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Berry —Esseen: suprx)=uXx) s C

x VN

Cramer, Brandao, Guta, in prep. (2015)

b= (X), 0= {((X—p)?)
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The Rate of Convergence in the Quantum Central Limit Theorem: Application
OO N e N N RO N B e

g — I Q e 28 Q
A=) Hi=) Edk)(k|llocal ¢ A L= B &
1EN k OG0 N0 e 2L 2N 2N et
AR AN\ (R G QG @ G G Q@

~ . [{(AB)—(A)(B) z—L A~
d=1: Araki (1969) ¢ Q@ QG Qa
d>1, T >Tc: Kliesch, Gogolin, Kastoryano, Riera, Eisert (2014) e 6 6 6 6 G =

canonical state o = e H/T [/
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The Rate of Convergence in the Quantum Central Limit Theorem: Application

@O QO QUG Qe @
ZZH/ZZEk\kMkl local
K

o o o
1eN

A |2l

b“
> S S SRS SRS

o UABY—AB) - nza L/t
T " anE - = Ne

d =1: Araki (1969)
d>1, T >Tc: Kliesch, Gogolin, Kastoryano, Riera, Eisert (2014)

(7P eLLeeee
©
O
LB O B A
©
O
©

canonical state o = e H/T [/

with energy density u(T) = tr[H@T] (= &%)

specific heat capacity ¢(T) = 6_TU(T) (= +7= )
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The Rate of Convergence in the Quantum Central Limit Theorem: Application

canonical state 7 = e H/T /7
for which states o0 (and which/) is
|0c — Tclltr <€ 7

Qe eeaea
R S

&C Te

¢ /

G

G G
<—/f>

G G

S R S S

R S R

QG GQG QGG
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The Rate of Convergence in the Quantum Central Limit Theorem: Application
e aGa
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Q
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<—/—l—>
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I GGQ
PPeGeE

QG QoGO GC

canonical state 7 = e H/T /7

for which states o0 (and which/) is
|0c — Tcller <€ 7

which states ¢ are locally thermal?

CLLLLLLLP
CLLLLLLLPO
CLLLLLLOPO
CLLLLLL L0
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The Rate of Convergence in the Quantum Central Limit Theorem: Application

~ Qe QQG@

canonical state 7+ = e~ /7 /7 666666666
: ~ : : @G QG G G QG Q@

for which states ¢ (and which/) is QQQC y oo
Hr — F <e 7 oo e QG

loc Clier < | Gecf_/_l_'eqc;
which states ¢ are locally thermal? ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
, , N iry Qe QCCQQQG@

for microcanonical statesgzﬁ 33633 eaaa

this question goes back to Boltzmann and Gibbs

porevious Work:

Thermodynamical functions
[Lebowitz, Lieb (1969); Lima (1971/72); Touchette (2009)]

States [Mueller, Adlam, Masanes, Wiebe (2013)]
Popescu, Short, Winter (2005); Riera, Gogolin, Eisert (2011

~— thermodynamical
limit, t.i
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The Rate of Convergence in the Quantum Central Limit Theorem: Application

~ Qe QQG@

canonical state 7+ = e~ /7 /7 666666666
: ~ : : @G QG G G QG Q@

for which states ¢ (and which/)is ¢ o QC y oo
Hr — F <e 7 oo e QG

loc Clier < | Gc;cf_/_l_'eqc;
which states ¢ are locally thermal? ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
, , iry Qe QCCQQQG@

for microcanonical states o = \Mﬁ\ 33633 eaaa

this question goes back to Boltzmann and Gibbs

here:

Finite size, explicit bounds
Not necessari
More general than microcanonical

y translational invariant
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The Rate of Convergence in the Quantum Central Limit Theorem: Application

>

d =1: Araki (1969)
d>1, T >Tc: Kliesch, Gogolin, Kastoryano, Riera, Eisert (2014)

@ O O UG U O UG O QG
v AT Q ¢ ¢SS Q
A=Y H =) Edk)(kl loca S A2 B2
1EN Kk P PP
~ Aé—,Z\A _ @G Q@ G (2 G Q@ QG @
o7 - ||>A“|||<|E§>||< - < Nt $8¢ H " 8%ee
G QG QG O QG QG

%

A\

(@

canonical state gr = e "1/T /7
0 : state on microcanonical subspace

Ms = {|K) : |Ex — Nu(T)| < 6V/N}, P <5 <1

quantum

W

S(8llor) < log(Ms]) — S(8) + log®?(N)
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Local Equivalence of Micro- and Macrocanonical Ensembles

canonical state 7 = e H/T /7

for which states o0 (and which/) is
|0c — Tcller <€ 7

which states ¢ are locally thermal?

COLLOLLOL L0

Mmicrocanonical states p = A

with
Ms = {|k) : |Ex — Nu(T)| < 5v/N},

and / such that /9 < (¢ rﬁ\’)d—“

COLLOLOL L0

Qe Q@
QG QCQeaQ@

COLLOLOL P00

COLLOL 0L 00
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Local Equivalence of Micro- and Macrocanonical Ensembles

canonical state 7 = e H/T /7

for which states o0 (and which/) is
|0c — Tcller <€ 7

which states ¢ are locally thermal?

