N = 2 Supersymmetric O(IN) Model in Two Dimensions
beyond the Leading Order of 1/IN Expansion

— Master Thesis —

Joooobon boobon oot booobgd

g og

t-kimuraC@het.phys.sci.osaka-u.ac. jp

Abstract

O000oooooooOO0D0DODOO00DODO0O000000 Yang-Mills OOOOOODOOODODOOOOOO
O000Yang-Mills 00 000000000000 0O0OOCOOOOOOCDOODOOOODOOOOOOOO0O0O0O
0000000000000 000o0O000000O0000O000000O00D0D0DO00DULDOoOOoDOOoOO
0000ooooooooo

00000000020000 (D=2)00N=2000 0O(N)O00O0O00O0000000O000O0OO
O000001/NOODDOODDD0O00D0000D0 targes 00000000000 strong coupling theory 0 0
0000000 weak coupling theory 000000000 OCCO0O0O0O0OCOOO0O0OOCODOOO target OO
00000000 KahlerODOOOOOOOOOOODODO

00000000 1/NDOODO0D0DD0O0O0000D0D000O0strong coupling theory 000000000000
O 2 00 weak coupling theory OO0 0000 1 0000000O00Ostrong coupling theory 000000000
0000000000000 0000000000000000 weak coupling theory 00000 100000
00000000oo0ooooooooo

0000 20000000000000000000000000C0DO0O0O0ODODODOOOOODOODOOO
00000000000000000000D0 1/NODODOODO0O00O0D0D00000000D00OD0000O000
Fterm 0000000000 COOOOOO0O0O0O0O0O0O0DOOODOOOOOOOOCODODOOOOOOOODOO
oooo

0000000000000 00000000DO0O00O0000DODOO0DO000ODO0ODOO0D0ODOOOOO
000000o0ooooog FtermO0O00OO0DODODODODOOCDOODOOOOOOOOODDODODODOOCOCODOO
ooooo

g 130 20 100






Contents

1 Introduction

1.1  Histories of Particle Physics . . . . . . . . . .
1.2 Supersymmetric Nonlinear Sigma Models . . . . . . .. .. .. o Lo Lo
1.3 The Purpose . . . . . . . . e
1.4 Organizations . . . . . . . . . o e e

2 The Supersymmetric Lagrangian in Two Dimensions

3 Leading Order Contributions in 1/N Expansion

3.1 Strong Coupling Theory: a® =0 . . . . . . . . . e
3.1.1  Effective Action and Effective Potential . . . . . . . .. . . ... ... ... .. ...
3.1.2  Gap Equations . . . . . . . ..
3.1.3  Massless Solution . . . . . . . ..
3.1.4  Massive Solution . . . . . . ..

3.2 Weak Coupling Theory: a2 £ 0 . . . . . . .
3.2.1 Effective Action and Effective Potential . . . . . . . .. . . ... ... ... L.
3.2.2  Gap Equations . . . . . ...
3.2.3  Massless Solution . . . . . . . ..
3.2.4  Massive Solution . . . . . . ..

4  Realization of Symmetries

4.1  Phase Symmetry Realization . . . . . . ... o
4.2 Dilatation Symmetry Realization . . . . . . .. ... o o
4.3  O(N) Symmetry Realization . . . . . . . . .. .

5 Beyond the Leading Order Contributions

5.1  Renormalization Group Flow: Two Scenarios . . . . . . . . . . . . . . v ..
5.1.1  Asymptotically Free Scenario . . . . . . . .. ... Lo Lo
5.1.2  Asymptotically Non-Free Scenario . . . . . . . .. . ... ... ... .

6 Renormalization in Higher Order Contributions
6.1 Propagators . . . . . . ..

6.2 Wave Function Renormalization . . . . . . . . . . . . . .



6.3 Coupling Constant Renormalization . . . . .. ... ... ... ... ....

Conclusion and Discussions
Non-Perturbative Analysis: 1/N Expansion
Momentum Representations

Gap Equations in NLO — Non-Renormalization —

C.1 Two-Point Functions . . . . . . . . ... ... ... ...
C.2  Effective Potential . . . . . . . . . ...
C.3 Gap Equations . . . . . ...
C.4  Supersymmetric Massless Condition . . . . . . ... ... ... .. .....
C.5  Supersymmetric Massive Condition . . . . . . . ... ... ... ... ....

Renormalization in Higher Order Contributions

D.1 Preliminaries for Renormalization . . . . . ... ... . ... ... ......
D.2 Loop Corrections . . . . . . . . . . .
D.2.1 Propagators . . . .. .. ..o
D.2.2  Four-Point Vertex . . . . . . . . ..
D.2.3  Three-Point Vertex . . . . . . .. .. .. ... ... ...
D.3 Field Mixing . . . . . . . o L
D.4  Wave Function Renormalization . . . . . .. .. ... . ... ... ......
D.5 Coupling Constant Renormalization . . . . .. ... ... ... ... ....

Spontaneous Symmetry Breaking in Four Dimensions

E.1 Nambu-Goldstone Theorem . . . . . . . . . . . . . . . ..

E.2 Example: Nambu-Jona-Lasinio Model . . . . . ... ... ... ... ....

Nonlinear Sigma Models in Two Dimensions

F.1 O(N)Model . . ...
F2 CPN=IModel . .. . . . .
F.3 Gross-Neveu Model . . . . . . . . . e

Coleman’s Theorem

G.1 Introduction and Conclusions . . . . . . . . . . . .. ...

G.2 Lemma . . . . . . . s

39

43

46

47
48
49
50
50
51

56
56
o7
57
58
59
60
61
62

64
64
69

73
73
7
80



G.3

The Proof . . . . o e e

H Realization of Symmetries in Two Dimensions

H.1
H.2
H.3

Two Point Function . . . . . . . . e
Soluble Model . . . . . . e e e e e,
Chiral Gross-Neveu Model . . . . . . . . . e e e

I Notations of N = 1 Supersymmetry in Four Dimensions

J Dimensional Reduction to Two Dimensions

K Extended N = 2 Supersymmetry in Two Dimensions

K.1

K.2

K.3

Definitions . . . . . . . L
K.1.1  Metric and Spinors . . . . . . . . ...
K.1.2 Lorentz Transformations . . . . . . . . . . . . . ..
K.1.3 Lorentz Scalar, Vector . . . . . . . . . . . .
Supersymmetry ... Lo e e
K.2.1 Supersymmetry Algebra . . . . . .. Lo
K.2.2 Super-Poincaré Translation . . . . . . . . .. ... L L
K.2.3 Differential Representations . . . . . . . . . . ... L Lo
K.2.4 Super-Covariant Derivative . . . . . . . . .. ...
Superfield . . . . .
K.3.1 Chiral Superfield . . . . . . . ..
K.3.2 Real Superfield . . . . . . . .

L Kahler Potential

M N =2 Supersymmetric Q¥ Model in Two Dimensions

M.1
M.2
M.3
M4
M.5
M.6

Lagrangian and Symmetries . . . . . . . ... oL L e
Effective Potential . . . . . . . . .
Gap Equations and Vacua . . . . . . . . ..
Schwinger Phase . . . . . . . ..
Higgs Phase . . . . . . . e

Asymptotic Freedom . . . . . .o

86
86
86
90

93

95

97
97
97
97
97
98
98
98
98
99
99
100
100

102



1 Introduction

1.1  Histories of Particle Physics
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0000000000000000000000OOghest D BRSTOOOOOOOODODOO0O0OO0D0DO00OO
000000000000000000000000000000000D00000000000000000
00000000000000000000000000000 Yang-Mills0O0DOOOO0O0O000000000
00000000 (12000000 (340000000 [5)j67000000 89 000000000000
00000000000000000000000000000000000000000000000000
0 [10)1] 0000000000
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gbobooooooobooboobobooooooooboboboboobooobobobboboooooooon
gboooboobobboobooboobobobobobobbobobobbobobooboo

1970 0000000000000 000000Weinberg-Salam (WS) model 0 0000000000000
gbooobooobobooboooboobooooboobooboooboobbooboobboOobboobn
goooboooooooogooooboo b=400 0D000000D0ODOOOOOOOODOOODOOOO
gboogoboooboobboboo

gboogoboboooboobboobooooooboboboboobobooobooboooboooboboboo
0 Oduality[13] O D-brane[l4] 0000000000000 O0O0D=400000000000000000
goboooob0o 1o0bobobo0ogb0o p=2000000000

1.2  Supersymmetric Nonlinear Sigma Models
Quasi Nambu-Goldstone Boson

00000 (nonlinear sigma model, NLSM) U000 O0O0D000D0 target DO0ODDOOODOOODOODOOO

00 GO00000000000000o0D HOOOO G/HOODOOOOOOOooOooooooooooooo



D=4, N=10 target 000 Kahler 000000000000 B. Zumino0OODOO0ODOOO [15000
000 NLSMOOOOOOO0O0OO (supersymmetric nonlinear sigma model, SNLSM) 0000 O O O target O
00 GC/AOODODOD GC0 GLOUOOODOOAD FCOOODOOOODO0O0O0OO0O0

00000000000000000000 ¢°000000000000000000000000000
O00000000000000000000 Nambu-Goldstone (NG) boson 000000000 NG boson 00
00000000000000000000000 (000 GO00)000000000000O0000O00UO
O0000OONG boson O chiral superfield 000000000000 O0ONGboeson OO0O0O0OOOOOOOOO
000000000000000 Fterm 000000000000 00DO0OOtarget 000 GE 000000
00000000000000000000000000 (Dterm) 000000000000 GOOOOOO
good

0000000000ONG boson [ chiral superfield 00 0000000000000 O0OOQCO Quasi Nambu-
Goldstone boson (QNG boson) 000000000 QNG boson O SNLSM OO0O00O0O00OO0OOO

BKMU Classifications

SNLSM OOOO0OO0OO A type, Btype, Ctype 000 300000000000 [16)[17000000A type
0 C type O Lagrangian 0000 GUO0O00O0OOODOONOOB type Lagrangian 0 Kahler 00000000
AtypeD Ctype 00O QNGboson 0000000000000 OODODOOOOtarget 0000 OOOOOOO
0000000000000 Dtarget DO ODOO GC/ﬁDDDDDDDDD B type 00 QNG boson 0000

0000000000000 00Otarget 000 NLSMUOOOOOO G/H O Kahler 0000000000

type G transformation arbitrariness | QNG boson | target space
A type invariant exist exist non-compact
B type | up to Kéhler transformation none none compact
C type invariant exist exist non-compact

Table 1: BKMU classification.

B type O QNG boson DO OO OOONG boson D00000000O0 (pure realization D 00) 00000
000000D00o0o0o0ooooo0oo0o0oD0oD0o0o0o00oDO0DOoOn B type Lagrangian 00 0O
O00o0oooooooooo0ooooooooooooooooooooooooDooDooooooooog
00000000 00000000 QNGboson 0000000000000 Atyped CtypeODOOOOO
000000000000 0000000000000O0target 00000000 0O0OOODOODOOODOOO
0000000000000 HOOoODOooooooooooooo



Nonlinear Sigma Models as Gauge Theories

BKMU 0000 B typed O OO pure realization D00 type DO0OODO0OO0OO0OOO target 00O
Gc/ﬁzG/HDDDDDDDD QNG boson DO O0O0Otarget 000 OOO0O0OOOCOOOOOODOOOO
goooooooooOooooooooooooooogooooogoooopoooDopooogobogoooodg
QNG boson 000000000000 DOODOOOOOOOO BeypeOOOODDODDODDODODOOODODOOOOO A
type 0 Ctype d QNG boson OO0 0000000 DOOCOOOOOOO0OOOOOODOOOOOODOOODOOOO
OO0000000 QNGbosonDOOODOOOOO target OO0 OOOOO0ODOOOOODOOOOOOODOOO
ooooooooooooooooooonog

0000000000 BtypeOOOOOOO target 000000000000 (hermitian symmetric space,

HSS) OOODOOOUOOODOOO0O0O000 (18192000 HSS D 00000 target 000000 Table2 000
gooo

Type G/H dimc(G/H)
AIlL, | CPN-'= SU(N)/SU(N —1) x U(1) N-1
AIIL, | Gy.(C) = U(N)/UN — M) x U(M) | M(N — M)

BDI | QV~2(C) = SO(N)/SO(N —2) x U(1) N -2
CI Sp(N)/U(N) iIN(N +1)
DIII SO(2N)/U(N) IN(N-1)
EIII Eg/S0O(10) x U(1) 16
EVII E;/Es x U(1) 27

Table 2: Hermitian symmetric spaces (HSS).

CPV-! model 0 Gy(C) model 0D DO00DDO0O0DOD 212200000 model 0 [19] 000DO
goooood

oooooooooooooooooon Dterm 0000 Fteem OOOO0O0OOOO0OOOOOOOOO0O
0000 QNG boson D0 DODO0D0D00O0OODODOODOODOOOODOODODOODOODOOODOOODOO
O00000CPN-1 model O Gnm(C)model 0 D-term 000000000000 model 00 F-term 000
0000000000000 00 U()oooo SU(N)Dooooooooooo



1.3 The Purpose

D=4 N=1SNLSMO D=200000000000000SNLSM O 100 D =20 dimensional
reduction 000000000000 OCOO QNmodelElEIEIEIEI[23]1DDDDDDDDDDDDDD /N OO
00000000000 0o0o0oo0o0oo0oo0oD0o0o0o0o0oDUo0ODOOtarget OO0 HSSOODO
googoobbbooooobbobbobooog

000000000000QN model 000D0O0QN model 10 QNG boson 0000000 OO U(1)
0000000000000 00 U()Uo0ooo0ooo0o0o0ooo000o00ooo0oo0ooooooooo
0000000000000000000000000NLSMO000000000 D=20 O(N) model O
0000000000000 oO0Do0oo0o0o0ooooDo0ON =10 ON)DO00DO0UOoOOoDoOoooooo
goodobbobooooobobbobbotbooooobobbooog

O0D000D00O0O0Otarget 000 Kahler 00 0000000000000 0ODOOODODOODOOOOOOOOO
00000o0ooooddbdRicciO0D0O0D0OODODOODODOODODOO0OO0O0O0O0OOODODDOODODOOOODODOD =2,
N=20000000000000 target 000 Calabi-Yau 00 O [24] O Gepner model[25) 0000000
goodbooooubD target DOODOOOOODOODOOOOODOOOODODODOOOOODDDODOOOO
goodobobboooooobo

00 p=200000000000000000000000000000O00O00OO0 (Coleman’s theorem
[26])DIZIIZIIZIEII:II:II:II:II:IEII:IIZIIZIIZIEIDDQNmodelDDDDDDDDDDDDDDDDDO(N)modell]l]
goooooboboobooooobobbboodoobbbooobbbbbbtUbbboboogg

1.4  Organizations

Section 2 0000 D=2, N =20 superfield 0000 Lagrangian 00000 0000 Lagrangian 0 00O
00000000000 OSection3 00 1/NOODOOODODODODOODODO0O0OO0DO0OO0OO0OOO0OOOO0O 2000
0000000000000 00000000 gapequation 000000 0O0O0DO0O0O0ODO0OO0OOOOOO
0000d00o0oO0o0o0ooo0ooo0oo0oo0oo0oo0oD00o0oO0DoOdn0dSectionb 0 OOO0O
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Appendix E 00O D = 4 00 Nambu-Goldstone theorem 00000 OOappendix F 000000000
00000000 ooooooooonD D=2000000000000000004Coleman’s theorem [
appendix G 0 000 00O 00O Coleman’s theorem 0 00000000 Oappendix HO O OO OO Appendix I O
0000o00oooooooooooooood notation DO OODO0O0OOOOO D=40000000D =210
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2  The Supersymmetric Lagrangian in Two Dimensions

D=2 N=2000 Ol)OUOO Lagrangian 00 000000000000 0OONLSM DO0O0O0OO
chiral superfield ®, 000000000000 Otarget 000 Kahler 000000000 0OOODO Oanti-chiral
superfield ®; 00 00000020000000 target 000 Kiahler 000000000000000 F-term

0ooo0O0oo0oooo
L = /d49<1>;<1>i+%{/d%cﬁo(@f—a2)+/d2§¢g(¢;2—(a2)*)}. (2.1)

000 e? («®)*000000000000D000000O0Otarget 000 Kéhler 0000000000000
ON)NLSM OODO0O000000000000000000000000000000000000000oo
gboogoboobooboboobooobooboobooboboobooo

a2 _ |a2|62ia, a*2 _ |a2|e—2ia,

2 * —2i gy * —i * L0y *
O, — "P,, 5 — ¢ Oy, O, — P, O — 0] .

