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Black-hole is not really black.
Black-hole evaporation?

n E( ) = 1

exp E
kBTH

⎛
⎝⎜

⎞
⎠⎟
−1

What is the Hawking radiation?

S. Hawking, Nature 248, 30 (1974); 
Commun. Math. Phys. 43, 199 (1975) 
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Basic idea

Analogy between (quantum) fluid and Black-hole

W.G. Unruh, PRL 46, 1351 (1981)

normal supersonic
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Bose-Einstein condensation in cold atoms
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BEC in cold atoms: Cooling process

•Laser cooling（Doppler process）
Stop atoms

•Magneto-optical trap
Confine atoms

•Evaporative cooling
Remove high-energy atoms

BEC !

Pethick and Smith, Bose-Einstein condensation in dilute gases 
(Cambridge University Press, 2002)
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Model

V r( ) = 1
2
mωho

2 r2

BEC in a harmonic-oscillator potential

O r

V
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Advantages for using cold atoms

Control system parameters
Interaction: Feshbach res.
Confining potential
Lattice (optical lattice)
...

Internal degrees of freedom
Various topological excitations

boson-fermion mixture

Experimental probes are limited.

Recent advances in the laser cooling of neutral (uncharged) atoms and 
the creation of ultracold quantum gases1 have opened up intriguing 
possibilities for the quantum manipulation of arrays of neutral atoms. 
Around 15–20 years ago, spectacular progress was made on the trap-
ping and spectroscopy of single particles, and researchers concentrated 
on studying such single particles with ever-increasing precision. Now, 
researchers are building on these exquisite manipulation and trapping 
techniques to extend this control over larger arrays of particles. Not 
only can neutral atoms be trapped in microscopic potentials engin-
eered by laser light2–4, but the interactions between these particles can 
be controlled with increasing precision. Given this success, the creation 
of large-scale entanglement and the use of ultracold atoms as interfaces 
between different quantum technologies have come to the forefront 
of research, and ultracold atoms are among the ‘hot’ candidates for 
quantum information processing, quantum simulations and quantum 
communication.  

Two complementary lines of research using ultracold atoms are domi-
nating this field. In a bottom-up approach, arrays of atoms can be built 
up one by one. By contrast, a top-down approach uses the realization 
of degenerate ultracold bosonic5–7 and fermionic8–10 quantum gases as 
an alternative way of establishing large-scale arrays of ultracold atoms; 
this approach allows the creation of large numbers of neutral atoms, 
with almost perfect control over the motional and electronic degrees of 
freedom of millions of atoms with temperatures in the nanokelvin range. 
When such ultracold atoms are loaded into three-dimensional arrays of 
microscopic trapping potentials, known as optical lattices, the atoms are 
sorted in such a way that every lattice site is occupied by a single atom, 
for example, by strong repulsive interactions in the case of bosons or by 
Pauli blocking in the case of fermions. For bosons, this corresponds to a 
Mott insulating state11–15, whereas for fermions a band insulating state is 
created16, both of which form a highly regular, ordered, quantum register 
at close to zero kelvin. After initialization, the interactions and the states of 
the atoms are controlled to coax them into the correct — possibly entang-
led — macroscopic (many body) state to be used in quantum information 
processing, for example, or metrology at the quantum limit. 

Ultracold atoms cannot yet rival the pristine control achieved using 
ion-trap experiments (see page 1008), but some key features nevertheless 
render them highly attractive. First, neutral atoms couple only weakly to 
the environment, allowing long storage and coherence times, even in the 
proximity of bulk materials; this feature has made them highly successful 
in the field of cavity quantum electrodynamics (see page 1023). Second, 

ultracold atoms in optical lattices form the only system so far in which 
a large number (up to millions) of particles can be initialized simul-
taneously. Eventually, any system proposed for quantum inform ation 
processing will have to deal with such large arrays, and many of the 
perspectives (and difficulties) associated with these can already be 
tested using ultracold atoms today. Ultracold atoms have therefore also 
become promising candidates in a related line of research — quantum 
simulations4,17–19 — in which highly controllable quantum matter is used 
to unravel some of the most intriguing questions in modern condensed-
matter physics involving strongly correlated many-body quantum sys-
tems. In this review, I describe basic aspects of optical trapping and 
optical lattices. I then discuss novel state manipulation and entanglement 
schemes in optical lattices, and how these might be used to implement 
measurement-based quantum computing. 

