Theory of Cosmological Perturbations
Part I
- perturbations from inflation —

11.11. &N formalism
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1. Introduction

@ Standard (single-field, slowroll) inflation predicts almost

scale-invariant Gaussian curvature perturbations.

2, [uK?]

@ CMB (WMAP,PLANCK,...) is consistent with the prediction.
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@ Linear perturbation theory seems to be valid.



However, nature may be a bit more complicated...

o Tensor perturbations (gravitational waves) may be detected
in the near future.

tensor-scalar ratio: r<0.11 (95%CL) PLANCK 2013

N.B. BICEP2 claimsr~ 0.2
o Future CMB experiments may still detect non-Gaussianity...
(-)gravitational potential: ®=@ , s+ fy D?

-8.9< f,, <14.3 (95%CL) PLANCK 2013

gauss+

o Models need to be tested.
multi-field, non-slowroll, string theory, vacuum bubbles, ...

[ ON formalism for curvature perturbations ]




What is oN ?

* 5N Is the perturbation in # of e-folds counted
backward in time from a fixed final time t;

therefore it is nonlocal in time by definition

» t:should be chosen such that the evolution of the
universe has become unigue by that time.

“adiabatic limit”

Isocurvature perturbation that persists until t=t;
must be dealt separately

* 5N Is equal to conserved NL comoving curvature
perturbation R , on superhorizon scales at t>t;

 ON formula is valid independent of theory of gravity



3 types of oN

end of/after
Inflation

= - -

originally adiabatic
entropy/isocurvature — adiabatic



2. Linear perturbation theory
Bardeen ‘80, Mukhanov ‘80, Kodama & MS 84, ....

@ metric (on a spatially flat background)

v traceless
ds* =—(1+2A)dt* +a® (t)[(l +2R)J; + H; ]dxldxf
A
A 1 (3)
Z(t+dt)/’—\d_/ (HU )scalar - I:ai@j - §5y A :| HT
m| T
() —— H— (H ; )tensor — transverse-traceless

x'= const.
« propertime along x'= const.: dr=(1+A)dt
_ (3) 4 (3)
e curvature perturbationon X(t): R <= R=—FAR

- (3)
« expansion (Hubble parameter): H = H(1—A)+6{R+%ZHT}



o Choice of gauge (time-slicing)

- comoving slicing T =0 (p=¢(t) for ascalar field)
[matter-based gauge] — 4-velocity | t=const.
-+ uniform density slicing —T° = p= p(t)
(« uniform Hubble slicing 1
H=H(t) & —-HA+? [R+ AH }:0
[geometry-based gauge] 3

< « flat slicing (R?f)__i(Z)R =0 & R =0
a’

* Newton (shear-free) slicing

(3)
.0, (H, )I {aiaj —%513. A}atHT -0 ©0,H,=0 & H,=0

[ comoving = uniform p = uniform H on superhorizon scales ]




@ Separate universe approach
(in linear perturbation theory)
2 (3)

G° =87GT°, =& 3H’-—AR+0(s")=87Gp
a
Hubble horizon scale .
£= (< 1 on superhorizon scales)
wavelength

at leading order in ¢, Friedmann equation holds
Independent of time-slicing.

= local ‘Hubble parameter’ given by 3H? =87Z'G,0+O(82)

[‘Iocal’ means ‘measured on scales of Hubble horizon size’]




10
further, if R is time-independent,

Friedmann equation holds up through O(g2),

_ _ . 2 (3) .
with local ‘curvature constant’ given by K(xl ) =——A R(x’)
~, 2B .
3H ——2AR+O(54):87ZG,0
a .
=) 3H’+ K(’j )+o(g4) =87Gp
a

comoving curvature perturbation R is conserved

In the adiabatic limit: . 0
R+ &) R oy, 722 (I;;P) L

N
local Friedmann eq. holds up through O(g?),

for adiabatic perturbations (= adiabatic limit)
on comoving/uniform p/uniform H slices.