0000000 superfield 0000 (21) 000000000000
1 _
L = /d49¢;¢i+§{/d29q>0(¢3—a2)+/d29¢3(q>;2—a2)}. (2.2)
00000 Lagrangian OO0 OOO0ODOO

O O superfield 000 00O Lagrangian 0 component field 000000000000 OCO0OOOCOOOO

00o0oooooolo
L = 0nAf0™ A, +ith;y" Opmih; + FIF,
1
+ g{Fo(A? —a®) + F5(A7? = a®)} + {FAAg + Fy AT AG}
1 —c s 1 * (70 c I 1 e, 1 * 7
— §Ai (V§; + i) — §Ai (Yov§ + i) — 5140% (e 5140%% . (2.3)
D=200000000000000m0Om=0,10000000000 ¢;0 DracOOOOOODOOO

Ye=Cyp, 000000D000D000D00DN
Lagrangian 0000000006 =0,6>#0000000000000000000000000

e O(N) symmetry
gooo ‘I)%:aQD onN,C)000oOoooUoUoUo ;0 oW, C)000ooooUoUo0 NO

00000® 0 ON)ODOOODOD0DOO0OO0O0OO0O0OO0O ROO

RT(@)R(a) = 1, (2.4a)

2000 Kéhler 0000000 &;¢, 0000000(7.1) 0000 K(®;,®F) = f(@:®,) 000000000000 target 000
0000000000 O(N,R) 0000000000000 00000000000000000 f(9:®,) =%, 0000000
3p=200000 5=diag.(+,—) 000000




00000000000
R'(@)R(a) # 1, (2.4b)
00000000 Lagrangian 000 O(N,R) 000000000000 O00

e Dilatation symmetry

superspace 1000000000000 000000 dilatation OO0 00000000 OOOOODOO
Ooooooooofo
z — e Pz, B : scale parameter ,
$la) — ¢'(z') = e"(a),
BoL(z) = Bld+2™0y]d(x) +O(8%), oL : Lie derivative
@], = (a5, = 1. (8], = [#7]. =0, [0, = [, = 5 (25

superfield 0000000000000 ODOOOcomponent field 00000000 O0O0OO

A, =0, Wil.o=5 [ElL=1, [ =0, [l =5, [, =1,
Mol =1, [l =3, [Bl =2 [, =1, @l =3 [F.=2 (@0
e R-symmetry
IZIIZIIZIU(l)l:ll:l9—>em€|:|Lagrangianl]l]l]l]l]l]l]l]l]l]l]l]l]l]
[/d29‘1>0a2]c =0, (2.7)
ooooooodey, ¢ 0000000 OO0OODOO
[/d%%@ﬂc =0, (2.8)
O00¢; 000d000nobooooboooboooooooo
A, =0, [wl, =1, [Al = -2, [, =0, @] =1, [&], =2
o), =2, [l =1, [R], =0, [, =-2, [, =-1, [, =0. (9

e Chiral U(1) symmetry

- 0000000000000O000DODOO0O0DOOO0OOOO00OODO0O00O00ON =20000
gboboobobobooboboboobooboobon

Yx = Yx, UX = Px°. (2.10)

{0pooo0000o0oon [--].0000
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chiral superfield 0000000000000 O00OO0ODOOO0O0O0OOOO0OOOOO0ODODOOOOOOOOO
gooogo

A, =0, [l =1, (Rl =0, (4], =0, @ =1, [Fl, =0 @

e Global U(1) symmetry (a? =0 theory only)

R-symmetry 00000000000 U(1)000000000 20000000000000

(@], =1, [of], = -1, [®], = -2, [of] =2, [0, =100, =0. (212
R-symmetry[ chiral U(1) symmetry0 global U(1) symmetry 00000 Table 300000000

d A oy F | @ A Y, Fr | ®y Ay o Fo | ) Ar W, Fr |6 0

7 7

R 0 0O -1 =20 0 1 2 2 2 1 o|-2 -2 -1 0|1 -1

Table 3: Various U(1) symmetries. U(1)a and U(1)y represent chiral U(1) and global U(1), respectively.

0000000000000 000000000000000(0000000)0D0oDoOoUooooooo
gboooboboooooo
cobooooobooon F, FFO00000

or or
O 9~ 0 - Fr+AA =0,
o, e O i TAid =0

oL oL
— = — Fi A*A* = .
OF* 8H 8(8HF,L*) 0 + 7 <20 0

7

000 Lagrangian (2.3) 00000000000 Ay, A%, o, ¥, Fo, F; 00000000000000

FO:A%:aQ, Fg:AZQZGQ; Yy + Ay, = 0, Eo:Aﬂz-:O, (2.13a)

Ag + “2A5(ATA) — (W) = 0, A : —240(AT4;) — (Y0f) = 0. (2.13Db)

O00000D000 Lagrangian OO OO0 O0O000O0OO0O0OOOODOODOOOOOO A%:aQDDDDDDD
good

L= 0 AT A+ A O, + 3 (ATA) (50 (B (214)
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00 Lagrangian DON =10000 ImA; =0, ¢f =+, 00000 “O(N) + Gross-Neveu model” 0 0000
000000000ooooooo oWw)Ooo (NZl)DDDDDD N=20000000000000000
agoood
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3 Leading Order Contributions in 1/N Expansion

3.1 Strong Coupling Theory: a? = 0

000 «*>=0000000000000000 strong coupling theory 000000050

3.1.1 Effective Action and Effective Potential

Lagrangian (2.3) 00000000000 Ai,Aj,wi,EiDDDDDDDDDDDDDDD F,rrooooo

0000000000 (23)0000000000000000000O0O000O00O0O0O0O0 ®; O Green O
gboogobooobobboboboobbooboboobobo

z = / DO, D{ DD, DD exp (. / L)

(3.1)
D®, = DA,DY,DF,, D® = DADJDF;
Dd, = DA,DY,DF,, D = DA;Dy,DF; .
oo0 F, rr000000o00df0nondn Lagrangian 0000000000000
L = 0 Af0™ A, +ith, Y™ O
1
+ 5 (FoA? + FyAT?) = AGA A7 A,
1 c c 1 * (1 ¢ T )C 1 e, 1 * 0 C
- §Ai (V6% + b5eg) — §Ai (Vow§ +Ps5) — 5140% Y — 5140%% : (3.2)
goodobbbooooooobbobbbooouoouboo
Az(.lf) = ¢; + Bz(.lf) , /dQJ? Bz(.lf) = 0. (33)
0000000 Lagrangian (shifted Lagrangian) 000000000
1 T y—1 v/ 1_/ —1/ 1 ct —1 —1 —1 c
L= —3X[D3' X[+ SWST — SXfH Dy — D' DADRXE (3.4)
gooon ZDDDDDBi,B;‘,wi,EiDDDDDD(DDDDDDD (3.6) D00000O0O)
Zz = / DB DD exp (iSerr) , DD, = DADpDFy, DI} = DA;DY,DFy
i 1y N ST B (0 Sy S —1 —17 ye
Set = 7Tr10gdet (D] - 7Tr10gdet [S7] - 3 &’z X' Dy' — D' D, D' X . (3.5)

0000Tr0000000000000%

S0000000000000000000000000O0appendix FOOODOO0000000O0000000 «>=00000000

0000000000000 00strong coupling theory 000000000000 000O0D=40000 (270000000000
‘000000 TROOODOOODOOOOOO0OO0DOOO0O0O0O00
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0000(3.4),3.5) 00000000000000000070

B: .
Xj = Xi+D,Dp' X7, X":( ) X = (@),

%

=0, - Sy, U = (Z;) XizM(XH—Xf) _ (50 f})(}ngXf),

D' = D'+ MSM, Dz' = Di'+MSM,

bl _ 24+ Az,  —Fp o [ A -F
I - ’ I - ’
—Fy, 2+ A3A, —Fy,  AjA,

o ( i _Aa'l) . (3.6)
Aol i

goooboooboobooooobooooooboooooo0 NODOOOOOOoObOOoobooDboboo

gooooo
Serl() = 6c) = ~Vea(00) [, Vialoo) ~ OWN). (37)
goboooooooboooooog
82 + 2 _
Trlogdet[D.'] = /ded2y<x | log det " / ly)(ylz)
—f 0% +m?
2 , —k? +m? -
= [y [ e e ogdet LS
(2) —f —k% +m?
= /—ko log [(—k* +m?)? — f?] /d2x (3.8a)
(2m)? ’
"0 —m-1
Trlogdet[S. '] = /ded2y<x|1ogdet ly)(ylz)
—m-1 iy,
2 2 Pk K —m-1 2
= /d zd y/ ~e” V) Jog det 6*(y — )
(27‘(‘) —m-1 k
(3.8b)

= /(;ZTI;;Qlogdet [(—k* +m)(-1)] /d% .

000 D7D S;'0DD00000Ooo0oo0oo

Dc_l = Dzl(BiZO,AQZm,FQZf), Sc_l = S_l(BiZO,AQZm,FQZf).

‘D0000000000000000000000
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Ao, o 00000000000 U()0O0D0D0DO0OO0O0D00D0O0O0DOD0O0O00O00O0O00O00O0O0O0OO0OO00

(Ag(x)) = (Ag(x)) = m, (Fy(x)) = (Fo(z)) = [, (3.9)

coooooA, 00000000 OO000oOOo0o0oooooooooooooboog
gboooboooboboboobobobboobobob

N 2
= / d’k (—k* + m?)? N/ 1og k;2—|—m2]

- %f(qb? - ¢Z2) + 267, (3.10)

10000000000 4,A;0 100000 O DiracO000O0O0 ¢, 0100000020000000
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3.1.3 Massless Solution
f=0,m>=00000 gap equation (3.11) 0 00O
0 = 67491, (3.13)

oo0oo0oood ¢, 000 Figwel OODODOOOOOOOOOODODOOODO
(Im ¢;)?

(Re ¢Z)2

Figure 1: Strong coupling theory, massless case. All solutions are on the line.
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- 5(@' + A) (Y5 + i) — 5(@' + A7) (Wot§ + i)

N - N
Sup = %TRlog Dy + MSoM] — %TRlog[So_l]
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Table 4: Two-point functions. II(p) = —¢; ¢, + —
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3.1.4 Massive Solution
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Figure 2: Strong coupling theory, massive case. The origin is the solution.
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3.2 Weak Coupling Theory: a? # 0
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— 5 Ay (TG0 TE0) — 5 A5 (B + Tl§) — 5 AT — 5 AT (3.25)

3.2.1 Effective Action and Effective Potential
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3.2.2 Gap Equations
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Figure 3: Weak coupling theory, massless case.
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Table 6: Two-point functions. II(p) = —¢; ¢, + %2—
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Figure 4: Weak coupling theory, massive case.
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2. tachyonic case : f > m?
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3. tachyon free case : 0 < f < m?

0000000000 (m2—f>000000000 (m2+£ 0000000000

0 = (m' = )¢ = (m" — f)o;,

i} d*k —k* + m? 1

0= qbi‘bﬁN/(zw)?i {(—k2+m2)2 -2 —k2+m2} ’
N 2, po—i6 / d*k 1
= & WN
g2 oi + fe (2m)2%i (k2 +m?)2 — f2 7
N *2 1 / d2k 1
= 0N ) .34
92 0"t e (2m)2i (k% +m?)% — f2 230

gap eqation (3.34) 00 0000000000000 00O0UOD FigwebO00OODODOOODODOOOOOOO
gooobobooobbooboboobobooboo

0 = (b’i = (b'r )
1 m?
= 8_ 10g m4 f2 5



A
m? + f
m?2 m?

. | . |
m? — f
|

0 >
boson fermion

Figure 5: Mass splitting under supersymmetry breaking (massive boson).
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4. IR-divergent case : f = m?
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Figure 6: Mass splitting under supersymmetry breaking (massless boson).
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4 Realization of Symmetries

0000000 (leading order, LO) 00D 0000000000000 DO0OOOO (TablenODOODOODOOO
gboboobobooboooboobooboobooboooo

vacua ®y dynamics | O(N) dilatation R chiral U(1) global U(1) R x global U(1)
a?=0,m= no-particle X O O O X X
a?=0,m#0 massless pole O X X O X O
a’>#0, m= no-particle X O O O — —

(a®>#0, m #0) || (no solution) - - - - - -

Table 7: Supersymmetric various vacua.
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4.1 Phase Symmetry Realization

0000 strong coupling theory OO0 000000000 DODOOOOOOO

0000000000000000000000000000000 R-symmetry 0 U(l)y 00000000
goooooooooooooOoO0 p=20000000000000000000000O0O0O0O0OOOO0O
gooooOoOooOoOoOooOooOOoOOOODOOOOOOODOOOoOOoOoOOO

Oo0OO00o000 A, Ay 00000COCO00000000000O00O Lagrangian O0O0O0O0O0O00O0O0OO
ooo0oooOoOU00o00o00o0o0o00000 20000000000000000O0

Ap(x) = m+ Ag(x) +iAr(x), Aj(z) = m+ Ag(x) —iAr(x) . (4.1)
gooooooooo Lagrangian(S.Z)DDDDDD
L = 0nA70™A; + ;i O, — E(wi%c + U51;)
1 1
+ 5FOAE + 5FO*A;2 — (2mARr + A% + A7) AT A,
1 1 . = 1 1 -
- §Az‘ (V5 + v5e) — §Ai (Yot +PbG) — §<AR + 1AL Y — §<AR — A )5 (4.2)

O00000000R-symmetry 0000 U(1) 00000000000 ¢; 0 Majorana 0OODOOOO0O0OO0O
000000000000000M 000 Uu()oooooooo?to

2Dirac matrix 00000000000 Dirac 00000000 chiral U(1) 0000000000000000000ODOOO0OO000O
000000000 appendix HOOOOOOOOOOOOOOOOOOOOOOOOOOOOOODOO
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gbhoogobooobobboobobobooboobooobob

Table 5 00000000000 0OOCO00OOOOOOODOODOOOOOOOO

s = [ %{AR(—p)H(p)AR(m+Az(—p)H(p)Az(p)+---}- (4.3)

appendix HOOOOOOOOOOOOOOOOOOOOOOOOODOoOOOoOoOoOooOooogooooooooo
O0000o0oo0o0ooo2000 O(p)D0O0O0O0O0O0OO

2 1
p N 1 p2—>0 1 2 N
o) = 2N Zp2. 4.4
() 427 J, dme—J;(l—x)pQ o drm2 (44)
0000000000000000000
N d’*p (1 4 1
~ —— [ == Zp?Ar(—p)A ~p?Ar(=p)As(p)- -
Set ~ gy | Gt 3 ARCPAR®) + 5P AL (D) Ar(p) - }
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= I3 Az {0 AGO" Ay + -+ } . (4.5)
000000 4 000000000000
Ag(x) = pla)e®@, Ag(x) = pla)e @, (Ag(2)) = (A5(2)) = m = (p(x)). (4.6)

000 ¢(x) 0000000000001 00000000000000D0D00000O0O0O0O00O0O0OUOOOO0OO
000000000 45) 00000000

Seft = 471_]:;2 d*z {|3m(0(x)ei9(x))|2 + -0}
= [ {(Ourl@)” + Onb@)P ) 4} @)

00000000000 f(z) D0000DO000O0OD0OO px) 0000000000 DOODOO0OOOOO

Ser = g / P (9n0(x))’ . (4.8)

™

00000060(x) D0O0O0D0D0O0O00D0O0O00D0O0O0O0DO0O0O0O0OOO0O0O0OOO0O0OOOO0OOOOO
00 ¢(x) 0000000000000

1
(0(2)b(y)) = — logle —yl. (4.9)
000 (48)0000000000000000

0000000000000 §(z) 00000000R-symmetry 000000 20000000000000
gbooooobogboo 2000000000

G(z,y) = (V5 (@) 0i(y)) - (4.10)
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000 A, 0000000000 (213b) 0000000000000 O0O0O0OOOOOOOOOOOOO0OO0O
googobooo

Tas(a) = —2ATA)A(x) = —2(AIA)p(a)e?) . (4.11)
gooooooooooooooo
Gla,y) = (AT Ap) (@) (A} AL0) () ()W) . (4.12)

f(x)y 000000000000 ODO0O0O0O0UODOO0OOO0O0O0OODOO0OO0OODOO0O0OO0ODOOO00OOOOOOOOn
gbooobooboob

(eP@eifW)y — ¢, (4.13)

oo0D0ogboboOR-symmetry 0000000000000 O0ODOOOODOODOODOOODOOODOOOOOODO
OO0 Rsymmetry 0000000000000 O0O0OOOO0OO0O0ODOOO0OOO0OOOOOODOOOOODOO
OO00o00OoO00oo0oooooO0ooooo0ooo0ooDooO0oOn Tables 00O0O0DOOOOOOOOODOOO
goog

000000000000000000000
G(z,y) = (Pivy(2)¥v5 (1)) - (4.14)
000 Rsymmetry 0000000000000000000000000000000
Ga,y) = 4((A7A;p) (@) (AL ALp) (y)) (e e?W) . (4.15)

9(z) 00000000000000000000000000000000D0000000000000000
000000 (e ?®efW)) =2 -y~ 000000000000000000

Gla,y) = A((AFAp) (@) (AL Awp) () e — |~ (4.16)

OoOoooOON0O0OO0O00DO000O000O0oDOoOO0o00bO0oO00oO0ooO0ooDDo0OoOOd Kosterlitz-

Thouless type OO0 00000000 DOOOOOOOOOOOOOOOO
000000000 Ostrong coupling theory 00000 U(1) 0000000000000 00OO0OOOOOO
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4.2 Dilatation Symmetry Realization

Dilatation 00 0000000000000 00O0O (46) 00 dilatation 000000000000 O00O0OOO
gbobooboboobooboobooboobooo

28



OO0O00o0ooooOoOogooDOdilatation 000 O0O00O0OOOOOO0OOOOODODOOOOOOODOOOO
000 ¢(x) DDO0OD0O0ODOOOOO

Aplw) = me?@HOD (Ag@)) = m, ($(a)) = 0. (4.17)
J00ooon0 Ap0D000oooooooooooono

Ao(z) — e“Ap(z), = o) — o), 0(x) — O(z)+a, R-symmetry, (4.18a)

Ao(x) — eAp(x), = o) — ¢(z)+a, O0(x) — O(z), dilatation symmetry . (4.18b)

o000 S DO0OOOOOODOOOOO
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- %/d% 62¢(x){(8m¢($))2 + (Omb())” + - }
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G(z,y) = (|Ao*(2)|A0*(v)) - (4.20)

(417) 0000000000000 0O0O0O0O0OO0O0O0O0OO0O0O0

m4

Gz, y) = m*(e2@ M) = pietle@ow) — T __
&= 47N

(4.21)
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4.3 O(N) Symmetry Realization

000000000000 00000 dstrong coupling theory[d weak coupling theory 0 0O 0 0 0O 0O O O strong
coupling theory 0O O0O0O0O0DOOO

goobooooboooooogoooooob oo oo oo oo boao
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Ai(z) = [eXp (iTaga(g;))} ¢; . (4.22)
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(Ai(@)Aj(y)) ~ Syl =y 7N (4.23)
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5 Beyond the Leading Order Contributions
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000000000000000000000000000L/NOOOOOD0O0000 2000 (next-to-leading
order, NLO) OO OOUOOODOOODO

5.1 Renormalization Group Flow: Two Scenarios
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5.1.1 Asymptotically Free Scenario
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5.1.2 Asymptotically Non-Free Scenario

00000000000000000000000
Blar) Bgr)

Figure 8: RG flow about constant a and g.