Quantum coherence and entanglement with 
ultracold atoms in optical lattices
Immanuel Bloch1

At nanokelvin temperatures, ultracold quantum gases can be stored in optical lattices, which are arrays of 
microscopic trapping potentials formed by laser light. Such large arrays of atoms provide opportunities for 
investigating quantum coherence and generating large-scale entanglement, ultimately leading to quantum 
information processing in these artificial crystal structures. These arrays can also function as versatile model 
systems for the study of strongly interacting many-body systems on a lattice.

1Institut für Physik, Johannes Gutenberg-Universität Mainz, 55099 Mainz, Germany.

Figure 1 | Formation of optical lattices. a, An optical standing wave is 
generated by superimposing two laser beams. The antinodes (or nodes) of 
the standing wave act as a perfectly periodic array of microscopic laser traps 
for the atoms. The crystal of light in which the cold atoms can move and are 
stored is called an optical lattice. b, If several standing waves are overlapped, 
higher-dimensional lattice structures can be formed, such as the two-
dimensional optical lattice shown here. 
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S. Inouye et al., Nature 392, 152 (1998).
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about 80% of the atoms were lost. This, coupled with the stability
and finite programming speed of the power supplies, limited the
ramp rates to those given above.

The observation of twin resonances separated by 54 � 1 G, with
the weaker one at lower field, exactly matches the theoretically
predicted pattern and thus strongly confirms our interpretation. No
resonance phenomena were observed in the jmF ¼ � 1� state at any
field up to 1,000 G, in agreement with theory which predicted
resonances for this state only at much higher fields.

Changing the scattering length
The trap loss measurements easily located the Feshbach resonances.
To measure the variation of the scattering length around these
resonances, we determined the interaction energy of a trapped
condensate. This was done by suddenly switching off the trap,
allowing the stored interaction energy to be converted into the
kinetic energy of a freely expanding condensate and measuring it by
time-of-flight absorption imaging1,2,21. The interaction energy is
proportional to the scattering length and the average density of the
condensate �n�:

EI =N ¼
2p 2

m
a �n� ð2Þ

where N is the number of condensed atoms of mass m. For a large
condensate the kinetic energy in the trap is negligible (Thomas–
Fermi limit), and EI is equal to the kinetic energy EK of the freely
expanding condensate EK =N ¼ mv2

rms=2, where vrms is the root-
mean-square velocity of the atoms. For a three-dimensional har-

monic oscillator potential one finds �n� � NðNaÞ� 3=5 (ref. 23) (We
note that, for a general power-law potential Sicix

pi
i , one obtains

�n� � NðNaÞk � 1, where k ¼ 1=ð1 þ Si1=piÞ). Thus, the value of the
scattering length scales as:

a �
v5

rms

N
ð3Þ

Both vrms and N can be directly evaluated from absorption images of
freely expanding condensates. For a cigar-shaped condensate the
free expansion is predominantly radial, and so the contribution of
the axial dimension to vrms could be neglected. The quantity v5

rms/N
(equation (3)), normalized to unity outside the resonance, should
be identical to a/ã (equation (1)). This quantity was measured
around the resonance at 907 G and is shown in Fig. 2b together with
the theoretical prediction of a resonance with width ∆ ¼ 1 G. The
data clearly displays the predicted dispersive shape and shows
evidence for a variation in the scattering length by more than a
factor of ten.

We now discuss the assumptions for equation (3) and show that it
is approximately valid for our conditions. (1) We assumed that the
condensate remains in equilibrium during the magnetic field ramp.
This is the case if the adiabatic condition ȧ=a p qi holds for the
temporal change of the scattering length16, and a similar condition
for the loss of atoms (the qi are the trapping frequencies). For the
condensate’s fast radial dynamics (qr � 2p � 1:5 kHz) this con-
dition is fulfilled, whereas for the slower axial motion
(qz � 2p � 0:1 kHz) it breaks down close to or within the reso-
nance. In this case the density would approach the two-dimensional
scaling N(Na)!1/2, but the values for a/ã (Fig. 2b) would differ by at
most 50%. (2) The second assumption was a three-dimensional
harmonic trap. If the axial potential has linear contributions, the
density scales instead like N(Na)!2/3 resulting in at most a 50%
change for a/ã. (3) We assumed that contributions of collective
excitations to the released energy were small. Axial striations were
observed in free expansion for both jmF ¼ þ1� and jmF ¼ � 1�
atoms (probably created by the changing potential during the fast
magnetic field ramp). However, the small scatter of points outside
the resonance in Fig. 2b, which do not show any evidence of
oscillations, suggests that the contribution of excitations to the
released energy is negligible. (4) We assumed a sudden switch-off of
the trap and ballistic expansion. The inhomogeneous bias field
during the first 1–2 ms of free expansion accelerated the axial
expansion, but had a negligible effect on the expansion of the
condensate in the radial direction, which was evaluated for Fig. 2b.

