be possible
to distinguish a small mass BH from a NS if the phase
corrections to P2N order can be detected by matched
filtering.

(3) At any order of PN corrections, the effect of a finite

(4.10)
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inclination angle to the number of the phase cycles must
be taken into account whenever the spin terms become
important.

V. SUMMARY

In this paper, we have performed a post-Newtonian
calculation of the gravitational waves from a particle of
mass p orbiting around a rotating black hole of mass
M (p < M). We have considered the orbit of a constant
coordinate radius r = ro but with a small inclination
angle 6; ~ y/2, where y is a nondimensional parameter
proportional to the Carter constant of the orbit.

We have formulated the post-Newtonian expansion of
the Teukolsky equation and its source term in terms of
a small expansion parameter v = (M/r¢)*/? accurate
up through O(v®) (P%/2N order). We have not directly
dealt with the Teukolsky equation but first formulated
a method to obtain the homogeneous solution for the
Sasaki-Nakamura equation, which is a generalization of
the Regge-Wheeler equation for the Schwarzschild black
hole, by expanding it in powers of € = 2Mw, where w is
the frequency of a gravitational wave. In particular, to
O(€), we have obtained the ingoing-wave radial functions
for arbitrary spherical indices (I,m) in closed analyti-
cal form. Then we have obtained all the necessary radial
functions to the required accuracy and transformed them
to the corresponding Teukolsky radial functions, which
have been used to construct the Green’s function. Fur-
ther, we have formulated the post-Newtonian expansion
of the source term for circular orbits with small incli-
nation angle. Assuming y <« 1, we have analytically
solved the geodesics of a particle accurate to O(y) and
obtained the source term to the required accuracy. We
have used these results to integrate the Teukolsky equa-
tion and derived the formulas for the gravitational energy
and angular-momentum fluxes which are correct to O(v°)
and to O(y).

Based on the thus obtained luminosity formula, we
have estimated the accumulated phase NV of gravitational
waves from inspiraling binaries, assuming the orbit re-
mains quasicircular. Specifically we have considered a
NS-NS binary of equal mass 1.4M and a BH-NS binary
of masses 10Mg and 1.4Mg, which will be typical tar-
gets of the near-future laser interferometric gravitational
wave detectors. We have found that if the rotation of
a neutron star is moderate, say P 2 20 ms, only the
phase correction at its leading P3/2N order will be im-
portant. However we have also found that if one body
of a binary is a rapidly rotating NS (P 2 2 ms) or a
rotating BH (¢ = Jgu/M?2 2 0.2), the phase correction
of AN > 1 will be caused by the spin terms at P2N and
P3/2N orders. Furthermore if one body is a rapidly ro-
tating BH (g ~ 1), it is expected that the higher-order
corrections such as the P3N ones become important. In
all these cases, when the phase correction at a certain PN
order becomes significant, that due to a nonvanishing in-
clination angle at the same PN order becomes equally
important.

The above conclusions imply that it is desirable to eval-
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uate yet higher-order PN spin corrections to the gravi-
tational wave luminosity. As for the inclination of the
orbit, since we expect the expansion in powers of y to
be valid for y < 1 (6; < w/4), it will be meaningful and
useful to calculate the higher-order corrections in y along
with higher-order PN calculations. These problems are
left for future work.
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APPENDIX A

In this appendix we show the potential functions F' and
U of the SN equation (2.10). Details of the derivation are
given in Ref. [18].

The function F(r) is given by

F(r) = %F'Ti—? , (A1)
where
n=co+ci/r+ca/r? +cafrd +ca/r?, (A2)
with
co = —12iwM + A(A + 2) — 12aw(aw — m) ,
c; = 8ia[3aw — A(aw — m)] ,
¢z = —24iaM (aw — m) + 12a®[1 — 2(aw — m)?], (A3)
c3 = 24ia®*(aw — m) — 24Ma? |
Ccqy = 12a* .
The function U(r) is given by
U(r) = (—TZ—A%)—Z+G2+;2A%;3—FG, (A4)
where
¢= ”252 ¥ i\? G 222)2 ’
s §[fme) 4 (5]
| (A5)

K . 6A
——zA—§+31K’T+A+ Tz— 5

o =

,a—_-zA(-iK+r—M~?> .
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APPENDIX B

In this appendix we show the A’s in Eq. (2.60):

2 At
AnnO = T="7 /
Vv 27I‘A2 0

dt eiwt—imw(t)cnnp—zp—lLik {p—4L;— (p35)} ,

=—— dtett—ime . o3 [(L;S) (Z—AIS +p+ ﬁ) —a sin BS%(ﬁ - p)] ,
0

(B1)

2 At
Aﬁzn
0T T /mA
1 At - K K? K
A’ﬁl‘ﬁl - - dt iwt—ime(t) —3 . N Bl
0 N e p " pCrmmS | —1 A ; A2-+—2'LpA ,
Aﬁznl =

9 At ] )
Apny = T” / dt et et p=35C . S (

At .
— / dt ezwt—zmw(t)p—3ﬁcﬁlﬁls ,

where S denotes _;S2%

APPENDIX C

In this appendix, we show that the asymptotic form of
Xin at € € z < 1 has the form

