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What can we do? Or what should we do now?
So far,

- No truely realistic model of the early universe.
- No precise prediction on the primordial perturbation spectrum P(k)

- Testing various models of P(k) by “likelihood analysis”

Can’t we determine (or contrain) P(k) directly from CMB data?
U

* The angular correlation function:

C(0) = (O(M1)O(72)) = Z—ClPI(COS 0);

*x Inverse problem:

C’g:/dkK(E,k)P(k) = Pk)=> K'(k,0)C, ?



§2. CMB anisotropy and cosmic inversion

* Multipole moment decomposition of ©(n, k, u):

—

O(n, k, n) = Z(—i)l@l(’n, EYP(p); p= T

* Boltzmann equation for ©(n, k):

. : : 1
O+ itku(® +¥) = —P 4 an.or[®@g — O — iuVy — 1—O@2P2(u)] 5
¥: Newton potential (lapse function) perturbation

®: Spatial curvature perturbation on Newton slice

* Integral expression for O(n,k,u): (19 : conformal time today)

(© + ¥)(no, k, 1)
o 1 : : :
— / {[@0 + ¥ —uVp, — E@2P2(u)]V(77) + (¥ — q;)e—T(’n)} etkrn=m0) gy .
0

where V(n) is called the visibility function:

no
V(n) = an.ore ™5 1(n) = / ancordn'.
n
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* Approximation for the last scattering surface (LSS) with a thin but non-zero
width:

1o : : .
(G) + \Il)(fr'07 ka .u) ~ / d’l? ((@0 + \I’)V(T[) + (\Il — (I))e—T("?) — ZH‘/I)V(TI)) ezkzu(n*—’no) .

0
where 7). is the center of LSS, and the ®; term is neglected. This gives

Ou(no, k) = 2L+ 1) [ gi(kd)+  Gj(kd)] 5 d=no— n.(= no)

05 — 1k . exact _
— gk approximation
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we obtain

C(r) = 3rC(r) + r2C’(r)

oo

dk P (k) { f?(k)k*r cos kr + (2f%(k) + g*(k))k sin kr };

272 Jo
: : : .0
P(k): primordial spectrum of ¥ (Newton potential), » = 2dsin > ~do
This leads to a first-order differential equation for P(k):
—Kk2f2P' (k) + (=2kff + g*>)kP(k) = 471'/ C(r) sin krdr = S(k) .
0

+ The equation is singular at f = 0.
Let k =k, (a = 1,2,---) be the singularities.

: : : S (ka)
« At k = ko, P(k,) is readily obtained as P(k,) = —————
g*(ka)ka
« P(k) between the singularities can be easily solved as a boundary value

problem.

In reality, however, the above equation holds only approximately.

ANY WAY-OUT?
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§3. Method

* Procedure of inversion:

1.
2.

Pick up a fiducial spectrum P (k), e.g., a scale-invariant spectrum.

Calculate C; and C;*™ for P (k). Denote them by ngo) and C’?ppx(o), re-
spectively.

. Estimate C;"™ of C{", assuming f; = éo):
C Cobs
(0) ¢ appx(1) _
¢ — appx = C
CEPP (0)

. Reconstruct PO (k) from C*PP*(1), Calculate C." for PO (k), and repeat the

procedure until it converges.

Schematically,
C(") Cobs
PMEk) = W=t o crirth _ 2t o ptl) (k) =
Te Cz\pp(n) ¢ én)
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If the correct cosmological parameters are chosen,
the convergence turns out to be very fast.
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§4. Constraints on cosmological parameters

Assume the spectrum is scale-invariant and the cosmological parameters are

ho=0.7, Q=Qopyw=1, O =0.03.

hy=0.65 -
h,=0.70
h,=0.75
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0.001
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+ Spiky features appear at the singularities for different parameters.
They do not disappear after iteration.

+ For Hy smaller than the ‘real’ value, the spectrum becomes negative near
the singularities.

+ In the case of , P(k) becomes negative in either direction of deviations.
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§5. Application to WMAP data

e Reconstruction of P(k) from binned (averaged) C, data
(We assume the cosmological parameters suggested by the WMAP team)
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® Reconstructed spectra
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- Oscillatory behavior appears for data with A = 10 and 20.

- Is this real or acccidental (due to cosmic variance)?

400



e x2-test of reconstructed spectra against WMAP data

model| Al = 10|Af = 20|A¢ = 50
x> 975 950 972 986
X2/d.0.f 1.090, 1.091 1.104 1.110
Probability||3.05%| 3.10% | 1.69% | 1.20%

e Y -test against simulated data from scale-invariant spectrum

model A¢ = 10 A¢ = 20|A¢ = 50
X2 987 | 967 973 1002
x>/d.o.f |1.104| 1.111 | 1.105 | 1.129
Probability|1.63%| 1.22% | 1.61% | 0.437%
model A¢ = 10|Af = 20/A¢ = 50
X2 930 | 912 921 970
x>/d.o.f [1.040| 1.049 | 1.046 | 1.093
Probability|19.5%| 15.5% | 16.9% | 2.74%
model| Al = 10|Af = 20|A¢ = 50
x> 918 | 905 923 944
x?/d.o.f [1.026 1.040 | 1.048 | 1.063
Probability|28.5%| 19.8% | 15.9% | 9.31%

13



14

inning Cy

S

2

S

da

o)

&

a W

S

R,
... = —
= S istpterer et

ithout b

101N wi

® Another test - .- Reconstruct

Construct a statistical set of P(k) by

-} = {Pi(k), Py(k),---}
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Do the same for Cy™"ated from scale-invariant P™°% (k)

P(k) and AP(k) for

Simulated data
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150

kd
WMAP case look a bit more prom

inent.

ions in

- Oscillat

ic variance.

- But probably consistent with oscillations due to cosm

\ Need more systematic statistical analysis \
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§6. Summary

e Cosmic inverse problem is formulated based on an approximate formula C,"™*
and an approximate independence of Cy/C,*™ on P(k).
— For Q4,; = 1 universe, P(k) can be reconstructed with good accuracy.
— Our formalism is applicable also to ACDM models, with h2 — h2Qcpas.

e Our formalism provides an entirely new way to constrain cosmological pa-
rameters.

— Models with smaller values of h(z)QCD v may be excluded with a high con-
fidence level.

— The baryon density parameter h%ﬂb is severely constrained.
— When applied to WMAP data, our method suggests an oscillatory P(k).

e Eixxtension to spatially curved cosmological models.

e Inclusion of the CMB polarization spectrum.
— may be able to determine the tensor spectrum at the same time.

e Need to develop a more systematic method of statistical analysis.