None of the corrections (1)–(4) discussed above affect our
conclusion that the scattering length varies dispersively near a
Feshbach resonance. More accurate experiments should be done
with a homogeneous bias field. In addition, an optical trap with
larger volume and lower density would preclude the need to ramp
the field quickly because three-body recombination would be
reduced.

The trap losses observed around the Feshbach resonances merit
further study as they might impose practical limits on the possi-
bilities for varying the scattering length. An increase of the dipolar
relaxation rate near Feshbach resonances has been predicted6,7, but
for atoms in the lowest hyperfine state no such inelastic binary
collisions are possible. Therefore, the observed trap loss is probably
due to three-body collisions. In this case the loss rate is characterized
by the coefficient K3, defined as Ṅ=N ¼ � K3�n2�. So far, there is no
theoretical work on K3 near a Feshbach resonance. An analysis based
on Fig. 2 shows that K3 increased on both sides of the resonance,
because the loss rate increased while the density decreased or stayed
constant. In any case, the fact that we observed Feshbach resonances
at high atomic densities (�1015 cm!3) strongly enhanced this loss
process, which can be avoided with a condensate at lower density in
a modified optical trap. Control of the bias field with a precision
better than �10!4 will be necessary to achieve negative or extremely
large values of the scattering length in a stable way.

articles
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Figure 2 Observation of the Feshbach resonance at 907G using time-of-flight

absorption imaging.a, Numberof atoms in the condensate versus magnetic field.

Field values above the resonance were reached by quickly crossing the

resonance from below and then slowly approaching from above. b, The

normalized scattering length a=ã � v 5

rms=N calculated from the released energy,

together with the predicted shape (equation (1), solid line). The values of the

magnetic field in the upper scan relative to the lower one have an uncertainty of

�0.5G.
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General Relativity

Einstein equation

Rµν −
1
2
gµνR = 8πG

c4
Tµν

“Spacetime tells matter how to move; matter tells spacetime how to curve.”

Particle motion under gravity

mI
d 2r
dt 2

= GM
r2

mG = g r( )mG

0
Equivalence Principle

Accelerated coordinate
′r = r − 1

2
g r( )t 2

mI
d 2 ′r
dt 2

= mG − mI( )g r( )
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Black Hole

Spherically symmetric solution: Schwarzschild solution

ds2 = 1−
rg
r

⎛
⎝⎜

⎞
⎠⎟
c2dt 2 − dr2

1−
rg
r

− r2dθ 2 − r2 sin2θdφ 2

rg
Sun = 3km

rg
Earth = 1cm

rg =
2GM
c2

Horizon radius：

rg
TM = 1×10−15Å=6 ×109P
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Schwarzschild spacetime

Light path ds = 0

cdt = ± dr
1− rg / r

ct = ± r + rg ln
r
rg
−1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

r

ct
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Light passing near Black hole
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Plane waves in Schwarzschild spacetime

1
−g

∂
∂xµ −ggµν ∂φ

∂xν
⎛
⎝⎜

⎞
⎠⎟ = 0ηµν ∂

∂xµ

∂
∂xν

φ = 0

φ =
1
r
exp −iω

c
ct − r − rg ln

r
rg
−1

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

φ =
1
r
exp −iω

c
ct + r + rg ln

r
rg
−1

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

Out-going wave

In-coming wave

g = det gµν
gµνg

νλ = δµ
λ
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Scattering by Black Hole

φ =
1
r
exp −iω

c
ct + r + rg ln

r
rg
−1

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

φ =
1
r
exp −iω

c
ct − r − rg ln

r
rg
−1 + δ

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

δ = 2rg + 2rg log
rmin
rg

Spectrum

n ω( ) = 1

exp ω
kBTH

⎛
⎝⎜

⎞
⎠⎟
−1

kBTH = c3
8πGM

Phase shift
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Scattering by Black Hole

