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We systematically performed numerical-relativity simulations for black hole-neutron star (BH-NS)
binary mergers with a variety of the BH spin orientation and nuclear-theory-based equations of state (EOS)
of the NS. The initial misalignment angles of the BH spin measured from the direction of the orbital angular
momentum are chosen in the range of itilt;0 ≈ 30° − 90°. We employed four models of nuclear-theory-based
zero-temperature EOS for the NS in which the compactness of the NS is in the range of
C ¼ MNS=RNS ¼ 0.138 − 0.180, where MNS and RNS are the mass and the radius of the NS, respectively.
The mass ratio of the BH to the NS, Q ¼ MBH=MNS, and the dimensionless spin parameter of the BH, χ,
are chosen to be Q ¼ 5 and χ ¼ 0.75, together withMNS ¼ 1.35M⊙ so that the BH spin misalignment has
a significant effect on tidal disruption of the NS. We obtain the following results: (i) The inclination angles
of itilt;0 < 70° and itilt;0 < 50° are required for the formation of a remnant disk with its mass larger than
0.1M⊙ for the cases C ¼ 0.140 and C ¼ 0.160, respectively, while the disk mass is always smaller than
0.1M⊙ for C ≳ 0.175. The ejecta with its mass larger than 0.01M⊙ is obtained for itilt;0 < 85° with
C ¼ 0.140, for itilt;0 < 65° with C ¼ 0.160, and for itilt;0 < 30° with C ¼ 0.175. (ii) The rotational axis of
the dense part of the remnant disk with its rest-mass density larger than 109 g=cm3 is approximately aligned
with the remnant BH spin for itilt;0 ≈ 30°. On the other hand, the disk axis is misaligned initially with ∼30°
for itilt;0 ≈ 60°, and the alignment with the remnant BH spin is achieved at ∼50–60 ms after the onset of
merger. The accretion time scale of the remnant disk is typically ∼100 ms and depends only weakly on the
misalignment angle and the EOS. (iii) The ejecta velocity is typically ∼0.2–0.3c and depends only weakly
on the misalignment angle and the EOS of the NS, while the morphology of the ejecta depends on its mass.
(iv) The gravitational-wave spectra contains the information of the NS compactness in the cutoff frequency
for itilt;0 ≲ 60°.
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I. INTRODUCTION

The ground-based gravitational-wave detectors, such as
Advanced LIGO [1], Advanced VIRGO [2], and KAGRA
[3], will detect signals in the next decade. Black hole-
neutron star (BH-NS) binary mergers are one of the most
promising gravitational-wave sources for these detectors
[4]. Since NSs and BHs are compact objects with strong
gravity, detection of gravitational waves from compact
binary mergers, including BH-NS mergers, can be a
touchstone of the theory of gravity [5]. The gravitational
waveforms from BH-NS mergers depend on the BH mass,
the BH spin, the NS mass, and the NS radius, and thus they
will carry information of these binary parameters [6,7]. In
particular, the information of the NS radius could be used

for constraining the equation of state (EOS) and makes a
big contribution not only to astrophysics but also to nuclear
and fundamental physics [8–11]. Since the expected signal-
to-noise ratio in the gravitational-wave detection is not very
high, taking a cross correlation between the observational
data and theoretical template is an important method to
extract the information from the detected signal at least for
the next generation gravitational-wave detectors [12], and
hence waveforms for a variety of binary parameters have to
be derived.
BH-NS mergers are also proposed as a potential pro-

genitor of short-hard gamma-ray bursts (sGRBs) [13]. If the
NS is tidally disrupted during the merger, a hot and massive
disk with mass ≳0.01M⊙ could be formed around the
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remnant spinning BH. This BH-disk system could launch a
relativistic jet by releasing its gravitational energy through
the neutrino emission or an electromagnetic energy flow in
a short time scale ≲2 s, and hence, could be the central
engine of the sGRBs. This scenario for sGRBs, the so-
called merger scenario, is suited for explaining its duration
and the estimated event rates (see Refs. [14,15] for reviews
and references therein). For extracting physical information
of the central engine of sGRBs from electromagnetic
observations, we have to clarify the formation process of
the BH-disk system and the relation between this system
and sGRBs.
A fraction of the NS material would be ejected during

tidal disruption [16,17]. Since the NS consists of highly
neutron-rich matter, r-process nucleosynthesis is expected
to take place in the ejecta [18], and the emission powered
by decay of the radioactive nuclei would occur (kilonova/
macronova) [19–21]. This electromagnetic counterpart of
the binary merger is useful for determining the position of
the source when gravitational waves are detected. Also,
their light curves will reflect the binary parameters, and
could be useful for extracting the physical information of
the binary. Furthermore, the r-process nuclei produced in
the ejecta are considered to contribute to the chemical
evolution history of the Universe [18,22,23].
The property of disks and ejecta, particularly their mass,

is essential for predicting the electromagnetic counterparts,
such as sGRB and kilonova. The mass of the matter that
remains outside the BH after the merger depends strongly
on whether and at which orbital separation the NS is
disrupted by the tidal force of the companion BH [24]. If
the tidal disruption occurs at a sufficiently distant orbit
from the innermost stable circular orbit (ISCO) of the BH,
an appreciable amount of mass would remain outside the
remnant BH. On the other hand, if the tidal disruption does
not occur or occurs near the ISCO of the BH, entire NS
material would be swallowed by the BH. The orbital
separation at which the tidal disruption occurs depends
on binary parameters, particularly on the mass ratio of the
binary, the NS compactness, and the BH spin. Thus, we
have to clarify the dependence of tidal disruption processes
on these parameters in order to predict the mass of the
remnant disk and the ejecta.
The orbital angular momentum and BH spin can be

misaligned. A population synthesis study suggests that
about a half of BH-NS binaries can have an initial
configuration in which the misalignment angle between
the orbital angular momentum and the BH spin is larger
than 45° [25]. A post-Newtonian (PN) study shows that the
orbit precesses due to spin-orbit coupling (or dragging of
inertial frames) in the presence of misalignment [26]. This
could affect dynamics of BH-NS binaries not only in the
inspiral phase but also in the merger phase.
Recently, a variety of numerical-relativity (NR) simu-

lations have been performed for BH-NS binaries

[6,7,16,17,27–42], and quantitative dependence of the
merger process on binary parameters has been revealed.
Some works were done taking into account magnetic fields
[34,37,38], nuclear-theory-based EOS [16,17,35,40,42],
and neutrino cooling [40,42]. However, most of them were
done for the case that the BH spin is aligned with the orbital
angular momentum and there are only two studies for the
misaligned case [36,41]. Moreover, mass ejection has not
yet been studied for the misaligned-spin case based on NR
simulations (there is a study with an approximate treatment
of general relativity [43]).
The primary purpose of this paper is to clarify the

quantitative dependence of the disk formation and the mass
ejection from BH-NS mergers on BH spin misalignment
and nuclear-theory-based EOS by performing NR simu-
lations systematically. We employed four nuclear-theory-
based EOSs described by piecewise polytrope with
four pieces [44], and varied the misalignment angle
between the orbital angular momentum and the BH spin,
while fixing the NS mass, the magnitude of the BH spin,
and the mass ratio of the binary as 1.35M⊙, 0.75, and 5,
respectively.
This paper is organized as follows. In Sec. II, we describe

methods for computing initial conditions, piecewise poly-
tropic EOS, and the models of BH-NS binaries that we
employed in this paper. In Sec. III, the formulation and the
methods of numerical simulations are summarized. In
Sec. IV, we present the numerical results for misaligned-
spin BH-NS mergers. Finally, summaries and discussions
of this work are presented in Sec. V. Throughout this paper,
we adopt the geometrical units in which G ¼ c ¼ 1, where
G and c are the gravitational constant and the speed of light,
respectively. Exceptionally, c is sometimes inserted for
clarity when we discuss the velocity of ejecta. Our con-
vention of notation for physically important quantities is
summarized in Table I. The dimensionless spin parameter
of the BH, total mass of the system at infinite separation,
mass ratio, and compactness of the NS are defined as
χ ¼ SBH=M2

BH, Q ¼ MBH=MNS, m0 ¼ MBH þMNS, and
C ¼ MNS=RNS, respectively. J ¼ ðJx; Jy; JzÞ is the total
angular momentum of the system (see Sec. III B for its
definition). The angle between the BH spin and the orbital
angular momentum, itilt, is defined by

itilt ≔ cos−1
�
SBH ·L
SBHL

�
; ð1Þ

where L is the orbital angular momentum of the binary,
which is defined using the total angular momentum, J, and
the BH spin, SBH, as L ≔ J − SBH with SBH ¼ jSBHj and
L ¼ jLj. We use itilt;0 to describe itilt at the initial condition.
Latin and Greek indices denote spatial and spacetime
components, respectively.
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II. INITIAL CONDITION

A. Formulation and methods

We prepare quasiequilibrium states of BH-NS binaries as
initial conditions of numerical simulations in a similar
manner to our previous works for aligned-spin binaries
[6,7,45]. Numerical computations are performed by using
multidomain spectral method library LORENE [46]. As
gravitational radiation reaction reduces the orbital eccen-
tricity [47], typical BH-NS binaries settle to a quasicircular
orbit. For the case that the orbital separation is large, the
time scale of radiation reaction, τGW, is much longer than
the orbital period, Porb, because their ratio is given by [24]

τGW
Porb

≈ 1.1
ð1þQÞ2

4Q

�
r

6m0

�
5=2

: ð2Þ

For the case that the BH has a spin angular momentum
inclined to the orbital angular momentum, the orbital plane
precesses due to the spin-orbit coupling effect of general
relativity, and a closed orbit is not obtained even in the
absence of radiation reaction [26]. This implies that even in
one orbital cycle, the gravitational interaction between two
objects varies depending on the angle between the BH spin
and the line connecting two centers of mass, and hence, the
definition of the quasicircular orbit is not trivial. At a large
orbital separation, however, the precession time scale,Pprec,
is also longer than Porb as [26]

Pprec

Porb
≈ 1.7

7ð1þQÞ2
4ð4Qþ 3Þ

r
6m0

; ð3Þ

where we take the small-spin limit. Thus, we can neglect
the orbital precession as well as the gravitational radiation
reaction for computing initial data at a large orbital
separation, and the binary can be regarded approximately
as an equilibrium configuration in the comoving frame.

