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QCD Phase Diagram with Clustering Aspects
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Quantum statistical approach to clustering
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Alternative approach via density (normalization condltlon)

N (T, o, pin) = VZ/ 7f1 )S1(1,w),

or

2Tm ¥1(1,w — i0)

L) = (w = EO(1) = ReXyi(1,w))? + (Im Xy (1, w — i0))?
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Self-consistent approximations in the ®—derivable scheme?

Self-consistent approximations to the one-particle Green function can be
given based on a functional ¢

od
L e T (R

Different approximations for the generating functional ® are discussed in
the following. The self-consistent ®—derivable approximations not only
lead to a fully-conserving transport theory. In particular, with

Q=-Tr |n(—G1) —Tr¥1G1+ ¢

follows also the formula for the density

Q2

n:*ai'u

2G. Baym, Selfconsistent approximation in many body theory, Phys:s Rev.-127 (1962)-1391.
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Akira Ohnishi Gordon Baym
Long-term Workshop
“New Frontiers in QCD: Exotic Hadron Systems and Dense Matter”,
Yukawa Institute for Theoretical Physics, Kyoto, January 27, 2010
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Cluster Green's function - Ladder approximation
Bethe-Salpeter equation (BSE) for A-particle Green's function

GRdder(1 AT . A za) = GS(L. .. A za)dex(L. . AT LAY
30 4 GY(1. A zA)Va(l. . AT LA GRAe (1 AT LA 2a)

BSE is equivalent to the A-particle wave equation.
Neglecting all medium effects, we get the A-particle Schrodinger equation

[EO@Q) + -+ EO(A)]par(l. .. A)
o VAl AL LAWY A) = EQ(P)Wap(l... A)

T
ladd _ _ 1 ladd
a5 - >< e
$

Figure: BSE in ladder approximation. Iteration gives the infinite sum of ladder
diagrams for G}dder where A = 2.
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Cluster virial expansion for nuclear matter
From cluster decomposition of the nucleon self-energy follows3

1
nz?;(TaMmMp) = V Z Nn,pfA,Z[EA,V(P; Ta ,U/na/'l/P)L Nn = N7 Np =7
Av,P

1
expl(w = Npn = Zpp)/ T] = (=1)4
Non-degenerate case (Boltzmann distributions)

1 d*P _
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3G. Ropke, Phys. Rev. C 92 (2015) 054001
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Cluster virial expansion for nuclear matter
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Figure: Integrand of the intrinsic partition function as function of the intrinsic
energy in the deuteron channel. Mott dissociation and Levinson’s theorem!
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Cluster virial approach to nuclear matter

Low Density Limit High Density Modification (Medium Effects)
(1) elementary particles
Ideal Fermi gas: Quasiparticle quantum liquid:
neutrons, protons mean-field approximation
(electrons, neutrinos,...) Skyrme, Gogny, RMF
(2) bound state formation
Nuclear statistical equilibrium: Chemical equilibrium of quasiparticle clusters:
ideal mixture of all bound states medium modified bound state energies
chemical equilibrium, mass action law self-energy and Pauli blocking

(3) continuum contributions

Second virial coefficient: Generalized Beth-Uhlenbeck formula:
account of continuum correlations (A = 2) medium modified binding energies,
scattering phase shifts, Beth-Uhlenbeck Eq.  medium modified scattering phase shifts

(4) chemical & physical picture

Cluster virial approach: Correlated medium:
all bound states (clusters) phase space occupation by all bound states
scattering phase shifts of all pairs in-medium correlations, quantum condensates
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®—Derivable Approach to the Cluster Virial Expansion

A A

Q=>"0=) Sq[Trin(=G ) +Tr (L, G)] + Y 9[G, G, Gyl p
=1 =1 :+’JJ:I

GA_l = GE\O)_I—ZA s ZA(]....A,]./...A,,ZA)_ 00

C0GA(L. . AL LA Z)
Stationarity of the thermodynamical potential is implied
0Q
0Ga(1... A1 .. A zp)

Cluster virial expansion follows for this ®— functional

Figure: The ® functional for A—particle correlations with bipartitions A =i + j.

=0.
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Green's function and T-matrix: separable approximation

! ! i+

Ti =
J J J J
The T4 matrix fulfills the Bethe-Salpeter equation in ladder approximation

Tiy(1,2 JAL2 A ) = Vigj + Viyj G( )TIH )
which in the separable approximation for the interaction potential,
Vigj=Tig(L2, i+ L i4+2, i+ )Ty (1,2, G+ 1), (0 +2) .., (T +5))
leads to the closed expression for the T4 matrix
T (1,2, i 41,2 (i) 2) = Vi {1 =Ny} !
with the generalized polarization function
M = Tr {r,»HG,.(O)r,-HGj(O)}

The one-frequency free i—particle Green's function is defined by the (i — 1)-fold Matsubara sum

(0) . _
P20 Q) = Euq Wi 1u.)1—1E(1) wz—lE(Q)"‘Qi—(w1+4.}w[,1)—E(i)