00000000 10000000000000¢®>—-00o000000000000000000DO000O00O0
gboboobooobobobobobobbobbob 2000b00b0o0o0boobo

gboogobobooboooboobooboobobbooboobbooboooboobooobobboo
gbobogoboobobbooboboobboobboobo

gbobooooboogoboboobooooobobobooooooboobooboobobobobobobobo
goooooooooooboooboooooD FtermODOOOOO0OOO0ODOOOOODOOOOODODOO F-term

gboobogoboobooboboboboboboboboboboboboooooobobobobobooboon

32



00000 Zz0OODOOODODODO p(e?)0000000000000000OO

1 = OodUQp(UQ) = Z+ OodUQﬁ(UQ). (5.2)
J J

00 c00000000D000000O0p(e?)000000000p(e?) 0 2000000000000000

0000000000000000000000000
0<Z<1, (5.3)

gboooboboooboooboobooobobobobooboobooboooboobboobooooboobbooobn
gboooboooboboboobobooboboobbobobo

33



6 Renormalization in Higher Order Contributions
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Figure 10: Rejected graphs.
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2. graph “C5” contribution
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6.3 Coupling Constant Renormalization
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7  Conclusion and Discussions
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A Non-Perturbative Analysis: 1/N Expansion
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B Momentum Representations
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C Gap Equations in NLO — Non-Renormalization —

o000 Fteem OO0 O0000OCOOOOOOOODOOOODOOODOOOODOOODOOOODOOLOOODOO

o000 NLOODOOOODOOOODOOODODOOOOOOOOOOOOoDOODOODOObDOoOOoDOoOoDoOOg
goo

Appendix ADODODOOODOOUODOOUOOOOOLOOOOOOOOOO (3.5),(3.26)0000000000
gooooboo

“0O00”’0p0o00o00bD Oopoo0boOooO0OooDoOoO0ooOoOooOoOOoOooOooOoOooooOoDo

000D00o000oooo0oo00o00DoooDoDO00D LOOD00O00O0oO0oO0oOoooDOooDoOOn weak
coupling theory 0 0O 00O

0000 “000” (3.26) 0000

, N
$ = 5-TRlog [D;'] - <-TRlog [s™']
1 1
-3 /d% X [Dg' = DE'D D' X¢ — §a2 /d% (Fy+ Fy) . (3.26)
goobooooooooa
Ao(x) — m+ Ar(z) +iA;(z), Ai(x) — m+ Ar(z) —iAr(x),
Yo(x) —0+9(x), Polz) — 0+3(z),
Fo(z) — fe + F(z), Fi(z) — fe 4 F*(x). (C.1)
goooooooooood
g1 Z@ —m-1 n 0 —Ar +iAr-1 _ 5'0—1 n g1 ,
—-m-1 i@ —AR—iApl 0
e —Ai —mA -1
S =8> (-97"%)", S / ;
n=0 —mA -1 —AZ@
AL —fe? AZ + A2 +2mA —F* _
Dy = - S " + MSM
—fe® AT -F A%L A% +2mAg
0 o° _ 0 ¥
D'+ D, M = YY) m= (DY)
v 0 e 0
m2 o—if
D' = Dpy+ D", Dpy = ! :
_few m2
e A e A
DA DOZ (_D/—lDO)TL , DO _ | C f B :
n—=0 fe''Ap Ac
AA

ABA_l .



gbooobooobobbobboboboobobobobob

m

N
Sy = %TRlog[ TRZ DD )" - —TRlog TRZ Sy

ml ml
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C.1 Two-Point Functions
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C.2 Effective Potential

NLOOOOOOOOODoOOoOooooDooOooooOO appendix AODDOODOOOO

Ve = Voo + Varo, (C.4a)
N d*p 2 2\2 2 d*p 9 9
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o () -1 5¥(p) P
mip) 31 (p) 51157
L d2p1 d ES 1 d2p1 d LTTAF LTTF r
+§ (2m)%i 08 et[— 2(p)] +§ (2m)2i ogdet | — | I3 (p) 3Ili(p) Mz (p)
I (p) T (p) 310 (p)
(C.4e)

- d2p 1 9/ /2 /5 1 d2p A
- —/Wlog[—zp () +2223}+§/W10g[—n2]

1 1
S L CHCSCB R 1R 1ER 1 EART | G b 1l

1 d?p 1 1
R L [——HA )2 — Z1f (¥
+ /(ﬂiOg ey 43(1 ) 1 1

(C.4d)

49



C.3 Gap Equations
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C.4 Supersymmetric Massless Condition
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strong coupling theory f=0, m=0 f=0, m#0
LO $;=0,07 =01 ¢; 70,07 #0 | ¢;=0,97 =0 | ¢; #0, ¢7 #0
04, V1.0 trivial trivial ¢, =0 ood
8@ VLo trivial trivial ¢r =0 ooo
Om V1O trivial trivial orp; =0 ood
9tVio G702 =0 | §+¢[2=0 | ¢7+6;2=0 | ¢7+¢;>=0
gooooo 10 ggd 10 gd
strong coupling theory f=0, m=0 f=0, m#0
NLO $;=0,07=01]¢; 70,07 #0 | ¢;=0,97 =0 | ¢; #0, ¢7 #0
Jg; VNLO 0 ¢7 () 0 ()
p: Varo 0 b () 0 ()
Om VNLO 0 0 m - () ()
OrWaLo 0 0 0 ()
f~10 VLo 0 0 0 ()
strong coupling theory f=0, m=0 f=0, m#0
LO + NLO $;=0,07 =01 ¢ #0,07 #0 | ¢;=0,9; =0 | ¢, #0, ¢7 #0
dg; (VLo + VxLo) 0 o7 () 0 ()
s+ (VLo + VaLo) 0 G- () 0 ()
Om VL0+VNLO) 0 0 m() ()
9r(VLo + Waro) 0 0 0 ()
f 1oy Varo 0 0 0 ()
gooooo gooooo goooooboo sm? 0000 goono

Table 8: Strong coupling theory. The result of NLO contributions.
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weak coupling theory f=0, m=0 f=0, m#0
LO $;=0,07=01]¢;#0,07 #0 | ¢;=0,07 =0 | ¢; #0, ¢7 #0
04, V1.0 trivial trivial ¢, =0 oood
8@ VLo trivial trivial ¢r =0 ooo
Im VLo trivial trivial orp; =0 oood
ItVio » f 0 Vio 000 X =97 =07 ooo & =97 =972
gooooo gd ggd gd gd
weak coupling theory f=0, m=0 f=0, m#0
NLO ¢;=0,07=01]¢;#0,07 #0 | ¢;=0,07 =0 | ¢; #0, ¢7 #0
Jg; VNLO o7 () o7 () 0 ()
9p: VNLO G- (-++) G- (o) 0 ()
Om VNLO 0 0 m - () ()
OrWnLo 0 0 0 ()
19 VLo 0 0 0 )
weak coupling theory f=0, m=0 f=0, m#0
LO + NLO 6i=0,67=0 | ¢;#0,6140 | ¢,=0,6: =0 | ¢, £0, 67 #0
94,(VLo + Varo) 0 o7 (o) 0 ()
9¢: (Vo + Varo) 0 ¢;(++) 0 ()
Om (VLo + Vxro) 0 0 m- () ()
dr(Vio + Vo) 000 0 0 ()
19 (Vio + Varo) ooo 0 ooo (---)
gooooo goodoobb (boboooo jobobobboo gooo

Table 9: Weak coupling theory. The result of NLO contributions.
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D Renormalization in Higher Order Contributions
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0000000 ON)O A, 000000000000000000000000000000000O0oOoOO
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F*AFAF*AF 0 )

DY (DeD' 1)’ ~ (
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(DD’ )" ~ :
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gboobb ~xgbobbobbobooboobooboboob

gbooobooobooboboobbooboobo
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- S Hmarararar] + T[aAFAFAFAFT)
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D.2 Loop Corrections

D.2.1 Propagators

OO0000 Ap, v, Fo O LOOOODOOOOOOO0OOOODODOOO weak coupling theory 000000000

000000000000000000000000000000000000?2°0
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Y -
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D.2.2 Four-Point Vertex
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= (F(

<F(l€1)F*(—k2)iSIf>O = <F(kj1) ( kg ZSHH> kg)ZSIVf> = <F(/€1)F*(—k2)i5\/1f>0
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(F(k)F* (—k»)iSvin), = (27)26%(ky —kg)%DF(kzl)%DF(kzg)[ /
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N 1 1 1
K (p1,p2, p3,p1) = / —

)21 —q% —(p3 + pa + q)> —(pa + q)?
N 1 + Py 4Py + 1 1
K™(p1,p2, p3,p4) = / bo by L hs T o 5
z—q —(p2+p3+pa+q)? —(p3+pa+q)? —(pa+q)
N 1 1 1 1 1 1
K™ (py pa, ps, _ / — Z¢r s ,
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+_¢*¢ 1 ¢3+}64 1
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N 1 1 1
KV (D1, p2, p3,pa) = /
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1 1 1
+_¢*¢. —_— .
27" —(pa + p3 + pa)? —(ps + pa)? —p3

D.2.3 Three-Point Vertex
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S = 5(;53 / d*z [FAF*AF — FAG — G*AF] = S} + S + S}, (D.5b)
1

Sy = 3 2 /d% [F*AFAF* — F*AG* — GAF*] = S} + S5+ 55 . (D.5¢)

gboogob 20000000000000000000O0OO0ODOOODOOODOODOODOODbOObLOO
googobooobobboboboobooboobooboobo

(FF*eiy, %(FF*(iSl +1i85)(iS1 +1iS2)), = (FF*(i51)(iS2)),

12

(FF*(iS1)(iS3)), + (FF*(i57)(i55)), + (FF*(iS7)(iS3)),
+ (FF*(iS)(i53)), + (FF*(i57)(iS5)), - (D.6)
0000000 Otadpole 0000000000000 O0O0O0O0O0OD0O0OO0DOOODOOODOOOOOO
(F (k1) F*(=k2)(iS1,) (iS3,)),
= (2m)282(ks — kg)%Dp(k:l)%Dp(k:g)
X [/%Dp(p){ﬁlﬂq(kz, —p— kz,p)%DF(p + ka)iky(—p, p + k2, —ko)
+ 20K} (p, k1, —p+ k1) 3 De(—p+ k)iK3(-p, ka,p — k) }| . (D7)
(F(k)F*(=k2)(iS5,)(iS5,)), = (F(k1)F*(=k2)(iS5,)(iS5,)),

= (F(k)F*(=k2)(i89,)(i83,)), = (F(k1)F"(=k2)(iS5,)(i555)),
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= (2m)?8%(k1 — kQ)%DF(kl)%DF(k?)

[ [ ot Do+ )ik ke, —p — k) T DAY (~pip + =) (D.7b)
(F ) F™ (=ke) (iS10)(iS5) )y = (F(ka)F*(=h2)(iS7)(i53)),
= (F(n)F* (k) (S)53)), = (F(h)F" (~ka) iS50 (i550)),

= (2m)%6%(k1 — kz)%DF(kl)%DF(kQ)
x [/—(;ﬂf%tr[ — Sy (p + k)il (ka, —p — kl,p)%sw ()il (—p,p + k1, —kl)]} , (D.7¢)

gbooobooobooobooboboooboboooboboboobobooobobooobobobooboobo

1 1 1 1

1 1
ICl , , — 2 , ]Cl , , = 2 - 0 - , D.7d
1(p1 P2 p3) 2¢z _(p2 +p3)2 _pg 2(p4 D5 pﬁ) 2¢z _(p5 +p6)2 _p% ( )
1 1 1, 1
Kty (p1,p2,p3) = —§¢%W ’ K3, (01, p5, p6) = D) iQW ) (D.7e)
1 1 1,0 1
K3 (pr,p2,p3) = —5@2_—1)2 ; K3, (pa, ps,ps) = _§¢i2_—pg ; (D.7f)
3 6
1 1 P 1 1 P
ICQ ) ) = a 27—3 ) ICQ ) ) = a *27—6 ) D'7
1f(p1 P2 p3) 2¢’L _(p2 +p3)2 _pg 2f(p4 b5 pﬁ) 2¢’L _(p5 +p6)2 _p% ( g)
1 + 1 1, + 1
Kit(p1,p2,p3) = 5@2%_—192 ; K3¢(pa, ps, ps) = 5@2%_—172 : (D.7h)
3 6

D.3 Field Mixing

400000000000 Figure11 0 12003 00000000000 Figure 1300000000000
0000000000000 0000000Mmegraph “A;”00 Fo O 2000000 A, 0000000000
O000000graph “B;"00 Fo O 20000 ¢f¢, 0000000000 O0OOO

Ay Iy
A O A AiQ Ai
‘ R ". F R . F
F F 0 0
0 n 0 A,
graph “Al” graph CCAQ” graph CCAB”

Figure 11: Four vertex interactions, two-loop graphs.

000000000000 FUOOD0O0O0O0 NLOOUOODDOOOOOO0O0O00000O A, 000 ON) DO
00000 (326) 00000000000 A, 000000000 A4, O FROODDDODOO%0000 ¢; 0
Yo UODOODODOODODODO Figure 11,12, 1300000000000000O000O0OOO0ODODOOOOOO

2lppoo0000D000 (3.6) 000000000
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B A, F Fy Fy R Fy Fo RS Fy
FO Ai FO wz Az Al
graph 4431” graph 4432” graph 4483” graph 44A4”
Figure 12: Four vertex interactions, one-loop graphs.
Ao Yo F F
o g e VIS
FO Fo FO AM Az Fo FO ‘\_/ Fo FO \/ Fo
Ao Yo Fo Fo
graph 4434” graph 4435” graph 44A5” graph “Bﬁ”

Figure 13: Three vertex interactions, one-loop graphs.

gboogobooboobooobooboobooboboboobobooboobooboobooboboo

(3.6) 0000000000000 0O0O0O00UO0O0O0O0OOO0O0OO0OOOO

e graph “A5” O graph “A,” OO0OO0O0ODO

000 A-F, 0000000

e graph “B5”, “Bg” 00000 graph “Bs”, “Bs” 0000000

0000 ¢ 000A-F, 00000000000

e graph “Ay”, “B,” D000 Fpb O LOOO 20000000000

0000 Fp0 20000 A, 000000¢;¢, 000000000000 A-Fob000000O0000O

OO0000ooO0ooo0o0oDFFROO0O0OO0O0OO0DOO0O0D0O0ODOOD2000000 <«Ay7, “Ay”, “As” O
1000000 “B7, “By”, “Bs” 000000 DOOOOO0OOO0O0OD A, 0000DDODOO Ao, v, FoOOO
ocooooooOooooooooood0rRObO0O0000DA; DOO00O000DOOO000DODOOOOODDOOOOd

00 A, 0000ooogooooogooooogoooogoooooooogooooogoo

Ai(a) = 2Af@),

—1

(R N ! 1
770 = 14— “lore, +t— - | . D.
+ 471'/ dtt [¢’¢’+t87r/0 dm)@—l—x(l—x)t (D-8)

D.4 Wave Function Renormalization

oooooooogo rppO0b0obobooboooobobooobooboooobooobooooboon
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A, 00000000 AzRDDDDDDDDDDDDDDDDDDDDDDDDDDDDD “A7, “Ag7, “As”D
0000000 “By?, “By”, “By” 00000000000 0D0OO0OODOOUD Fpob0 20000000 (00O
0)0000000appendixBOOOOODO0O0OO 10000000000 —X 0000000000 200
gbooobooboboo

1

—iX(p) = aﬁﬂ(p). (D.9)

bbb «00b0ooboooboobooboobobooobooooboobooboboobooboboon
gbobooboobobboobboobooboo

1000000000000 000 FpbOODODDOOOODOOOODappendixBOOOOOOOOOOOOOO
goo

1 () 1 1
D ) - -

gooooooogooobFFROO0O0OD00O0O0O0O0OD ZepOODOOOOOOODODODOOOOOOODOODODO

1
l+a’

= = Dr(p) (D.10)

1 (fum) 1 1
-D = -D Z Zrp = . D.11
i F (p) i r(p)Zr , F 1+a ( )

gbooboooobobooboobooboobooobobobooboon

D.5 Coupling Constant Renormalization

OO000000opoDoooo0100d suwperfield 000000000000 DODOCOOOOOOOOOODOOOOO

superfield ®;, &, 10 000000000000000
P, = 7208 (D.12)

7 7

Uo0o0o0o0obo0ooboobooboobDbobOb0b0Lagrangian DO OO0 O0O0OO0OOOOOOOODOODOOOO

/d“@fl)jfl)i + %{ /d29q>0 (92 — a?) + /d2§¢>3 (B2 - a2)}

Lr+Lo. (D.13)

L

OO0 Lg, Lo OOOOOOOOOODO Lagrangian O counter term O 0 00O
1
Lr = /d‘*ecpﬁ*cpﬁ + 5{ /thheth’é?‘(fI)fQ —a}) + c.c. } , Lo = (Z-1) /d‘*@@ﬁ*@ﬁ . (D.14)