We then compute quasiequilibrium states assuming the
presence of an instantaneous helical Killing vector field
with the orbital angular velocity Ω,

ξμ ≔ ð∂tÞμ þ Ωð∂φÞμ: ð4Þ
For nonspinning or aligned-spin BHs, this reduces to a
genuine helical Killing vector as far as the radiation
reaction is neglected. Accordingly, the orbital plane can
be taken to be a plane perpendicular to the rotational axis.
This does not hold for misaligned-spin BHs, and we do not
restrict the orbital plane to be a plane perpendicular to the
rotational axis. Instead, we compute initial data by requir-
ing that neither the BH nor NS has the velocity component
along the rotational axis [36]. This implies that the binary is
located at the extrema of coordinate separation along the
rotational axis, where the helical symmetry should hold
instantaneously.
The line element in the 3þ 1 form is written as

ds2 ¼ gμνdxμdxν

¼ −α2dt2 þ γijðdxi þ βidtÞðdxj þ βjdtÞ; ð5Þ

where α, βi, and γij are the lapse function, shift vector, and
three-dimensional spatial metric, respectively. Initial data
of the gravitational field consist of γij and the extrinsic
curvature defined by

Kij ≔ −
1

2
Lnγij; ð6Þ

where nμ is the future-oriented timelike unit normal vector
field to the initial hypersurface.
We employ the extended conformal thin-sandwich for-

malism [48,49] with the conformal transverse-traceless
decomposition of Einstein’s equation [50] to compute α,
βi, γij, and Kij. We assume the conformal flatness of the
spatial metric, γij ¼ ψ4 ~γij ¼ ψ4fij, the stationarity of the
conformal metric, ∂t ~γij ¼ 0, and the maximal slicing
condition, K ¼ 0 ¼ ∂tK. Here, fij and K are the flat
spatial metric and the trace part of the extrinsic curvature,
K ≔ γijKij, respectively. To handle a coordinate singularity
associated with the BH, we decompose the conformal
factor ψ and a weighted lapse function Φ ≔ αψ into
singular and regular parts using constants MP and MΦ
as [27,45]

ψ ¼ 1þ MP

2rBH
þ ϕ; ð7Þ

Φ ¼ 1 −
MΦ

rBH
þ η; ð8Þ

where rBH ≔ jx − xPj is the coordinate distance from the
puncture located at xP. We also decompose Âij ≔ ψ−2Kij
into regular and singular parts as

TABLE I. Our convention of notation for physically important
quantities.

Symbol

Mirr The irreducible mass of the BH
MBH The gravitational mass of the BH in isolation
SBH The magnitude of the BH spin angular momentum
MNS The gravitational mass of the NS in isolation
RNS The circumferential radius of the NS in isolation
m0 The total mass of the system at the infinite separation
M0 The Arnowitt-Deser-Misner mass of the system
J The total angular momentum of the system
Q The mass ratio MBH=MNS
C The compactness parameter of the NS MNS=RNS
χ The dimensionless spin parameter of the BH SBH=M2

BH
itilt The misalignment angle of the BH spin
itilt;0 itilt at the initial condition
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Âij ¼ ~DiWj þ ~DjWi −
2

3
fij ~DkWk þ KP

ij; ð9Þ

where ~Di denotes a covariant derivative associated with fij
and the index of Wi is raised/lowered by fij. The singular
part is given by [51]

KP
ij ≔

3

2r2BH
½x̂iPBH

j þ x̂jPBH
i − ðfij − x̂ix̂jÞx̂kPBH

k �

þ 3

r3BH
½ϵiklSlPx̂kx̂j þ ϵkjlSlPx̂

kx̂k�; ð10Þ

where x̂i ≔ ðxi − xiPÞ=rBH. The index of x̂i is also raised/
lowered by fij. The parameters PBH

i and SiP are constants
associated with the linear momentum and spin angular
momentum of the puncture, respectively (see below).
The equations to determine ϕ, βi, η, and Wi are derived

by combining the Hamiltonian constraint, momentum
constraint, ∂tK ¼ 0, and ∂t ~γij ¼ 0 as

Δϕ ¼ −2πψ5ρH −
1

8
ψ−7ÂijÂ

ij; ð11Þ

Δβi þ 1

3
~Di ~Djβ

j ¼ 16πΦψ3ji þ 2Âij ~DjðΦψ−7Þ; ð12Þ

Δη ¼ 2πΦψ4ðρH þ 2SÞ þ 7

8
Φψ−8ÂijÂ

ij; ð13Þ

ΔWi þ
1

3
~Di

~DjWj ¼ 8πψ6ji; ð14Þ

where Δ ≔ fij ~Di
~Dj. The matter source terms are defined

by

ρH ≔ Tμνnμnν; ð15Þ

ji ≔ −Tμνnμγνi; ð16Þ

Sij ≔ Tμνγ
μiγνj; ð17Þ

with S ≔ γijSij. The asymptotic flatness gives the outer
boundary conditions as

ϕj∞ ¼ βij∞ ¼ ηj∞ ¼ Wij∞ ¼ 0: ð18Þ

In contrast to initial data of BH-NS binaries computed in
the excision framework [52–56], we do not have to give
inner boundary conditions at the horizon. We also do not
have to give nonzero boost contributions to the shift vector
[36], because the Arnowitt-Deser-Misner linear momentum
of the system can be set to zero by choosing PBH

i
appropriately. Hence, BH-NS binaries with misaligned
spins do not exhibit the center-of-mass motion in the
puncture framework.

Free parameters associated with the puncture are deter-
mined as follows. The so-called puncture mass, MP, is
adjusted for obtaining a desired BH mass, MBH. The other
mass parameter, MΦ, is determined by the condition that
the Arnowitt-Deser-Misner mass and the Komar mass agree
with each other for stationary and asymptotically flat
spacetime [57,58], that is,I

r→∞
∂iΦdSi ¼ −

I
r→∞

∂iψdSi ¼ 2πM0: ð19Þ

The linear momentum of the puncture, Pi
BH, is determined

by the condition that the Arnowitt-Deser-Misner linear
momentum of the system vanishes as

PBH
i ¼ −

Z
jiψ6d3x: ð20Þ

The spin parameter of the puncture, SiP, is given in
Cartesian coordinates:

SiP ¼ SPðsin i0tilt; 0; cos i0tiltÞ: ð21Þ

The magnitude SP is adjusted for obtaining a desired value
of BH spin, SBH, measured on the horizon.1 The inclination
angle i0tilt is chosen to be 30°, 60°, and 90° in this study.
Because the direction of orbital angular momentum does
not agree with the axis of helical symmetry, i0tilt does not
always agree with itilt, which is defined as the angle
between the orbital and BH spin angular momenta. The
typical difference is 3°, and we do not adjust values of i0tilt to
control itilt in this study.
The NS matter is assumed to be composed of an ideal

fluid. The energy-momentum tensor is given by

Tμν ≔ ρhuμuν þ Pgμν; ð22Þ

where ρ is the rest-mass density, P is the pressure, h ¼
1þ εþ P=ρ is the specific enthalpy with ε the specific
internal energy, and uμ is the four-velocity of the fluid. The
velocity field of the fluid is expected to be irrotational,
because the viscosity of the NS matter is low [59,60] and
the rotational periods of observed NS in compact binaries
are not very short (see, e.g., [61]). The zero relativistic
vorticity condition, or irrotationality condition, is written as

ωμν ≔ ðδαμ þ uαuμÞðδβν þ uβuνÞð∇αuβ −∇βuαÞ
¼ h−1½∇μðhuνÞ −∇νðhuμÞ�
¼ 0; ð23Þ

where the energy-momentum conservation and adiabacity
condition are used for deriving the second-line expression

1Although we distinguish SP from SBH, the difference between
the two is at most Oð10−4Þ.
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[62,63]. This implies the presence of a velocity potential Ψ
such that huμ ¼ ∇μΨ, and the elliptic equation to deter-
mine Ψ is derived from the continuity equation ∇μðρuμÞ ¼
0 together with the helical symmetry. The irrotational
conditions and helically symmetric conditions of the
specific momentum, LξðhuμÞ ¼ 0, are combined to give

hξμuμ ¼ −Cð¼ constÞ; ð24Þ

which is used to determine h. The integration constant C is
determined by the condition that the baryon rest mass of the
NS takes a desired value. As we explain in the next section,
the specific enthalpy determines all the other thermody-
namical quantities in the computation of initial data.
The relative location of each component of the binary is

determined as follows. We fix the binary separation in the
direction perpendicular to the rotational axis, which is
chosen to be the z-axis. The centers of BH and NS are put
on the xz-plane, but now they are not limited to the x-axis.2

The orbital angular velocity of the binary is determined by
the force-balance condition that the NS does not move
perpendicular to the rotational axis, and this amounts to
requiring dh=dx ¼ 0 in our coordinates. The location of the
rotational axis with respect to the binary components is
determined by the condition that the magnitude of the
orbital angular momentum agrees with the value derived by
the third-and-a-half post-Newtonian formulas for a given
value of the orbital angular velocity (see Appendix D of
[64]). Finally, the binary separation along the rotational
axis is determined by the condition that the NS has no
velocity component along the rotational axis, and this
amounts to requiring dh=dz ¼ 0 in our coordinates [36].

B. Piecewise polytropic equations of state

Since the cooling time scale of NS is much shorter than
the lifetime of typical compact binaries, we can employ a
zero-temperature EOS for the NS just before binary
mergers [65]. Employing a zero-temperature EOS, the

thermodynamical quantities, such as P, ε, and h, can be
described as functions of ρ as

P ¼ PðρÞ; ε ¼ εðρÞ; h ¼ hðρÞ: ð25Þ

From the first law of thermodynamics, these quantities
satisfy the relations,

dε ¼ P
ρ2

dρ; ð26Þ

dh ¼ 1

ρ
dP; ð27Þ

which determine ε and h from given PðρÞ, respectively.
In this work, we employ a piecewise polytropic EOS

[44] to describe a zero-temperature EOS of the NS. This is a
phenomenologically parametrized EOS, which reproduces
a zero-temperature nuclear-theory-based EOS at high
density only with a small number of polytropic constants
and indices as

PðρÞ ¼ κiρ
Γi for ρi−1 ≤ ρ < ρið1 ≤ i ≤ nÞ; ð28Þ

where n is the number of the pieces used to parametrize an
EOS. ρi is the rest-mass density at a boundary of two
neighboring ith and ðiþ 1Þth pieces, κi is the ith polytropic
constant, and Γi is the ith adiabatic index. Note, here, that
ρ0 ¼ 0 and ρn → ∞. Requiring the continuity of the
pressure, κiρ

Γi
i ¼ κiþ1ρ

Γiþ1

i ð1 ≤ i ≤ n − 1Þ, the EOS is
determined completely by giving κ1, ρi, and Γi. ε is
determined by integrating Eq. (26) with the integration
constant, εð0Þ ¼ 0. It was shown that the piecewise
polytropic EOS with four pieces reproduces the nuclear-
theory-based EOSs within ∼5% errors in pressure for the
nuclear density range [44].
Table II lists the EOSs which we employ in our study.

We employ the models of the NS EOS which can realize
the NS with MNS ≈ 2M⊙ which satisfies the recent obser-
vational constraint [66,67]. For these models, the NS
radius is in the range ∼11–15 km for MNS ¼ 1.35M⊙,
which is largely consistent with the recent theoretical and
observational suggestion [68,69]. Following [6,7,44], we
always fix the parameters of EOS in the subnuclear-density
region as

TABLE II. The key quantities for piecewise polytropic EOSs [44] which we employ in this paper. P2 is the pressure at ρ ¼ ρ2 shown in
the unit of dyne=cm2, Γi is the adiabatic index for each piecewise polytrope, and Mmax is the maximum mass of the spherical NS for a
given EOS. R1.35, ρ1.35, M�;1.35, and C1.35 are the radius, the central rest-mass density, the baryon rest mass, and the compactness
parameter for the NS with MNS ¼ 1.35M⊙, respectively.

