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What is the Hawking radiation?

S. Hawking, Nature 248, 30 (1974);
Commun. Math. Phys. 43, 199 (1975)

Black-hole evaporation”

Black-hole is not really black.
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83asic Idea

Analogy between (quantum) fluid and Black-hole

normal | supersonic

—

W.G. Unruh, PRL 46, 1351 (1981)
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Outline

1.Bose-Einstein condensation in cold atoms
2.Black hole and Hawking radiation
3.“Hawking radiation” in BEC

® Formulation

® “Horizon” creation

® “Hawking radiation”
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Bose-Einstein condensation in cold atoms
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BEC in cold atoms: Cooling process

Pethick and Smith, Bose-Einstein condensation in dilute gases
(Cambridge University Press, 2002)

| aser cooling (Doppler process)

O+

Stop atoms “

e Magneto-optical trap ot
Confine atoms

e -vaporative cooling
Remove high-energy atoms
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http://books.google.co.jp/url?id=iBk0G3_5iIQC&pg=PR11&q=http://www.cambridge.org&clientid=ca-print-cambridge&channel=BTB-ca-print-cambridge+BTB-ISBN:0521665809&linkid=1&usg=AFQjCNG09kyD4DPpLoAY6qAmVXeSt3vuoQ&source=gbs_pub_info_s&cad=3
http://books.google.co.jp/url?id=iBk0G3_5iIQC&pg=PR11&q=http://www.cambridge.org&clientid=ca-print-cambridge&channel=BTB-ca-print-cambridge+BTB-ISBN:0521665809&linkid=1&usg=AFQjCNG09kyD4DPpLoAY6qAmVXeSt3vuoQ&source=gbs_pub_info_s&cad=3

Model

V(r)= éma)fwrz

BEC in a harmonic-oscillator potential
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Advantages for using cold atoms

~(Gontrol system parameters
~|nteraction: Feshbach res.
=(Gonfining potential

Scattering length

= Lattice (optical lattice) _ ;

S. Inouye et al., Nature 392, 152 (1998).

W

~|nternal degrees of freedom
Various topological excitations

~poson-fermion mixture

% Experimental probes are limited.
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Outline

1.Bose-Einstein condensation in cold atoms

( 2.Black hole and Hawking radiation ]

3.“Hawking radiation” in BEC
® Formulation
® “Horizon” creation

® “Hawking radiation”
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General Relativity

Particle motion under gravity

d’r GM
M TR

Mg :g(r)mG

Accelerated coordinate

r’ = r—%g(r)t2

d*r’
mldz :(mG_mI)g(r) > ()
l - N
Equivalence Priciple
Einstein equation e
1 STl
Ruv o Eg,uvR — C4 T,uv

“‘Spacetime tells matter how to move, matter tells spacetime how to curve.”
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Slack Hole

Spherically symmetric solution: Schwarzschild solution

ds’ = (1 — r—g]czdtz - r’d0° —r” sin” 8d¢’

r

. | _ 2GM
Horizon radius : 1, = —
C
Sun
7, = 3km
rEarth — lcm

8

rM =1x10""A=6x10"¢,
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Schwarzschild spacetime

Light path ds =0
dr

l—rg/r

cdt =t
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Light passing near

Slack hole

Horizon
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Plane waves in Schwarzschild spacetime

R I a v
1" =59 =0 :{> NE (Egu

Out-going wave
W r
(—l(ct—r—rgln—lj] ‘—>
C I’g

1) ): 0 &=detsn
axv g‘uvgvl — 53:

1
¢ = —exp

r

In-coming wave

1
O = exp[—iw[ct+r+rg In r—l]]
r C r,

‘
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Scattering by Black Hole

1 N0 r
¢=;6Xp[—l:[ct+r+rgln Z_ln Dhase Shl .
§=2r +2r log
z 's
7

L1

T

gl

1
¢ = —exp[ ZQ[Z‘ r—r,In
r C

N

Spectrum

> n(w)zexp( hlw )—1

20115F4H8HEEH



Scattering by Black Hole

(
Horizon<"__ i,fv / N\/¥

|
|
=0 \
lf \\ lﬂl ﬂ lﬁl / ' | ¢\
“HHUH' |
"..."' \u' I \f' Surface of the star

P LFER. KB =. WMHERFE 76, 328 (2001)

Sakagami and Ohashi, BUSSEI KENKYU 76, 328 (2001) (Japanese)
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Hawking radiation

:

Horizon<"__ i o

]
| 'o‘
[/

Z

|

|
r=20

|

™

\/\

r

<::| \‘ particle pair
‘\ creation

Surface of the star

P LFER. KB =. WMHERFE 76, 328 (2001)

Sakagami and Ohashi, BUSSEI KENKYU 76, 328 (2001) (Japanese)
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Schwarzschild spacetime for a free falling olbserver

2
ds® = (1 — r—gjczdtz — drr —7r°d0’ —r” sin” 0d¢’

r
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“Hawking radiation” in BE

1) Formulation

2) “Horizon” creation

3) “Hawking radiation”
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Formulation