3. Linear oN formula

SN (t;t,, )= i ﬁdr —( :ﬁn Hdr)

—jf'” {R+ (Z)H
/T\

11

Starobinsky '85, MS & Stewart '96, ....
e-folding number perturbation between %(t) and X(t;,):

background

}dt R(tg,)-R(t)+0(&*)

/L ) (tfin); 7z(tfin)

Z0 (tfin) / 1

ON(t,tg,)

Ny (t,t5,)

I‘/\

%o (1) //AN

T ~——_

/

xt =const.

_— 2 (1), R(t)

ON=0 if both Z(t) and X(t;,) are chosen to be ‘flat’ (R=0).
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Choose %(t) = flat (R=0) and X(t;,) = comoving:

? A
—_ \\ e Z(tfin); 7zC(tfin)
—T 2(1); R(£)=0
x' =const.

= SN (t;ty, )=R(ts)-R(t) =R (t;)
L}

curvature perturbation on comoving slice
(suffix ‘C’ for comoving)

By definition, dN(t; t;,,) IS t-independent.

The gauge-invariant variable ‘C’ used in the literature
IS equal to R on superhorizon scales (sometimes ¢ = -R)

\_




o Example: single-field slow-roll inflation

- single-field inflation, no extra degree of freedom

R becomes constant soon after horizon-crossing (t=t,):
5N(th Lo ) R, (tfin ) =R, (th )

log L
A

Inflation

> log a

t=t, - iy,

13
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Also because 1¥_ is conserved, N = H(t,) otp - , where ot - IS
the time difference between the comoving and flat slices at t=t,,.

Yc(t,) : comoving R=Rc, 66=0
/5tF—>CT\/
— R=0, 0¢p=0¢¢

() : flat

G (b, +6te oo X' )= (ty) = O +(t,) Ot e =0

dt

= R (tfin): 5N(th;tﬁn):H5tF—>c =—H —

5¢F v) - 8N formula Starobinsky '85

@ dN =-Hdt

[ Only the knowledge of the background evolution ]

IS necessary to calculate Rq(t5,) -
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@ Extension to a multi-component scalar
(for slow-roll, no isocurvature perturbation)

MS & Stewart '96, MS & Tanaka ‘98

Re(ty, )= 6N = Z ()= VN 04 (&)

N.B. R Is no longer conserved:

o)
Rc(t) = —H¢ ) 2F .-+ time-varying even on superhorizon

|4

e spectrum (for mutually independent 5g,2)

,

H?(t 4
47K p )= [ONT Joa | =g PEl)  _H
(27) (27)" | (27)

<|dfIvNF = onp = I
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o tensor-to-scalar ratio VIS & Stewart ‘96
4qrk®  H-?

- scalar spectrum: P, (k = VN[ oc k™
p S( )(272_)3 (272_)2 ” ” oC
4 7k 72 . k° =8xG
- tensor spectrum: P, (k) —8ix*—— oc k' .
(22) " (2n) S
2H ¢ > S H2
* tensor spectral index: —n, =2¢_ = T K 2T pifg;:ggr
Hz—d_N:_¢.avaN =K ‘¢ 221{2 . > PT
oo\ S poN| o IVNE 85
fP ) . Einstein gravity
mmp | L <8n,|=16¢,| --- valid for any slow-roll models
S ) ('="for a single inflaton model)

\_




4. Non-linear extension

« On superhorizon scales, gradient expansion is valid:

i.Q < QQ ~HQ; H~.Gp
ox' ot

Belinski et al. 70, Tomita 72, Salopek & Bond 90, ...

This is a consequence of causality:

L»H1
e

—
e S

(/,—ZX-
light cone /w @ Vv H?

* At lowest order, no signal propagates in spatial directions.

[Field equations reduce to ODE’S}

17



18

@ metric on superhorizon scales

e gradient expansion:
0. —>&0;, &=expansion parameter

* metric:
ds* =-N*dt* +e* 7, (dx' + p'dt )(dx’ + p’dt )
det 7, =1, p' =0(¢)

[} L the only non-trivial assumption
contains GW (~ tensor) modes

exp[a(t,xi)] = a(t)exp[w(t,xi)] curvature perturbation

]

fiducial “background’ e.g., choose y (t-,0) =0



* Local Friedmann equation

ﬁz(t,xi):% p(t.x) +0(e?)

x' : comoving (Lagrangian) coordinates.