Model log10 P2 Γ2 Γ3 Γ4 MmaxðM⊙Þ R1.35 ðkmÞ ρ1.35 ðg=cm3Þ M�;1.35ðM⊙Þ C1.35

APR4 34.269 2.830 3.445 3.348 2.20 11.1 8.9 × 1014 1.50 0.180
ALF2 34.616 4.070 2.411 1.890 1.99 12.4 6.4 × 1014 1.49 0.161
H4 34.669 2.909 2.246 2.144 2.03 13.6 5.5 × 1014 1.47 0.147
MS1 34.858 3.224 3.033 1.325 2.77 14.4 4.2 × 1014 1.46 0.138

2We can also fix the locations of both components by forcing
them to be on the x-axis. This method respects the instantaneous
helical symmetry as well as the method adopted in this study.
Taking the fact that no criteria are available to determine which
condition gives superior initial data, we simply follow the method
adopted in [36].
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Γ1 ¼ 1.35692395; ð29Þ

κ1=c2 ¼ 3.99873692 × 10−8 ðg=cm3Þ1−Γ1 ; ð30Þ

and we set ρ2 ¼ 1014.7 g=cm3 and ρ3 ¼ 1015 g=cm3. Here,
we insert c for clarity. Instead of giving ρ1, we give P2 in
Table II for each EOS, which is the pressure at ρ ¼ ρ2.

C. Models

Aswe alreadymentioned, we choose itilt;0 ≈ 30°, 60°, and
90°. We employ four different piecewise polytropic EOSs,
APR4, ALF2, H4, and MS1, for each value of itilt;0. On
the other hand, we set the NS mass MNS, the mass ratio Q,
and dimensionless spin parameter χ to be fixed values
ðMNS; Q; χÞ ¼ ð1.35; 5; 0.75Þ, for which the misalignment
of the BH spin has a significant effect on tidal disruption. For
all the models, the initial angular velocityΩ0 normalized by
the total mass is set to be m0Ω0 ¼ 0.036. We summarize
several key quantities for the initial condition in Table III.
The label for the model denotes the EOS name and the value
of itilt;0. Specifically, “i30,” “i60,” and “i90” denote the
models with itilt;0 ≈ 30°, 60°, and 90°, respectively. For all
the models, we rotate the initial data before we start the
simulation so that the initial direction of the total angular
momentum agrees with the direction of the z-axis.

III. METHODS OF SIMULATIONS

Numerical simulations are performed using an adaptive
mesh refinement (AMR) code SACRA [70]. Here, we employ
a Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formu-
lation partially incorporating Z4c prescription [71]. The
gauge conditions, the numerical scheme, and the diagnostics
are essentially the same as those described in [6,7].

A. Formulation and numerical methods

We solve Einstein’s evolution equation partially incor-
porating the Z4c formulation (see [72] for our prescription)
with a moving puncture gauge. The Z4c formulation is a
modified version of the BSSN-puncture formulation,
introducing a new variable. In the BSSN formulation,
the long-term simulation causes a slow accumulation of
the numerical error that leads to gradual violation of the
constraints, which should be zero if the evolution equations
are solved exactly. This accumulation comes from the fact
that in the BSSN formulation, the evolution equations of
the constraints have a nonpropagating mode. In the Z4c
formulation, by introducing a new variable, Θ, the evolu-
tion equation of the constraints changes entirely to a wave
equation. Therefore, the violation of the constraints prop-
agates away, and the local accumulation of the numerical
error can be suppressed.
In the Z4c formulation, we evolve the conformal factor,

W ≔ γ−1=6, the conformal three-metric, ~γij ¼ γ−1=3γij, a
variable slightly modified from the trace of the extrinsic
curvature, K̂ ≔ K − 2Θ, the conformal trace-free part of
the extrinsic curvature, ~Aij ¼ γ−1=3ðKij − Kγij=3Þ, an aux-
iliary variable, ~Γi, and the new variable, Θ. Here,
γ ≔ det γij. The evolution equations are written as

ð∂t − βi∂iÞW ¼ 1

3
W½αðK̂ þ 2ΘÞ − ∂iβ

i�; ð31Þ

ð∂t − βk∂kÞ~γij ¼ −2α ~Aij þ ~γik∂jβ
k þ ~γjk∂iβ

k

−
2

3
~γij∂kβ

k; ð32Þ

ð∂t − βi∂iÞK̂ ¼ −DiDiαþ α

�
~Aij

~Aij þ 1

3
ðK̂ þ 2ΘÞ2

þ 4πðρH þ SÞ
�
þ ακ1ð1 − κ2ÞΘ; ð33Þ

ð∂t − βj∂jÞΘ¼
�
1

2
α

�
R− ~Aij

~Aij þ 2

3
ðK̂þ 2ΘÞ2

�

− αf8πρH þ κ1ð2þ κ2ÞΘg
�
e−ðr=r0Þ2 ; ð34Þ

ð∂t − βk∂kÞ ~Aij ¼ −W2

�
DiDjα −

1

3
γijDkDkα

�

þW2α

�
Rij −

1

3
γijR

�

þ α½ðK̂ þ 2ΘÞ ~Aij − 2 ~Aik
~Ak
j �

− 8πW2α

�
Sij −

1

3
γijS

�

þ ~Aik∂jβ
k þ ~Ajk∂iβ

k −
2

3
~Aij∂kβ

k; ð35Þ

TABLE III. Key parameters and quantities for the initial
conditions adopted in our numerical simulation. The adopted
EOS, the initial angle between orbital angular momentum and
the BH spin ðitilt;0Þ, the ADM mass ðM0Þ, and the total angular
momentum ðJ0Þ, respectively. Note that MNS ¼ 1.35M⊙ and
m0 ¼ 8.10M⊙.

Model EOS itilt;0ð°Þ M0ðM⊙Þ J0ðGM⊙=cÞ
APR4i30 APR4 33 8.04 63
APR4i60 APR4 63 8.05 57
APR4i90 APR4 94 8.05 47
ALF2i30 ALF2 33 8.04 63
ALF2i60 ALF2 63 8.05 57
ALF2i90 ALF2 94 8.05 47
H4i30 H4 33 8.04 63
H4i60 H4 63 8.05 57
H4i90 H4 94 8.05 47
MS1i30 MS1 32 8.04 63
MS1i60 MS1 63 8.05 57
MS1i90 MS1 93 8.05 48
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ð∂t − βj∂jÞ ~Γi ¼ −2 ~Aij∂jαþ 2α

�
~Γi
jk
~Ajk −

3

W
~Aij∂jW

−
1

3
~γij∂jð2K̂ þ ΘÞ − 8π ~γijjj

�

þ ~γjk∂j∂kβ
i þ 1

3
~γij∂j∂kβ

k − ~Γk
d∂kβ

i

þ 2

3
~Γi
d∂kβ

k − 2ακ1ð ~Γi − ~Γi
dÞ; ð36Þ

whereDi denotes a covariant derivative associated with γij,
~Γi
d ¼ −∂j ~γ

ij, and κ1 and κ2 are coefficients associated with
the constraint damping. An overall factor, e−ðr=r0Þ2 , is
multiplied in the right-hand side of Eq. (34) so that Θ
plays a role only in the inner region of the simulation box.
In our simulation, we set κ1 ¼ κ2 ¼ 0, and r0 ¼ L=2,
where L is the size of the computational domain on one
side (see Table IV). The spatial derivatives in the evolution
equations are evaluated by fourth-order centered finite
differencing except for the advection terms, which are
evaluated by fourth-order upwind finite differencing. A
fourth-order Runge-Kutta scheme is employed for the time
evolution.
Following [73], we employ a moving-puncture gauge in

the form

ð∂t − βi∂iÞα ¼ −2αK; ð37Þ

ð∂t − βj∂jÞβi ¼
3

4
Bi; ð38Þ

ð∂t − βj∂jÞBi ¼ ð∂t − βj∂jÞ ~Γi − ηBBi; ð39Þ

where Bi is an auxiliary variable, and ηB is a coefficient
introduced to suppress a strong oscillation of the shift
vector. In this work, we set ηB ¼ 0.16=M⊙.
The EOS is basically the same as those described in

[6,7]: We decompose the pressure and the specific internal
energy into a zero-temperature part and a thermal part as

P ¼ Pcold þ Pth; ε ¼ εcold þ εth: ð40Þ

Here, Pcold and εcold are functions determined by the
piecewise polytropic EOS. Then, the thermal part of the
specific internal energy is calculated by εth ¼ ε − εcold,
where ε is given from the hydrodynamics. Finally, we
determine the thermal part of the pressure using a simple
Γ-law, ideal-gas EOS as

Pth ¼ ðΓth − 1Þρεth; ð41Þ

where Γth is an adiabatic index for the thermal part, which
we choose Γth ¼ 1.8. As is discussed in Appendix A. of
[17], the difference of the disk mass and the ejecta mass
among the different values of Γth is expected to be small

compared to the numerical errors due to finite gridding;
thus, we do not study the dependence on Γth in this paper.
Since the vacuum is not allowed in any conservative

hydrodynamics scheme (see [70] for details), we put an
artificial atmosphere of small density outside the NS.
The atmosphere density is set to be ρatm ¼ 10−12ρmax ∼
103 g=cm3 for the inner region, r < Rcrit; and ρatm ¼
10−12ρmaxðRcrit=rÞ3 for the outer region, r ≥ Rcrit, with
Rcrit ≈ L=16. The total rest mass of the atmosphere is
always less than 10−6M⊙, and hence we can safely neglect
the effect of the artificial atmosphere as far as appreciable
tidal disruption occurs.

B. Diagnostics

We estimate the mass and the spin angular momentum of
BH with misaligned spin assuming that the deviation from
Kerr spacetime is negligible in the vicinity of the BH, at
least for the case that the separation of the binary is large or
the system is approximately regarded as a steady state. In a
steady state with stationary slicing, the event horizon (EH)
agrees with the apparent horizon (AH). Thus, the irreduc-
ible mass of the BH is determined by the area of the AH,
AAH, as

Mirr ≕
ffiffiffiffiffiffiffiffiffi
AAH

16π

r
: ð42Þ

In Kerr spacetime, a relation

M2
BH ¼ 2M2

irrð1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − χ2

p
Þ

χ2
ð43Þ

holds between the gravitational and irreducible masses of
the BH. If the irreducible mass and the BH spin are known,
we can calculate the BH mass using this relation. To
determine the spin angular momentum, we use the relation
between the spin and the intrinsic scalar curvature of the
horizon, Rð2Þ

EH, following [74]. In Kerr spacetime, Rð2Þ
EH is

written as

Rð2Þ
EHðθÞ ¼

2ðr̂2þ þ χ2Þðr̂2þ − 3χ2cos2θÞ
M2

BHðr̂2þ þ χ2cos2θÞ3 : ð44Þ

Here, r̂þ ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − χ2

p
is a normalized radius of the EH,

and θ is the latitude in Boyer-Lindquist coordinates. The
minimum and maximum values of Rð2Þ

EH at θ ¼ 0 and π=2,
i.e., at the pole and the equator of the BH are, respectively,

Rð2Þ
min ¼

−1þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − χ2

p
2M2

irr

; ð45Þ

Rð2Þ
max ¼ −

2ð−2þ χ2 þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − χ2

p
Þ

M2
irrχ

4
: ð46Þ
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Solving these equations with respect to χ, we have

χ2min ¼ 1 −
�
1

2
þM2

irrR
ð2Þ
min

�
2

; ð47Þ

χ2max ¼
−2þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2M2

irrR
ð2Þ
max

q
M2

irrR
ð2Þ
max

: ð48Þ

Using these relations, we can estimate the BH spin
approximately from the intrinsic scalar curvature of the
AH. The direction of the BH spin can be determined from
the location of Rð2Þ

min. We note that the direction of the BH
spin is not gauge invariant in this definition. However, we
expect that it gives a reasonable measure of the spin
direction if the tidal forces are negligible [74,75]. For all
the models, the values of χmin and χmax agree with each
other up to significant (∼3) digits. Thus, we use the value of
χmax for calculating MBH and SBH in this paper.
We define the total angular momentum of the system,

J ¼ ðJx; Jy; JzÞ, from a rotational invariance of the gravi-
tational Hamiltonian at spatial infinity as [76]

Ji ≔
1

8π
ϵijk

I
r→∞

xjðKl
k − KγlkÞdSl; ð49Þ

where ϵijk is the spatial Levi-Cività tensor.
Finally, we define the time at which the binary merges.