LcO000000D00000000D000D0D0O00DOO0O00ODO0 @0 superfield® 00000000000

gboogoboooboobboboo

a? = Za%, ¥, = Z'of. (D.15)
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E Spontaneous Symmetry Breaking in Four Dimensions

O000000o00o0o0oo0ooooU0oDb=40000000000 [280

E.1 Nambu-Goldstone Theorem

e Wigner phase

gboogboooboooobooboboooboboboobobobboobobobooboobobooooboboo
0000000000000 0O0OWigner phase 00 0000000000000 O0O0 GOO0OO TAO
00000000 Q400000000 00000oooooo

Q*0) = 0. (E.1)

DDDDDDDDDDDDDDDDDDDjﬁ‘DDDDDDDDDDDDDDDDDDDDDDDDDD QA
O well-defined DO O0O000O00OO00OO0OO(E.l)DO0O0O0DOO

QA 0 Lorentz scalar 0 0000000000000 000DOOO (000 Hamiltonian O Lorentz
scalarl]l]l]l])l]l]l]l]l]jﬁ‘l] Lorentz vector 0000000000000 00QADODOOOOOOO

000000000000000 dQ4/dt=00000000000000000000000000000
[iP,, Q"] = 0,Q" = 0. (E.2)

00 QA0 well—deﬁnedl]l]l]l]jﬁ‘zoEIEIEIEIEIEIDDDDDDDDDDDDDDDDDDDDDDDD
P,0)=00000000000000D00O000O00OO0OOOOO

P.Q*0) = Q*P,J0) = 0, .. Q*0) = ¢[0), ¢ : constant . (E.3)
gooodbbobooooooobbobbobodoodL e

(01Q*0) = ¢(0]0) = ¢

/ d*x(0|j_o(2)[0) = / (0 (e i (0)e= | 0)

= /d3$<0|j;‘=0(0)|0> =0, (B.4)
v (E.5)

00 1000000000 Q40 Lorentz 000 M, 00000000OPoincaré 0000000000

gboooood

[P/u Mpo] = i<9upPa - guoPp) .
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gboogbooboobbobooboobobooboboboobbooboo

PuMp0|0> = MpoPH|O>+i9upPa|0>_iguoppw) =0,

Myl 0) = ¢,6/0) = 0.
OO0O0OOLorentz OO O OO0OOOOOOOOOOOOOOOO

¢ Nambu-Goldstone phase

000 GOO0O0GO00000740000000000000 Xe00OO0O0OO0O0O000000 S*00
gboobogooobobobooboboobobooboboboobobobobooboboboooo
gooobooooobo HOOOOODOOOOOOOOOODOOOOODODODOOODOObOODO
gboobooobooobooboobooboo

{T"e€g} = {S*eM, X*€G-H}, t(S*X*) =0. (E.6)

goooood QA|O>7éODDwell—deﬁnedDDDDDDDDDDD

0000000 oy 000000000 yOOOO0DO0O0O000O000000 ¢y) 0000 Q*0000
gboooobooboobo

[iQ*, a(y)] = i / Prfjo_o(z), B(y)] = 5®(y) . (E.7)

gboobogooboobobbyboobobobbobobobooboboboobobobooooboo
OO0000000000O0000O0well-defined DOO0OO0OOOOODOOOOOODOOODOOOOODOO
gooogo

(0][iQ", ®(»)]|0) = z'/Md%w|[jz:0<x>,¢><y>]|o> — (0]5°®(y)[0) # 0.  (ES)
Y
gooooooooooo ‘I)(y)EIIZIEIEIEIEI 10000000000000000000000000

e Nambu-Goldstone theorem
000000000000 47 0O Lorentz vectord ®(y) O Lorentz scalar 00 000000000000
ocoooooooooooOoOoOooOoOooOoOon

1.000000000Lorentz 0000000
2.000000 j%,04¢=00000
3.X°€G-HOOOO(0|[iQ% ®(x)]|0) = (0]6*®(z)|0) 400000000000 &) 000000

000000000000000 (Nambu-Goldstone particle) 00000 j; 00000000
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e The Proof of Nambu-Goldstone theorem
0000000000 ji O Lorentz vectord ®(x) O Lorentz scalar 00 00000
(01[j(2), ®(y)]]0) = <0|[ P j(0)e eV R (0)e T — e TV D(0)e T Ve i (0)e 7 0)
= (0[73(0)e="=V2(0)[0) — (0|@(0)e "W (0)]0) . (E.9)
gogobooooooobobboboo
jula) = eT7p0)e T @(y) = eVe(0)e Y (E.10)

gboobooboooboobooon

Z|n Mo (0| = 1. (E.11)

(E9) = D (01j5(0)e™ " n)n o (n [2(0)]0) = > (0[@(0)e™ ¥ n)n . (n' |j;(0)]0)

n,n’ n,n’

S~ 0O Yk (0 1(0) [ 0)e P00 — (0 [2(0) | Y (' |75(0) 0=

n,n’

(E.12)
Dooooo0ooooood 1:/d4k54(pn—k;)|][|[||]|j|j
(B.12) = / d“kZé“ = {0 172(0) [ m )y (0 [B(O)] 0)e~ )
/d“kZé“ )] (010(0) | m ) (' |7 (0)] 0 )= |
= [@Rn) e~ et ) (E.13)

gbooobooboooboboobo

pilk) = (2m)° Y 8% (pn = K)(O 15 (0) [ ), (0 [2(0)]0) .

n,n’

27)* 3" 64 (pn — £)(0]0(0)| n ), (1 [52(0)]0) -

n,n’

)
= e
—
S
=
I

00 pi(k), pe(k) 00000000 k°>00Lorentz 00 0000000000000000O
p(k) = kup"(K*)O(K®),  pi(k) = kup®(K*)0(K") .
00000000000000000 p4k?), p*(k*>) 00000000

P (k) = /_00 do? §(k?* — 0?)p*(0?) = /Ooocla2 §(k* — o)p*(0?)

66



(k%) = /Oocla2 §(k* — o®)p*(c?) .

0000 (E13)0Do0ooo

[e )

(E.13) = / d'k(27) 3 O d025(kz2—02){kup“(JQ)G(kO)e_ik(x_y)—kuﬁa(JQ)G(kO)eik(x_y)}

/ do*p (o) id), / d'k(2m) 6 (k* — 0?)O(k)e )
0
+ / o> (0?0, / P h(27)35(k? — 02)I(k0)e k1) (E.14)
0
gooooooooooo iA(x—y)|:||:||:||:|DDDDDDDDDDDDDDDDDDDDD

iA(x —y;0?)

/ d'k(2m) 20 (k? — 0?)e(kO)e @y
= / dk(2m) 738 (k? — 02)0(K0)e~ R (=—y) / dk(2r) 736 (k? — 02)0(KO)e* (= —v)
= A (z—y;0%) —iAy(y — 507

00000000000 DOOspacellike 000000000000 (x—9)?<0000000000000
gbooobooboooboob

2

Ap(z—y;0°) = Ay(y—w;0°) for (z—y)* < 0.

goooooooood space—likeDDDDDDDDDDDDDDDDDDDDDDDDDD(E.14)|:||:|
gooooobooogo
N

0 = (B.14) = / 40 [0(0?) + 7(0*)] 10, (i (2 —:0%) . . p(0%) = —7*(0%).  (E.15)

EII:II:II:I(E.15)IZIIZIDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
gooooooooooo

(0][ji(x), @(w)]|0) = /OOOdUQpa(OQ) 0, [iA+ (x —y;0%) —iA, (y — x;07%)

/Ooocla2 (ip*(c?)) i0, Az — y;07)

Pl (k)

(2m)° D (0 1(0) ) (1 [2(0)] 0) = kyup (K)O(K?) .

n,n’

000000 ip*(e?) — p*(e?) 00000000

(0[jp(x), (»)]]0) = /OoodUQP“(OQ)i@uA(w —y0°), (E.16a)

—ikupt (02 = KDO(K) = p(k) = (2m)° (0150 )’ [9(0)]0) . (E.16b)

n,n’
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000D (E16a) 00000000000 %) 0 &(z) O 20 Green 000 (0|Tj¢(2)®(y)|0) 000D
0ooooo0

(0| Tje(2)(y)] 0) = / " doo(0?)0, A — y;0%) (E.17)

ooooo (El7)0ooo /d4xi8”DDDDDDDDDDD Heisenberg 0 0 0 0O 0O 0O Noether current
ooootj,=000000

/d% 10" (0 |Tj5(z)®(y)| 0)
= [dtw i (0){p6 ~ 1)iz@e0) + 66 ~ VL) }0)
= [dwit0){5a" - @) + 66~ ) @)
—3(2° — ") (y)jé (@) + 0z — ") (y)9" ji(2) }|0)
_ i/d3x<0|[jg(x),f1>(y)]|0) s
i [da{oa® ) (010 55@)2(0)]0) +6(6° — 2*)(0 TR ()] 0)

(0[[iQ*, 2(»)]10) = (0]6°®(y)|0) # 0, (E.18)

/d4x io" [ do?p(0?)0,Ar(z — y; 07)
0

= z/ dan(JQ)/d‘lxl:leF(x—y; o?) = hm/ dan(JQ)/d‘lxeimliAF(x—y; o?)
0

d k: —k?
o 4 e~ tk(z— y)
= 11)11)% da plo d*ze’ e
~ lm du (£.19)
p—0J, i(02 — p? —ig)

(E.18), (E.19) 0000000000000 DO0DOp(e?) 00000 100000000000000000
gboooooboo

p(0®) = wi(a®)+p(0?), w # 0. (E.20)

000 (E20)0 (E19) 00000 (E18) D0UO0OUO0DOOOOorder parameter 0000000000
gboooooboo

w = (0]59B(y)[0) . (E.21)

O000o0ooooo (Eaeb), (E200 0000000000000 100000000000O0O0O0O0O
EIEII:IjZ(x)I:I 0 ¢y 0000000000000 DO0O0O0OODOOOOOO

(0175(0)[p(m =0)) # 0, (p(m=0)[2(0)[0) # 0. (E.22)

OO0000ooo00o0O0oO00oo0ogooo0o0ogdn NGbheson OOOOOOODOOOODODODOOOO
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E.2

Example: Nambu-Jona-Lasinio Model

e Nambu-Jona-Lasinio model

Nambu-Jona-Lasinio 0 0 OO N OO Dirac spinor 000000000
_ G
L= Diy o+ L [(B0)* + @ins)?] (E:23)

0000 U(l)y 0000000 00000000O0Ochiral U(1) 0000000000 00O0O0OOOO
chiral U(1) 00000000000 OOOOOO

p — P ~ (1400 = ¥+ 60051 , (E.24)
Jsu = (OL]0MY)os1p = —pivuysid
Qs = /d3$j5u=0($) = —/d‘?’w%w(az)-
00000000000
Ty = 0L/ = Pin = W, {(x).mu(y)} = i (x—y),
0000000000000 00000000000000
[iQs. P(x)] = — / By[ryrs (), To(@)] = Winsh(z) |
[iQs, Viysh(z)] = —2¢p() . (E.25)

000000 Dirac 00000 DODDO0O00DODODO0000O0DOODOO00000O0DOO vivysy 00
NGboson OO OOOOOOOO

O[F0@)[0) = —em # 0,

2G
_ _ N
= (0][iQs, ¥irs¥(2)]|0) = =2(0yep(2)|0) = Zm # 0.
gooood
(E.23)|:||:||:||:||:||:||:||:|’Lp|:||:||:||:| nUooooogd
2,7 = / DYDY expi / a4z [Lxs + T + 170 - (E.26)

OO000O000oD GreenJOOOODOOOOOOOODOOOOODOOODOOOOODOODOOODOO

gbooobooboob

1::/Dﬂhwm/ﬁ%{é§@ﬁ¥+ﬂmf). (E.27)
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o'(x) = ola) + HBU) , 7(@) = w(o) + HBAE) (B.25)

Co0oooooooooooooooo xOoooOoooooD4-Fermi 0000000 OOOODOOODO
oOooooo Ax=2¢G0000

Zn,m = /DwDEDUDW expi/d4x [ﬁy(lﬁ,w, o, )+ T +77m ; (E.29a)
Ly = Pint o) — %(02 + %) = (0 + i)Y (E.29b)

e Effective action, Effective potential

00000000 o(z), n(x) 0000000000000 000000000000 9¢(z) 0000 O0(x),

m(x) 0000000000000 000000000000000000000000000OO0O000OO

Z = /DUDWeXpiNSB[U, 7], (E.30a)
Sglo, 7] = —% d'z(0® + %) — ilog Det[i) — (o + ivsm)] , (E.30b)
[lo, 7] = Sglo, 7] +O(1/N). (E.30c)

0000 O(l/N)ODOO0DO0D0DO0OO0O0O0O000000O00 100000000000000000000
gboogbobboobboboob

V(o,7) = =Splo(x) =0, 7(x) = 7]
1, d*k .
— ﬁ(0 + ) — i(2—7r)4 log det [}é — (o + wyr)] , (E.31a)
1 2 2 d4k 2 2 2 .
= ﬁ(a +7%) —2 Wlog(a + 7% — k% —ig) (E.31b)
= V(0,0) + L(02 +7%) — ! Atlog (1 + U—/Q — o' log 1+ A—2 +0'2A? (E.31c¢)
R 1672 ST T o S

00000000000 Eucdid 00000000000D0000DOOOO0AODOOOOOOOOO o2=

S+ 0000

e Self-consistency conditions

00000000 (E3la) 000 ¢ 0000000000000 OOOODOOOOOOOO

oV - (o) d4k3 0 -

90 lomos A _/i(27r)4%1°gdet [~ <] moe O

0 0 1

%bgdet f—o] = %trlog[k—a] = tr[a—k} ,
d'k 1
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000000000000000000000000000000 Lagrangian (E.29b) 0000 o(z) OO
00000O0c¢(z)=—-(A/N)py 0000000000000000000000000 (@) =090 0
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0000 Tle,n]=Selo,n] 00000000 n(x) 0 20000000000000000000000
gboooboobobooboboobboboobo
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0000000000000000000000000 2000000000

F;.Q)(Jfl,xg) = — 54(331—132)

PO s >
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= F(12)(x1, x2) + F(22) (z1,22) .

gbooboooboooobobobooobobobobooobobooboboobobobooboooo
gboboogboooboobooboobooboboooboobooboobooboooo
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goobobuooo 200000000000 oo b oo booooon
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opooooo ', 1P oooooooOoOoOO0O0OO0O0O0O
, , , , 1 1
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/d4x1 dizy e PTLoTIAT2 F(QQ) (z1,22)
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-1/ Tk D o) 5 (k— € — )~k — @) + 80— k— p)o*(k — £ — )

(2m)* (2m)
X tr [(—i%)ao 1_ k(—i%)go 1_ A
=(2m)*0t(p + q)% /(;ZT]; tr[(—i%)ﬁ(—i%)m}

= —(27r)454(p+q)/i(6;—:)4 tr[(—i%)ﬁ(—i%)m} :

gbooobooobooob 2000000000000

M) = —5 - [ g e ] (.33)
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F  Nonlinear Sigma Models in Two Dimensions

0000000000 3000000 NLSM (O(N), CPN!, Gross-Neveu) 0000000000000
00 1/NOOODODDOO0O0O0O0O0D0000 [33)[34[350

F.1 O(N) Model

00000000 P=20000 O(N)OOOOOOOOOOONOOO0O ¢4z) (i=1,---,N)0000
00000000 g, =diag(+—) 0000

@' (x) = (61(2), $2(x),- -, on(@)), M = diag.(+-). (F.1)

0000 ¢(x) 00000000000

¢ (@)px) = 3 di(0)hile) = gi (F.2)

000 ¢(x) 0 S¥N-'000000000000
0000 ¢(x) 0000 O(N)DODO00000000000000000000000 O(N)O000000
0 NOO NOOOOOOOOOOOO

¢i(x) = Rijo;(z). (F.3)

O0o00ooo0ooooooo (F2)ooooooo
0000000 O(N)DOO0OO0OO0OD0O000 Lagrangian 000000

1
L= S(0,0)(0"9) . (F.4a)
/ 1 / / 1
L= S0V 0") = S0, RTR(@" D) = L. (F.4b)
goooooooooooooobooooooboo0 pooooooooboobooooooboobooo
($(a)) = 0, (F.5)

O0000000 Lagrangian OO0 00000 ODOOOOO0OODOOOOOOOOOOOO0OOOOOOOOOOO
00000000000 00000000 (F2)0000000U0ooONDOOOD ¢i(z) 0000 (¢i(x))=0
0000000000000000 NOO ¢(r) 0000000000000 OO0OOOOOOOOOOOO
O(N)OD0O0D00D0O00O0O0O0O00O0O0(DpL=2000000000000000000000000)

ooooo sV'00 O(N)000000O¢%(x) 0000000000000000000000000
¢i(z) = 0(i=1,---,N—-1), on(x) = # 0. (F.6)
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Ooooooooooooooooo shv-1oo ON)ODOO O(N—l)l:ll:ll:ll:ll:ll:ll:ll:ll:ll:l
1 1
SNN =1 =S (N-1)(N-2) = N1, (F.7)

0000000 NG boson 0000 (¢i(z) (i=1,---,N—1)00000000000)000 ¢y(z) 0000
00000000000000

00000000000000 P=200000000000000000000000000000000
00000000000000000000 NGboson J000000000000000000000000
00000000000000000000000000000000000 O(N)000000000

oboop=20000000000000000000D0O0OOO0OOODOOOOODOODOODODOOO
ooooooo NO 100000000000 000b0000 Large-NODOOOODODOOODOOODO

¢*N : fixed, N — oo. (F.8)

O00000000000¢(x) 000000000 000000000 ¢(r) 0000000000 DODO
gboooboobobboobbooboobo

$x) = o+ d(), (B@) = @, / P (z) = 0 (F.9)

O00000000D0 Lagrangian OO0 0O0O0O00OD00ODO0OO0OOOOODOOOOODOOO

N

N
L= %(8u¢(93))T(8”¢($)) = EZ(@L@'(@)Q, o' (2)p(x) = Z@'(Js)@(x) = = (F.10a)

2

Qw| —_

z = /D¢exp (%/de(auqb)Q) <H5(¢2 - %)) <5(/d2x¢(x) —go/de)) : (F.10b)

oooooobooobooooooDoobooognD Fourier O ODO0OODOODODODO

[T - ) = Jlanew (5 [Eor@ (e - 5}). (F.11)

OO0oooooo (Fiob) oooooo

Z

/qum exp (% /de[(auqb)Q ~Mg? - %}]) <5(/d2x¢(x) —p d%))
/D¢D)\ exp ( - %/ded2y¢T(x) (0% + )\]xygb(y) + 22? /de/\(x)) : (F.12)

0000000 (F9 000000000000 (F12)000 ¢'(x)0100000000000002000
OO000Ooopooo0o0 20000 GawsssOOOOOOOODOOOOOOODOOODODOOODODOODOOOO
OO00000 SeOODOOODOO

/ng/ exp ( - %/dedegb/T(x) [0% + )\]xygb/(y)) = {Det(0* + )\)x,y}_% = exp ( - gTr Ln(9* + )\)xy) :
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OO0 Tr, ln 00000000000 DO0O0O00O0O0O00O traceD logOOO0OOOOO0ODOOOODO TrOoQd
gboogobooon

TrM, , = /dede(SQ(x—y)M(w,y).
goooobbbooooobbobbobododbb bbb bbbboooogo

Z = /D)\ exp ( - ETan(OQ +Nay — = /de/\ {e? }) (F.13a)

/D)\ exp(iSer[A(x), ¢])

S [Mx), ] ——{go - 2}/d2 +—Tan(82+)\) (F.13b)

00o00o0o0o0oooooooooo (F13p)0000oo0oo0o0oUooooUoooooooooo
gooobooooboo

SetM@) = v gl = —V (e, ) /d%

_ __A (p?— 2}/d2 Tan(82+>\) (F.14)

2 2
TrLn(d? + Ao)oy / drd?y 6% (x — y) Ln( / (d—k / AL ks ity (9262 () — 1)[—k? — )\C])

om)2 | (2n)?