F. Dalfovo et al., Rev. Mod. Phys. 71, 463 (1999)

0 BEC
Gross-Pitaevskii equation

J Fluctuations
Bogoliubov-de Gennes equation
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BEC: Gross-

Action
S=[at[d’r|ingo,o—¢
S=|dt|d’r _ihCD*at(I)— P’

[ K2
\Zm

Pitaevskil equation

1
2

1
2

——V2+—mwior2]¢—%lfq3<$¢¢

2 2
+—mao, r

{/ Saddle point approx.

jcp — %UCD*CI)*CDCD

{] Take variation

(

.

m@¢=(

h2

2m

1

VZ

2

2 2
ma, r

Ja

~\

Ud DD

J
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Solution of the Gross-

g=NU/" =

0.6

h2

Eocp:(

h

V* +

2m

.
o"
‘e
0-5

04

1D (1)l

0.3 r

0.2 -

0.1

|D(r)|  =—
harmonic osci. |
strong coupling e

g=>5

1

—ma

2

1D (1)l

0.6

0.5

04

Pltaevskil

2 r ) O+ U OD

|D(r)l
harmonic osci.
strong coupling
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Fluctuations: Bogoliubov - de Gennes equation

boson field operator

¢ — z¢aboc — ¢Ob0 T (z:)¢ocba

b,|g.s.)= M‘gs)
b)lg.s.)= \/NO +1|g.s) = M‘gs)

O— D+
: n’ , 1 2 2 * 2 %
ihd o= —V +—mw, r" +2UDP ® ¢+ UD ¢
2m 2
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Fluctuations: Bogoliubov - de Gennes equation

’ 1
ihd ¢ = (—;—Vz + — ; m;r> +2U®d CI))¢+ Ud’¢’
m

Bogoliubov transformation

E[A t)b, + B, ( b*]
( )
[ A ( K M )/ A(ra)
! t — * %
\ Ba(r,t)) -M K )| B, (r,t) )
\_ )
2
K:—h—V2+1mw2r2+2U(DCD M =U®*
2m 2
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/ero mode

Bogoliubov-de Gennes equation —>
Zero mode |~ (r)

(K-E, M

thd Ba M’ K +E B
. a(l’,t)) \ - - T L J\ a(l’,t))

2
1 :
K=—1"y +—m;r’ +2U® ®, M =Ud’
2m 2

20115F4H8HEEH



Formulation

v BEC: Gross-Pitaevskii equation
:{> g,UV

v Fluctuations: Bogoliubov-de Gennes equation

==>> Quantum fields under &,
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Phase and amplitude description:

d=p exp(i@o)

Normalized GP equation
| |

3

20, =

5

2(V60)2 - =1’ —gp,

0,0, + V- (Poveo) =0

Neglect short-wave length fluctuations

1

1
0,6, = _E(Veo)z - —r’—gp,

2
d,0, V- (Poveo) =0

2 80,

—C component

1

(Vp,) +—V7p,

4P,

1

(/1>>éj:\/§

J
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0,+6
P+ P

Fluctuations: 3

0,0 =—(V8,)(Vo)-gp
3,0+ V-(pV6,) 4V (p,76) =

Phase and amplitude description: Fluctuations

e

.

(9, +V-v,)(9, +v,-V)8=V-(cVO)

\

J

v,=V0, Q%
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“*“Metric”

(9, +V-v,)(3, +v,-V)0=V-(c?V0)

Fleld equation in a curved spacetime

1 0 , 0
H&x” (\/%gu Ii” Wj:() g=detguv

( )
( 2 2 X y Z \
Cc—=Vo Vo Vo Vo
v, -1 0 O
Suv = €
g w0 -1 0
Y 0O 0 -1 )
\_ )
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One-to-one correspondence

| BEC metric |
ds’ = c’dt’ - (v(’;dt — dr)2 —r’d0” —r*sin” Od¢’

Schwarzschild metric

ds* =*di” —(vdi—dr) - r’d6® - r* sin® 6d¢’
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Quantum fields?

1/4

O, +0=(p,+p)  exp(i6, +i0)(p, + p)

6| <|6,|, p<p,

( )

1 i
0 = 2ip, ((D0¢ — (Doqf)

P = (I):;(b T (I)od(
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|nner_pr0duct Y. Kurita, M. Kobayashi, T.M., M. Tsubota, and H. Ishihara,

Phys. Rev. A 79, 43616 (2009).

Bogoliubov quasiparticles
4| “drr[ A, (r) Ay (r)= B, (r)By(r) =5,

o(r.0)= Y[ A, (r.0)b, + B, (r.)b] ]

(fomfﬁ):
(fonfs) = J drr? | £y (r,)(9, + ¥4 - V) £ (rst)=[ (9, + Vo - V) £ (o) [ £ (r1) |

. J

41
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Summary of the formulation

v BEC

C

S’VO ::> guv

v Fluctuations

Phase field of Bogoliubov quasiparticle wave functions

==>> Quantum fields under &,

(l//a’l//ﬁ )BdG —> (fa’fﬁ)

Suv
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“Hawking radiation” in BE

v Basic formulation

[ 2) “Horizon” creation y > CqJ

3) “Hawking radiation”
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How to create a “horizon”?