阪上雅昭、大橋　憲、 物性研究　76, 328 (2001) 

r

r

Surface of the star

Sakagami and Ohashi, BUSSEI KENKYU 76, 328 (2001) (Japanese)
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Hawking radiation

阪上雅昭、大橋　憲、 物性研究　76, 328 (2001) 

r

粒子対生成particle pair 
creation

Surface of the star

Sakagami and Ohashi, BUSSEI KENKYU 76, 328 (2001) (Japanese)
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Schwarzschild spacetime for a free falling observer

ds2 = 1−
rg
r

⎛
⎝⎜

⎞
⎠⎟
c2dt 2 − dr2

1−
rg
r

− r2dθ 2 − r2 sin2θdφ 2

cdt = cdt − v / c
1− v2 / c2

dr, v = −c
rg
r

ds2 = c2dt
2
− dr − vdt( )2 − r2dθ 2 − r2 sin2θdφ 2
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“Hawking radiation” in BEC

1) Formulation

2) “Horizon” creation

3) “Hawking radiation”
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Formulation

BEC
Gross-Pitaevskii equation

Fluctuations
Bogoliubov-de Gennes equation

F. Dalfovo et al., Rev. Mod. Phys. 71, 463 (1999) 
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BEC:  Gross-Pitaevskii equation

Action

S = dt∫ d 3r∫ iφ∂tφ −φ − 
2

2m
∇2 + 1

2
mωho

2 r2
⎛
⎝⎜

⎞
⎠⎟
φ − 1

2
Uφφφφ

⎡

⎣
⎢

⎤

⎦
⎥

S = dt∫ d 3r∫ iΦ*∂tΦ−Φ* − 
2

2m
∇2 + 1

2
mωho

2 r2
⎛
⎝⎜

⎞
⎠⎟
Φ − 1

2
UΦ*Φ*ΦΦ

⎡

⎣
⎢

⎤

⎦
⎥

Saddle point approx.

Take variation

i∂tΦ = − 
2

2m
∇2 + 1

2
mωho

2 r2
⎛
⎝⎜

⎞
⎠⎟
Φ +UΦ*ΦΦ
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Solution of the Gross-Pitaevskii

E0Φ = − 
2

2m
∇2 + 1

2
mωho

2 r2
⎛
⎝⎜

⎞
⎠⎟
Φ +UΦ*ΦΦ

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0  1  2  3  4  5

|
 (r

)|

r

| (r)|
harmonic osci.

strong coupling

g = 5

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0  1  2  3  4  5

|
 (r

)|

r

| (r)|
harmonic osci.

strong coupling

g = 500

g = NU3  = 
mωho
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Fluctuations:  Bogoliubov - de Gennes equation

boson field operator

φ →Φ +φ

φ = φαbα
α
∑ = φ0b0 + φαbα

α ≠0( )
∑

b0 g.s. = N0 g.s.

b0
† g.s. = N0 +1 g.s.  N0 g.s.

i∂tφ = − 
2

2m
∇2 + 1

2
mωho

2 r2 + 2UΦ*Φ
⎛
⎝⎜

⎞
⎠⎟
φ +UΦ2φ†
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Fluctuations:  Bogoliubov - de Gennes equation

i∂tφ = − 
2

2m
∇2 + 1

2
mω0

2r2 + 2UΦ*Φ
⎛
⎝⎜

⎞
⎠⎟
φ +UΦ2φ†

φ r,t( ) = Aα r,t( )bα + Bα
* r,t( )bα†⎡⎣ ⎤⎦

α
∑

Bogoliubov transformation

i∂t
Aα r,t( )
Bα r,t( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= K M

−M * −K *

⎛

⎝⎜
⎞

⎠⎟
Aα r,t( )
Bα r,t( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

K = − 
2

2m
∇2 + 1

2
mω0

2r2 + 2UΦ*Φ, M =UΦ2
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Zero mode

i∂t
Aα r,t( )
Bα r,t( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

K − E0 M

−M * −K * + E0

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Aα r,t( )
Bα r,t( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

K = − 
2

2m
∇2 + 1

2
mω0

2r2 + 2UΦ*Φ, M =UΦ2

Bogoliubov-de Gennes equation
Zero mode

Φ r,t( )
−Φ* r,t( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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Formulation

