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§1. Scenario

? Randall-Sundrum’s “default” parameters:

brane tension: σ = σc =
3

4πG5`
; ` =

∣∣∣∣
6

Λ5

∣∣∣∣
1/2

.

ds2 = dy2 +e−2|y|/`ηµνdxµdxν (Minkowski brane at y = 0)

If |σ| > σc, then inflation occurs on the brane:

H2 =
1

`2

(
σ2

σ2
c

− 1

)
=

|Λ5|
6

(
σ2

σ2
c

− 1

)

m
If |σ| = σc but |Λ5,eff | < |Λ5|, Inflation also occurs on the brane:

H2 =
|Λ5 − Λ5,eff |

6
⇓

Brane-world inflation can be driven solely

by bulk (gravitational) scalar fields.
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§2. 5D Einstein-scalar system with a Z2 brane

• 5D Einstein equations

Gab + Λ5 gab = κ2
5 Tab ; κ2

5 = 8πG5

∗ (4 + 1)-decomposition (Gaussian Normal Coordinates)

gab =

(
1 0

0 qµν

)
; qµν · · · 4D metric

m
ds2 = dr2+qµνdxµdxν ; r · · · 5th dimension

∗ Energy-momentum tensor

Tab = φ,aφ,b − gab

(
1

2
gcdφ,cφ,d + V (φ)

)
+Sabδ(r − r0),

Sab = −σqab.
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∗ Z2-symmetry and RS brane tension

qab(r0 + y) = qab(r0 − y) , φ,r(r0) = 0 ,

σ = σ0 =
6

κ2
5`0

, `2
0 =

6

|Λ5|
.

• 4D “Einstein-scalar” equations on the brane

Gµν = κ2
4 T (s)

µν − Eµν, κ2
4 =

κ2
5

`0

,

T (s)
µν =

`0

6

(
4φ,µφ,ν −

(
5

2
qαβφ,αφ,β + 3V (φ)

)
qµν

)
,

Eµν = (5)Crbrd qb
µ qd

ν .

Eµν carries information of 5D bulk geometry.
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§3. Quadratic Potential Model

V = V0 +
1

2
m2φ2

Λ 
5 

φ 

φ Λ 
5  5   +  8   G  V(    )π 

a potential with   m    2 < 0 

0

When |m2|φ2 ¿ V0, one can solve the field equations iteratively.
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? 0-th order:

V = V0 , φ = 0 ,

ds2 = dr2 + (H`)2 sinh2(r/`)(−dt2 + H−2 cosh2 Ht dΩ2
(3))

(r ≤ r0)

`2 =
6

|Λ5 + κ2
5V0|

, H2 =
κ2

5

6
V0

r  = 0 

r  =  r 0 

r  = 0  AdS interior 

single deS brane 

AdS interior 

This is just an AdS5-dS brane system with

a modified AdS curvature: ` > `0
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? 1st order:

φ = ψ(t)u(r) · · · assumption

ψ(t) = e(µ−3/2)Ht , u(r) =
P −µ

ν−1/2(cosh(r/`))

sinh3/2(r/`)
,

ν =
√

m2`2 + 4 , µ ≈
√

9

4
− m2

eff

H2
≈ 3

2
− m2

eff

3H2
.

m2
eff ≈





1

2
m2 for |m2|`2 ¿ 1

3

5
m2 for |m2|`2 À 1

? This is the zero-mode (the lowest eigenvalue) solution.

? For |m2| ¿ H2, this gives slow-roll inflation on the brane.

? In general,

φ = ψ(t)u(r) +
∑

n

ψn(t)un(r) ; un(r) · · · Kaluza-Klein modes

But the zero-mode dominates at late times if |m2|`2 ¿ 1.
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? 2nd order: (for |m2|`2 ¿ 1)

3

[(
ȧ

a

)2

+
K

a2

]
≡ 3H2 = κ2

4 ρeff ,

(
κ2

4 =
κ2

5

`0

)

ρeff =
`0

2

(
φ̇2

2
+ V (φ)

)
− `0

κ2
5

Ett ,

Ett =
κ2

5

2a4

∫ t

a4φ̇(∂2
rφ +

ȧ

a
φ̇) dt = −κ2

5

4
φ̇2 +

C

a4
→ −κ2

5

4
φ̇2 .

