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Black holes in the brane world: Time symmetric initial data
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We numerically construct time-symmetric initial data sets of a black hole in the Randall-Sundrum brane
world model, assuming that the black hole is spherical on the brane. We find that the apparent horizon is cigar
shaped in 5D spacetime.
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I. INTRODUCTION

Motivated by the Horava-Witten model@1#, the so called
brane world model has been actively investigated@2#.
Among several models, a simple, but very attractive mo
was recently proposed by Randall and Sundrum@3,4#. Ac-
cording to their scenario, we are living in a 4D domain w
in 5D bulk spacetime. The noteworthy features of th
model are that in the linearized theory conventional grav
can be recovered on the brane@3–7# and that a homoge
neous, isotropic universe can be simply described if we c
sider a 4D domain wall moving in the 5D Schwarzschild
anti-de Sitter spacetime@8#.

One of the most nonlinear objects in the theory of grav
is a black hole, which should be also investigated to und
stand the nature of the models in strong fields. Howev
because of the complexity of the equations, any realis
exact solutions for black holes have not been discovere
the brane world model, even with help of numerical comp
tation so far. We only know that the effective 4D gravit
tional equation on the brane is different from the Einst
equation@9# ~see Appendix A!, so that the static solution fo
a nonrotating black hole should not be identical with the
Schwarzschild solution. Indeed, a linear perturbation an
sis @5,7# shows that a solution of gravitational field outsid
self-gravitating bodies on the brane is slightly different fro
the 4D Schwarzschild solution. Chamblinet al. @10# conjec-
ture that the topology of black hole event horizons would
spherical with the cigar-shaped surface in the 5D spacet
However, nothing has been clarified substantially.

In this paper, as a first step toward self-consistent stu
for black holes in the brane world, we numerically compu
a black hole space using a time symmetric initial value f
mulation; namely we solve the 5D Einstein equation only
a spacelike 4D hypersurface. Thus, the black hole obta
here is not static nor the exact solution for the 5D Einst
equation, implying that we cannot identify the event horizo
However, we can investigate the property of the horizon
termining the apparent horizon which could give us an
sight on the black hole in the brane world. We focus on
Randall-Sundrum’s second model@4#, and assume that th
black hole is spherical on the brane, but the shape of
0556-2821/2000/62~12!/127502~4!/$15.00 62 1275
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horizon is nontrivial in the bulk. We will determine the ap
parent horizon on the brane and show that the black hol
cigar-shaped as conjectured in@10#.

II. FORMULATION AND RESULTS

We consider time symmetric, spacelike hypersurfac
S t , in the brane world model assuming the vanishing extr
sic curvature; i.e.,

Hmn:5 ~4!¹mtn50 ~2.1!

wheretm is the unit normal timelike vector toS t and (4)¹m
is the covariant derivative with respect to the 4D metric
S t . In this case, the momentum constraint is satisfied tr
ally, and the equation of the Hamiltonian constraint becom

(4)R516pG5~L1 (5)Tmntmtn!, ~2.2!

where (4)R is the Ricci scalar onS t , andG5(5k5
2/8p), L

and (5)Tmn denote the gravitational constant, negative c
mological constant, and energy-momentum tensor in
spacetime@cf. Eq. ~A1!#. We choose the line element onS t
in the form

dl25
1

z2
@ l 2dz21c4~dr21r 2dV!#, ~2.3!

where l 5A2k5
2L/6, z (>1) denotes the coordinate o

thogonal to the brane andr (>0) is the radial coordinate on
the brane. We assume that the brane is located atz51. Note
that we simply choose this line element for convenience
the analysis. In this paper, we focus on a black hole whic
spherical on the brane, i.e.,c5c(r ,z). Then, the explicit
form of the Hamiltonian constraint in the bulk~for z.1) is
written in the form

c91
2

r
c81

3

2l 2 F S ]z
2c2

3

z
]zc Dc413~]zc!2c3G

52
k5

2

4
(5)tmntmtn, ~2.4!
©2000 The American Physical Society02-1



r
e
e

e

f

a
o

i
fu

o
ri-

rs

ith
e
he

th

on
t h
no
s

the
me
-
rent
his
ori-
nce

in
ce

ent
lk,

e

w

or-

ts
the

otes

BRIEF REPORTS PHYSICAL REVIEW D 62 127502
where 85]/]r , and (5)tmn is the energy-momentum tenso
in the bulk, which is introduced for numerical convenienc

Equation~2.4! is an elliptic type equation and should b
solved imposing boundary conditions atz51, z@1, r 50,
and r @ l . The boundary condition atz51 is derived from
Israel’s junction condition@11# as ~see Appendix A for the
derivation!

]zcuz5150. ~2.5!

The boundary conditions atz@1 andr @ l are obtained from
the linear perturbation analysis~see Appendix B!. For r @ l
and r . lz, it becomes

c.11
MG4

2r F11
1

2 S R

r D 2

1O„~ l /r !4
…G , ~2.6!

whereG45G5 / l , M is the gravitational mass on the bran
andR5(2/3)1/2l . For z@1,

c.11
3

4

G4M

Rz S 11
r 2

z2R2D 23/2

. ~2.7!