%p+3ﬁ(p+p)20

dr= Ndt : proper time along fluid flow

. exactly the same as the background equations.

. uniform p slice = uniform Hubble slice = comoving slice
as in the case of linear theory

. no modifications/backreaction due to super-Hubble
perturbations.

19



« energy momentum tensor:
T" = pu*u” +p(g‘” +u“uv); uﬂVVT“V =0

d _ 0, 2
:EerVﬂu”(erp):O, V,u'=3 Iil +O(g )

i u_o =0(¢&) &= assumption = u*—n*=O(e)
u (absence of vorticity mode)

* local Hubble parameter: u+, n*
~ 1 1
N R e
3 3

UV

t=const.

nﬂdx“ =—-Ndt ---normal to t = const

At leading order, local Hubble parameter is independent of
the time slicing, as in linear theory

20
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5. Nonlinear oN formula Lyth, Malik & MS 04

_ Langlois & Vernizzi '05
o €nergy conservation:

(applicable to each independent matter component)

0,p ) (c’z j >
+0(&*)=—0,a=-| —+0,y |=—HN
o D) (&%) =0 =—| —+ow

» e-folding number:

N (t,,t,5x") = j HNdt _——j

dt

p+P
where x'=const. is a comoving worldline.

= | w(tx)w(tx)=aN(tx)
where AN(tl,tz;xi)EN(t t 'xi)—No(tl,l})

:__j Y g N (t,,t,)
p+P(p)
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To summarize:

w(tz,xi)—l//(tl,xi):AN(t t, ;xi)

U =——j P g N (t,t)
geometry p+P(p)
T
matter

[ This definition applies to any choice of time-slicing }

relates the evolution of matter to geometry.

Here we use AN for general choice of slices.
ON is reserved for ‘0N formula’.



No need for "background’ universe

2 (t): hypersurface on which =0 < e*= a(t); ‘flat’ slice

geometry is closest to homogeneous & isotropic universe

N(t,,t,;x')=N,(t,,t,) between = .(¢,) and = .(t,)

/,L

A

ﬁ\

2F (tZ)

AN(t,,t,) Ny (t,t5)

o

2F (Q)//AN

T ~——_

_— 2 (t1); \V(t1)

/

xi =const.



o NL ON - formula

Let us take slicing such that Z(t) is flat’ at t =t; [ Z(t) ]
and uniform density/comoving/uniform Hatt=1t, [ Z-(t,) ]:

( flat’ slice: Z(t) on which =0 < e*= a(t) )

/m Zc(tz) : uniform density p(t2)=COnSt.
v (t;)=0

N =A(t,) : flat
No(t2,1:)

v (t,)=0

> .(t,) : flat
AN(t,,t,;x') = AN (t ,t,;x")

24



Then

() =0, y(ex)=Re(tx) = AN (eatx)

suffix C for comoving/uniform p/uniform H

where AN, Is the e-folding number from Z(t,) to X(t,):

1 Z:C(tz) atp

: r(ty)
5N(t1)t2;xl)EANC:__ | Cit"‘1 . atp

dt

37%rt) p+ P 37%rt) p+ P

1 %) O,p

__g > (t,) ,0+P| ldt D |ndep of tl

2(t): matter is almost homogeneous & isotropic
(& 2, (t): geometry is closest to Friedmann universe )

25



6. conservation of NL curvature perturbatioﬁﬁ

For adiabatic case ( p=p(p) ,or single-field slow-roll case),

N (t,t,;x7) = ——j OGP gy

1 prttx)  dp

_ 1 _ iy i a(t2)
o 3 p(t, X)) ,0‘|‘P(,0) —l//(t2,X ) W(tpx )+ln|:a(t1):|

1 prtx)  dp
2 3l

3
1o,y dp 1 ot x)  dp 10t  dp

30 prP(p) 37w ptP(p) 33w ptP(p)