/ (;i’j log(—k2 + \) / e

gbbooobgboobooboobooboobooboobooboo

Ve, ) = %)\C{QOQ 2} N/ & k (—k* + Xe) . (F.15)

cooooopooooogoooooooooogoooooooooogoooooD A.OOooboooobogd
gbobogobooboboboobboboobooboobob

OV (Ae)

= 0. F.16
OAe  Iae=xr ( )
gooboooobooobooooon
1 p? d*k 1
—_— = — . F.7
2N N +/(27T)2i N k2 (F.17)

00000 (F17) 0000 ¢(x) 00000 (¢’ (2)¢(y)) 000000000000000000000000
self-consistency condition 00 000 0000000000000000000000 100000000000
0000 200000000000000000000000 A 000 ¢(x)000(020)0000000
ooo

If
3

A . (F.18)

C
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00 (F.17) 0000000000000 D0000000O0O0O0O00 AUOODOODOOOOOO0OOOOOOOO
(FA7)OOOOOOooOoO
A2

1 > 1
v = e+ g () - F.1
2N - Nt el (F.19)

0000000000 0000000000000000000000000000000000000000
D000 gr 00000000000000 ¢g000000O000

1 1 1 A2

- (—). F.20

GiN ¢?N  Arx ©8 12 ( )
000 p 0O scale parameter 0000 000000000000000O00O00O0OO0OOOO (F.17) 0000
0000000000 0000000O00000

2

2
¥ 1 4
=2 4 g (L), F.21

N T ix Og(Ag) (F-21)

1
gxN

00000000 Me)OOOODO NODOOODOOODOOOOO0OO 00000000000 gg0000

scale parameter p OO0 00000000

A p? 4 A p?
A= /fexp( 7;:[0 )exp(—g%:;v) = M2€Xp( 7;:[0 ), (F.22a)
a7
M?* = p? exp(——) . (F.22b
9N )

MOODDOOOOOOOODOOOO massscale 0000000000000 OODO0O0O0O0O0 oO00O0O0O0OO
(F2)00D0000D00000000000 ?=0000000000000000000000000000
000000000000000 O(N)OD0D0O0000000000oooo0oooooooo(W)oooooo
0000000000000000000000000000000000000000 ¢(x) 000 (F.17) O
goooo mQZAz:MQEIDDDDDDDDDDDDDDDDDDDDDDDD

gboobogooooboobooboboooooooobooboboboboboboboooooooooboo
OO0 (F.15) 0000000000000000

*

1 1 1 1 A .
NV()\C’ p) = =\ (SOQ — —2) — g)‘: (10g M_; — 1) + (divergent constant)

2

M
~ gexp(élﬂ'goQ) . (F.23)

gbooobobooobooobooboooboobboobbooobooboooboobooooboobobooobon
gbooobobooobooobooboboobobooboboobooboobooboboobooobooboboobboobn
gboogboooboobbobboobobooboboobbobobobooboobooboobooboobn
(F23)0000000000000000 ¢=0000000000000000000000000000
0OOoWN)0UO0000o0o0o000o0o000o0o0oo00o0ooo00o0ooo00oooo0ooooooooo
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0000000000000000000000000 FtermOOOODOO0OODOOOON =200000
gooobodFteem OO0 0O00O0D0O0OO0O0ODOOOOODOODODOODODOOOODOOODODODODOOOOO
gboogobooobobbobooboboobooboboobobobooboobo

F.2 CPYN-1 Model

goboobobooboooboooboooboobooboooobooboon

¢T(w) ((bl(w)a ¢2($)a o 5¢N(m)) sy NMpy = diag.(+—) y (F.24a)
¢T(w)¢(x) = 1 (constraint) . (F.24b)

0000000000 U(N)00000000o000o0oUo0ooUW) 00000000 0oooooooooo
oo0UWw)oooooooo ru(l)oooooooooooooooon A(x) D0O0D0O0OOOOOODODOO
OU()0ooooooooooooooooooo

Blr) — #() = UOB), Aur) — Ayfa) = Au(e) +10,0() (.25)
000000000000000 Lagrangian 00000000000
L= (D) (D). (F.26)
000000 D, 00000000000
Dud(@) = (9. —iA,)d(x). (F.27)
00000 Az) D000D000000000000000000000000
z = /D¢TD¢DAHD)\ exp (;—2 /de{(Dqu)T(D“qb) ~Molep— 1)}) . (F.28)

000000000 ¢(x) D000000DOO0OOODOOOO

z = /quTquDAHD)\ exp ( - ;—2 /d%qﬁ{(DuDH) + A} + ;—2 /d%A)
- /DAHD)\ e (5 /d%/\ —~ NTrLn[(9, — i4,)? + A))
= / DA,DAX exp (iSest) (F.29a)
Se = e%/d%/\ +iNTrLn[(9, —i4,)* + A] . (F.29Db)

e2NO000ODO N—-ooO0O0DDODOOOODOODODOOOOOOODOOD 200000000000000000
0000000 o) 0000000000000 000000000000000oo0o00oUooooooo
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0000000000 OLorentz 00 0000000000000 DO0O00O0O0OOD0O0O0OO0O0OOOO0OO(N)O
gbobogobooobobbobooboobooboobobbooboo

(M) = m*, (Au(x)) = 0. (F.30)

gboogoobooboooboobooboboobboobooboooboobooobooobboboboo
0o0o0oo0oooo0oooo0ooooooooooooooono Mo, A(zx)0D0O0DOODOOO
gboooboobobboobobooboob

Az) = (M@ +o@) = m>+o@), Auz) = (4.,(2)) + Bulz) = By(a), (F.31a)

/d%o(m) =0, /d2$BH(.T) =0. (F.31b)
Obooooooooo ss000o0o00 sq00o0o0ooooooooooooonoon

1
Set = — [ d*x(m*+ o(z)) +iNTrLn[(d, —iB,)* + m? + o]

62
= Sy + Sq , (F.3Za)
1
So = = /de m? + iNTrLn[0” + m?] (F.32b)
€
. 1 5 ,
S, = iNTrLn [1 + (0 — 0" B, — iB,0" — B,B")] . (F.32c)

gooooobo 5”BHEIEIEIEIEIEIEI b, 0000000000000000O00O000000000O0O0O00O
gbobogobooobobboboboobobooboboobo 5”BHEIEIEIEIEIEIEIEIEI

"B, = 9"B, + B,0" .

gbooobooobooboobooboobooboboobbo 10bo0obooboboboobobooboboon
0000 2000000000005, 00000000000

i 1 1
Sa = _§NTT[82+m2082+m20}
, 1 R 1 - 1 3
_zNTr[mBHB,,n” } n §NTr[m(8HBH+BH8H)m(8 B, +B,d")|.  (F.33)

gbi1bg0b0bo0obgooobooboobooobooboooboboobobooobbobbobboboboboobobooboon
O00o0oUooooOoooooOo (F3lb)Doooooooooooo

1

Tr[ifﬁ g

1 -
O'i| = 0, Tr[m(a”Bu—l-Bua”) = 0.
00 (F33)00000000000000000000000000000O0O0000

(zloly) = o(x)0*(z —y)
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1 _ 1 2 _ ko —ik(xz—y) 1
< |82 2|y>_ 8%4—7’7126 ($—y)—/(2ﬂ_)26 mg_kga

(0 By (x) + B, (2)04)8% (x — y)

d2q ko —ik(x— —1i ac
[ st

gboooboooboboobbooboobo

(2|(0"By + B.0")|y)

1 1 [ dq [ 1 o
e L /(2@2 /(2@2 mE B mE — (g gy W@, ()
Tr[_agimQ'BuBunHV} = 77W/(;l7r(§2 /(;lﬂl; inkQEH(—q)E,,(q), (F.35)
Tr[agimg (8" B,, + B,o" )82 ~(0"B, + B, a")}

_ [ g ko ~(2k+ "2k +q)"  ~ =
B /(27r)2 /(27r)2 (2 — 12y (2 — (ki t q7) e (9B () (F.36)

oooobo0oooooooooo s;00000000000000000O

S=5f gT;[mq)a(—q)&(q)+HW(q>B’H(—q>BV<q>], (F37a)

(g) = / 2n)? ng R (F.37b)

iy [ Pk (2k+q)"(2k +q)” w [Pk 1 )
" (q) = /(27‘r)2i (m2 — k2)(m? — (k + ¢)?) + 27 /(270 i 2 (F.37c)

0000000000000 I"™(q) 0000000 Wad DODOOOODOODO0O0OO0OO0O0OO0OO0OOOOOOO
00000000000000000 II*(¢q) D0000ooooo

1% _ ko 1 N v iz 2 2
W0) = [ {2 ) 2~ (40}

:/ /d2€ Fﬁq,)),

o= k' dagt, A = m?—2(1—-1x)¢*,

2
Fl,q,x) = —277””( -3 + 1)62 + 20 (m? — (1 — 2)%¢%) + (22 — 1)%¢q" .

OO0000000 Feynman 0000000000 O000OO0DOLorentz OOOOOODO 1000000002
goooooooboooboooobogooboboobooD 2000000000 D=2—-e00000O0DOO
gbooobooobobbooboobo

1
o —nier
00D0000000000000 ¢ 0 Wick rotation 00000 DOOODOO
O =i, 0= 1, (F.38)
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D 1 HV€2 D py _ _ 2\2,2 _
Hw(q):/dm/d g 2 €2+ ) / /d Up 20 (m? — (1 — 2)2¢%) + (22 — 1)%q

FA)? (5 +A)?
By R T
+/O dmiﬂ_r(z_ 2){217””A+277””(—2x2+3x 1)¢* + (2z — 1)%¢"¢"}
= —("¢" - ¢"q )/ dmi (2 —g)(%f—%(%—l)? (F.39)

goboobooooboooooobooobooo0oooboobooooDobDoDd Feynman OOOO0OOOOOOO
gbooobooooboobbooboooboooboooboboobboobooboooboobboobbooobon
goooboooboo

[ ormaee-ny = [ fartara-n(5) e-n = o

00 (F39) 00000000 WarddOOOOOOOOOOOODOOOODO

11" (q) = —(d*¢" - qu”)/O dmif@ - %(%)2_?(235 12 =0. (F.40)

000000000000 o0oooooo0o0oooo0o0ooUoooooUooDooUoooon Me)
00000 (g 00000000000 o0ooooooooooooo0ooo0ooooooooooooo

F.3 Gross-Neveu Model

00000000000000000000000000000000000000000000000O0(N)
U0o0O00O0bo0ognbDOd NOO Majorana DOOOODO v, OO0O0ODOO Lagrangian DO OO0 O

L= S0 o+ L@ (.41)

00000 Gross-Neveu model DO OOO0O
00 Gross-Neveumodel 00000 chiral 00000000000 O0OODOOOOOOOODOOOO

Yo =V = i, U o P = i - (F.42)
L= ST+ ST = ST ustn) + & (~Toms i)’
= LBt O+ LGy’
= L.
guooobobbooooobboboon
o(z) = —gPi . (F.43)
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O00000D0000OLagrangian (F.41) 00 0000000000000 000 Lagrangian JO0O0O0O0O000
goooboooboo

L= S0~ 10"~ 30Tt (F.44)

1

4g

00 Lagrangian 000000000 3000000000 (F41) 00000000 4000000000000
00 (F44) 000000000000 £20000000

Z

/DWDU exp(i9)
/DszUeXp ( /d2 {w (iv*0,, — o) — %02}> . (F.45)

ooooogoono ¢, 0bobooboobobooboboooboooobooboooboooobooon

z = /DszUeXp( /d2 {wi(wau — o) — %02})
= /Daexp{ I /d2x02 + NTrLndet(in" 0, — 0’)}
= /DU exp(iSett) , (F.46a)
Sexlo(@)] = TNTandet(ify”(‘)H o)) — % / 0 (z) (F.46b)

gNOOO0OO0OO N—-ocoOOOODOOOOOOO (Large-N limit)DOOODOODOOODO (F.46b) 00O OODO
OO0000000O0O0O0O0Large-N DOOODOOODOOOOODOOOODODOOODOSsaddle point 0000000
0000 o(x) 000 ¢. 0000000000000 0. (00000000000 0OODOOOOOOOOONO)
goooboooboo

Se[o(z) = 0] = V(o) / d*z . (F.47)
goooooooooooooooooobobo
Tr L det(iv"d,, — 00) — /ded2y<x llog det(i1#8,, — o0)| y)(y | o)
- / dPad?y[log det(ips — 00)8(z — )] 8 (y — )
e
e

gbobogobooobobboboboobobooboobo

5 logdet(f — o - 1)

> log(o7 — k?) . (F.48)

/d2k; logdet(f —o.-1) = /d2k; {% logdet(f —o.- 1)+ %bgdet(—k —0¢- 1)}

1
- / Pk 3 logdet[(0? —#7) 1] = / 2k log(02 — K?) .
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gooooooooooooooooboooooooboooood
2 2
V(o) = Z—;—N / %bg(ag—k?). (F.49)

goooood O(N)DDDDDDDDDDD

goooooooboouoooooo 1o00boooo m2:agDDDDDDDDDMajoranaDDDDDD
O000000000000000000 chiralOOOOOOOOO0OOOOOOOODOOOOOODODOOOOOO
oooooogo

000000000 chiral OO ODOOO00O0O0O00O0O0OD0O00OO000OO0 chiral OOOODOODOOOOODOODOO

OO00000O0 Coleman’s theorem 0000 OD=2000000000000000000000
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G Coleman’s Theorem

oooO S. Coleman OOOO0OOCOOOOD =200000000000000000000000OO

Coleman’s theorem 00 00 O [26]0

G.1 Introduction and Conclusions

D =4000000 Nambu-Goldstone theorem (appendix E) D0 000000000000 Noether current
000o0ooo0o000oo0o0oooooo0o0o0o0oo0o0o0ooo0o0o0oooO0ooooooooooooo

0000000000000 000000000000000 Noether current j, O00O0O0O00O
8HjH:05 (Gl)
goboooboboboobooboobooboobooboagbog

5o(y) = i / &z [jo (0, x), (1) . (G2)

0000000 d¢(y)y DOODOD0ODOOO0O0D0ODO0OO0O0DO0OO0O0O0OO0
000 Dp=200000000000000000C000MI0O00OO0OOMHONNambu-Goldstone boson 0
gooo@mooooobooooooooboooooooboooobooboooooobooooDo

1.00000b0b0 p=20000000000000000000DO0O0O00DO0O0O0 D=200000O0O
googoobooboo
22.00b000b0boobooboobooboobobobobobobobobobooboboobo

3. HigegsOODOOOOODOODOOODO

G.2 Lemma
coooooooopooogooooogooooooogoooooogoooboog
fl) < fly), if z/y = 1. (G-3)
gooooogoooooogooooooooOooooooOooooogoooOooooogoooo
kr = kotki. (G4)
OO000 rapidity a D000 Lorentz OO O OO0O0OOO0OODOOOO

ky — e %%k . (G.5)
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[00] F(k+,k-)DOOOUD Lorentz 00000000000 DOOOOOOOD f(k.)OODOODOOOOO
gbooobooobobbobbobobooboboboboon

lim [ dk_f(Ne_)F(ky, k) = cd(ky),

A—00

000 cO00000000000

[00]000 A00000000000000000000000(G.3) 000000000 ADO0O0OOO
000000000000000000000000000000000000000000000000000
Lorentz 00 (G.5) 0000000000000 g(ky) O g(e*k,) 0000000000000 ¢gO000000
00000000000000000000000000000000000000000 g0 (G3)0000
000000000000 0000000000000000000000 (00000000000)0000
ooo