For this purpose, we define the rest mass inside the AH as

M≤AH ≔
Z
r≤rAH

ρ�d3x; ð50Þ

where rAH ¼ rAHðθ;φÞ is the radius of the AH as a function
of the angular coordinates, and ρ� ¼ ραut

ffiffiffi
γ

p
is the con-

served rest-mass density. Then, we define the merger time,
tmerge, as the time at which M≤AH ≥ 10−2M⊙ is achieved.

C. Setups for AMR grids

In SACRA, the Einstein and hydrodynamical equations
are solved in an AMR algorithm described in [70]. Here,
we briefly describe the settings for AMR grids, and the
details are found in [70]. In this work, we prepare nine
refinement levels with different grid resolutions and
domain sizes. Each domain is composed of the uniform
vertex-centered cubic grid with the grid number ð2N þ
1; 2N þ 1; 2N þ 1Þ for ðx; y; zÞ. We always chose N ¼ 60
for the best resolved runs in this work. We also performed
simulations with N ¼ 40 and 48 to check the convergence
of the result. As described in [70], the AMR domains are
classified into two categories: One is the coarser domains
which cover wider regions with their origin fixed approx-
imately at the center of the mass of the system. The
other is the finer domains which cover the regions around
the BH or the NS and comove with it. We set four coarser

domains and five pairs of finer domains for all the
simulations which we performed in this paper. The grid
spacing for each domain is hl ¼ L=ð2lNÞ, where 2L is the
edge length of the largest cubic domain and l is the depth of
the domain.
Table IV summarizes the parameters of the grid structure

for the simulations. In all the simulations, the semimajor
diameter of the NS in the direction perpendicular to the
axis of helical symmetry is covered with ≈100 grid points.
For N ¼ 60, the total memory required for the simulation
with 14 domains is about 35 GB. We perform all the
simulations using personal computers of 64–128 GB
memory and 6–24 processors with OpenMP library. The
typical computational time required to perform one sim-
ulation is 9 weeks for the 24 processors case.

IV. NUMERICAL RESULTS

We present the numerical results of our simulations in
this section.

A. Orbital evolution

Figure 1 plots bird’s-eye views for the evolution of the
coordinate separation xisep ≔ xiNS − xiBH for models H4i30,
H4i60, and H4i90. Here xiNS denotes the location of the
maximum rest-mass density, and xiBH is the location of the
puncture. This figure shows that the number of the orbits
before the merger decreases with the increase of itilt;0 as
≈8.5; 7.5, and 5.5, respectively for models H4i30, H4i60,
and H4i90. This dependence stems primarily from the
general relativistic spin-orbit interaction, which is well
known for inducing an “orbital hang up” effect
[26,73,77,78]. The additional energy of the spin-orbit
interaction is written, in the leading order, as

TABLE IV. Setups of the grid structure for the simulation with
our AMR algorithm.Δx is the grid spacing at the finest-resolution
domain. Rdiam is the semimajor diameter of the NS in the
direction perpendicular to the axis of helical symmetry. L is a
half of the edge length of the largest domain. λ0 ¼ π=Ω0 is the
gravitational wavelength of the initial configuration.

Model Δx=M0 Rdiam=Δx L=λ0 L ðkmÞ
APR4i30 0.0134 101 2.357 2444
APR4i60 0.0133 102 2.343 2429
APR4i90 0.0136 100 2.398 2486
ALF2i30 0.0153 102 2.687 2786
ALF2i60 0.0153 102 2.687 2786
ALF2i90 0.0156 101 2.729 2829
H4i30 0.0172 102 3.032 3144
H4i60 0.0172 102 3.032 3144
H4i90 0.0173 101 3.046 3158
MS1i30 0.0186 102 3.273 3394
MS1i60 0.0188 101 3.308 3430
MS1i90 0.0188 101 3.308 3430
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ESO ¼ 1

r3
MNS

MBH
L · SBH; ð51Þ

and hence the spin-orbit interaction essentially weakens the
attractive force of gravity if L · SBH > 0. For this situation,
the angular velocity of the binary,Ω, decreases, and so does
the luminosity of gravitational waves, which is proportional
to Ω10=3. The reduction of the gravitational-wave luminos-
ity makes the approaching velocity smaller, and thus the
time to merger becomes longer. Since L · SBH ∝ cos itilt,
this effect can be significant when the BH spin is aligned
with the orbital angular momentum, and thus, the binary
with a small value of itilt;0 merges later.
The figure also illustrates that the orbits of the binaries

are precessing. This is also primarily due to the spin-orbit
interaction. For models H4i30, H4i60, and H4i90, the
elevation angles of the orbits measured from the xy-plane
are always ≈15°, 30°, and 45°, respectively. We note that
gravitational waves are radiated primarily to the direction
of the orbital angular momentum, and the direction of the
total angular momentum J changes during the inspiral
phase due to the gravitational radiation reaction. However,
the angle between J and the z-axis is always smaller
than 5°.
It is known that, at least approximately, itilt is a constant

of motion [26] for the case that the spin of the NS is absent.
This feature is also seen in our simulation: see Fig.. 2, in

which we plot the time evolution of itilt. Irrespective of itilt;0
and EOS, we indeed find that itilt approximately keep their
initial values and their fluctuation is smaller than ≈3°
irrespective of models. Therefore itilt would be regarded
approximately as the value which is determined when the
BH-NS binary was born, even just before the merger. Also
this property ensures that setting of the simulation models
is well defined; the models with different values of itilt;0
describe entirely different physical systems.
Next, we analyze the evolution of the precession angle.

We define the precession angle of the orbit as

ϕprec ≔ cos−1
�ðL × SBHÞ · ȳ

jL × SBHj
�
: ð52Þ

Here, ȳ is the coordinate basis of the y-axis. The evolution
of ϕprec is shown in Fig. 3 up to the time of merger. We also
plot the value obtained by integrating the leading post-
Newtonian formula of the precession angular velocity [26],

ωPN
prec ¼

jJj
2r3

ð3Q−1 þ 4Þ; ð53Þ

using instantaneous values of J and r for the simulation of
the model H4i60.
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FIG. 1 (color online). Evolution of the orbital separation xisep ≔ xiNS − xiBH of binaries with ðQ;MNS; χÞ ¼ ð5; 1.35M⊙; 0.75Þ. The left,
middle, and right panels show the results with H4i30, H4i60, and H4i90, respectively.
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FIG. 2 (color online). Evolution of itilt for the models with H4.
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For models H4i30, H4i60, and H4i90, the final values of
ϕprec are ≈290°, 235°, and 145°, respectively, while the
number of the orbits is ∼8.5–5.5. We find that the
precession angular velocity ωprec computed by the time
derivative of ϕprec is always smaller than orbital angular
velocity by an order of magnitude. The evolution of ϕprec
agrees quantitatively with the one calculated with the
leading-order post-Newtonian formula, despite the differ-
ence in the gauge condition. Figure 3 shows that the final
value of ϕprec is smaller for the case that itilt;0 is larger. It is
simply because a longer inspiral phase is realized for
binaries of a smaller value of itilt;0.

B. Tidal disruption

Figure 4 shows the rest-mass density together with the
location of apparent horizons for models H4i30 and H4i60.
The images are generated using a volume rendering method
truncating the density below 1010 g=cm3, and the color on
the AH surfaces describes the value of the two-dimensional
Ricci scalar on it (cf. Sec. III B).
For the model H4i30, the NS is tidally disrupted forming

a one-armed tidal tail around the BH. An efficient angular
momentum transport process works, and a fraction of the
NS material becomes gravitationally unbound during this
phase. At a few milliseconds after the onset of the tidal
disruption, a large fraction of the NS material is swallowed
by the BH, and ≈20% of the NS material remains outside
the BH. The inner part of the tidal tail is subsequently
wound around the BH, and a disk with its radius ≈150 km
is formed. Also, some material, which was not able to get
enough kinetic energy to escape from the system, falls back
to the disk continuously.
Initially, the tidal tail around the BH is tilted with the

angle less than ≈15°, which reflects the elevation angle of
the orbit. Also, the tidal tail is slightly warping due to the
spin-orbit interaction. However, the disk formed finally is
nearly aligned with the BH spin, and the morphology of the
disk for this model resembles the disk formed with aligned-
spin BH-NS mergers. The remnant BH spin axis agrees

approximately with the direction of the initial total angular
momentum, i.e., the z-axis.
For the model H4i60, general features of the tidal

disruption of the NS are similar to the model H4i30, while
the precession of the tidal tail is more appreciable for this
model. More than ≈90% of the NS material falls into the
BH in a few milliseconds after the tidal disruption for this
model. This is a result of the fact that the tidal disruption
occurs in the vicinity of the ISCO of the BH. The elevation
angle of the tidal tail measured from the xy-plane is
different for each part, and it is pointed out in [41] that
this may prevent the collision of the tidal tail. However, the
tidal tail still collides with itself to form a disk or torus for
this model. This might be due to the difference of the initial
parameters of the binary, that a binary with larger mass ratio
and dimensionless spin parameter are employed in [41], for
which larger elevation angle is expected to be achieved.
Moreover, we performed the simulation for a longer time
after the merger than in [41], and this also makes more
chances for the tidal tail to collide with itself. The disk
appears to be misaligned with the BH spin by ≈20° at least
at ≈10 ms after the tidal disruption, while the BH spin is
aligned approximately with the z-axis.
For the model H4i90, the NS is tidally disrupted very

weakly by the BH and a tiny tidal tail is formed. Since the
tidal disruption occurs at a close orbit to the ISCO or
perhaps inside the ISCO of the BH, most of the NS material
is swallowed by the BH. Thus, only a tiny accretion disk is
formed and the total amount of the ejecta is not appreciable
for this model.
Figure 5 plots the time evolution of the total rest mass

outside the BH defined by

M>AH ≔
Z
r>rAH

ρ�d3x; ð54Þ

for a variety of EOSs and itilt;0. From the comparison
among the models with the same value of itilt;0, we find that
the values of M>AH increase in the order of APR4, ALF2,

FIG. 4 (color online). Snapshots of the volume rendered density map as well as the location of AHs at ≈5 ms after the onset of merger
for the models H4i30 (left panel) and H4i60 (right panel). The inner regions of the simulation with side lengths of ≈300 km are shown.
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H4, and MS1, i.e., in the order of the compactness. This
result shows that the tidal disruption occurs at a more
distant orbit for the case that the compactness of the NS is
small. This dependence of the tidal disruption on the
compactness is the same as the dependence which was
found in the study on BH-NS mergers with aligned
spins [6,7].
For a fixed EOS, the values of M>AH after the merger

decrease as the values of itilt;0 increase, and thus the increase
of itilt;0 prevents the tidal disruption of the NS. This result
agrees qualitatively with the result of the previous study on
the misaligned-spin BH-NS binary merger [36,41], and is
explained primarily by the reduction of the spin-orbit
coupling. According to the study on the aligned-spin BH-
NSmerger [7], a largermass remains outside theBHafter the
merger for the case that the BH spin is larger and parallel
with the orbital angularmomentum.This is because the spin-
orbit interaction works as a repulsive force and the ISCO
radius of the BH becomes small for this situation. Since the
spin-orbit interaction energy is proportional to L · SBH ¼
LSBH cos itilt;0 at the leading PN order, the spin-orbit
interaction is weakened as itilt;0 increases. Thus, the increase
of itilt;0 enlarges the ISCO radius of the BH effectively and
reduces the remnant mass after the merger.
We summarize the value of M>AH at ≈10 ms after the

onset of merger in Table V. We compare these results with
the fitting formula for the aligned-spin case obtained in
[79]. Since the spin-orbit interaction is proportional pri-
marily to L · SBH, we compare our numerical results with
the values derived by the fitting formula using the effective
spin parameter defined by3

χeff ¼ χ cos itilt;0: ð55Þ

The deviations of the value calculated by fitting
formula Δfit ¼ jMfit −M>AHj=Mfit are within 50% for

M>AH ≳ 0.1M⊙ and within 30% for M>AH ≳ 0.2M⊙. As
far as the value of M>AH is larger than 0.1M⊙, Mfit gives a
reasonable estimate for M>AH.