De [Laval nozzle

M.Sakagami and A. Ohashi, Prog. Theor. Phys. 107, 1267 (2002).

Ring trap

White hole horizen

Black hole horizon - "

N N / /

Condensate cloud

L. J. Garay et al., Phys. Rev. Lett. 85, 4643 (2000).

20115F4H8HEEH



“Horizon” creation?

Y. Kurita, M. Kobayashi, T.M., M. Tsubota, and H. Ishihara,
Phys. Rev. A 79, 43616 (2009).
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“Horizon” creation

g=500 V%%V t=0

25 F
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“Horizon” creation
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“Hawking radiation” in BE

v Basic formulation

v “Horizon” creation

[ 3) “Hawking radiation” J
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Simulation steps for “Hawking radiation”

D(r) “Spacetime”
{(Aa (r),B, (1‘))} “Quantum fields”
e — Change V
Time-evolution
®(r,r) “Black hole formation”
(4, (r.2),B, (r.1));

[Compute particle creation speotrum]
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Particle creation spectrum calculation

bél) — Z[Aaﬁbgz) T Baﬁbgzﬁ}
p

By, =—4n| dr’| AYB) - B A |

By, = g | "] £2(r)(3, +vo V) £ (r) = [(3, +vo - V) £ () ] £ (r) |

2

B,, B

op

2 <bgz)bgz)7> _ 2

p

()= 3
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Time-evolution

0.2 | | | |
t = 0.1 (wfft1)
015 1 Re u[1] ——
Re u[2] -
Re u3 ........................ :
-0.05
-0.1 ¢
-0.15 ¢
-0.2 - 1 | |
0 2 4 p R ;
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Particle creation spectrum

t=1.9
0.00012 T T® 1 L ' '
H = 0.490033
Ty =0.843481
B . H
0.0001 T, = 0.654146 -
. ' TH =1.2157 i
5 2e-05 1
Q.
~_
6e-05 2 C
ex @9 —1
4e-05 r P kT,
2e-05
O amp ''''''' i - TIITIE TPV =
0 1 2 3 4 5
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Origin®?

2 2
roL vl

0.05

0.04

0.03

0.02

0.01

4.0

3.0

2.0

1.0
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How particles are created”

Disentangled!
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Conclusion

¢ Analogy between Bose-Einstein condensate and black
hole

¢ Bose-Einstein condensate wave function is connected
with the Schwarzschild spacetime metric.

¢ Bogoliubov quasiparticle wave functions are
connected with quantum field in a black hole
spacetime.

¢ There is correspondence between the inner products.
¢ Horizon is formed by changing the trap potential.

¢ Particle creation occurs near the horizon.

Enhancement of quantum depletion near the horizon.
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Appendix
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Black hole entropy

Hawking temperature

B he’
STtGM

Thermodynamical relation
dU = c*dM =T, dS

kBTH
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Laser cooling

laser
atom
A
Q
©
(-
O
I}
o)
2
(qu)
(-
O
je
an
>
4 “Rb, ®Na, 'Li, “K, ...
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WKB analysis

(0

[

Vv, )(0,+v,-V)0=V-(c V)

[ Near the horizon j

v=c+k(r—r,)+..

0 = exp(—ia)t + iK(r))

2 AB8HEMREH



WKB analysis

2

wK”+x(K’) =0

0|
Q) K
9=exp(—i&)t+i—ln _(r_rH)j
K Q)
| !
Fourier transform r—r.
- e 12 1 )
Qk:l( Kj ) zxr(lﬂﬂj o = T
k\ wk K K exp()—l
K
. J

20115F4H8HEEH



WKB analysis: Hawking Temperature

1 27T 1
K 10,
exp( )—1
K
awking temperature
h 0
k,T,=—kK | K==—(v-c)
. 272’- y ar F=rg

v=c+k(r—r,)+..

A Semiclassical analysis
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Horizon and approximate Hawking temperature

l 0.6
6 . ! j ! T
L ] " .
L » .
L » .
L] » .
. L]
L] n .
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L ] » .
L n .
. : . . O 5
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b ]
5 [ . : . : )
[ N n o » .
L o n v . .
" N - . L] »
n o L ] i - '
n '} » .
n - o u L
. y : v [ a
, ; o . 5
- Ll - 'y . .
. « . . . K
. . . N . K
] . N K |
- Y - . . -
— . . - . . .
‘ ¢ . * . *
°, . ¢ . .
. . .
’0 * * *
aas?® aa
3 B 0.3 P
S

2 1 0.2
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“Hawking radiation”

~ )

Dynamical evolution of “spacetime”

\_ Y,

Gross-Pitaevskii equation Spacetime dynamics

h’ 1 :
, V2+Ema)20r2j(b+UCD OP
m

ma¢=(

Bogoliubov-de Gennes equation Quantum field dynamics

(k-E, M [ A(rg)
iho =

B, (r,t) ) M -K-E | B, (r,t) )

hz 2 1 2.2 g 2

K=——V+—mw;r’+200 ®, M =UDd
2m 2
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