G.3 The Proof

gboooboobobbob 3bobooboooboo

F(t) = [de™=(0]6()0(0)]0) (G.6a)
Fu(k) = [ @ee=(01j,(2)0(0)]0). (G.6b)
Fu() = [ ae™(01j,(2)3,0)]0) (G.6c)

(G1) 0000000000000 ooOoooOOoooUooOOon
K E (k) = 0, (G.7)
gboooboodd
F

(k) = ok 8(2)0(ko) + e,k p(K2)6(Ko) (G.8)

0000000000000 ¢ 00000 (Nambu-Goldstone theorem 000000 0)0000p00000
O000oo0o0ooo0ooooooooooooooo

(0169(0)[0)

(0] / a1 [jolwo, 1) » #(0)]]0)

10

= — G~9
v (.9)
DDDDDDDDDDDDDDDDDDDDDDDD(G.8)|:||:|2DD$1DDDDDDDDDDDDDDDD

gooooodoo h(x)l:ll:ll:ll:ll:l a, bO0O0D0OODO
/ @ h(2)[ago(z) + bd(0)]] 0)

84



goooooooooobooooonD Fpo FOOODOODODO

~ ~ ~ 2
[k r@RmP [ momier) > |[ fenrwmo]| (G.10)
goooooobooooooboooooo El:ll:ll:ll:ll:ll:l h O Fourter 00O OO0
0000000 ROO00O0O0OODOO0OO
h(k) = f(\e)g(ky) + F(Mey)g(ko) - (G.11)

000 f0O (G3) 0000000000000 0g0O0O00O0O0OOUOOO0OOODOOOODOOODAOOOOO
00000(GR) 000000000 o0oUoooOn

/ @k Fo(k)[R(K)? = ol F(0)[2 / i gk )2 (Q.12)

o000 axOOOoooooooooogoooo

O0oAND0DO0O0OO000000O0(G.1)0 20000000000000000000000000 (G.10)
oooooooD 200000000000000O0 gOO0O0OO0ODOODOOODODOODODO NOOODOODOOOO
oooooooo FppOODOooOooooobooboobobooooooboobooooboooooo

o =20, (G.13)

gbooobooobobbobobobooboboobobobobobooboobobobobooboobo
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H Realization of Symmetries in Two Dimensions

Appendix FOO O OO Gross-Neveumodel 0 01/N OO0ODO000D000D000O000OOD0O0OOOOOOO
000 chiral U(1) DO00O00000000000O000000 chiral DOD0O0O00O00O0O0OO0OOOOOOO
O00000D00appendix GOODOO D=200000000000000000000O0000O0OOODOOO
O chiral U(1) DOODO0OOD0OODO0O0OOODOOOOODOOOO [36)[37][38][39] O

H.1 Two Point Function

b ogbobobbobobooboobboboo20b000b00b0b0obbobboboboboboobbobobo
000000000000 U(l)ooooooooooooo

* , % 2
L = 0,¢0"0"¢—g* (0" —a®)" . (H.1)
D+#2000000000000000000000D0D000 20000000000000

lim (¢ (2)6(0)) # 0. (1.2)

|z]— o0
goboooobooobooooobuodobob 20000000 bbooboooa
|#| —o0

(¢"(x)¢(0)) e ™, m > 0. (H.3)

D=20000 appendix GOOOODODOOOODO0OODOOO0O0OOODOOO 20000 (H3) 00000000

ocooooooooogogooooooobo «CcooO0”oo00ooooooooogoooooooooodg

(0% (2)0(0)) ~ a7, (H.4)

OO00000000000oDoo00ooDo00Ognn Kosterlitz-Thouless type D00 “0000” 0000
OO000000000oOo00ooD chiralODOODOOOOOODOODOOODOO DiracOOOOOOODOOOO
OO0000 chiral OOOOOODOOOOOODOOODOOOO

H.2  Soluble Model
00 chiral U(1) 000000 Lagrangian 000000000
£ = " O+ 5(Om0 ) = SMT+ )/ + (1 =)o/} (1)
chiral 000000 ODOOOOOOOO
v — €Y, o — o—20a. (H.6)
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goooooboooobobooobobooobooboobooobobobobobogD biracODODOOODODOOOOO
OO000000D0O0O000D0O000 DiracOODOOOOODOOchiral DOODOOOOODOODOOOOODOOO
goo

OO0 Lagrangian D00 0000000000000 0OO0O0ODOO0OO0O0O0ODOOOO0OO0O0ODOOODOOODOO
conogoooo

Wy O = %(amc)Q, (H.7a)

P(1+3)p = exp(xivdme), Yy™p = _ b e™oc. (H.7b)

S

000000 Lagrangian (H5) 00D O0O0O0O0OO0
1 1 1
L = 5(8,”(7)2 + §(amc)2 - 5)\{ exp (i{a/a + \/Ec}) + exp ( —i{o/a+ \/EC})} . (H.8)

goooooooo e,obbnoOOO

. Vire+ofa - —c/a+ Viro
= —(——, 0= ——. (H.9)
VAr +1/a? VA +1/a?

O00000¢o 0000 (H)ODOUDODODDOOOODO

L= %(8m32+%(8m5)2—)\cos(ﬁa, g = Jirrija. (H.10)

OO0 sO0000O0ODODODOODOODOOOOOOOOO0O0O0O0O ¢0 sine-Gordon 00O 0O O O sine-Gordon O 0O O
00D00000000000000000 40 V4r0OOODOO0O0DO000D0000000000000O0
O0000000000000000000 Lagrangian (H.5) 0000000 Y, 0000000000000
gbooobooobobo

OO0 chiral OOO0ODOOCOOOODOOOOOODOOOOOOODOOOODOOODOOODODOODO chiralDOO
O00000000Ochiral DOOO0ODOOOOO Js,, 000000000 (H.5) OO Noether current 0 0 O
googo

J3m = Y Ym Y31 — 2a0m0 . (H.11)

1
J3m = —4/ - + 4ma? 0,,0 . (H.12)

0000000000000 cs000000c000000000OO00OD0ODOCO chiralDODOOOOOOODOO

000 ¢o000OD0DODODOO

go0o0O0o0O0cODOOOOOOOODOOO0O0O0 chiral DODODOOOOO0DO0DO0DO0DO0DODODODOOODOODODODO
O0¢ 0O chiral O0O0OOOO (H6)OODOODOODDODODDODOUOOODOOO0OOOe0O0DO0O0O0OOOO0OO
gbooobooobobobobboobobooboobobo JDDDDDDD

= - 1
P = ——= eOE (H.13)
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Lagrangian (H.10) 000 ¢ 0000000

= m ~ = i
L=y 8m¢—)\¢¢+2ﬂ_ (1+47ra2

) @m0 + 50,92 (.14
(H14)0OooOooOoooooooooo Jl:l Dirac 00O O AEJDDDDDDDDDD&DDDDDDDDDD
gbooobooboob

Lagrangian (H.5), (H.14) 00 0000000000000 O000O00O0O0OODOOOO0OOO0OOO0O0OO 1/a
O000000«D0 100000000000HS)0 1/e0000000000000O00O0OO0O0OO 9O
Dirac 000 My 000000000000, 000000000000000O0O0 ea—oo000000000
OO00000D00o0O0DO000d0 chiralOOOOOOOODOOOOO0O0OO0DOO 90O DiracOOOOO
OO0 chiral OOO0O0O000000O0O0000 D=2000000000000000000000 Lagrangian
01/e000000000000000000O0OO0OO (H14)0 1/e0000000Dirac0000000O0O
googogo JDDDDDD chiral 0000000000000 000000000 000O0O000 a—
00000000 Lagrangian 0 0000000000000 0000O0OOOOOD (H14)000O0OO0OO0OO0OOOO
gboboobooboobobooboboobooboo JDDDDDDDDDDDDDDDDDDD

OO000O0Ochiral OOODOOOODOOOOODOOOODOOOOOO

(H5)00 1/e00000000000000 ¢ 0 Drac00000O00O0000O0O0DOOODOOOOOOO
OO0000 chiral OOOOOOODOOCOOODOOOOOODOOOOOODDOOO DiracOOOOOODDOOOO
gooboboboobooboboobobobob Jl:l chiral 000000000 OO0DODOQOOchirality OO0
0000000000000000000000000 (H14) 0000000000000 appendix GOOO
OO00ooopooooooO0ooooooooooooooO0ddehiralDOOO0OOODODOOODODOOOOO
gooobooboobobobooobooooboobooboooboobooboobooo

Yy, 00000 chirality OO OO0OO0OOOOO0OO0O00000COCOOOODODOODOOOOOOOOOOchiral

00 ¢ —efry00000000000000000O0O

Yy — 6i5¢+, w-*g- - e"ﬂwi, (H.15a)

v — e By Yt — Py (H.15b)
chiral 0000000000 DOOOOOO

Glr,y) = @y (2)Y2(y)) , (H.16)

gooooOoOoOoOoOoOOOOOOOO0OOOOD »OODODODODODODOO cOOOODOOO JDDDDDDDDD
goobgoboobooboobooboobooboo

/ ™
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vy = Mg, gt = e MY (H.17b)

Yo o= e Ty gt = Ty (H.17c)
000000 chiral 0D00000000000000 G(r,y) 000000000000
Gla,y) = Wy (@ (y)) = (7O, (2)e"TWY" () . (H.18)
50 % 0000000000000000000000000000000000
Gla,y) = (P70 (2)9" (y)) - (H.19)

00600000 (?@e??W)y =000000000000 chiral 0000000 G(z,y) 000000 [37]0
00000000000000000000000 (H5) 00000000000000 1/e0000000
00 »00000000000000000000000000000

(€PF@ W)Y = 14 O(b?). (H.20)

gooobobooboobobooboooboobooboobobooboobooboooboobon
chirarl 00000000000 OOOOOOO0O00O0O0O0OO0OO0ODOOOOODOOO00O0OOOoDOOOOO
goo

(W (@) (0)) = (P@e=TO) 0 (2)9% (0)) . (H.21)
gooooooooooooooo
<eib5(x)e—ib3(0)> _ |m|—b2/47r . (H.22)
000000*#000000000000000000000000000000000
(W, ()9 (0)) = eIl (H.23)
oo mO0O00O0O0oO0oOooooog (H.21)|Z||Z||Z||Z||Z||Z||ZI|ZI|ZIIZIIZI|ZI
(W (@) (0)) = |a| ¥ /Amemmlel (H.24)

goooooooooogoooogoooofboooogooooy 0 1boopoooooooogooooodg
OO00000ooo0o0o0ooooooo0bo0oody O chiralOOOODODOODO JD chiral DOOOOO00OO
gboooboooooboo ¢DDDDDDDDJDDDDDDDDDDDDD

200000000000000000000000000000000
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00000000000000000000000 ((147s)(2)$(1 —1s)w(0)) 00000000 0appendix
GO00000000000000000000000000000

D(LE7s)(x) = (1 E73)¢(2)e 2@ (H.25)

gboooboobobobooboobo

WL+ )o@ (1 =73)9(0) = (D1 +73)¢ (@) (1 = 73)(0) (2072070 | (H.26)

O0000000000O0o0o0ooUon ||0000000000000D000oO0DoOUD |x|_b2/”|:||:||:|
00o000o00o0o0oooo0oooooo0oU0oUoUooo00o0oU0oooUoooOoO0O00O00OHAY) OO0
gboooboooboboobbooboobo

OO000O00oO00ooo0o0oooO00ooo0ooo0o0oooOU chiralOODODOOODOODOOODOOOO
00000000 D=20000 NGboeson DOOODOOO0OOOODOODOODOOODOOOODOODODOO
oodoooowWad OOOOODOOOODOOOOODOODOOOOODD WadOOODOODOOOOODOO
OOONGboson UOOOD=200000000000000000000000DOO000O0ODO0ODODOOO
0000000000 00000000000000o0oooO0n0 o0 NGbeson DO0DDDOOOOOOOODO
OO000000oo00oo0oo0o0oo0ooo0ooooobogbDbehirtal DODODOOOOODOOODOOO
OO000000000 NGboson 0 Ward DODODOOOOODOOOOOOOOODODOODOOOO

000000 chiral 0000000 ¢ — Py 000000000000 000D0O0O000O0O0DO O chiral
gbooboobooobooboooobooboboobobooboooboobboooboooboobobooobn
gooogooooboooooobooomoooooobooooooboobo 200000bDOO0obObOOoDOoOon
gooboboooobooooboooomooobooooooooboooooooboooooooboboboobobOoo
00020000 100000000000D00C0O0C0O chiralOOOOOOODOOOODOOOODOODOOOO
goooboooboo

0000000000 ¢ 0000000000000000000000000000000 200000
gbobooboboooboooboobooobooboboboboobooboooboobuooboboobbooobn
gbooboobooobobobobboboobobooboboobobboobobob

gooooboboboobobbobobooooooooobobooboobbobooobboooooooooboobooo

Gross-Neveumodel D 000000000000 O0O0O0OO00O Gross-Neveumodel 0O0ODOOOO

H.3 Chiral Gross-Neveu Model
N OO DiracO0O00O0O0O ¢, k=1,---,NOOOODOODO Gross-Neveu model 000 00

L= Wy Omtby + e A Biin)? + (Brinatn)?} - (H.27)
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000000 chiral U(1) D00 o — ¥y, 0000000000 o, 000000000O0OODODOOO

o= Ppbr, T = Upinsty . (H.28)

000000 Lagrangian (H.27) 000000
£ = B ombs ~ 307 +7%) +\[ Lo+ i (1.20)
chiral 000000 OD0OOOOOOOO
Y — €98y, o+in — e¥P(o+in). (H.30)
I/NOOOODOUOODOOOUOO Drac00000000ODO0O0OO0O0OOOOOOOOOOOOOO

Sef = iNTrlog (z@ + \/%(a + i737r)> — %/d% {o*(z) + ()} . (H.31)

000000 (H31)00OO0DOoOO0oO0o0oo0oooo0oy/NOODOODUOoO0oo0o0oooooooooooogd o
O0O0O0O0000000 DiracO0OOOO00OO0OO0ODODOODODOOchiral DOODOOOOOOOOOODOOOODOOO
000000000000 (H5) 0000000000000 00000000000000 Kosterlitz-Thouless
0000000000000000000000000000000@EO000D0000o0O00D0oooUoo

goooooon JDDDDDDDDDDDDD cOO0oOOoooon)
o(z) +im(x) = p(x)e?® (H.32)

000000 p(z), 0(x) D000 Op(x) DOODDOO00O0D00D00DO0000OO chiral DOODOOO0OOOO
0000000000000000000000000(z) 0000000000 (D0DO0OO0OO0)OODODOOOOO
gbooobooboobooobooobooboobooboboobooo

0000 p(z) 0 (zx) 00000000 (H31) 00000000

1 - 1
Se = iNTrlog (1@4— 5 %pemg) —5 /dQJc % () . (H.33)

00000000000000000p(z) 0000 ¢0 0000000000000000Op(z) 00000
00000000000000000000000000000000000000000000000000
00000000000000 6z 000000000 6(zx) 00000000000(9,)2 00000000

gboogobooobobbobobooboobooboobobo

St = 1 / P (9,0(2))” . (H.34)

gboogbobooooboboobobooboobobooobobooboooboobooboboo (Ek(l—l-

v3) b (2) (1 — 43)(0)) 00D D000 OO

V(1 £y3)Yy, = o Fim = pet™, (H.35)
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000000(p(x)e” @ p(0)e?®)00000000000000000000000000000000O0O0
O000p,000000000000000000000000000000000 (H.34) 0000 (e~%0(®)#(0))
0000000 |~Y¥NOO0O0D0O00000000000000000000000000

(11 + 730 ()P (1 = 73)8(0)) ~ cla| VN (H.36)

000000 (H36) 000000000000 0000000ON —oco000000000OD0O0OOOOOO
gooooooooooboooogoooooobooooboooooooobo NODOooobobooobooooboo
O000000oooo0oUuoooooOn zl—mee 00000000 DOODOOOOOODOOOOOOOOO
0000000000000000000 1/NOOOOOD0OO0DO0000000000000000000 Dirac
00000000000000000 (00000 (H21) 0000000000000 000O0000O0)0oOOo
1/NDOOO0O0O0D0000000000000000000000000000000000000o00oooOo
060000000 NGhoeson 00000000 OO0OO 6000000000 DOL/NOOOOOOODOOO
gbooobooobobbooboobo
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I Notations of N/ = 1 Supersymmetry in Four Dimensions

00 appendix DO Oappendix J, KOO D=2, NN =2000000000000000 D=4, N=110
0000000000000000000000000 Ref. (710000000000 (70000000000
00000000 7, = dag(—+++) 0000000000 appendix 000000020

Weyl 00000 ¢, 9 000000Majorana 00000 M 00000000 D0O0O

$M = ; T = (vt ) (L1)

OO0 DiracOOOOOODOODOOOODOOOOODOO

0 (0", -1 0 ~i 0
o= S ;o= 2 = : (12)

@) 0 0 -1 0 i
00006 02x2Pali 00000000000 6% #0000
7 =0, T = -0, (1.3)
00000000000 Paui00000000 Weyl0OOODODODOOODOOOOODOO
Yo'x = X', ¢ = Pt (L.4)
0000 Dy 000000 chiral superfield 000000000000
3y, 0) = Aly) +V200(y) + 00F (y),