C. Disk formation and mass ejection

1. Mass of ejecta and disk

Next we evaluate the mass of disk and ejecta, which are
the key quantities for the electromagnetic emission from
the remnant of BH-NS mergers. We calculate the ejecta
mass by

Meje ≔
Z
r>rAH;ut<−1

ρ�d3x: ð56Þ

Here, we assume that the contribution of the internal energy
of the ejecta is negligible for estimating the unbound
material. Then, we define the rest mass of remnant disks by

Mdisk ≔ M>AH −Meje: ð57Þ

We note that Mdisk is described as Mbd in [17].
We list the values of Mdisk and Meje at ≈10 ms and

≈20 ms after the onset of merger in Table V. This shows
that Mdisk and Meje monotonically decrease with the
increase of itilt;0. This reflects the fact that the effective
ISCO radius of the BH increases with the increase of itilt;0.
We find thatMdisk andMeje with itilt;0 ≳ 30° are appreciably
smaller than those for itilt;0 ¼ 0°. In particular, small
amounts of disk and ejecta are produced for all the EOS
with itilt;0 ≈ 90°. For the moderate misalignment angle,
itilt;0 ≈ 60°, the values of Mdisk and Meje are sensitive to the
EOS: For the MS1 EOS, the disk with Mdisk > 0.1M⊙ and
ejecta with Meje > 10−2M⊙ are produced. On the other
hand, Mdisk < 10−2M⊙ and Meje < 10−3M⊙ for the
APR4 EOS.
To clarify the dependence of Mdisk and Meje on itilt;0

and EOS, we plot contours of Mdisk and Meje at ≈10 ms
after the onset of merger as functions of itilt;0 and the
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FIG. 5 (color online). Evolution of the rest mass outside the apparent horizon M>AH for the models with itilt;0 ≈ 60° (left figure) and
with H4 (right figure). The results for the aligned-spin case with Q ¼ 5 are picked up from [17].

3In [41,80,81], the effective spin parameter is defined by a
different form.
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compactness parameter C of the NS in Fig. 6. The
dependence of Mdisk and Meje is clear: Both of them
decrease monotonically with the increases of C and itilt;0.
For a moderate value of compactness C ¼ 0.160, itilt;0
should be smaller than 50° for Mdisk to be larger than
0.1M⊙. On the other hand, Mdisk ≳ 0.1M⊙ even if itilt;0 ≈
70° for a stiff EOS that realizes C ¼ 0.140. For a soft EOS
with which C ≳ 0.175,Mdisk is smaller than 0.1M⊙ for any
value of itilt;0. Meje > 0.01M⊙ is possible for itilt;0 < 85°
with C ¼ 0.140, for itilt;0 < 65° with C ¼ 0.160, and for
itilt;0 < 30° with C ¼ 0.175.

Figure 7 comparesMdisk andMeje obtained by numerical
simulations for aligned-spin BH-NS mergers [17] with
those for the misaligned-spin cases. Each line describes the
results of Mdisk and Meje for the misaligned-spin BH-NS
mergers interpolated linearly for χeff. Each point in Fig. 7
shows the results of the aligned-spin BH-NS mergers with
the same mass ratio ðQ ¼ 5Þ and the same EOS as we
employed in this paper, but with smaller BH spin χ ¼ 0.5.
We also plot a new result for the model with Q ¼ 5, H4
EOS, and χ ¼ 0.375. For both Mdisk and Meje, the results
of the aligned-spin case agree approximately with the

TABLE V. The list of M>AH, Mdisk, Meje, vave, and veje. The subscripts 10 ms and 20 ms denote the values evaluated at ≈10 ms and
≈20 ms after the onset of merger, respectively. The results for the aligned-spin case are obtained from [17]. The center dots imply that
we were not able to take the data for them. For the model APR4i0, the simulation was stopped before t − tmerge ≈ 20 ms. For the model
APR4i90, the masses of the disk and ejecta are so small that accurate values cannot be derived for them. For the i90 models, the data for
Peje;i were not output.

Model M>AH;10 msðM⊙Þ Mdisk;10 msðM⊙Þ Mdisk;20 msðM⊙Þ Meje;10 msðM⊙Þ vave;10 msðcÞ veje;10 msðcÞ
APR4i0 0.068 0.059 � � � 8 × 10−3 0.26 0.099
APR4i30 0.022 0.017 0.014 5 × 10−3 0.30 0.057
APR4i60 4 × 10−3 2 × 10−3 2 × 10−4 1 × 10−4 0.27 0.078
APR4i90 � � � � � � � � � <10−4 0.24 � � �
ALF2i0 0.24 0.20 0.16 0.046 0.21 0.15
ALF2i30 0.16 0.13 0.10 0.033 0.27 0.17
ALF2i60 0.026 0.016 0.013 0.010 0.28 0.048
ALF2i90 2 × 10−4 1 × 10−4 <10−4 <10−4 0.26 � � �
H4i0 0.32 0.27 0.21 0.050 0.22 0.18
H4i30 0.25 0.21 0.19 0.042 0.27 0.21
H4i60 0.084 0.072 0.061 0.012 0.25 0.14
H4i90 3 × 10−3 2 × 10−3 2 × 10−3 1 × 10−3 0.28 � � �
MS1i0 0.36 0.28 0.22 0.079 0.24 0.19
MS1i30 0.30 0.23 0.19 0.070 0.28 0.23
MS1i60 0.18 0.14 0.11 0.041 0.27 0.21
MS1i90 0.022 0.012 0.011 0.010 0.27 � � �

FIG. 6 (color online). The contour for Mdisk (left panel) and Meje (right panel) evaluated at ≈10 ms after the onset of merger in the
plane of the NS compactness C and initial value of itilt.
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interpolated line in the error margin due to the finite grid
resolution (see the Appendix), while slightly larger mass is
realized for the misaligned-spin case. The slope between
H4a375 and H4a5 also agrees with the slope of the
interpolated line for H4. Exceptionally for models with
ALF2, results obtained by the aligned-spin BH-NS mergers
deviate from the interpolated plot lines by ∼100% forMdisk
and ≈30% for Meje, which might be a little bit larger than
the error margin due to the finite grid resolution. We note
that the deviation depends on the interpolation method and
a systematic error associated with employing χeff .

2. Disk morphology and accretion

Figure 8 shows snapshots of the density profiles at
≈20 ms after the onset of merger for selected models (see
figure caption). We find that the size of the region with
ρ > 109 g=cm3 is always ∼150 km, while that with ρ >
1010 g=cm3 depends on the mass of the disk: For the larger
disk mass, the size of the region with ρ > 1010 g=cm3

becomes larger. The maximum density of the disk also
becomes larger for larger disk mass: For instance, the
maximum density exceeds 1011 g=cm3 for the model
H4i30, while there is no region with ρ > 1011 g=cm3 for
the model H4i60. The ratio of the disk height to disk radius
depends only weakly on the binary parameters, and it is
always ∼0.3–0.5.
For the models with itilt;0 ≈ 30°, the rotational axes of the

disks are approximately aligned with the z-axis. However,
the density distribution on the xy cross section is not
axisymmetric and an approximately stationary spiral-shape
shock wave is seen in the disks. On the other hand, for
itilt;0 ≈ 60°, the disks are misaligned with the z-axis. Also,
in a similar manner to i30 models, the disks have a
nonaxisymmetric structure for itilt;0 ≈ 60°.
To quantify the misaligned structure of the disk, we

define the total angular momentum of the disk Jidisk as

Jidisk ¼
Z
r>rAH;ut>−1

ρ�ϵijkxjûkd3x; ð58Þ

where ûi ¼ hui, and we plot the evolution of the tilt angle
of Jidisk measured from the direction of the BH spin after the
merger in Fig. 9. This shows that the tilt angle of Jidisk at
≈5 ms after the onset of merger is ≈15° and ≈30° for
models with itilt;0 ≈ 30° and itilt;0 ≈ 60°, respectively. These
tilt angles of Jidisk reflect the elevation angle of the orbits
just before the merger and gradually decrease as the system
evolves. Figure 9 shows that these tilt angles appear to be
slightly larger than those expected from Fig. 8: We should
note that the tilt angle shown in Fig. 9 does not really
describe representative values for the tilt angle of the dense
part of the disk but indicates the tilt angle of the remnant
matter including the tidal tail with larger orbital radii
(see below).
Figure 10 shows a larger-scale density profile

(≈1500 km) on the yz-plane for the model MS1i60 at
≈40 ms after the onset of merger. While there is a relatively
dense torus in the central region (≈200 km), the tidal tail is
widely spreading with an elevation angle ≈30°. This tidal
tail is not unbound although it has a large orbital angular
momentum, and thus it contributes to the tilt of Jidisk which
we defined above.
Figure 11 shows the density profiles of the disk on the yz

cross section for the model MS1i60 at ≈10, 40, and 70 ms
after the onset of merger. While the dense part with ρ >
109 g=cm3 is tilted by ≈30° from the xy-plane at ≈10 ms
after the onset of merger, the tilt angle of the disk decreases
gradually as the system evolves, and its axis is approx-
imately aligned with the z-axis at ≈70 ms after the onset of
merger. The same feature can also be seen on the plot of the
xz-plane, and thus we conclude that the disk has a tendency
to align with the BH spin during the evolution. The time
scale for the disk to align is ≈50 ms and is comparable to or
even a bit shorter than the time scale of the disk precession
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tprec ∼ 100 ms ðrdisk=150 kmÞ3. In the presence of fluid
viscosity, the so-called Bardeen-Petterson effect [82] is
known as a mechanism for the disk to be aligned with the
BH spin. Since any effect of viscosity is not taken into
account, the Bardeen-Petterson effect cannot play a role in

our simulation. However, we suspect that a Bardeen-
Petterson-like effect induced by a purely hydrodynamical
mechanism, such as angular momentum redistribution due
to a shock wave excited in a nonaxisymmetric manner of
the disk, should work in the disk for the alignment. To

FIG. 8 (color online). The density profiles of the accretion disk at ≈20 ms after the onset of merger for selected models. The left,
middle, and right columns show the plots for the xy-, xz-, and yz-planes, respectively. (a) The top, (b) second from top, (c) third from top,
and (d) bottom rows show the plots for models ALF2i30, H4i30, H4i60, and MS1i60, respectively.
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summarize, a disk with tilt angle of ≈20°–30° would be
formed for models with itilt;0 ≈ 60°. However, the dense
part of the disk is subsequently aligned with the BH spin in
≈50 ms while the tidal tail with large orbital radii keeps its
elevation angle.