COLLOLLOL L0

Mmicrocanonical states p = A

with
Ms = {|k) : |Ex — Nu(T)| < 5v/N},

and / such that /9 < (¢ rﬁ\’)d—“

COLLOLOL L0

Qe Q@
QG QCQeaQ@

COLLOLOL P00

0 = 0: Eigenstate
Thermalization

COLLOL 0L 00
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Canonical Typicality

R Qe QGG Q@

canonical state 7+ = e~ /7 /7 64646666666
: ~ : : ¢ QG Q G Q@ Q

for which states ¢ (and which/) is QQQC ; oo
Hr — F <e 7 oo e QG

loc clier < ' Gecf_/_l_'ciqc;
which states ¢ are locally thermal? ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
¢ Qe Qe QG Q@

poure states ¢ drawn from the GGG EGGGGGa

subspace spanned by Ms:

P[l|6c — (m.c.)cller < Ve +2/y/|Ms]] > 1 — 2e7IMsle

Popescu, Short, Winter (2005)
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Canonical Typicality

~ Qe QGG Q@

canonical state 7+ = e~ /7 /7 64646666666
: ~ : : ¢ QG Q G Q@ Q

for which states ¢ (and which/) is QQQC y oo
Hr — F <e 7 oo e QG

loc clier < ' Gc;cf_/_l_'eqc;
which states ¢ are locally thermal? ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
¢ Qe Qe QG Q@

poure states ¢ drawn from the GGG EGGGGGa

subspace spanned by Ms:

P[l|6c — (m.c.)cller < Ve +2/y/|Ms]] > 1 — 2e7IMsle

Popescu, Short, Winter (2005)

QBE

[Ms| > exp|S(F) — log”? (N)V/N |
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Canonical Typicality

~ Qe QGG Q@

canonical state 7+ = e~ /7 /7 64646666666
: ~ : : ¢ QG Q G Q@ Q

for which states ¢ (and which/) is QQQC y oo
Hr — F <e 7 oo e QG

loc clier < ' Gc;cf_/_l_'eqc;
which states ¢ are locally thermal? ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
¢ Qe Qe QG Q@

poure states ¢ drawn from the GGG EGGGGGa

subspace spanned by Ms:

P[l|6c — (m.c.)cller < Ve +2/y/|Ms]] > 1 — 2e7IMsle

Popescu, Short, Winter (2005)

> 1 —2exp|—eexp(S(F) — log*®(N)VN)| =: p

QBE
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Canonical Typicality

~ Qe QGG Q@

canonical state 7+ = e~ /7 /7 64646666666
: ~ : : ¢ QG Q G Q@ Q

for which states ¢ (and which/) is QQQC y oo
Hr — F <e 7 oo e QG

loc clier < ' Gc;cf_/_l_'eqc;
which states ¢ are locally thermal? ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
¢ Qe Qe QG Q@

poure states ¢ drawn from the GGG EGGGGGa

subspace spanned by Ms:

T, Ms, 0, as before —_ with probabllity at least p

16c — 7clle < €+ 2 exp[—(S(F) — log®?(N)V/N)]

cf. Riera, Gogolin, Eisert (2011); Mueller, Adlam, Masanes, Wiebe (2013)



P - S~ U - Y~ Y = Y -~ Y = Y = Y -~ Y

Sufficient Conditions for Local Thermalization: Summary

R Qe QQQQQ @
canonical state + = e~ H/T /7 664696666
. A ¢ e eC ¢ G e
for which states ¢ is PP E oo
Hr — F <e 7 QG QG
||QC CHtI’_ " quh/_l_'qqq
which states ¢ are locally thermal? ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ &
@ Qe QQQQ Q@
~ G QG O G G G QO G

T, | as before then those

: ~ ~ T€2(€2/\/)d—|—1
with small free energy Fr(0) < Fr(7) 4 InCV)

Fr (o) = tr[Ha] — TS(0)
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Sufficient Conditions for Local Thermalization: Summary

~ G QQQCQQQGG@
canonical state + = e~ H/T /7 999999949
. A s G GC ¢ G
for which states 0 IS PP y e G
5 — T <e 0 e e ¢ G
||QC CHtr_ ! QQG}‘_I*QQ
which states ¢ are locally thermal”? ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ &
¢ CQQQCQQ QGG
. QG G G G G QG G
T, Ms, 0, | as before then those
. A ~ T€2 62/\/ d+1
with small free energy Fr(0) < Fr(7T) - (m(/\/%
IN Microcanonical subspace o
. A e“(e“N) d+1
with large entropy S(9) > log(|M;s|) (,n(,\),)