⇒ ρeff =
`0

2

(
φ̇2 + V (φ)

)

For V = V0 + m2φ2/2, this means

ρeff =
Φ̇2

2
+ U(Φ) ; Φ =

√
`0 φ ,

U(Φ) =
`0

2
V (Φ/

√
`0) =

`0

2
V0 +

1

2
m2

effΦ2, m2
eff =

m2

2
.

Consistent with the 1st order solution when |m2|`2 ¿ 1. (small

discrepancy when |m2|`2 À 1; non-negligible KK contributions)
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What we need to work on now are:

?? Effects of O(m2`2, H2`2) corrections ??

These include

? Quantifying KK corrections to the brane dynamics.

? Quantum fluctuations and cosmological perturbations.

〈φ2〉 has been calculated (Sago, Himemoto & MS (2002)).

But this is not directly related to observables.

Need to evaluate Eµν and T (s)
µν .

? Initial condition of the brane universe.

Need quantum cosmological considerations.
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§4. Cosmological perturbations (work in progress)

• Evaluation of Eµν

· Full background spacetime:

ds2 = dr2 + b2(r, t)(−dt2 + a2(r, t)dΩ2
(3)) , φ = φ(r, t) .

where we have

b(r, t) = b(r) + O(φ2) , a(r, t) = a(t) + O(φ2) ;

b(r) = H` sinh(r/`) , a(t) = H−1 cosh Ht

· Lowest order background approximated by AdS5:

ds2 = dr2 + b2(r)(−dt2 + a2(t)dΩ2
(3))

· Eµν in the bulk satisfies an equation of the form

L Eµν = Sµν; L · · · d’Alembertian-like operator

Sµν · · · source term quadratic in φ

with the boundary condition at the brane:

∂r(b
2Eµν) = σµν ; σµν ∼ energy momentum of φ on the brane
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Strategy:

1. Solve δφ in the AdS bulk.

2. Take the perturbation of LEµν = Sµν:

L δEµν = δSµν ; δSµν ∼ φ(t, r)δφ(t, r, xi)

3. Solve L δEµν = δSµν by the Green function method:

δE(x) ∼
∫

bulk

d5x′G(x, x′)δS(x′) +

∫

brane

d4x′∂r(b
2δE(x′))G(x, x′)

4. Analyze the late time behavior of δEµν on the brane.

⇓

δGµν = κ2
4 δT (s)

µν − δEµν .

Cosmological perturbation theory on the brane
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§5. Quantum brane-cosmology (some remarks)

Geometry approximated by Euclidean AdS5:

ds2 = dr2 + `2 sinh2(r/`)(dχ2 + sin2 χdΩ2
(3)) ; r ≤ r0

r  =  r 0 

r  = 0 r  = 0 

χ   π 
2 = 

Analytic continuation to an inflating brane at χ = π/2:

χ → π

2
+ iHt
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? Eulidean field equation for φ in AdS5 (r/` → r)

[
1

sinh2 r sin3 χ

∂

∂χ
sin3 χ

∂

∂χ
+

1

sinh4 r

∂

∂r
sinh4 r

∂

∂r
− m2`2

]
φ(r, χ) = 0

b.c.: ∂rφ(0, χ) = ∂rφ(r0, χ) = 0 ,

∂χφ(r, 0) = 0 , ∂χφ(r, π/2) = 0 (?)

• Lowest order in m2`2:

φ = φ0 = const..

• Effect of m2`2 6= 0:

· Is φ = 0 (Hawking-Moss instanton) a unique solution when

H2 ¿ |m2|?
· Maybe ∂χφ(r, π/2) = 0 should not be imposed.

(cf. 4D mini-superspace quantum cosmology)
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§6. Summary

? Brane-world inflation can be induced by dynamics of a bulk

scalar field.

? If |m2|`2 ¿ 1, the zero-mode dominates the brane dynamics at

late times.

(m2
eff = m2/2 holds irrespective of the value of H2/m2)

? If φ interacts with matter on the brane, reheating proceeds in

the same way as in 4D models (Yokoyama & Himemoto ’01)

The model is indistinguishable from a 4D theory at O
(
(m2`2)0

)

⇒ Need to quantify the effect of O(m2`2, H2`2).

? The effect of quantum fluctuations of T (s)
µν − Eµν.

? Initial condition for the brane inflation

Euclidean instanton that matches to an inflating brane.

quantum brane cosmology