Figure 12 plots the time evolution ofMdisk for the models
with the MS1 EOS and itilt;0 ≈ 30°. This figure shows that
Mdisk gradually decreases after a steep initial decrease. This
shows that the infall of the material into the BH continues
for a long time scale. This is induced primarily by a
hydrodynamical process associated with the nonaxisym-
metric torque in the disk, as we can infer from Fig. 8. Also,
the fallback of the matter could give an impact to the disk
material. To check that numerical viscosity is not a main
source of the angular momentum redistribution, we plot the
mass accretion rate of the disk material into the BH for
three different grid resolutions in Fig. 13. Here the
accretion rate is defined as the time derivative of M≤AH.
We find that the value of _M≤AH depends only very weakly
on the grid resolution. Since the numerical viscosity should
depend on the grid resolution, this result shows that the
contribution of the numerical viscosity to the mass accre-
tion is negligible, and we can safely consider that the
accretion is induced by a physical process. The nonax-
isymmetric and dynamical feature of the disk would be
responsible for this.
Lower panels of Fig. 12 plot the time scale of the

accretion, tacc ≔ Mdisk= _M≤AH, for the models with the MS1
EOS and for itilt;0 ≈ 30°. We find that it depends only
weakly on itilt;0 and EOS and tacc ≈ 100 ms for all the
models at 10–20 ms after the onset of merger. The time
scale increases as the system relaxes, but still, tacc is as short
as ≈200 ms at 50 ms after the onset of merger. In other
words, the mass accretion rate is as large as ∼0.5–1M⊙=s
for Mdisk ¼ 0.1M⊙ even at ≈50 ms after the onset of
merger. This shows the importance of the nonaxisymmetric
structure of the disk that is preserved for a long time scale
and governs the angular momentum transport.

3. Ejecta morphology and velocity

In Fig. 14, we plot the image of the ejecta with volume
rendering for models H4i30, H4i60, and ALF2i60. We find
that for the case that the ejecta is massive (H4i30), it has a
crescentlike shape with its opening angle ≈180°. On the
other hand, for the case that the ejecta has small mass

FIG. 11 (color online). The density profiles on the yz cross section for the model MS1i60 at ≈10, 40, and 70 ms after the onset of
merger.
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(ALF2i60), the opening angle becomes larger than 360°
winding around the center of mass. We also find that the
ejecta is warped due to the orbital precession for this case.
In particular, the rear-end collision for the ejecta with its
opening angle larger than 360° is less pronounced in the
misaligned-spin case than in the aligned-spin case [17].
After the matter becomes gravitationally unbound, the

ejecta expand in an approximately self-similar manner. To
analyze the feature of the ejecta, we define an average
velocity of the ejecta as

vave ¼
ffiffiffiffiffiffiffiffiffiffi
2Teje

Meje

s
; ð59Þ

where Teje is kinetic energy of the ejecta, defined following
[83]. We also compute the linear momentum of the ejecta
defined by

Peje;i ¼
Z

ρ�ûid3x; ð60Þ

and calculate its magnitude by

Peje ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
i

ðPeje;iÞ2
r

: ð61Þ

Using Peje, we define the bulk velocity of the ejecta veje by

veje ¼
Peje

Meje
: ð62Þ

Here, note that veje may reflect the morphology of the
ejecta: The linear momentum of the ejecta vanishes if its
morphology is isotropic, while the value of veje becomes
close to vave if the mass is ejected coherently to a particular
direction.
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FIG. 14 (color online). The volume-rendered density map of the ejecta at the time that the ejecta expands to ≈1500 km for models
H4i30 (left), H4i60 (middle), and ALF2i60 (right), respectively.

 0.1

 1

 10

 100

 0  10  20  30  40  50

dM
<

A
H

/d
t[M

su
n/

s]

t-tmerge[ms]

MS1i30N40
MS1i30N48
MS1i30N60

FIG. 13 (color online). Evolution of the accretion rate, _M≤AH,
to the AH for MS1i30 but with different grid resolutions.

KYOHEI KAWAGUCHI et al. PHYSICAL REVIEW D 92, 024014 (2015)

024014-16



We summarize the values of vave and veje measured at
10 ms after the onset of merger in Table V. This shows that
irrespective of the models, vave ∼ 0.3c and their depend-
ence on the misalignment angle and the EOS is weak.
Although the magnitude of vave is quite universal, veje
varies from model to model. veje becomes large for the case
that the ejecta mass is large (≈0.03M⊙). This is consistent
with the result in Fig. 14 that the mass ejection proceeds in
an anisotropic manner for the case thatMeje is large. On the
other hand, veje becomes small for the ejecta with small
mass (≲0.01M⊙). This is also consistent with a quasiax-
isymmetric ejection shown in Fig. 14.

D. The properties of remnant BH

We list the values ofMirr,MBH, χ, SBH, and the tilt angle
of the BH spin, cos−1ðSzBH=SBHÞ, at 10 ms after the onset of
merger in Table VI. The mass of the remnant BH increases
monotonically as the value of itilt;0 increases and the EOS
becomes stiff. The reason for this is that the tidal disruption
is suppressed for larger values of itilt;0 and stiffer EOSs, and
more matter of the NS is swallowed by the BH.
The dimensionless spin parameter decreases with the

increase of itilt;0, and it depends weakly on the EOS. In
particular, for the models with itilt;0 ≈ 90°, the final value of
the dimensionless spin parameter becomes smaller than the
initial value of 0.75. This is because the dimensionless spin
parameter is defined by SBH=M2

BH, and the increase ofM
2
BH

is larger than SBH for these models. In fact, we can see the
increase of SBH. The value of cos−1ðSzBH=SBHÞ shows that
the BH spin becomes approximately parallel with the z-axis
after the merger. This is because the direction of the total

angular momentum approximately preserves its initial
direction, and the BH swallows nearly the entire angular
momentum of the system. The tilt angle of SBH in the final
state becomes larger for larger values of itilt;0. However, it is
always smaller than 5°.
The BH spin increases because the BH swallows the NS

matter of positive angular momentum. From the increments
of the BH mass ΔMBH ≔ MBH;f −MBH;i and the BH spin
ΔSBH ≔ jSBH;f − SBH;pmj, we calculate the mean value of
the specific angular momentum Δl ≔ ΔSBH=ΔMBH that
the BH gained due to the falling material. Here,MBH;i is the
initial BH mass and SBH;pm is the value of the BH spin
evaluated just before the merger, t ≈ tmerge − 1 ms. For the
aligned-spin model, the value of Δl is expected to reflect
the specific angular momentum at the ISCO. Thus, we
compare Δl with the specific angular momentum of the
ISCO of the BH with an effective spin parameter which we
introduced in the previous section [see Eq. (55)].
In Fig. 15, we plot Δl=MBH as a function of χeff . We also

plot the specific orbital angular momentum at the ISCO of
the aligned-spin BH as a function of χeff . The values of
Δl=MBH are approximately the same as the specific angular
momentum at an effective ISCO. This result implies that
the separation at which the orbital motion of the binary
becomes unstable and the NS falls into the BH is given
effectively by the ISCO in the equatorial motion around the
BH with χeff . Taking a closer look, Δl=MBH tends to be
smaller than the value for the effective ISCO. This is likely
to stem from the gravitational-wave emission that dissipates
the orbital angular momentum while the matter falls into
the BH, or the redistribution of the specific angular
momentum due to the tidal torque.

TABLE VI. The quantities of the remnant BH evaluated at ≈10 ms after the onset of merger: the irreducible mass
of the BH ðMirr;fÞ, the mass of the BH ðMBH;fÞ, the dimensionless spin parameter ðχfÞ, the BH spin ðSBH;fÞ, the tilt
angle of the BH spin ½cos−1ðSzBH=SBHÞ�, and the dominant QNM frequency derived by the fitting formula Eq. (67)
using the result forMBH and χðfQNMÞ, respectively. The results for the aligned-spin case are taken from [17]. For the
model APR4i90, we failed to find the location of the AH because of inappropriate setting of the AMR domains.

Model Mirr;fðM⊙Þ MBH;fðM⊙Þ χf SBH;fðGM2⊙=cÞ cos−1ðSzBH=SBHÞð°Þ fQNMðkHzÞ
APR4i0 6.83 7.82 0.85 52 0° 2.56
APR4i30 6.93 7.85 0.83 51 <1° 2.49
APR4i60 7.16 7.90 0.77 48 1° 2.32
APR4i90 � � � � � � � � � � � � � � � � � �
ALF2i0 6.78 7.68 0.83 49 0° 2.55
ALF2i30 6.87 7.76 0.82 50 <1° 2.50
ALF2i60 7.14 7.89 0.77 48 1° 2.33
ALF2i90 7.45 7.95 0.65 41 4° 2.10
H4i0 6.74 7.64 0.83 48 0° 2.56
H4i30 6.83 7.71 0.82 49 1° 2.51
H4i60 7.11 7.86 0.77 48 1° 2.34
H4i90 7.45 7.95 0.65 41 4° 2.10
MS1i0 6.74 7.64 0.83 48 0° 2.56
MS1i30 6.81 7.66 0.81 48 1° 2.51
MS1i60 7.06 7.78 0.76 46 2° 2.35
MS14i90 7.44 7.95 0.66 42 3° 2.10
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E. The gravitational waveform

The misalignment between the orbital angular momen-
tum and the BH spin causes the precession of the orbit and
induces the modulation in gravitational waves. Also, the
misalignment angle of the BH spin and the EOS of the NS
affect the tidal-disruption process, and as a result, gravi-
tational waveforms are modified by them. In SACRA, we
extract the outgoing component of the complex Weyl scalar
Ψ4 at finite radii and project it onto the spin-weighted
spherical harmonic functions. Here, we took the axis of the
spherical harmonics to be the z-axis: the initial direction of
the total angular momentum. Then to obtain gravitational
waveforms, we integrate Ψ4 twice in time as

hðtÞ ¼ hþðtÞ − ih×ðtÞ ¼
Z

t

0

dt0
Z

t0

0

dt00Ψ4ðt00Þ: ð63Þ

In the following, we plot the normalized amplitude Dh=m0

or the amplitude observed at a hypothetical distance
D ¼ 100 Mpc as a function of approximate retarded time
defined by

tret ¼ t −D − 2M0 ln
D
M0

: ð64Þ

The Fourier spectrum of the gravitational waveform
could reflect more quantitative information. In this paper,
we define the Fourier power spectrum of gravitational
waves as the root mean square of two independent polar-
izations as

~hðfÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j ~hþðfÞj2 þ j ~h×ðfÞj2

2

s
; ð65Þ

~hAðfÞ ¼
Z

hAðtÞe2πiftdt;

× ðA ¼ þ;×Þ: ð66Þ

We will plot a dimensionless Fourier spectrum ~heffðfÞ ≔
f ~hðfÞ observed at a hypothetical distanceD ¼ 100 Mpc as
a function of the frequency f, or a normalized spectrum
D ~heffðfÞ=m0 as a function of dimensionless frequency
fm0.
Figure 16 shows plus-mode gravitational waveforms of