*almost all” pure states In this subspace

COLLOL 0L 00
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Local Thermalization after Quantum Quench
¢ G QO QQQQQ
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G Qe eeaea
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Local Thermalization after Quantum Quench
O 2N NG NG O N N N N e

o(t) = e_it/q.@oeit/q ®C S S S S
. Q 5 S S S5 S S
H:ZkEk‘kMk‘ Q 5 S S S S S

5 S5 WS WS S S S WS WS W o
1T
W= lim = [ dto(t) =), (kloolk)|k)(k
T —o0 T 0 non-degen.
energy gaps
R Y L R X
im — [ dt||oc(t) — @clle < 291 /tr[@?]

| —00 T 0

Linden, Popescu, Short, Winter (2008)
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Local Thermalization after Quantum Quench
O 2N NG NG O N N N N e

o(t) = e_it/q.@oeit/q ®C S S S e
A @ 5 S S S S S
A =S, Exlk)(K] @ 5 S S S S S

S S = S S S S G-
1T
W= lim = [ dto(t) = (k|do|k)|k) (K
T —o0 T 0 non-degen.
energy gaps

| 1 [ C

im = [ dt]|oc(t) — &clly < 2! /tr[@2?)]
T —00 T 0

fraction of times for which
10c(t) — Wcllyr < € s at
east 1 — 2/l /tr[@?]/e

Linden, Popescu, Short, Winter (2008)
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Local Thermalization after Quantum Quench
O 2N NG NG O N N N N e

o(t) = e_it/q.@oeit/q ®C * eI
R Q @ Qe Q@
H=">", Exlk){K]| ol e eeeQ

G QG QG O G QG
1 T

W= lim = [ dto(t) =), (kloolk)|k)(k

T —o00 T 0 non-degen.

energy gaps
Y L X ol =
im = [ dt]loc(t) — @cll < 21/ tr[@?]
T —00 T 0

Geometry irrelevant fraCtIOﬂ Of tlmeS fOr Wh|Ch
Fven “global” observables  ||0oc(t) — Wclltr < € is at

Also “local” quenches east 1 — 2/¢I, /tr[@?]/e

Linden, Popescu, Short, Winter (2008)
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Local Thermalization after Quantum Quench
O 2N NG NG O N N N N e

o(t) = e_it/q.@oeit/q ®C * eI
R Q ¢ Qe QG QG
H:ZkEk‘kMk‘ o PG

G G O G G GG QG QGG
1 T
W= lim = [ dto(t) =), (kloolk)|k)(k
T —o00 T 0 non-degen.
energy gaps
17 -
im = [ dt||éc(t) — @clle < 213 /tr[@?]
T —00 T 0
Purity? fraction of times for which
hermal? 0c(t) — wcller < € is at

ime scale? east 1 — 2/€1\/tr[@?]/e

Linden, Popescu, Short, Winter (2008)
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Local Thermalization after Quantum Quench: Summary
@G QG QG

R B R

local Hamiltonian, sufficiently weakly ~— ¢/C

o | . In29 (N Q
correlated initial state: tr[@?] < = \/(N) -

B S
¢ Qe Qea
B S A
D RS S e

CLLLOLLPL
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Purity

Thermalization

| ocal Thermalization after Quantum Quench: Summary

local Hamiltonian, sufficiently weakly

e g . ~D |ﬂ2d(/\/)
correlated initial state: trjw] S =5

integrable: no thermalization
(instead generalized Gibbs ensemble)

Qe QG@
Qe eG@

O
M

@ QGG
¢ QG
¢ QG
QG

L 0L L0
CL OO OO0

CLOLLLO OO0
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X
XX
QBE 2 local Hamiltonian, sufficiently weakly ~— #/€ =9
" 2 correlated initial state: tr[@?] < () % @
| ~ VN S QG
integrable: no thermalization L0 4 40 40 20
. . . SN X
(instead generalized Gibbs ensemble) ¢ ¢ ¢ ¢ o o
e _ eI SGQ QO
OBE most Hamiltonians that are unitarily
— % equivalent to a local Hamiltonian lead to

fast thermalization™

Cramer, Thermalization under randomized local Hamiltonians (2012)

Thermalization

*the subsystem spends most of the times in [0, Nza—2] close to the maximally mixed state



| ocal Thermalization after Quantum Quench: Summary

X
X
QBE 2 local Hamiltonian, sufficiently weakly ~— #/€ =9
—= 2 correlated initial state: tr[@?] < 00 ¥ @
| ~ VN @ QG
integrable: no thermalization L0 4 40 40 20
. . . GGG
(instead generalized Gibbs ensemble) ¢ ¢ ¢ ¢ o o
e L eI SGQ QO
OBE most Hamiltonians that are unitarily
— % equivalent to a local Hamiltonian lead to

fast thermalization™

Cramer, Thermalization under randomized local Hamiltonians (2012)

Thermalization

transl. inv., thermodynamic limit: entropic condition
on initial state implies thermalization

Mueller, Adlam, Masanes, Wiebe, Thermalization and canonical typicality Q B E N O N _-t |
in translation-invariant quantum lattice systems (2013) ey

finite size

*the subsystem spends most of the times in [0, Nza—2] close to the maximally mixed state