✓ BEC:             Gross-Pitaevskii equation

✓ Fluctuations:  Bogoliubov-de Gennes equation

gµν

gµνQuantum fields under
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Phase and amplitude description: BEC component

Φ = ρ0
1/2 exp iθ0( )

∂tθ0 = − 1
2

∇θ0( )2 − 1
2
r2 − gρ0 −

1
8ρ0

2 ∇ρ0( )2 + 1
4ρ0

∇2ρ0

∂tρ0 +∇⋅ ρ0∇θ0( ) = 0

∂tθ0  −
1
2

∇θ0( )2 − 1
2
r2 − gρ0

∂tρ0 +∇⋅ ρ0∇θ0( ) = 0

Normalized GP equation

Neglect short-wave length fluctuations

λ  ξ = 1
gρ0

⎛

⎝⎜
⎞

⎠⎟
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Phase and amplitude description: Fluctuations

θ0 +θ
ρ0 + ρ

⎧
⎨
⎩

∂tθ  − ∇θ0( ) ∇θ( )− gρ
∂tρ +∇⋅ ρ∇θ0( ) +∇⋅ ρ0∇θ( ) = 0

Fluctuations:

∂t +∇⋅v0( ) ∂t + v0 ⋅∇( )θ  ∇⋅ cs
2∇θ( )

v0 = ∇θ0
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“Metric”

∂t +∇⋅v0( ) ∂t + v0 ⋅∇( )θ  ∇⋅ cs
2∇θ( )

1
−g

∂
∂xµ −ggµν ∂

∂xν
ψ⎛

⎝⎜
⎞
⎠⎟ = 0

Field equation in a curved spacetime

gµν = cs

cs
2 − v0

2 v0
x v0

y v0
z

v0
x −1 0 0
v0
y 0 −1 0
v0
z 0 0 −1

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
µν

g = det gµν

2011年4月8日金曜日



One-to-one correspondence

ds2 = c2dt
2
− vdt − dr( )2 − r2dθ 2 − r2 sin2θdφ 2

ds2 = cs
2dt 2 − v0

rdt − dr( )2 − r2dθ 2 − r2 sin2θdφ 2
BEC metric

Schwarzschild metric
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Quantum fields?

Φ0 +φ = ρ0 + ρ( )1/4 exp iθ0 + iθ( ) ρ0 + ρ( )1/4

θ = 1
2iρ0

Φ0
*φ − Φ0φ

†( )
ρ = Φ0

*φ +Φ0φ
†

θ  θ0 , ρ ρ0
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Inner-product

φ r,t( ) = Aα r,t( )bα + Bα
* r,t( )bα†⎡⎣ ⎤⎦

α
∑

θ = fαbα + fα
*bα
†( )

α
∑

ρ = gαbα + gα
*bα

†( )
α
∑

4π dr
0

∞

∫ r2 Aα
* r( )Aβ r( )− Bα

* r( )Bβ r( )⎡⎣ ⎤⎦ = δαβ

fα , fβ( ) = 4πig dr
0

∞

∫ r2 fα
* r,t( ) ∂t + v0 ⋅∇( ) fβ r,t( ) − ∂t + v0 ⋅∇( ) fα* r,t( )⎡⎣ ⎤⎦ fβ r,t( )⎡⎣ ⎤⎦

fα , fβ( ) = δαβ

Bogoliubov quasiparticles

Y. Kurita, M. Kobayashi, T.M., M. Tsubota, and H. Ishihara,
Phys. Rev. A 79, 43616  (2009).
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Summary of the formulation

✓ BEC

✓ Fluctuations

gµν

gµνQuantum fields under

ψα ,ψβ( )BdG fα , fβ( )gµν

Phase field of Bogoliubov quasiparticle wave functions

cs ,v0
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“Hawking radiation” in BEC

✓ Basic formulation

2) “Horizon” creation

3) “Hawking radiation”

v > c?
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How to create a “horizon”?