ðl; mÞ ¼ ð2; 2Þ, (2,1), and (2,0) for models APR4i0 and
APR4i60. While the amplitudes of ðl; mÞ ¼ ð2; 1Þ and (2,0)
are smaller than that of ðl; mÞ ¼ ð2; 2Þ for the aligned-spin
case, they could have a significant contribution to gravi-
tational waveforms for the misaligned-spin case. This is
because the direction of the orbital angular momentum does
not always agree with the axis of the spin-weighted
spherical harmonic function for the misaligned-spin case.
As we show in Sec. IVA, the angular velocity of the

orbital precession is always smaller than the orbital angular
velocity by an order of magnitude. Thus, gravitational
waves for the misaligned-spin case have a feature similar to
gravitational waves from the aligned-spin case observed
from an inclined direction with respect to L for each
instant. Indeed, it has already been shown for precessing
binary BH cases (see, e.g., [84]) that the waveforms take a
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far simpler form in the quadrupole alignment (QA) frame:
the frame in which z-axis agrees with the instantaneous
direction of L. If we project gravitational waves onto the
spherical-harmonic function in the quadrupole alignment
frame, and describe these expansion coefficients by ðl0; m0Þ,
ðl0; m0Þ ¼ ð2;�2Þ modes are the dominant modes. Under
the rotational transformation, these components mix not
only into ðl; mÞ ¼ ð2;�2Þ modes but also into different m
modes with l ¼ 2. This is consistent with the fact that the
dominant frequencies of ðl; mÞ ¼ ð2; 1Þ and (2,0) modes
agree with the frequency of the (2,2) mode rather than the
half (this fact is also pointed out in [36]). We note that
different l modes do not mix under the rotation of the axis
of spherical harmonics.
Other m0 modes, such as ðl0; m0Þ ¼ ð2;�1Þ, ð3;�1Þ, and

ð3;�3Þ modes, also contribute to the gravitational wave-
form. Because the phase of them0 mode ism0Φ, where Φ is
the phase of the orbit, the mixing among differentm0 modes
causes modulation in the amplitude of the waveforms. For
example, when the ðl0; m0Þ ¼ ð2; 1Þ mode is coupled with
the ð2;�2Þ modes, the amplitude exhibits modulation with
the periods of 2π and 6π in terms of the orbital phase, Φ.
Indeed, Fig. 17 shows that the amplitude observed along
the z-axis modulates primarily with the period of ≈2π in
terms of Φ.
Obviously, themixing of severalm0 modes in gravitational

waves can occur for the aligned-spin case if we choose the
axis of spherical harmonics which disagrees with the orbital
angular momentum. One thing to be noted is that because the
orbital angular momentum precesses for the misaligned-spin
case, we cannot avoid the situation that the orbital angular
momentum disagrees with the axis of spherical harmonics.
This implies that the mixing among several m0 modes is
unavoidable for the misaligned-spin case.
Figure 18 shows plus-mode gravitational waveforms

(left panels) and gravitational-wave spectra (right panels)
observed from different inclinations, θ ¼ 0°, 45°, and 90°
with respect to the z-axis. As we show in Sec. IVA, J is

always aligned approximately with the z-axis, and hence θ
is regarded approximately as the angle between J and the
direction of the observer. We take into account the con-
tributions from l ¼ 2 − 4 modes in plotting the waveforms.
For MS1i30, the waveforms observed from θ ¼ 0° have

a similar feature to those for the aligned-spin case; the
amplitude and the frequency approximately monotonically
increase as the system evolves. Only slight modulation in
the amplitude and the frequency is found in the waveforms.
There is much more appreciable modulation in the wave-
forms for θ ¼ 45° and 90°. The amplitude of the waveforms
becomes smaller for larger inclination angles. This depend-
ence stems from the fact that for ðl0; m0Þ ¼ ð2;�2Þ modes,
the amplitude of the plus-mode waveform is proportional to
ð1þ cos2 θÞ=2. The phases of the waveforms agree among
different values of θ.
For MS1i90, the modulation in the amplitude and the

frequency is larger than that for MS1i30. There is no
monotonic dependence of the amplitude of the waveforms
on θ. While the amplitude of the waveform for θ ¼ 0°
increases as the time evolves, that of θ ¼ 90° approx-
imately decreases until tret ≈ 20 ms. The phase evolution of
the waveforms is also different among different values of θ.
This is in particular significant for the last ≈10 ms of the
inspiral phase. These features of the waveforms are due to
the precession of the orbital plane. Although the orbital
plane precesses, the angle between the z-axis and L is
always approximately constant until the onset of merger
for simulations in this study. Therefore, the angle between
the direction of the observer and L is approximately
unchanged for θ ¼ 0°, and the effect of the orbital pre-
cession to the waveform is small. On the other hand, for the
observer at θ ¼ 90°, the orbital precession changes the
angle between L and the direction of the observer and
affects the waveforms. In particular, the amplitude of the
waveform is strongly suppressed when the orbital plane is
edge-on to the direction of the observer.
In the top-right and the bottom-right panels in Fig. 18,

we find that the amplitude of the spectra for MS1i30
decreases approximately monotonically for larger values of
θ, while there is no simple dependence of the amplitude on
θ for MS1i90. While the spectrum for the aligned-spin
model has a flat shape (see Fig. 19 or [6,7] for the spectra
for the aligned-spin case), there are some bumps in the
spectra for the misaligned-spin models. In particular,
bumps at ≈1500 Hz in the spectra for θ ¼ 45° and 90°
change the feature of the cutoff. These bumps are the
consequences of the mixing among the different modes of
gravitational waves. We find that the l ¼ 4 modes are
negligible for the bumps in the spectra. Since m0 ¼ 2 and 0
do not contribute to the modulation, ðl0; m0Þ ¼ ð2;�1Þ,
ð3;�1Þ, and ð3;�3Þ are primarily responsible for
the bumps.
The spectra of gravitational waves reflect the fate of the

merger. In particular, as already clarified by [6,7,32], the
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FIG. 17 (color online). The square of the gravitational-wave
amplitude observed along the z-axis as a function of the orbital
phase divided by 2π, Φ=2π, for models with the MS1 EOS.
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location of the cutoff in the spectra has a correlation with
the compactness of the NS. We expect that this also holds
for the misaligned-spin case. However, the bumps of the
spectra for the misaligned-spin models may make it
difficult to determine the cutoff frequency, particularly
for the case in which gravitational waves are observed
from large inclination angles. Thus, in the following, we
check the behavior of the bump in the spectra and the
dependence of the cutoff in the spectra on the models
qualitatively as a first step to understand the gravitational-
wave spectra from the misaligned-spin in a BH-NS merger.
Here, we only consider the waveforms for an observer
along the z-axis, the direction of the initial total angular
momentum, which would be the simplest case.
We show the spectra of the waveforms for different

values of itilt;0 with APR4 in the top-left panel in Fig. 19.
The bumps in the spectra become deeper as the value of
itilt;0 increases. This is because the amplitudes of
ðl0; m0Þ ¼ ð2;�1Þ, ð3;�1Þ, and ð3;�3Þ modes depend

on the angle between L and the direction of the observer,
and θ0 becomes large for large values of itilt;0. For the
models with APR4, the quasinormal mode (QNM) is
excited, and the cutoff frequency of the spectra reflects
the frequency of the QNM. The frequency of the ðl; mÞ ¼
ð2; 2Þ least-damped mode of the QNM is given approx-
imately by the fitting formula [85] as

fQNM ¼ 1

2πMBH;f
½1.5251 − 1.1568ð1 − χfÞ0.1292�: ð67Þ

The values of the QNM frequency are summarized in
Table VI. Figure 19 shows that the spectra have a cutoff
around the QNM frequency, although the bumps of the
spectra for the misaligned-spin models make it difficult to
determine the cutoff frequency accurately.
Next, we compare the spectra of the waveforms with

different EOSs. The top-right, bottom-left, and bottom-
right panels of Fig. 19 show the spectra for itilt;0 ≈ 30°, 60°,
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FIG. 18 (color online). Plus-mode gravitational waveforms (left panels) and gravitational-wave spectra (right panels) observed from
different inclination angles with respect to the z-axis. The top and bottom figures are the results for models MS1i30 and MS1i90,
respectively. Gravitational waveforms are plotted as functions of retarded time, tret. The left axis in the plots of the waveforms denotes
the amplitude observed at a hypothetical distance D ¼ 100 Mpc, and the right axis denotes the normalized amplitude Dh=m0. The
upper axis in the plots of the spectra denotes the dimensionless frequency, fm0, and the right axis denotes the normalized amplitude
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denotes the amplitude observed at a hypothetical distance D ¼ 100 Mpc.
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and 90°, respectively, with four different EOSs. We again
find the bumps in the spectra, and they have approximately
the same shape in f ≈ 400–1000 Hz irrespective of the
EOS. This reflects the fact that the waveform does not

depend strongly on the EOS for this late inspiral phase. The
difference of the spectra due to the EOS becomes signifi-
cant for f > 1000 Hz. The frequency of the spectral cutoff
becomes lower in the order of APR4, ALF2, H4, and MS1.
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FIG. 19 (color online). Gravitational wave spectra observed along the z-axis of the simulation. The top-left plot shows the spectra for
the models with APR4 and with different initial values of itilt;0. The top-right, bottom-left, and bottom-right plots compare the spectra
among four different EOSs for itilt;0 ≈ 30°, 60°, and 90°, respectively. The vertical lines at the upper axis show the QNM frequency of the
remnant BH for each model (see Table VI).

TABLE VII. The list of total radiated energy ΔE, its ratio to initial ADM mass ΔE=M0, total radiated angular
momentum ΔJ, total radiated linear momentum normalized by the initial ADM mass PGW=M0, and the linear
momentum of the ejecta normalized by the initial ADMmass Peje=M0, respectively. For the i90 models, the data for
Peje;i were not output.

Model ΔEðM⊙c2Þ½ΔE=M0ð%Þ� ΔJðGM2⊙=cÞ PGW=M0 ðkm=sÞ Peje=M0 ðkm=sÞ
APR4i30 0.15(1.9) 11 8.1 × 101 8.7
APR4i60 0.14(1.7) 8.5 5.7 × 102 5.7 × 10−1

APR4i90 0.098(1.2) 6.2 5.4 × 102 � � �
ALF2i30 0.12(1.4) 9.4 7.8 × 101 2.0 × 102

ALF2i60 0.11(1.4) 7.8 2.7 × 102 2.0 × 101

ALF2i90 0.092(1.1) 6.1 3.3 × 102 � � �
H4i30 0.093(1.2) 8.5 7.8 × 101 3.3 × 102

H4i60 0.093(1.2) 7.2 6.3 × 101 6.6 × 101

H4i90 0.085(1.1) 5.8 3.6 × 102 � � �
MS1i30 0.074(0.93) 7.6 6.3 × 101 5.7 × 102

MS1i60 0.075(0.93) 6.6 9.3 × 101 2.8 × 102

MS1i90 0.073(0.90) 5.5 1.8 × 102 � � �
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This is because for the stiffer EOS, tidal disruption occurs
earlier and the waveform shuts down at lower frequency.
Although the difference in the cutoff frequency is more
appreciable for the spectra with itilt;0 ≈ 30° than with
itilt;0 ≈ 60°, we still find that the cutoff frequency should
be, at least in principle, different among the models with
itilt;0 ≈ 60°. For example, if we say that the cutoff frequency
is the frequency at which heff ≈ 2 × 10−22 is achieved, the
difference of the cutoff frequency between models with
APR4 and H4 is ≈40% for both itilt;0 ≈ 30° and itilt;0 ≈ 60°
cases, and the difference among the EOSs is always larger
than 10% for itilt;0 ≈ 30° and 6% for itilt;0 ≈ 60°. By contrast
to the cases with itilt;0 ≈ 30 and 60°, the difference in the
spectra is small among different EOSs for itilt;0 ≈ 90°, and
hence it might be difficult to distinguish the EOS from the
spectra. The reason for this is that tidal disruption occurs so
weakly that the difference in the EOS is not appreciable.
The cutoff frequency at f ≈ 2100 Hz for these models
reflects the frequency of the QNM. Indeed, the value
calculated by Eq. (67) agrees with this value.