_ iy i a(t,)
=y (t,,x")—y(t,x )+ln{a(tl)}
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in 1y dp i 1petx) dp
I::> L,x )+— = t2,x 4 —
i) SL’“‘I) p+P(p) V20 3““’“2) p+P(p)

. . 1 pptx d
= Ry (X)) =w(t,x")+ gjp P ..-slice-independent

/O p+P(p)

non-linear generalization of
conserved ‘gauge’-invariant quantity  or R

(v and p can be evaluated on any time slice)

ex.: single-field slow-roll inflation

V’2 prop dp pop Voo
= ol -

~ Vi P='2~ -

= Ry, =0N| , (t=t,)
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Example 2: Curvaton model

2-field model: inflaton (¢) + curvaton (y)
1
V:V(¢)+§m§;(2 m: < H®~

* during inflation ¢ dominates.

8rGV
3

« after inflation, y begins to dominate If it does not decay.

p~p, ca*and p, ca? hence 2 /02 oca

Q7/

Q, g

« final curvature pert amplitude depends on when y decays.



» Before curvaton decay

1 () 1 (p )
RZ—WJFgln[ 5 O ] Ry—gy+4|n[ 5.0 }

|:> ,OZ (t, Xi) n p}/ (t, Xi) _ lBZe—B(R;g_‘//) n ﬁye—4(73y_'//)

* On homogeneous total density slices, =

/OZ (t, Xi) -+ 107 (t’ Xi) — ﬁze_3(R 2¢) 4 I(—)ye—4(Ry_§) _ .

- - +P,)R
nonlinear version of ¢ =R, =Z(pA )R
A P+ P

 With sudden decay approx, final curvature pert amp ¢
IS determined by

= 3R
(1—QZ) % 4)+QZ ") =1 s, valiviita & Wands (2006)

(3, : density fraction of y at the moment of its decay

29
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/. NL 8N for ‘slowroll’ inflation
MS & Tanaka '98, Lyth & Rodriguez ‘05

* In slow-roll inflation, all decaying mode solutions of the
(multi-component) inflaton field ¢ die out.

* If ¢ is slow rolling (or already at an attractor stage) when
the scale of our interest leaves the horizon, N is only a
function of ¢ (independent of dg/dt ), no matter how
complicated the subsequent evolution is.

* Nonlinear oN for multi-component inflation :
SN =N (4" +35¢")-N(¢*)
1 O0"N
— 5050 - So™
Zn:n!awawz < O™ propn e 0p
where o6¢ =o¢, (on flat slice) at horizon-crossing.
(0¢r may contain non-gaussianity from subhorizon interactions)

eg, DBI inflation



example: multi-brid inflation MS ‘08
(4.0, 0,) + 1

Inflaton waterfall field

=Y 9" 04040 V@) v

V=V, eXP{ZuA(%)} J

N as a time variable: dN =—-Hdt j

e slow-roll eom:
do, 1 dg, 1 oV 10V ,
_ = - — > = :uA(¢A)
dN H dt 3H®o0¢, V 09, 32 = 2V
k°=87G=M, =1

L,=

inflation

31



e transformation of field variables:

09, u,(¢,) dN

set qu _ d¢A |:> dIn d 4

d4 _u:4(¢A) dN =1

dlng dn
=qn, ; n =1 -1, A_(Q
Ao =4 ; =t 5 dN dN

angular coordinates n, are conserved.

* For two field case,
q,=qcosd, q,=qsinf, 6 =const.

32



do

, W:O E> N(q,0)=Inq—1Ingq,(0)

~

J

0

33

trajectories are radial in space (ql, q,)

¢ q
\/' q=q(N,0)

q; =q;(6)

v

N=const. %

> N = N(qﬁ) — N(¢1>¢2)
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For exponential pot.: v =V, exp[ZuA(%)} =V, eXp{ZmA@}

dg. ds, dg )
LU O amet™ ¢ =glieg,

1. | e*H/™ 4 e?h/m
|:> N = lnq —1n d: (9) — §1n|:62¢”/m1 2, £1M,

+e

Assume that inflation ends at g;¢’ + g.¢; = o
and the universe is thermalized instantaneously.