To determine the existence of a black hole, we search
the apparent horizon. Here, we determine two horizons@12#.
One is defined to be the spherical two-surface on the br
on which the expansion of the null geodesic congruence c
fined on the brane is zero@13#, i.e.,

u35
2

c3 S 2c81
1

r
c D50. ~2.8!

The other is the apparent horizon in full 4D space, which
defined with respect to the null geodesic congruence in
5D spacetime and satisfies@13#

u45 (4)¹ is
i50, ~2.9!

wheresi is a unit normal to the surface of the apparent h
rizon. Explicit equation for determining this apparent ho
zon is shown in Appendix C.

The procedure of numerical analysis is as follows. Fi
we artificially put the matter ofrh[ (5)tmntmtn.0 in the
bulk. This method is employed because we do not have
consider the inner boundary condition of black holes w
this treatment. As long asrh is confined around the bran
and inside the horizon, it does not significantly affect t
geometry outside the horizon. Then, we solve Eq.~2.4!, and
try to find the apparent horizon both on the brane and in
bulk. When the distribution ofrh is sufficiently compact, the
apparent horizons exist. It should be noted that two horiz
do not coincidently appear. In some cases, the apparen
rizon on the brane exists although that in the bulk does

Here, we show one example of numerical results. We
G451. In this example, an artificial matter is put for 0<r
<0.2R and 1<z<1.2. Equation~2.4! is solved using a uni-
form grid with grid size 120031200 for r andz directions,
which covers a domain with 0<r /R<17.1 and 1<z<18.1.
In this case, the gravitational mass on the brane isM
12750
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.0.29R, and both apparent horizons on the brane and in
bulk exist. We note that the results are essentially the sa
for 0.25<M /R<0.5. In Fig. 1, we show the location of ap
parent horizons in the bulk and on the brane. The appa
horizon in the bulk is apparently cigar-shaped. Due to t
cigar-shape the circumferential radius of the apparent h
zon is different depending on the choice of the circumfere
in the bulk. In Fig. 2, we show that the profile ofc21 on the
brane. Forr @R, c21 behaves asM /2r , implying that the
solution approximately agrees with that in the 4D Einste
gravity, i.e., the bulk effect is small. However, the existen
of the bulk is significant forr;R as expected. Indeed,c
21 deviates fromM /2r with decreasingr. This effect is in
particular important for the location and area of the appar
horizon on the brane: In the case of 4D gravity without bu
the apparent horizon is located atr AH5M /2 with the area
AAH516pM2. However, in the brane world model, they tak
different values in general.@In this example,r AH.0.9M and
AAH.88.6M2, and the coefficients converge to well-kno
4D values~0.5 and 16p) with increasingM, implying that
the effect of the existence of the bulk becomes less imp
tant.#

III. SUMMARY

We numerically computed time symmetric initial data se
of a black hole in the brane world model, assuming that

FIG. 1. Location of the apparent horizons on the brane~filled
circle! and in the 4D space~solid line!. Artificial matter is confined
in the region shown by the dashed line.

FIG. 2. Profile ofc21 on the brane~solid line!. Location of the
apparent horizon on the brane is shown. The dashed line den
c215M /2r .
2-2
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BRIEF REPORTS PHYSICAL REVIEW D 62 127502
black hole is spherical on the brane. As has been expec
the black hole~apparent horizon! is cigar-shaped in the bulk
@10#.

We remind that we only present time symmetric init
data of a black hole space. This implies that the black hol
not static and will evolve to other state with time evolutio
The quantitative features of the final fate could be differ
from the present result. Self-consistent analysis for st
black holes should be carried out for future to obtain a d
nite answer with regard to black holes in the brane wo
However, we believe that the present result provides u
guideline for such future works.
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APPENDIX A: THE ESSENCE OF THE BRANE WORLD

We briefly review the covariant formalism of the bran
world @9#. For the matter source of the 5D Einstein equati
(5)Gmn5k5

2((5)Tmn2L (5)gmn), we choose the energy
momentum tensor as

(5)Tmn5d~x!@2lqmn1 (4)Tmn#1 (5)tmn , ~A1!

where x5 l ln z, l is the tension of the brane,qmn is the
induced metric on the brane, and(4)Tmn is the energy mo-
mentum tensor on the brane. Due to the singular sourc
x50 and theZ2 symmetry, we can derive the Israel’s jun
tion condition atx50 as

Kmn52
1

6
k5

2lqmn2
1

2
k5

2S (4)Tmn2
1

3
qmn

(4)Ts
sD , ~A2!

whereKmn5Dmnn , andDs andnm are the covariant deriva
tive with respect toqmn and the unit spacelike normal vecto
to the brane. In the text, we consider the cases in wh
(4)Tmn50. Using ~411! formalism, the effective 4D equa
tion on the brane has the form