F. Emitted energy, linear momentum, angular
momentum by gravitational waves

A binary loses its orbital energy and orbital angular
momentum by the gravitational radiation. The amount of
energy and angular momentum emitted by gravitational
waves depends on the binary parameter, and that is one of
the interests in studying the binary merger. Gravitational
waves could also carry linear momentum of the system.
Nonzero linear momentum radiation causes recoil of the
system. We evaluate the energy, linear momentum, and
angular momentum emitted by gravitational waves, using
the formula of [86].
In Table VII, we list the total energy ΔE (and its ratio to

the initial ADM mass), the total linear momentum nor-
malized by the initial ADMmass PGW=M0, and the angular
momentum ΔJ emitted by gravitational waves. We also list
the recoil velocity caused by the mass ejection, Peje=M0.
We take into account the contributions from l ¼ 2 − 4
modes for the evaluation of the emitted quantities. The
l ¼ 2 modes contribute to ΔE and ΔJ by more than 83%,
l ¼ 3 by ≈10%, and l ¼ 4 by ≈3%. These fractions of the
contribution depend only weakly on the EOS and itilt;0.
Table VII shows thatΔE andΔJ decrease monotonically

with the decrease of the compactness of the NS. The same
dependence of ΔE and ΔJ on the compactness of the NS is
found for the results obtained by the nonspinning and
aligned-spin BH-NS mergers [6,7], and it is due to the fact
that a longer inspiral phase (i.e., longer gravitational-wave
emission phase) is realized for a softer EOS. Table VII also
shows that, for a fixed EOS, ΔE and ΔJ monotonically
decrease with the increase of itilt;0. The dependence of ΔE
on itilt;0 is weaker than that on the EOS as far as tidal
disruption is appreciable, while ΔJ depends appreciably
on itilt;0.

The recoil velocity induced by the gravitational-wave
emission, PGW=M0, decreases as the compactness of the
NS becomes small. This is because the smaller compact-
ness of the NS results in earlier tidal disruption during the
inspiral phase, resulting in an earlier shutdown of the
gravitational-wave emission. The recoil velocity caused by
the mass ejection is larger for the models with smaller
compactness of the NS because the ejected mass becomes
larger for these models. This opposite dependence of the
recoil velocity on the compactness for PGW and Peje
reverses the dominant component for the recoil [17].
While the recoil due to the gravitational-wave emission
is dominant for models with a large compactness, the recoil
induced by the mass ejection becomes dominant for models
with a small compactness. These two components are
comparable for the case that Meje ∼ 0.01M⊙.

V. SUMMARY AND DISCUSSION

We performed numerical-relativity simulations for the
merger of BH-NS binaries with various BH spin misalign-
ment angles, employing four models of nuclear-theory-
based EOSs described by a piecewise polytrope. We
investigated the dependence of the orbital evolution in
the late inspiral phase, tidal-disruption process of the NS,
properties and structures of the remnant disk and ejecta,
properties of the remnant BH, gravitational waveforms and
their spectra on the BH spin misalignment angle, and the
EOS of the NS.
We showed that a large BH spin misalignment angle

suppresses the NS tidal-disruption event by the reduction of
the spin-orbit interaction. The remnant mass of the material
outside the BH decreases as the misalignment angle of the
BH increases. This dependence agrees with the previous
results for misaligned-spin BH-NS mergers [36,41]. Also
we reconfirm the findings in [6,7] that the remnant mass
increases as the compactness of the NS decreases. In our
study, this dependence on the compactness of the NS is
shown irrespective of the BH misalignment angle. The
deviation of the result from the prediction of the fitting
formula [79] is within 50% forM>AH ≳ 0.1M⊙ and within
30% forM>AH ≳ 0.2M⊙, even though we employ a simple
definition of the effective spin parameter. This reconfirms
the argument of [41] that the mass of the material outside
the remnant BH can be modeled with a good accuracy by
considering the result of the aligned-spin cases.
Effects of the orbital precession are reflected in the tidal

tail. The elevation angle of the tidal tail measured from the
xy-plane is different for each part. Although it is pointed
out in [41] that the elevation angle may prevent its elements
from colliding, the materials of the tidal tail still collide
with each other, and a weakly inclined torus is eventually
formed, at least for the model with itilt;0 ≲ 60°.
Monotonic dependence of the remnant disk mass and the

ejecta mass on the orbital misalignment angle was shown.
Both Mdisk and Meje decrease as the misalignment angle
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increases. However, we still found that if the compactness
of the NS is a moderate C ¼ 0.160 or even a small
C ¼ 0.140, BH-NS mergers with itilt;0 ≲ 50° and itilt;0 ≲
70° can produce disks larger than 0.1M⊙. Such a system
could be a candidate for the progenitors of sGRBs. Meje >
0.01M⊙ is achieved for itilt;0 < 85° with C ¼ 0.140, itilt;0 <
65° with C ¼ 0.160, and itilt;0 < 30° with C ¼ 0.175. We
note that if the magnitude of the BH spin becomes large, a
more massive disk and ejecta would be produced.
For the models with itilt;0 ≈ 30°, the structure of the disk

is similar to the disk formed for the aligned-spin BH-NS
mergers. In particular, the rotational axis of the dense part
ð≳109 g=cm3Þ of the disk is aligned approximately with
the remnant BH spin. On the other hand, for the models
with itilt;0 ≈ 60°, we found that the axis of the disk is
misaligned with the direction of the remnant BH spin
initially with ≈30°, although the misalignment angle of the
dense part of the disk approaches zero in ≈50–60 ms.
While the dense part of the disk becomes aligned with the
direction of the BH spin, an elevation angle of the tidal tail
at large orbital radii is ≈15° and ≈30° for models with
itilt;0 ≈ 30° and ≈60°, respectively. This reflects the orbital
elevation during the inspiral phase. It is pointed out in [81]
that the misalignment of the disk may affect the light curve
of the sGRB. However, since the high-density part of the
disk with ρ > 1010 g=cm3 would play main roles, the effect
of the BH spin misalignment may not be observable in the
sGRBs, because the dense part of the disk becomes aligned
with the BH spin in a relatively short time scale. We suspect
that a Bardeen-Petterson-like effect induced by a purely
hydrodynamical mechanism, such as angular momentum
redistribution due to a shock wave excited in a nonax-
isymmetric manner of the disk, should work in the disk for
the alignment.
We found that the accretion time scale of the matter in

the disk to the BH is typically ≈100 ms, and depends
weakly on the binary parameters. The main mechanism of
the accretion in the present context is the redistribution of
the angular momentum due to the torque exerted by the
nonaxisymmetric structure of the disk, which is seen in
Fig. 8. In reality, the viscosity induced by the magneto-
rotational instability turbulence could play an important
role for this phase [87]. Since we did not take those effects
into account, the accretion rate for the late phase might not
be very quantitative. However, the present result shows that
the purely hydrodynamical effect is important for the
accretion of the matter, and this effect should be considered
whenever we study the evolution of the accretion disk
formed by a BH-NS merger.
We found that the velocity of the ejecta is typically

0.2–0.3c, and it has only weak dependence on the misalign-
ment angle of the BH spin and the EOS of the NS. We also
found that the morphology of the ejecta changes depending
on the ejecta mass: Crescent-shaped ejecta with its opening
angle ≈180° is formed for relatively massive ejecta

ð≳0.03M⊙Þ, while spiral-shaped ejecta with its opening
angle larger than 360° is formed for relatively less massive
ejecta ð≲0.01M⊙Þ. In particular, the spiral shape reflects
the orbital precession. This dependence of the ejecta
morphology was also found for the aligned-spin case
[17] and might be explained by the periastron advance
in general relativity.
We found that the dimensionless spin parameter of the

remnant BH depends only weakly on the EOS of the NS,
but it depends strongly on the misalignment angle, itilt;0.
The final direction of the BH spin becomes aligned
approximately with the initial direction of the total angular
momentum. We also found an approximate relation
between the misalignment angle and the increase of the
BH spin, and that the specific angular momentum that the
BH gained during the merger approximately agrees with a
specific angular momentum at the ISCO of the BH
with χeff ¼ χ cos itilt;0.
We showed that the mixing among the components of

spherical harmonics occurs and causes the modulation in
gravitational waveforms for the misaligned-spin case. In
particular, we found that the period in the modulation is
primarily ≈2π in terms of the orbital phase. We also studied
the dependence of waveforms on the direction of the
observer, and found that the modulation due to the orbital
precession becomes significant for the case that the
observer is located along the direction perpendicular to
the total angular momentum. The bump-shape modulation
in the power spectrum of gravitational waveforms is found,
and the depth of the bump becomes large as itilt;0
becomes large.
In the presence of the bumps in the spectra, the location

of the cutoff frequency becomes obscured. Nevertheless,
for the case that gravitational waves are observed along the
axis of total angular momentum, the differences of the
location of the cutoff in the spectra among the EOSs are
seen for itilt;0 ≲ 60°, while they are hardly found for
itilt;0 ≈ 90°. This result shows that, in principle, gravita-
tional waves from BH-NS binaries with Q ¼ 5 and χ ¼
0.75 contain the information of the EOS of the NS even if
the misalignment angle of the BH spin is large up to ≈60°.
To discuss whether we can extract the information of the
NS EOS from the waveform by the observation, we need to
define a quantitative indicator which reflects the informa-
tion of the EOS, such as a cutoff frequency in the spectra, in
an appropriate manner even in the presence of the orbital
precession, and discuss the detectability considering the
noise in the signal. We leave these tasks for our future
study.
The dependence of the energy, linear momentum, and

angular momentum radiated by gravitational waves on the
misalignment angle and EOS was shown. We found that the
recoil induced by the mass ejection dominates the total
recoil velocity for the case that the ejecta mass is larger than
≈0.01M⊙, while the recoil induced by the gravitational
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radiation is dominant for the case that the ejecta mass is
smaller.
Finally, we list several issues to be explored in the future.

In this paper we studied the models only with Q ¼ 5 and
χ ¼ 0.75 to focus on the dependence on the BH spin
misalignment and the EOS of the NS. As it is known that
the mass ratio and the BH spin magnitude influences the
merger process, we also need to clarify the dependence on
these parameters with the spin misalignment systemati-
cally. In particular, the larger BH spin enhances the tidal
disruption of the NS, and thus characteristic features of
misaligned-spin BH-NS mergers could be revealed more
clearly. Also, we plan to perform a more detailed analysis
of gravitational waveforms for the misaligned-spin cases,
because the waveforms may contain rich information on the
misaligned BH-NS system.
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APPENDIX: CONVERGENCE WITH RESPECT
TO THE GRID RESOLUTION

Table VIII compares M>AH and Meje among different
grid resolutions for selected models. If we assume the first-
order convergence between N ¼ 48 and N ¼ 60, the errors
with N ¼ 60 results are always smaller than ≈40% and
≈32% for M>AH and Meje, respectively. Errors become
large for a smaller mass. In particular, the error forM>AH is
≈16% for model H4i30, while the error is ≈28% for model
MS1i90.
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