: 1 A RN
[fea“zed by Vo = (9:4" +936,° ) 1’ +—(zz ——] }

4 A

Parametrize orbits by an angle at the end of inflation

O
G =—COSYy, @, = sm 4
g, 9,



m m, gm g,m
(+-- const of motion)

E> h{ql} ¢ 9P :acosy_asiny

This determines yin terms of ¢, & ¢, .

2¢4 [y 2¢, /My
e +e
|:> N = N ¢1?¢2) = _1n|:820005y/g1m1 +eZasiny/gzm2 :|

Where V= 7’(¢1I ¢2)

e 5N valid to full nonlinear order is simply given by

5N=N(¢1+5¢1a¢2 +5¢2)_N(¢1a¢2)

35
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e To be precise, one has to add a correction term to adjust
the energy density difference at the end of inflation

1 ezél./ml + 62¢2/m2
N = _1n 2ccosy [ gimy 2o0siny /g,m, T NC
2 |e +e

N = 1ln{ﬂ} = E[ﬂcosywﬁsiny)
4\ 9, g

V.=V, exp{mla COSy + 59 sin 7/}
9, g,

(assuming instantaneous thermalization)

However, this correction is negligible

if m,m, <M, =1
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e 5N to 2" order in 8¢ :

SN = 949, €08y + 54,9, sin y gl g.  (m,o0¢ —m,08,)
m,g,cosy +m,g,siny 2o (mg,cosy+m,g,siny)’
e comoving curvature perturbation spectrum

P (k) = g cos’ y + g5 sin® y (H T
> (m,g,cosy +m,g,siny)’\ 2z

k=Ha

spectral index: n_=1-(m’+m.)

R (k) _ o (m,g, cosy +m,g, sin 7)’
P (k) g; cos’y+g-sin’y

tensor/scalar: r=

e cf: single-field case p=mN +¢, < N = ¢;1¢f

No non-Gaussianity if ¢ is Gaussian
ns =1—m2, r =8m flocal



Let
5 N= OPg, Cosy + 09,9, sin y S = opg, siny — op,g, CoS y

m,g,Cosy +m.,g, sin 4 m,g,Cosy —m,qg, sin )4

iy .
“true” entropy perturbation

[ (5,N-S)=0 for <5¢A5¢B>=[2£j25f‘3}

T

linear entropy perturbation
I I
|:> ON =0, N + . (0N +@ contributes at 2" order
local __ 591 gz (m,g, cosy —m,g,siny )*

N 6o(gicos?y +gisin®y)? m,g,cosy +m,g,siny

) fe'=0(gm/o) for m,m,~O0(m), g,,g, ~ O(g).

[practically any non-Gaussianity is possible]
(N B. flocal > O)

38



» example of parameters
1= M, =(87G)™"? =2.43x10"°GeV

model parameters:  m; ~0.005, m, ~0.035

assume m,cosy > m,Ssiny
2 2 _ 2
9. =9, =9

independent of

waterfall field

outputs: n =1-(m’+m:)~0.96
r~8m. ~0.04

3H? =" /44 ~1.5x10"° (< Ry(k)~2.5x10°°)
—> o~ A"Y?x10™"

4 )

2
=) | X 0 Y
omo A

- J




Just for fun...

Planck 2013 constraint on r & n

0.10 0.15 0.20 0.25

Tensor-to-Scalar Ratio (rg noz)

0.05

0.00

example

|

0.96 0.98 1.00
Primordial Tilt (n;)

fy/'°<@ can be ~ 10

Planck+WP
Planck-+WRP-+highL
Planck+WP+BAOQO
MNatural Inflation
Power law inflation
Low Scale S5B SUSY
R? Inflation

V x 023

Viocd

V x 2

V ox ®

N,=50

N,=60

40
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8. Conformal frame (in)dependence
- why bother? -

In cosmology, we encounter various frames of the metric
which are conformally equivalent.

Einstein frame, Jordan frame, string frame, ...