A=A)1—). (0= )—() et
Q—E()-EQ@)—E() :
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Useful relationships for many-particle functions

0 0 . . 0 . 0),. . . .
Gl-(+3-:Gi(+}(1,2,...,I+J;Q,'+j) = ZGi()(1,2,..,,I;Qi)Gj()(I+1,/+2,...,I+J;Qj).
Q;

Another set of useful relationships follows from the fact that in the ladder approximation both,
the full two-cluster (i + j particle) T matrix and the corresponding Greens' function

0 —1
Gij = G {1 - iy} @)
have similar analytic properties determined by the i + j cluster polarization loop integral and are
related by the identity

0
Ti G} = VigjGisy - )

which is straightforwardly proven by multiplying Equation for the T;,;— matrix with Gl.(i} and
using Equation (1). Since these two equivalent expressions in Equation (2) are at the same time
equivalent to the two-cluster irreducible ® functional these functional relations follow

0
Tiyj = 60/5G)

Vigj = 6®/6Giy; .

Next we prove the relationship to the Generalized Beth-Uhlenbeck approach!
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GBU EoS from the ®—derivable approach

Consider the partial density of the A—particle state defined as

o0, o d3q dw 1
na(T, :—7:——41/ /—In —G ) +Tr (T4 Ga)| + ®[G;, G;, Giyj] - 3
A(T, 1) on on) onp ) 2m [ ( A ) (Za A)] Z [Gi, G}, Giyj] (3)
Using spectral representation for F(w) and Matsubara summation i+lij
i o0 dw ImF(w) ca 1
Fliz) = [~ 20 = ) = .
—o0 2T w — izp Zn W — izn exp[(w — pn)/T] — (—1)
with the relation 8fy(w)/Op = —fa(w)/Ow we get for Equation (3) now
. _ 99[G;,G;,Gy)
na(T, ) = —da | (f’ g2 faw) g [min (=671 ) +Im(Fa G| + X, =gl
i+j=A

where a partial integration over w has been performed For two-loop diagrams of the sunset type holds a cancellation® which we
generalize here for cluster states

- dq dw e] 80[G;, Gj, Gal
d/ / f, ReX ImGy) — — -
A A()aw(eAmA) Z o

(27)3 27

15J
i+j=A
Using generalized optical theorems we can show that (G4 = |Ga| exp(id4))
A4

2 [Imln (—c;l) +Im¥, ReGA] = 2Im [GA Im¥4 i(;; ImzA] — _2sin25, A
dw Ow Ow

The density in the form of a generalized Beth-Uhlenbeck EoS follows

A

n(T,p) = n(T,p) Z

i=1

f(w)

4B. Vanderheyden & G. Baym, J. Stat. Phys. (1998), J.-P. Blaizot et al., PRD (2001)
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Example: Deuterons in Nuclear Matter

The ®—derivable thermodynamical potential for the nucleon-deuteron system reads

Q= —Tr{ln(—Gl)} — Tr{Zl Gl} + Tr {|n(—G2)} + TI‘{ZQGQ} + ¢’[Gl, G2] s
where the full propagators obey the Dyson-Schwinger equations
G Y(1,2) =z — Ei(p) — T1(L,2); G; }(12,1'2',2) = z — Ea(p1) — Ea(p2) — T2(12,1'2', 2),
with selfenergies and ® functional @

P 5P
n(L1) = s D(12,12,7)= ————— o= ;
0G1(1,17) 0G2(12,1'2/, z)

fulfilling stationarity of the thermodynamic potential 9Q2/0G; = 9Q2/90G, =0 .
For the density we obtain the cluster virial expansion

1 0Q

n= 7V(‘}7M = nqu(lu7 T) + 2ﬂcorr(l/4: T) s

with the correlation density in the generalized Beth-Uhlenbeck form

ds(E)

dE
corr — -~ E 2 E
neorr = [ 5-e(E)25in? 8(8) 7 2
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Cluster Virial Expansion for Quark-Hadron Matter within
the ® Derivable Approach

Q = > G[Trin(=G71) + Tr (T G)] + @ [Gg, Gu, Gp, Gg]
i=Q,M,D,B
> / / +2T|n[1—e W/T}} in2 5,200
ow
i=Q,M,D,B

SO0

Figure: ® functional for the quark-meson-diquark-baryon system in 2-loop approx.

0 ¢ [Gg, Gum, Gp, GB]
0 Gj

Y=
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The selfenergies ...