De Laval nozzle

dimensional model, of a long, straight condensate with an
atom sink at the center !Fig. 2".
The existence of instabilities that do not show up in the

one-dimensional approximation is an important question in
condensate physics, which is under active theoretical and
experimental investigation. The essential principles have
long been clear, inasmuch as the current dilute condensates
really are the weakly interacting Bose gases that have been
used as toy models for superfluidity for several decades. The
fact that actual critical velocities in liquid helium are gener-
ally far below the Landau critical velocity is understood to
be due partly to the roton feature of the helium dispersion
relation, but this is not present in the dilute condensates.
Viscosity also arises due to surface effects, however, and
these may indeed afflict dilute condensates as well. The point
here is that in addition to the bulk phonon modes considered
by Landau, and quite adequately represented in our one-
dimensional analysis, there may in principle be surface
modes, with a different !and generally lower" dispersion
curve. If such modes exist and are unstable, it is very often
the case that, as they grow beyond the perturbative regime,
they turn into quantized vortices, which can cut through the
supercurrent and so lower it.
Whether or not such unstable surface modes actually exist

in the Bogoliubov spectrum of a dilute condensate is an issue

that was recently analyzed both numerically and analytically,
and it is quite clear that such surface modes exist only if the
confining potential is quite rough !which is not only easy to
avoid with a magnetic or optical trapping field, but very hard
to achieve" #19$, or if the condensate dynamics in the direc-
tions perpendicular to the flow is hydrodynamic. That is, the
condensate must be at least a few healing lengths thick, so
that surface modes decaying on the healing length scale can
satisfy all the required boundary conditions #20$. By saying
that we are considering an effectively one-dimensional con-
densate, we mean precisely that this is not the case. For
instance, for the tight-ring model, in this regime, the radial
trap scale is the shortest length scale in the problem, and the
radial trap frequency is the highest frequency; this effectively
means that excitations of nontrivial radial modes, including
surface modes, are energetically frozen out. !In the limit of
radial confinement within the scattering length, our model
breaks down for other reasons—but the scattering length can
easily be two orders of magnitude smaller than the healing
length." The issue of the supercurrent stability in tightly con-
fined ring shaped traps was addressed in Ref. #21$, where the
authors arrived at a positive conclusion and also clarified the
role of finite temperature and possible trap anisotropy.

III. SONIC BLACKÕWHITE HOLES IN A RING

In a sufficiently tight ring-shaped external potential of ra-
dius R, motion in radial !r" and axial !z" cylindrical coordi-
nates is effectively frozen. We can then write the wave func-
tion as %(z ,r ,& ,')! f (z ,r)((& ,'), and normalize ( to the
number of atoms in the condensate )0

2*d&!((&)!2!N ,
where with the azimuthal coordinate & we have introduced
the dimensionless time '!(+/mR2)t . The Gross-Pitaevskii
equation thus becomes effectively one-dimensional,

i,'(!" "
1
2 ,&

2#Vext#
U
N !(!2#( , !1"

where U-4*aNR2)dzdrr! f (z ,r)!4, and Vext(&) is the di-
mensionless effective potential !in which we have already
included the chemical potential" that results from the dimen-
sional reduction. The stationary solution can then be written
as (s(& ,')!!.(&)ei)d&v(&), and the local dimensionless an-
gular speed of sound as c(&)!!U.(&)/N . Periodic bound-
ary conditions around the ring require the ‘‘winding num-
ber’’ w-(1/2*))0

2*d&v(&) to be an integer.
The qualitative behavior of horizons in this system is well

represented by the two-parameter family of condensate den-
sities,

.!&"!
N
2*

!1#b cos &",

where b!#0,1$ . Continuity, ,&(.v)!0, then determines the
dimensionless flow-velocity field

v!&"!
Uw!1"b2

2*c!&"2
,

FIG. 1. The tight ring-shaped configuration, with both black and
white horizons, and no singularity. Arrows indicate condensate flow
velocity, with longer arrows for faster flow.

FIG. 2. The tight cigar-shaped configuration, with two black-
hole horizons and a ‘‘singularity’’ where the condensate is out-
coupled. Arrows indicate the condensate flow velocity, with longer
arrows for faster flow.

L. J. GARAY, J. R. ANGLIN, J. I. CIRAC, AND P. ZOLLER PHYSICAL REVIEW A 63 023611

023611-4

L. J. Garay et al., Phys. Rev. Lett. 85, 4643 (2000).M.Sakagami and A. Ohashi, Prog. Theor. Phys. 107, 1267 (2002).

Ring trap
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“Horizon” creation?