#(2,0,0) = A(z) +i00"00, A(x) + i@@?@DA(m) + V20 () — %Gﬁauw(x)a”g +00F(x) , (1.5)

0000y =zt +ifc0 00O DO

vector superfield 0000000 OO0OO
V(2,0,0) = O(x)+i0x(z) — i0x(z) + %QH[M(JZ) +iN(z)] — %@[M(x) —iN(z)] — 05"0V,(z)
+ 008 [X(z) + %E”aux(x)} — 090 M) + %U”auy(x)} + %ea@? D)+ %Dcm} e
0O 0 0 Wess-Zumino gauge D 00000000 vector superfield 0000000000000
V(z,0,0) = —00"0V,, +i000\(x) — i000A(z) + %99551}(3;) . (L.7)
Dimensional reduction 0000000 Majorana JOO0O000 Weyl OOOOODOOOOOOOOOODOO

PMYM = s — P (L8a)

2appendix J, KOOOOOOOOOODDOOOO
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PMas M = ihip; — it (L8b)

PV — i, — ot = 0, (I.8¢)
PMAs M = i, + gt = 205 (L.8d)
W’Y”@%M = —%U”au%—%ﬁuauwi - —2%5”3”%, (186)

YMAtrs 0, 0M = o8, 0; — i7" b = 0. (1.8f)

goooogo 40000 /d4xEII:II:II:II:II:IEIIZIIZIDDDDDDDDDDDDDDDDDDDDDDD
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J Dimensional Reduction to Two Dimensions

o0o0ooooooDoooooooooooooogo
Nu = diag.(=+++) = —diag.(+ ———) = —nu, (J.1)
000 appendix I 0000000 DiracOOA* 000000
o= TH, iy = %9122 = T = Ty, (J.2a)
(= 2 = o= (T T (J.2b)

goooboooooobooooobogoobodOD =400 DiracOOOTI* 00D =200 DiracOOO ™ OO
gbooboooobgobooboobooboooboon

Fm/ = 'Ym/®0-1 = 5 mzoala (J?)a)
0
0 i 0 1
I = ip©o = 1 = 100, = , (1.3b)
s 0 -1 0
00
12 0 v
F5=1®0’3, C4=ZFF :’y@l: :—C2®1, (J?)C)
0 'yo
'YO = 02, 'Yl = iO'l, Y3 = 7071 = 03, (Jgd)
Co = —9°, (J.3e)
Cy, = —CF = —c; =) = o5t (J.3f)
C’Q_l'y”C’g = 4T 02_1’)/302 = —73T. (J.3g)

D:4Majorana|:||:||:||:||:|wMEIappendiXIDwM=<$>DDDDDDDDDDDDw,w’DWeylElEl
—T
000000OMajorana 00 oM =CypM 0000 Dirac 0000000000000 O00O0DODOOODO
—
" —Cyy'T " P
= )= L x o= G = (3.4)
(o4 —C2¢ —X
D =4 Majorana 000000000 220 22 00000000000000000 dimensional reduction [
000000000 MO0 D=2Dirac00000000000D00D0O000O0O0O000O0O00 D=4WeylO
00000 D=2Dirac0000000O0D0OOOOOOOD =4 Majorana JODOOO D =2 Dirac 00O

000000000000000 (pk=0,1,2,3;m=0,1)0

szij = i _Eich'a (J.5a)
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PMTspM = —gfp; + 05, (J.5b)

MM = pMTHM = YMTIyM = 0, (J.5¢)
PMT Ty = 20" (J.5d)
M5y M = 2i7s0 (3.5¢)
OMTTspM = —20,4 (3.5f)
PIT™ 0™ = 20,7 Ot | (1.5¢)
OMT2000) = 273050 , (1.5h)
PMT303pM = —20,050; , (3.51)

YMIFET50,0M = 0. (J.5))

ooooogo 400000 /d4xDDDDDDDDDDDDDDDDDDDDD D=200000000000
gooooboo

Yo o= Cop = =% = yr, Y = TR0, (J.6)
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K Extended N = 2 Supersymmetry in Two Dimensions

Appendix I 00 O reduction JO0O000 appendix JOOODODODOD =2 N=2000000000000
oooooooooooooooo

K.1 Definitions
K.1.1 Metric and Spinors

D = 2 Minkowski metric: 7, = diag.(+, =) ,  Emn = —€pm = €M ="M | gq =0 =1.
D = 2 Clifford algebra: {y™, 4"} = 2n™" .

Majorana representations of Dirac gamma matrices: Y0 =02, Al =io1, =79 =03.

Charge conjugation: Cy = —~° .

1 _
). wec, w=al, Fo-vo.
Hermite conjugate: f® = (*1,4*2) .

Dirac spinor: ¢ = (

K.1.2 Lorentz Transformations

D = 2 Minkowski Lorentz transformation: ¢'® = U%gy)? .
Spinor representation of U%g : U%3 = [exp(—%wmnSm”)]ag N — %[fym,'y"] )

S0 SO = Log wor =0, U% = [GXP(%QU?))]QB :

K.1.3 Lorentz Scalar, Vector

Dirac conjugate: ¥, = [$/'(7%)]a = 917 (1°)ga = (ip*?, —ig*') |
P = (=72)P5 = (—1°)°P (=1°) o (—7°)P ] = (—7°)* o] .
Upper and lower index: 9o = %7 (71%)ga = (—7")apy? , ¥ = (=1°)*P4s .
Lorentz scalar: ) — 9 1 = e~ 197350734y = Y .
Scalar, vector: ¥x = P, x* = Xal = XU, Xal® = Pax® = XV,
Xa(Y™)* 507 = = (v™)PAXY = =Py x°

Hermite conjugate: (. x®)" = xT*y] = Ya@a =P X" .
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K.2 Supersymmetry

O00000000000000 D=2, N=200000000000D=2Dirac000000 D =4 Weyl
D000000000000o0o000oo0o00oo00 D=4 N=100000000000

K.2.1 Supersymmetry Algebra

Fermionic generator Q, Q D000 000000000000

{Q%,Qs} = 2™ 6P, {Q%Q"} = {Qa.Qs} = 0, (K.1a)

Q% Pn] = [Qos Pr] = [P, Pa] = 0. (K.1b)

K.2.2 Super-Poincaré Translation

0000 super-Poincaré/Lorentz 000 P,, Q, Q000000000000 Q, Q0 Dirac0000DO0

0000000 super-Poincaré/Lorentz group element Q(x,6,0), G(y,e,&) 0000000
Q(x,0,0) = exp [imem + Q6 — GQ] , G(y,e,6) = exp [iyum + Qe — GQ] ) (K.2)
9,?,6,E|:||:||:| Dirac 000000 D0D0O0OOOOOOOOOO groupelement 0000000000
Q(—z,-0,-0) = QN (x,0,0) = Q (x,0,0) . (K.3)
00000000000 group element G 00 0 00O O super-Poincar’e translation 0 0 00000

G(y, 6,9z, 0,0) = exp [iyum + Qe — GQ] exp [imem +Q0 — GQ]

= oxp [i(2z™ + Y™ +i(ey™0 — 07™¢)) P + Q0 + ) — (0 + ) Q]

/

= Q@2,0.,0), (K.4a)
2= 2"y ey —Oy"e), 0 = O+¢€, O = O+¢ (K.4b)
K.2.3 Differential Representations
000000 P,Q, Q00000000000
=1 =1
GWOW) = Qe+y) — 3" Pu)"2Ae) = 3 2" 0)" )

n=0 n=0 "

P, = —i0n . (K.5)
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- =1 1.0 -
G(e)Qz,0) = Qz™ —i0y"e,0+¢€) — Z E(EQ)TLQ(JZ, 0) = Z E[G% + i€y 00, ] Q(z, 0)
n=0 n=0
o\“ — 0 0
¢ = a0 i(Y"0) 0 = = " m s an = K
@ (ae) Fil"0) 0m = G- +i(y"0)%0 ((ae)a aea) (K.6)
_ — e 1 — — > 1.0 n
GEONUT,0) = Qa™ +iey™0,0 +¢) — ZE(QEWQ(% 0) = ZE[EE—WW €] Qz,0),
n=0 n=0
— 0 0 0\« 0
% = () - Te=iomnon. ()" = o) (K1)
gobuooooboobuooooooba
K.2.4 Super-Covariant Derivative
oo ooobob oo
pe= 2 _ i(7"0)*0, D, = —i+ [(09™ )00, (K.8)
- 860, r}/ m o [0 850/ 7 ’7 aYm - .
gooboooobooobooooon
{Da,ﬁg} = 27;(’}/m)(y[38m, (K9a)
{0, D%} = (B Ds} = 0, (D@} = (D @y} = 0. (K.9b)
{D*,Qs} = {Q*,Dg} = 0. (K.9c)

K.3 Superfield

000000000 superfield 00000 O 0superfield O superspace (™, 6,0) 0000000000000
Grassmann odd 000000 6,0 000 superfield 0000000

F(2,0,0) = A(x) 4 011 (x) + v302(x) + 7" Omtbs ()] + 0[X1(2) + 13X2(2) + 7™ OmXs3 ()]
+ 00X (z) + 00Y () + 0[M () + y3N(z)]0 + 070V, (2)
+000[Mi(2) + 7302 () + 7" O A3 (2)] + 000 [§1 () + 1365(x) + 7" Om ()]

+0000D(x) , (K.10)
Vi(x), X:(x), \i(z), ¢;(z) 000 Dirac 0000000000000 0000D0O00O00O0 (Fierz OO0O)O

Pxs = —50)8% — () ()% — 5 0m )™ (K.11a)

m . n mn mn

YUY =" =M ys Yy = M (K.11b)
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DiracOO00OOOOOOOCOODOOOOODOQO general superfield 00000

F(2,0,0) = A(x) + 0y(x) + 0x(z)
+00X(z) + 00Y () + 0[M(z) + 13N (2)]6 + 670V, (2)

+ 000X (z) + 000¢(x) + 0600D(x) .

K.3.1 Chiral Superfield

Chiral superfield 000000000 superfield 000000000

Do®(z,0,0) = 0.

goooboobooboobooobooo

0000 D, O chiral superfield ® O (y,6) superspace 00000000000 00000O0O

— 0
Doz = T =-a>

06

D(y,0) = A(y) + V200(y) + 00F (y) .

00O chiral superfield O (z,6,0) superspace 00 0000000000000
_ _ 1
O(x,0,0) = A(z) + 10700, A(x) — ZGH@GDA(QE)
+V200(x) — —=00(07"0pmti(z)) + 00F (z) .
V2
anti-chiral superfield 000000000000

D®'(z,6,0) = 0,
_ _ 1
o' (z,0,0) = A*(x)—i97’”’98mA*(x)—ZHHHHDA*(J:)

V2T (@) + =00 (8 D(x)y™0) + IIF" () .

i
V2
K.3.2 Real Superfield

Real superfield 0000000 superfield 000000000

Vi(z,0,0) = V(x,0,0).
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(K.12)

(K.13)

(K.14)

(K.15)

(K.16a)

(K.16b)

(K.17)

(K.18a)

(K.18b)

(K.19)



9,§DDDDDDDDDDDDDDD
V(x,0,0) = C(z)+ifx(z) — Ox(z) + %QH[M(J?) +iN(z)] — %@[M(J:) — iN(z)]
+ 00V, () + 00X (2) — i0730Y ()
+i00[7X(2) - %Wn ox(@)] — 0000 (2) + %amy(x)we}
+ %9955[0@;) _ %DC@;)} . (K.20)
Wess-Zumino gauge 0 000000 O0O0OOOOO0O

Vivz(,0,8) = Gy™0Vin(x) + 00X () — i0750Y () + 060N (x) —i@@A(m)—l—%@@??D(x). (K.21)
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L  Kahler Potential

000ooo0dooo00oooooood00D0ooooo00oo00o0oDooo0oooOOooDn Kahler
potential 0 0000000000 OOOO [7)0
Kiihler potential K(6,0) 000000000 Lagrangian 0000000000000

L= /d49 K(6,9) . (L.1)

00 Kahler potential 0000000000000 OCOO0O0O0OOCO0OOOO0O0ODOOO0OODOOOOOO

K(0,0) = > Cyy®02 . oo it oint = N Oy y Ky (@)K (9F) (L.2a)
N,M N,M
Kn(®) = ®102... 0 | Ky () = oiigil...givt, (L.2b)

D =2, N =20 chiral superfield ®(y, ), ®(y",0) O component field 0000000000000 00000
(ym =am+ifymo 0000)

D(y,0) = Aly) + V20¢(y) + 00F (y)
= A(x) +i07y"00, A(x) — i@@?@DA(m) + V200 () — %99 [0 Ot ()] + 00F () (L.3a)
of(y',0) = A*(y) + V204 (y') + 06F* (y1)
— A%(z) — 0400, A (z) — iee@?m* (2) + V200() + —=00[0,, T (x)y™0] + GOF*(z) , (L.3b)

V2
q)iq)jT o _lAzDAJ*_lDA'LAJ*_’_la Aiam,Aj*_ia Ej m,wi_’_iwj m wi+FiFj*
0000 4 4 2 m 2 m 'Y 2 'Y m
= 0, A'0mAT* + zﬂj'ym bt 4+ FUF7* 4 ( total derivative terms ) . (L.3c¢)
000 Kn(®), Ky(@)DDODOOOO
N
Kn(®) = H y) + V200" (y) + 00F" (y)]
_ RN g [l KN (A)
= Kn(A)+ V200 + 060 o ww oA [ (L.4a)

M
Ky(®h) = H [AF*(y +\/§9—( 1) +66F ™ (y")]

__ 0K (L OKM(AY)  1—i— 9Ky (A
= Ku(A") + V200 7“4( Hee{w*%—5 J&4+a€4j*)} , (L.4b)
OKN(A) 0K (A7) igm gi% 1 T ma i i
KN Knlois = =54 54+ {OmA AT 4 Gy Ot + P

PEN(A) OKM(A*) [ 1 o ki | oo ak T m
DADAF DA {_51“” F" 4 i0n ATy w}

8KN(A) 82KJ\I(A*) 1 —i—k 82KN(A) 82K1\4(A*) 1 ; e
T oA 9AToAR {_§Fw ¥ }+ DADAF DAIFOAL {1@ ) (T )} . (L.4e)
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gboogobooobobbooboob

OmEN(A) = OpA’ aKaLAE.A) 0K (AY) = 8, A7 aKaMTgff*) . (L.5)
0000Cyy 00000 K(&,¢)000000000000000
Gij= = % 5 (L.6a)
Gij*k = %gﬂ = oo Tk = grjei (L.6b)
G e = g%; = 9T e = G s (L.6c)
'y = gw% , (L.6d)
Rijoker = GimR™ joker = Grewije — 9™ Gmex j~Ghn=i - (L.6e)
000000000 0Kihler potential ] 00 00000000000000000
K(®,0)|y5 = 9ig-{0m AT 0" AT 4+ 0 y" O’ + FI*F'
+ 905+ T ik {—%kaFj* + iamAkEj’YmW} + gie: T g {—%F%JEE}
+ Gij» ker {i(w"w’“)@jﬁ)} : (L.7)
000 FFOoO000ooo
Fi = %Fijkwﬂ'w’f PP = %ri*j*k@%’“ . (L.8)
Lagrangian OO0 OO 0O0O
L= gije(A A0 AT O™ A +igije (A, AV ™ (D))’ + iRijw*(AvA*)(ka)@j@e) : (L.9)
0000000000000000
(D))" = Ot + O AT . (L.10)
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M N =2 Supersymmetric QY Model in Two Dimensions

000D Table 200000000000000 100QN2(C) = SO(N)/SO(N —2)xU(1) 00000
D =2 0 dimensional reduction 0 00000000 [23]0

M.1 Lagrangian and Symmetries
D=20000 M=2000 Lagrangian 0000000
Liinear = /d‘le(cqu»iew —cV) + (/d29c1>0c1>3+ h.c. ) : (M.1)
00 Lagrangian O QN~2(C) = SO(N)/SO(N —2)xU(1) 000000000000 &, ®), V000000

O0000 Lagrangian OO0 000000 O0O0O

1
Enonlinear = /d49 c 1Og {1 + @L@a + Z (410’([1)2(()0&)2} . (MQ)

vector superfield V 000 00000000000000000 NN =2,0(N) 000 strong coupling theory 0
goboooo

(M.1) O component field 0000000
L = FF+ 0,470 A+ ;7" O,
+ Vi [iA7 0™ A, —i0™ AT - Ay + 0™ 0] + M () — N (9ivs1;)
+ A (W] 4 0X) + AT (XY + 97N
+ (D4 V,, V™ — M? — N*ATA, — %CD
+ {FoAz2 + FO*A:Q} + {FA Ay + F A7 AR}
— AT + o) — AT (Fott + Bt) — 5 AGTEY, — 5 AT (M3)
O00000Wess-Zumino gauge 00000000 OO0O

00000003000 U0U() 0000000000 oooooooooo

1. Local U(1) symmetry

O parameter 000000 OO0 U()OOOO

D;(2,0,0) — @OND,(1.0.0), Bo(z,0,0) — e 2@ODG (1 0.7). (M.4)

2. Global U(1) symmetry
D=40000 R-symmetry 0000 U(1) DOODO

®i(x,0,0) — Bi(x,e0,e70), Bo(x,0,0) — *Dy(x,e'0,e70) (M.5a)
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Mz) — e“A\(x) . (M.5b)

3. Global chiral U(1) symmetry
D=4TLorentz 0O OODOOOO chiral U(1) DOODO

®i(z,0,0) — ®i(z,e3%0,0e2) , By(z,6,0) — Po(z, 30, 0e72%) (M.6a)

Mz) — N (z), M(z)—ivsN(z) — e 2% (M(x) —ivsN(2)) . (M.6b)

0000 Tablel0OOOOODOO

symmetries b, A v, F, | &g Ay W9 Fo |V V,u, M—ivysN X D |6
local U(1) 1 1 1 1 |-2 -2 -2 -2]|0 o0 0 0 010
global U(1) 0 0 -1 -2|2 2 1 01]0 0 0 1 01
global chiral U(1) 0 0 1 0 0 0 1 0 0 0 -2 1 01
global + local U(1) || 1 1 0 —-1]0 0 -1 —-2|10 0 0 1 01

Table 10: U(1) symmetries and their charges.