Imw

Xxjn o =20(1) 4+ €0(z71) + €20(272)
+e20(z73) + -] . (C1)
From Egs. (2.10) and (2.18), the equation for &, be-
comes
A d2 d
[Tzd2+01 +02]§lm—‘0
A, — AF; — 2iA¢,
c, =2 L= 2i8ér (C2)
T
1 A2 2
Cz = ;—2‘ —U1+2— XY' —A¢’,,.—A’1-F1

+iAg . Fy — 2'iMw) ,

where Fy = 1,/n, and ¢, n, and U; are given in Egs.
(2.17), (A2), and (A5), respectively.
J

2 2 n
© e & M) 1d
[L +( z P 4 z2) dz? + (;fl (z)z") zd +

=3 € (")(z) and set f, )(z) = j; ~ 2}, we can easily show recursively

Accordingly, if we expand &, as €1 (€5 2)

that the asymptotic behavior of 51(::1) at z<K 1is

6(") (Z-—n+l) .

2 At . .
_m / dt eth_zm‘P(t)p_SCﬁln[L;S + ia sin e(ﬁ - p)S] ’
o

t— +p

K
A ’

r

Let us now examine the behaviors of the coefficients
C; and C,. By dimensional consideration, they must be
of the form

Ch = fe(@M/r,wr) (k=1,2), (C3)
where fi(y, z) are dimensionless functions of their argu-
ments. We then easily see that fi(y,z) are regular at
y = 0, since both Cyr and C,r? have well-defined limits
as M — 0. Furthermore, by examining the behaviors of
Ci and C3 as w — 0, we find they are also regular in this
limit. Hence fi(y,2) are regular at z = 0 as well. Thus
fr may be expanded as

Z (=),

n=0

%(y,2) = (Cq)

where f,g") (2) are regular at z = 0, hence may be further
expanded as

@) =3 fmam (C5)

m=0
Note that fl(o)(z) =2 and fz(o)(z) = —I(l+1) + 22, which
are the coefficients appearing in the lowest-order differ-
ential operator L(®) given by Eq. (2.20).
Taking the above consideration into account, scaling r
to z = wr in Eq. (C2), and noting that y = 2M/r = ¢/ 2,
we have

(Cs)

(i fé")(z);)] im0

(C7)
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Then the conversion of &, to X2 by Eq. (2.18) yields the result Eq. (C1). Since € = O(v®) and z = O(v), in

order to calculate the energy- and angular-momentum fluxes up to O(v®) beyond Newtonian, we conclude that the

necessary power series formulas for XI(ZL around z = 0 are those of n < 2forl=2,n<1forl=3,and n =0 for
l=4.

APPENDIX D

In this appendix we describe the expansion of the spheroidal harmonics _»Sf% and their eigenvalues A in powers
of aw. Since we are interested in the energy- and angular-momentum fluxes to O(v®) in this paper, we need the
expansions of 357 to O(aw) for both I = 2 and 3, but those of A to O((aw)?) for [ = 2 and O(aw) for I = 3, while
we only need the lowest-order formulas for [ = 4.

The spheroidal harmonics of spin weight s = —2 obey the equation
—92 2
[éi—:l—g% {sinGdie} — a?w?sin® 0 — (ms—in;(O)Sﬂ + 4aw cos 0 — 2 + 2maw + A] _2S5ie =0. (D1)

We assume they are normalized according to Eq. (2.2). We expand _»S{% and ) as

—2She = _aPim + awS,(:n) + (aw)ZS,(i) + O0((aw)?) ,
(D2)
A= A() + awz\l + azszz + O((aw)s) )
where _3 P, are the spherical harmonics of spin weight s = —2, Ao = (I —1)({ +2), and A\; = —2m(I2+1+4)/(I*> +1)
[20].
Inserting Eq. (D2) into Eq. (D1) and collecting the terms of equal orders in aw and (aw)?, we obtain

CoS,(,l,,) + /\OS,(;) = —(4 cosf +2m + A1) 2P, , (D3)
LoSE) + 2082 = —(4 cosO +2m + A1) S — (Ay — sin? 6) 2Py, , (D4)

where L is the operator for the spin-weighted spherical harmonics:

v da(.  d (m — 2 cos §)?
Lo[-2Pim] = [sinO&E {Smo@} in? 0 2 2P
(D5)
= —Ao—2Pim -
First we solve Eq. (D3) for Sl(,ln) Setting
Sim =2 Chm—-2Ptm , (D6)
ll

we insert it into Eq. (D3), multiply it by _Py,,, and integrate it over §. Then noting the normalization of the
spheroidal harmonics, we have

4 ’
, —oPumcosO_sPind cosf, I £1.
c5m={élr?1_><f'+2>—(l—1)(z+z)f fim 08 0-2fimd cost, I 71 (o7)

Hence cf:n is nonzero only for I’ =1 + 1, and we obtain

i 2 [<l+3>(z~1)(z+m+1)(z—m+1)]”2
Im (1 41)2 (2L +1)(21 + 3) ’ .

1 _ 2 [+2)( -2 +m)-m)]**
tm 12 (2l +1)(21 -1) :

Next we consider A;. We set Sl(rzn) =3 difm_szm and insert it into Eq. (D4). This time we multiply it by _; P,
and integrate it over 0, noting that d!_ = 0. The result is
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