BEC

Y. Kurita, M. Kobayashi, T.M., M. Tsubota, and H. Ishihara,
Phys. Rev. A 79, 43616  (2009).
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“Horizon” creation

r

g = 500 V → 1
2
V
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“Horizon” creation

“Black Hole”
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“Hawking radiation” in BEC

✓ Basic formulation

✓ “Horizon” creation

3) “Hawking radiation”
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Simulation steps for “Hawking radiation”

Φ r( )
Aα r( ),Bα r( )( ){ }

“Spacetime”

“Quantum fields”
Change V

Φ r,t( )
Aα r,t( ),Bα r,t( )( ){ }

“Black hole formation”

Compute particle creation spectrum

Time-evolution

t = 0
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Particle creation spectrum calculation

bα
1( ) = Aαβbβ

2( ) + Bαβbβ
2( )†⎡⎣ ⎤⎦

β
∑

Bβα
* = i

g
dr

0

∞

∫ fβ
2( ) r( ) ∂t + v0 ⋅∇( ) fα1( ) r( )− ∂t + v0 ⋅∇( ) fβ2( ) r( )⎡⎣ ⎤⎦ fα

1( ) r( )⎡⎣ ⎤⎦

Bβα
* = −4π dr

0

∞

∫ r2 Aβ
2( )Bα

1( ) − Bβ
2( )Aα

1( )⎡⎣ ⎤⎦

bα
1( )†bα

1( ) = Bαβ

2
bβ
2( )bβ

2( )†

β
∑ = Bαβ

2

β
∑
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Time-evolution

r
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Particle creation spectrum

Bβα

2
= C

exp ω
kBTH

⎛
⎝⎜

⎞
⎠⎟
−1

 0

 2e-05

 4e-05

 6e-05

 8e-05

 0.0001

 0.00012

 0  1  2  3  4  5  6

t = 1.9

TH = 0.490033
TH = 0.843481
TH = 0.654146

TH = 1.2157

ω

B β
α

2
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Origin?

1.0

4.0

2.0

3.0

r2

r2

r
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How particles are created?

Disentangled!
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Conclusion

Analogy between Bose-Einstein condensate and black 
hole

Bose-Einstein condensate wave function is connected 
with the Schwarzschild spacetime metric.
Bogoliubov quasiparticle wave functions are 
connected with quantum field in a black hole 
spacetime.
There is correspondence between the inner products.

Horizon is formed by changing the trap potential.

Particle creation occurs near the horizon.

Enhancement of quantum depletion near the horizon.
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Appendix
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Black hole entropy

Hawking temperature

kBTH = c3

8πGM

Thermodynamical relation

dU = c2dM = THdS

S / kB =
1
4
×
4πrg

2

P
2
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Laser cooling

atom
laser

ν

光
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の
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87 Rb, 23Na, 7Li, 40K, ...
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WKB analysis

Near the horizon

v = c +κ r − rH( ) + ...

∂t +∇⋅v0( ) ∂t + v0 ⋅∇( )θ  ∇⋅ cs
2∇θ( )

θ = exp −iωt + iK r( )( )
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WKB analysis

ω ′′K +κ ′K( )2 = 0

θ = exp −iωt + iω
κ
ln κ

ω
r − rH( )⎛

⎝⎜
⎞
⎠⎟

θ

r − rHFourier transform

θk =
i
k

κ
ωk

⎛
⎝⎜

⎞
⎠⎟
iω
κ
e
−
πω
2κ Γ 1+ iω

κ
⎛
⎝⎜

⎞
⎠⎟

θk
2 = 1

k2
2πω
κ

1

exp 2πω
κ

⎛
⎝⎜

⎞
⎠⎟ −1
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WKB analysis: Hawking Temperature

θk
2 = 1

k2
2πω
κ

1

exp 2πω
κ

⎛
⎝⎜

⎞
⎠⎟ −1

v = c +κ r − rH( ) + ...

Hawking temperature

kBTH = 
2π

κ κ = ∂
∂r

v − c( )
r=rH

Semiclassical analysis
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Horizon and approximate Hawking temperature
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“Hawking radiation”

Dynamical evolution of “spacetime”

i∂t
Aα r,t( )
Bα r,t( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

K − E0 M

−M * −K * − E0

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

Aα r,t( )
Bα r,t( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

K = − 
2

2m
∇2 + 1

2
mω0

2r2 + 2UΦ*Φ, M =UΦ2

i∂tΦ = − 
2

2m
∇2 + 1

2
mωho

2 r2
⎛
⎝⎜

⎞
⎠⎟
Φ +UΦ*ΦΦ

Bogoliubov-de Gennes equation

Gross-Pitaevskii equation Spacetime dynamics

Quantum field dynamics
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