They are mathematically equivalent, so one can work in any
frame as long as mathematical manipulations are concerned.

But it is often said that there exists a unique physical frame
on which we should consider actual ‘physics.’

How does physics depend/not depend
on choice of conformal frames?
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Two typical frames In scalar-tensor theory
(¢ +9]

e Jordan(-Brans-Dicke) frame
“gravitational” part : F(¢)R+L(¢)

matter part: L(y, A,...) ~ minimal coupling with g
matter assumed to be universally coupled with g
..+ for baryons, experimentally consistent
e Einstein frame

“gravitational” part : R+L(¢) ~ minimal coupling
between g and ¢

matter part: G(¢)L(y, A,...) : fermion, A : vector, ...
if non-universal coupling:
= > G,(PL,(Q,); Q= A,
A
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conformal transformation

e metric and scalar curvature
gyv _)gluv :Q2gluv

3 0 08 0
R—)R:Q{R—(D—l)[Z%—(D—MQW o ﬂ

e matter fields (for D =4)
¢ — &:Q_(D—Z)/2¢ ( :Q_2¢) Scalar
A, >A =Q"%A (=4,)  vector

y -5 =Q Py (=Q%%)  fermion
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cosmological perturbations

Makino & MS ‘91, Komatsu &Futamase “99,...

e tensor-type perturbation
ds® = —dt* + a® (t)(éij +h, )dxidxj
= a* ()| ~dn® +(8; +hy )dx'dx’ |

4 [ 0;h" =h’; =0 J
ds® = Q*ds®
= O* (x")a* ()] ~diy* + (6 + h; ) dx'dx’ |

Definition of h;; is apparently Q-independent.



e vector-type perturbation
ds* = a*| ~dn® +2B,dx'dn +(; +0,H, + 0, H, )dx'dx’ |

1 [ 0.B'=3,H =0 }
ds® = Q*ds?
:Q2a2|:_d772+2Bjdxjd77_|_(5ij_|_@iHj—|—8J.Hi)dxidxj:|

Definitions of B; and H; are aslo Q-independent.

[ (spatial) tensor & vector are conformal frame-independent ]

This means in particular P(k) formula (~H?) from inflation
IS most easily computed in the Einstein frame.

45



e scalar-type perturbation
ds* = a*(n)| -(1+2A)dn* +20 Bdx’dn
s +((1 +2R)S; +20,0 . E )dxidxj ]
ds® = Qds®
=Q%a*| -(1+2A)dn* +20 Bdx’dn
+((+2R)5; +20,0,F)dx'dx’ |

Definitions of B and E are Q-independent.

[ But A and R are Q2-dependent! ]

Q(t,x')=Q, (1) 1+ w(t,x) |
) A>A+o, RHOR+o

46
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Nevertheless, if Q=Q(¢)

@ The important, curvature perturbation R, conserved on
superhorizon scales, Is defined on comoving hypersurfaces.

O\
_ H _ _lda uniform ¢ (o¢ = 0)
R.=R ; o0 =R o d P

@ For scalar-tensor theory with frame-independent

L= éf(qﬁ)R +K(X,¢), X = —ggwww
we have Q=0(¢)

[ Re= Rspo 1S Q-independent! J

[ R I1s conformal-frame independent in the adiabatic limit ]

&if not in the adiabatic limit, the notion of adiabatic
perturbation depends on choice of conformal frames



generalization to NL perturbation

Gong, Hwang, Park, Song & MS ‘11
White, Minamitsuji & MS ‘13

@ Generalization is straightforward for perturbations on
superhorizon scales

ON formalism:

R.(t) = 6N between the final comoving surface (t=t;)
and an initial flat surface

although the number of e-folds N depends on conformal
frames, ON Is frame-independent in the adiabatic limit

48
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9. Summary

* There exists a NL generalization of comoving
curvature perturbation R which is conserved for an

adiabatic perturbation on superhorizon scales.

* There exists a NL generalization of oIV formula,
which may be useful in evaluating non-Gaussianity
from inflation.

* (NL)oN formula is independent of conformal frames if
evaluated In the adiabatic limit.