The last line denotes the mixed U (1) symmetry of the global U(1) and the local U(1), which we will consider below.

M.2 Effective Potential

gboooboooooboo

Z

/ Do/ D®, DO DO DVexp (i / 0% Linear) | (M.7)

D, = DA, DY;,DF;,, D = DA*DY,DF},

DO, = DADYDF,, Dd| = DAD),DF;

DV = DV,,DMDNDADD .

Z000U0O00OO0O0ooooooo O(N)DO A,y 000000000000O0O0O0O0O0OOOOOOOO0
ON)O A, ¢, F; 0000000000000 0D00O0O0O0OD0O0O0OO00OO0O0O00O0O0O0O0O0OOO0O0
goboobobooboobobooboobooboobooboobobooboon

Ao(z) = ¢, Ag(x) = ¢, Folz) = F., Fgj(x) = F7,
Uo(z) = Yo(x) = AMz) = Nz) = 0,
M(x) = M., N(z) = N., D(x) = D., Vp(x) =0. (M.8)



000 o(N)Ooooooo

/D@ODQJ DV exp (iSe) (M.9a)
iN iN
Seg = 7Trlog det [D; '] — —Trlog det S, /d2x£0 (M.9b)

(M9p) DOOOOODOODOODOO0OOODOOOOOD

0% + dtdy — D. + M2 + N2 —oF*
Dc_l _ (bO(bO c c c c , (M.lOa)
—2F, 0? + ¢§dg — De + M2 + N2
iV Oy + M, - 1 — i3 N, |
soto— | T Om T it 0 , (M.10b)
_¢0 -1 i’ymam + Mc -1 + i’VBNc
2 * k2 * * 2 2 * N
Lo = F.07 + FI0;° — ¢pdod; ¢; + (Do — M7 — NZ)di by — g_gDc . (M.10c)
O 0 00O Fayet-Tliopoulous OO ¢cO0O0O0O0O0O0OOOO0OO
2N
g
0000000000000 0000000O0oooon
Seff|constant fields _%ff /de : (M'12)
0000000000000 0000000000000oo0o
N N
= / (—k* + X2 4+Y? - D,)? 4FF / (—k* + X2 +Y?)? —4X?Y?
2 * k2 2 2 * N
F.9; = Fl¢i" +(X*+Y _D0)¢i¢i+g_2Dc- (M.13)
00 X20 Y2O0O0O0OO0O0OOOOOOOOOOOO
Y? = M2+ N?, X? =, . (M.14)

M.3 Gap Equations and Vacua

00000000 (M13)00000000 D, F, Ff, ¢, ¢, X,Y,00000000000000000
00000000000000000000000

K2+ X24+Y2-D,
= N M.1
0 (bz (bz / k2 —|—X2 + Y2 DC)Q . 4FC*FC ) ( 5&)
F*
0 = —¢?—2N M.15b
o / "R+ X21Y2—D,)2 —AF;F,’ ( )
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0 = —¢f? —2N d2 Fe (M.15c¢)
+X2+Y2-D.)2—4AF:F,’ '

0 = ¢i{4Fc*Fc_(X2+Y2_Dc)2}a (M15d)

0 = ¢j{4FF, — (X’ +Y? - D)’} , (M.15¢)
N ko; _kQ +X2 _Y2

- - M.15f

’ {9 /m%? (k”+X2+Y%2—4X%”}’ (M.15f)

—k? - X2+ Y2
0 = - N . M.15
{ /ﬁ (—k% + X2 + Y2)2 4X2Y2} (M-15¢)
DDDD0DDDD00000000000000C0000000000000000000000000000

gbooobooobobboboboobooboboboboobobbooboboobobobobooboobo

00000000000000000000
F,=F =D, =0. (M.16)

gboooboooboboboobobooboboobbobobo

o[ X*+Y? =0, ¢ﬂX2+Yﬂ =0, ¢f = ¢> =0, (M.17a)
5 ¢@,+N/ %%2 ;9+Y2’ (M.17b)
= { N/ W;ﬁiﬁ)%uwﬁ’ (M.17c)
0= { N/ W+§M§;HZXWJ' (M.17d)

U000 200 gapequation 000X O YOOOOOOODODOOOOOOOOOOOOOooOOoooooooo
gboogobooobobbobboboboob 200000000000 bO0O0O00bOO00

1.X=0000
OO000o0ooO0oooOooooO0opoooD0 yYy#000000000000 gap equation O0O0O0O00O0O
goo

§ N d*k 1
i = ¢; =0, ?::N/égzjﬁiyi (M.18)

00 gap equation JJO(N) 00O00000O0O0ON) 0000 m2=Y2000000000000000
00000000000000000000000

Veg = 0. (M.19)

000000 OoV) 000000000000 00000000o00o000ooO00 A; 0 Dirac00O00O
OO0y, 000000000000 O0Dirac0 000000 DiracOOOO0O0O0ODOOODOOODOOODOOOO
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0000000 chiral U(1) 000000000000000000000D000Schwinger 1000000
00000 chiral U(1) 0000000000 NGboson 0000000000000 NG boson 000
000000000
0000000 CPY~! model 000000 [21)[40][41]0 0000000 “Schwinger Phase” 000 O
0000 [42]0

2.Y=0000

OO0000000 X#0000000000000O0O0O0OO0O0ODOOO gapequation 000O00O0O0O00O0O

i} N d*k 1
¢ = ¢; =0, el N/(zw)% sEsch (M.20)

gboooboobooobobooboboobooboobooon

Veg = 0. (M.21)

0000 OoWN)000O00000000000000000000 XO0000oOoooo(N)ooooooo

O0000000Dirac0000000000 Majorana D0000000000000Ochiral U(1)000O

000000000000000 U()ooooooo U() 0000000000000 00000 Higgs

0000000000000 0 NGboson 0O0OD0ODOOOOODOOColeman’s theorem 00000000

0000000000000 oDoooDooooooooo0oooon “Higgs Phase” OO00O00OO0OOOO
3. X=Y=00000O0O0O0O0O0OODOOODODOOOOOODOOO

M.4 Schwinger Phase

Schwinger phase 0 000000000 0C0O0O0O00OOCO0OO0OOOOO0OOOOOODOOOOODOOOOO

(bO = (bg = Fc = Fc* =0, (M.QQ&)
Ne = D= () = (o) = (V) = 0, (M 221)
M., = =Y # 0. (M.QZC)

O000000 Lagrangian OO0 O0O0O00O0O0O0O0O

L:-Aﬂ¥+yﬂm+%(%,@) Om =Y ! v
0 YO — Y e

Vi (14707 A, = O AT A+ D) + Vi VT ATA,

A (R0 ) A7 (Vo + UEN) — A, (B + 07 ) — 47 (B + D)

— (—2vM M2 NP A A+ M (F0,) - N (Tiina )
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— AgAgATA; — §Ao¢f¢i - 5140%%'0 + DAA; — ?D + FpA? + FF AP (M.23)

ON)UOm=|Y|OO0OD0ODDOOO0O0ODOO0OOO0O0DOO0 m=2Y|000000000O00OOOOOO0OOO
goooboboobo boob 2000000000

Seff = /(ZTP;Q ;ﬁi(_p)nfigj (p)gj(p) 4+ (M24)

00000 chiral superfield 00 OO Table 11 O O vector superfield 0000 Table 120000000000

gooooo
R(p?) N 1d ! (M.25)
= — T . :
P 27 Jo Y2 —z(1 —x)p?
000000000000 00000000000000000OTable 1200000 Levi-CivitaOOOOOO

gbooobooboob

€ = —€t =1, M= ", (M.26a)
YmYn = Mmn + €mnY3 s  €mn€kl = —NmkNnl + Mmilnk - (M26b)

(FG) (FAo) (F A7) (F o) (Fvg)  (Fry) (FF)

(A5G) || $(p* —4Y?) 0 0 0 0 0

(Ao G) 0 $(p* —4Y?) 0 0 0 0

(Yo G) 0 0 T(p+2yY) 0 0 0

(PEG) 0 0 0 Lp+2v) 0 0

(F;G) 0 0 0 0 3 0

(F; G) 0 0 0 0 0 3

Table 11: Two point functions of component fields in the chiral superfield ®g.

F and G denote arbitrary fields. The multiplications by the coefficient R(p?) defined by Eq. (M.25) are omitted in all components.

Table 12 0000000000 OCOOO0OOOOOO0OOOOOODDOOOOOOOOO0OODOOOODOOOOOO
goooboooooo

D'(p) = D(p) —2Y M'(p), (M.27a)

emkpk
p2

N"(p) = N'(p)+ 2Y Vrp) . (M.27b)

0000000000 20000 Tablel 300000000
OO0 N' O chiral U(1) 00D0000000000O0 NGboson 0000000000000 O0O0OOOOO

0000000000000000000ON"0000000000000000 N'-V,,, mixing 000 Schwinger
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(FG) (FX) (Fx)y  (FD) (FM') (FN') (FVa)
(AG) || 2(p+2Y) 0 0 0 0 0
(X G) 0 1(p+2Y) 0 0 0 0
(DG) 0 0 3 3V 0 0
! 0 1Y 1p? 0 0
(N'G) 0 0 0 0 1p? 1Y ennpt
(Vi G) 0 0 0 0 —2Yemrp® =3 (NmnD® — Pmpn)

Table 12: Two point functions of component fields in the vector superfield V.

Note that the multiplications by the coefficient R(p?) defined by Eq. (M.25) are omitted in all components.

(FG) (FX) (FX) (FD') (FM') (FN") (FVy)
(NG) || 3(p+2Y) 0 0 0 0 0
(XegG) 0 T(p+2v) 0 0 0 0
(D'G) 0 1 0 0 0
(M'G) 0 0 1(p? —4Y?) 0 0
(N"G) 0 0 0 0 10? 0
(VuG) |0 0 0 0 0 40— 4V — L2p2)

Table 13: Diagonal two point functions of component fields in the vector superfield V.

Note again that the multiplications by the coefficient R(p?) defined by Eq. (M.25) are omitted in all components.
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000000000 D-M mixing 00chiral U(1) 0000000000 0000 NGboson N/ OOOOOOO

o0 MOOoOooOooOOooOooooboooooooobooboooo

gboo 2000000000000 000b00b00b00b00bO00b0b0b00oboO00o0obobobOobOonbo
gboboooboooboobgoooobooooboobobooboboobobobbobboboobobooo

7 7
D — S b = — s D = 7 s M28
Ao (P) Ay o (P) Jray R(p) =1 ( a)
S == D ’ = — D Vi = D 12 = — N[28b
\(p) Jrav: Dr (p) i, Dwm(p) 2 _ayz W (p) el ( )
mn Z mn p/rnp/n/
Dy™(p) = e {n (1 - a) > } , (M.28c¢)

00000000 ooo(W)0U0oooo0oo NOODODOODOODOOOooooooooo OoN)ooooo 1/N
gooooooobogooobbog p=2000000000000000000OO0O0OO0ODOODODODOOOO

gbooobooobobbooboobo
Feynman 00 0000000000000 00O0O00OO0OOOOO O(N)ODODOO0OODODOO0DOO0OOO0OOOO

goooboooooo

A; ! ,
i *Q*
_______ —r Ao Aj
Ao Aj i
i i
Yo \\*<--’/I Yo A T - A
A; A;
- A; i A;
A; - e
“‘ l" . \: /’\ (
N L M \‘\*__" M M \\,‘/ M M ce D
M M A; i A;
. p;
A;
4 M
s N : : N
N N Y
- A; i i
A; N
i)
WWNWNWNWNW Vin Vin Vin Vin Vin N
Vm Vm Ai 1/% 1/%‘

Figure: Feynman diagrams for two point functions of auxiliary fields in the Schwinger phase.
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M.5 Higgs Phase

Higgs phase 0 X A#0000000000000 Ao 00000O0OO
Ao(z) = X+ Ar(x) +iA1(x), Aj(x) = X + Ar(z) —iAr(z) . (M.29)
000000 Lagrangian DO OO0 OO0OOOOOO

L= —A[0°+ X?)A, + %( iy %) W_im W;);m Z

Vi (4707 A, = O™ A7 A, + Dy ) + ViV AL A

+ A (N 4+ B.x) + A7 (3w + )

— MPATA + M (D0,) = N2 A7 A, = N' (Fia) — A, (v + 00 ) — A7 (Do + 0,05

— (2XAp + A%+ A7) A3 A, — (Ap +id, ) BF0, — (Ag — id; ) D05

+ DA A, — %D + FyA? + FJ A . (M.30)

00000000 2000000000 (Table 1) 00000000000 DOOO0O0ODOOOOODOOOOO

goo
N [t 1
R(pQ) = % A dx m, (M31a)
Quin(p) = {X277mn - i(nmnPQ —pmpn)} R(p*) = Qun(p)R(P) . (M.31b)

Table 14 0000000 OO0 Higgs phase 0 O chiral superfield O vector superfield 0000000000

(Schwinger phase 0000000000 0) 000000000000 ODOOOOOOOO

Ay(p) = Az<p>+2’f—fmvm<p>, D'(p) = D(p) — 2X An(p) . (M.32a)
Gp) = @) +30) . Np) = Ap) - ). (M.32b)

OO00000O000000 20000 Table1b O Tablel6 DOOODO
O00000000000A;-V, 0 Higes 0ODODOOD0OD0DA, 0000 U()0D0OO0ODOOO0DO U()OOOOO
00000 NGboeson 00OOOODODO U(l)DODODODOODOOODODOOO V, 0O0D0D0OO0OO0OOOOOO Ag-D

mixing 0 ¢Yo-Amixing 00 000000000000 O00O0O0O00OO0ODOOOO0OO0ODOOO00OOOOO0O

Higgsphase 0000000000000 OOOOOODODOOODOOOOODOODOOO0OOOODOODODODOO
googo

Dar(p) = D) = 4. (M33)



€Tl

(FG) || (FAr) (FAr) (Foo) (Fui) (FF5) (Fro) (FD) (FA) (FAX) (FM") (FN') (FVa)
(ARG) 1p? 0 0 0 0 0 -iX 0 0 0 0 0
(A1G) 0 1p? 0 0 0 0 0 0 0 0 0 —ipnX
(Yo G) 0 0 1p 0 0 0 0 0 -X 0 0 0
(V5G) 0 0 0 1 0 0 0 -X 0 0 0 0
(FyG) 0 0 0 0 1 0 0 0 0 0 0 0
(FFG) 0 0 0 0 0 1 0 0 0 0 0 0
(DG) -1x 0 0 0 0 0 1 0 0 0 0 0
(AG) 0 0 0 -X 0 0 0 ip 0 0 0 0
(X¢G) 0 0 -X 0 0 0 0 0 p 0 0 0
(M'G) 0 0 0 0 0 0 0 0 0 1(p* —4Xx?) 0 0
(N'G) 0 0 0 0 0 0 0 0 0 0 L(p? —4X?) 0
(Vi G) 0 ipmX 0 0 0 0 0 0 0 0 0 Qun(p)

Table 14: Two point functions in the Higgs phase.

The multiplications of the coefficient R(p?) defined by Eq. (M.31a) are omitted in all components.



(FG) (FAg) (FD") (FA7) (FVa)
(ARG) i(p2—4X2) 0 0 0
(D'G) 0 1 0 0
<‘/m, g) 0 0 0 _%(pQ - 4X2){77m,n - %}
Table 15: The two point functions of Ag, D', Ay, Vy,.
(FG) (Fby) (FA) (Fag") (FX)
(PoG) || 306 +2X) 0 0 0
(N G) 0 L(p—2X) 0 0
(V5 G) 0 0 1 +2X) 0
(N G) 0 0 0 —3(p—2X)
Table 16: The two point functions of {, and A.
1 1
Sng(p) T p2x Sx(p) = m,
mn _ i mn p mp " _ —
DV (p) - _m{n —(1—0[) p2 }) DD'(p) =1, DFU(p) =1,
U000 Feynman DO O00OO0O00O0OODO
. A; i A;
A; ! K Lo -»>-
4 ¥ s
) R e () e <
____________ S i i O
AR AR A,‘ 1/},* A;
- Vi Vi
A; ! ,
VY N
____________ N Ar Q Ag Ar Vin
Aq Ar i i
i i i
1/}0 \~~~<-‘—,,' ll/}() 1/}0 ‘\~~~<-‘—,,' )\ ‘\~~~<—-’,ll )\
A; A; A;
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Figure: Feynman diagrams for two point functions of auxiliary fields in the Higgs phase.

M.6 Asymptotic Freedom

OO000000000D0O0OO00D0DOO0O0OOSchwinger phase 00O Higgs phase 00000000 OO0O0OO
O O Higgs phase 0O OOOO

gap equation 0000000000 AODDQOOOODOO

1 d*k 1 1 A2
1 = —log M.34
7 /(27r)2i K2+ X2 dn X2 (M-34a)
1 1 1 A2 w2
— = = — —log— = —logt- . M.34b
gk g2 4w ©8 e ir 8 X2 ( )
00000000 800 B(gr) 100000000000
o 3
Blgr) = m——gr = —B < 0. (M.35)
Olog 1 47
000000000000000000000000
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