(4)Gmn52L4qmn2Emn , ~A3!

where (4)Gmn is the 4D Einstein tensor on the brane,

L45
1

2
k5

2S L1
1

6
k5

2l2D and Emn5 (5)Cmrnsnrns,

~A4!

where(5)Cmrns is 5D Weyl tensor. In the above, for simplic
ity, we set (5)tmn50. Equation~A3! implies that we can
considerEmn as the effective source term of the 4D Einste
equation on the brane, and as long asEmn is not vanishing,
the geometry on the brane is different from that in the
gravity even in the vacuum case. Only for very special c
such as for the black string solution@10,14#, Emn50 holds.
12750
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From Eq.~A3!, we find that the Minkowski spacetime i
realized on the brane whenEmn50 andL450. In this paper,
we setL450 to focus on asymptotically flat brane. Then, t
junction condition at x50 is rewritten to Kmn

52(1/l )qmn . In the case when we choose the line elem
as Eq.~2.3!, the junction condition reduces to Eq.~2.5!.

APPENDIX B: ASYMPTOTIC BOUNDARY CONDITIONS

To specify the boundary condition at infinities, we inve
tigate the linearized equation of Eq.~2.4!:

w91
2

r
w81

1

R2 S ]z
2w2

3

z
]zw D52

k5
2

4
rh , ~B1!

wherec511w and w!1. We can obtain the formal solu
tion with aid of the Green functionG(x,z;x8,z8) as

w.22pG4l E d3x8dz8G~x,z;x8,z8!rh~x8,z8!. ~B2!

Assuming thatrh is nonzero only in the small region aroun
the brane, we can derive the relevant Green function as@5#

G~x,z;x8,z8!52E d3k

~2p!3
eik•(x2x8)

3F 1

lk2
1E

0

`

dm
um~z!um~1!

k21m2 G
5G01GKK , ~B3!

where um(z) is the mode function given from the Bess
functionsJn andNn as

um~z!5z2AmR2

2l

J1~mR!N2~mRz!2N1~mR!J2~mRz!

A@J1~mR!#21@N1~mR!#2
,

~B4!

whereR5(2/3)1/2l . G0 and GKK are the Green function o
zero and KK modes, respectively. From Eq.~B2! we can
derive the asymptotic boundary conditions shown in the te

APPENDIX C: APPARENT HORIZON IN THE BULK

We derive the equation for the apparent horizon in
bulk. After we perform the coordinate transformation fro
(r ,z) to (x,u) asz511xucosuu and r 5 lx sinu, the surface
of the apparent horizon is denoted byx5h(u). Then, the
nonzero components ofsi are written as

sx5C and su52Ch,u , ~C1!

where C@[c2Ĉ/(11xucosuu)# is a normalization constan
calculated fromsisi51, andh,u5dh/du. Then, the equation
for h can be written to the following ordinary differentia
equation of second order:
2-3
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d2h

du2 5
h2

c4Ĉ2 F S 4
]xc

c
1

3

h~11hucosuu!
1

]xĈ

Ĉ
D S sin2u1c4 cos2 u2~12c4!sinu cosu

h,u

h D
1h21S 4

]uc

c
13

h sinu

11hucosuu
12cotu1D D S ~12c4!sinu cosu2~cos2 u1c4 sin2 u!

h,u

h D
14c3]xc~cos2 u1h21sinu cosuh,u!1h22~12c4!sinucosuh,u1h21~12c4!cos~2u!24h21sinu cosuc3]uc

1$~12c4!sin~2u!24 sin2 uc3]uc%
h,u

h2 G , ~C2!

where

D52Ĉ2@~12c4!$12h22h,u
2 %sinu cosu2h21~12c4!cos~2u!h,u12c3]uc~cosu1h21sinuh,u!2#. ~C3!

Equation~C2! is solved imposing boundary conditions atu50 andp/2. In the limitu→0, we impose the following boundar
condition:

h5h01h2u21O~u3!, ~C4!

whereh2 is evaluated atx5h0 andu50 from the following equation:

h25
h0

2

6 F8]xc

c
1

3

h0~11h0!
1

]xĈ

Ĉ
1

3

h0
~12c4!G . ~C5!

At u5p/2, the boundary condition is imposed ash,u50.
Note that in the limitu→p/2 ~i.e., on the brane!, Eq. ~C2! is written in the form

d2h

du2 5h1
l 2h2

c4 S 4]xc

c
1

2

hD , ~C6!

where we useh,u50 and the relation]uc5D5]xĈ50. Note that the equation which the apparent horizon on the b
satisfies is 4]xc/c12/h50 @cf. Eq. ~2.8!#. Thus, unlessd2h/du25h at u5p/2, the apparent horizon on the brane cann
coincide with that in 4D space. Note that the black string solution@10,14# exceptionally satisfiesd2h/du25h at u5p/2.
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