Figure: Selfenergies for Greens functions of Q-M-D-B system in 2-loop approx.
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Relativistic Density Functional Approach to Nuclear Matter

In case of color confinement all closed loop diagrams with Q- and D-lines vanish. The system
reduces to the M-B- system. The ®—functional becomes a density functional.

i

b = - U= Gitj
7
Q=T G [Tein S+ > =i +U[{ns,niv}]
i=n,p,A,... j=S,v
o o0 ou ou
=0, i=n,p,A,..., =Ys, =%v.
6","5 ’ 8n,"\/ ’

8!7,"5 - 8!7,‘7\/
The baryon quasiparticle propagators fulfill the Dyson equations S,.quu = S,.jol —Xis—Xiv,

J qu

J

i} id i Z\L qu
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Quark Pauli Blocking in Hadronic Matter

Perturbative expansion around the quasiparticle Q- and D- propagators

au
m

= QEO)+ &= + <+ +0(zO®)
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Quark Pauli Blocking in Hadronic Matter

The "new” baryon selfenergy diagrams contain one closed baryon loop, are
proportional to baryon density. Functional derivative w.r.t. the baryon propagator
yields effective interaction

For the diagrammatic expansion, see also K. Maeda, Ann Phys. 326 (2011) 1032.
Quark Pauli blocking has been evaluated, e.g. in nonrelativistic quark models,
with constant (constituent) quark mass [G. Ropke et al., PRD 34 (1986) 3499].
Here, effects of chiral symmetry restoration in a hadronic medium are taken into
account. They lead to a strong enhancement of the Pauli blocking energy shift
and drive the system into dissociation/deconfinement!

Note:Pauli blocking effect in a pion gas completely analogous!
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Jean-Paul Biaizot Kenji Maeda D.B.

Helmholtz International Summer School
“Dense QCD Phases in Heavy-lon Collisions”
Dubna, August 21 — September 4, 2010
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Example: Quark Pauli Blocking in Nuclear Matter
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Figure: Left panel: Different quark mass dependences on the density; Right panel:
Resulting Pauli blocking energy shift in symetric matter (black lines) and in pure
neutron matter (red lines).
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Example: Quark Pauli Blocking in Nuclear Matter

symmetric nuclear matter
4
W T T T T T T T

LN

N\

pressure p [MeV fm‘ﬁ

baryon density ng [fm'3]

Figure: Pressure vs. density for chirally enhanced quark Pauli blocking within a
linear Walecka model scheme. Differnt line colors stand for the quark mass
scalings. For comparison the DD2 RMF model with modified excluded volume [S.
Typel, EPJA 52 (2016)] is shown by blue lines (positive v— parameter) and red
lines (negative v—parameter).
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Example: Quark Pauli Blocking in Nuclear Matter
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Figure: Mass vs. radius for hybrid stars resulting from a hadronic EoS with quark
Pauli blocking and a higher order NJL model for quark matter. D. Blaschke, H.
Grigorian, G. Répke, in preparation for MDPI Particles (2018).
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Mott Dissociation of Pions in Quark Matter

Figure: The & functional (left panel) for the case of mesons in quark matter,
where the bosonic meson propagator is defined by the dashed line and the
fermionic quark propagators are shown by the solid lines with arrows. The
corresponding meson and quark selfenergies are shown in the middle and right
panels, respectively.
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Mott Dissociation of Pions in Quark Matter

The meson polarization loop My (g, z) enters the definition of the meson T matrix
T (@ -+ in) = 65 = M@, -+ in) = | Tw(g,w)| e~ (e
M ’ s m\9q, n m(q,w ,

which in the polar representation introduces a phase shift dy(q,w) = arctan(STy/RTym), that
results in a generalized Beth-Uhlenbeck equation of state for the thermodynamics of the
consistently coupled quark-meson system

Q=Qumr + Qu ,

where the selfconsistent quark meanfield contribution is

2 3
_ OMF d’p —(Ep—E1—1)/T —(Ep+E—+u)/T
i = Gk 2NCNf/(27T)3 [E,,+T|n <1+e » )+T|n (1+e » )] ,

The mesonic contribution to the thermodynamics is

d3k

2w = du (2m)3

/%{w—l—ZTIn [1_e_w/T]}2Sin25M(k,w) W ’
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Mott Dissociation of Pions in Quark Matter

T
3 | - -
2 | - -
W&
1 | - -
o= ./\ L PR | BT
0 1 2
s [GeV?]

Figure: Phase shift of the pion as a quark-antiquark state for different
temperatures, below and above the Mott dissociation temperature, from D. B. et
al.,, Ann. Phys. (2014).
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Relativistic Density Functional Approach to Quark Matter

B
z= / Daquxp{ / dr / *x [EeﬁJr?mﬁq]} ,
0 1%

U(d9,Gv04q) = U(ns, ny) + (Gq — ns)xs + (Gr09 — nv)Xv + ...,
Q=—-TInZ=Q3% L U(ng,ny) — nsTs — ny Xy .

The quasi-particle term (for the case of isospin symmetry and degenerate flavors)

Qauasi _ —2NCNfT/ (;3:)73 {In [1 +e—5(E*—u*):| +1n [1 +e—/3(E*+m)]}

can be calculated by using the ideal Fermi gas distribution for quarks with the quasiparticle
energy E* = \/p? + M2, the effective mass M = m + X and effective chemical potential
w* = p —X,. The self energies are determined by the density derivations

ou
Y= 7(,15’"") , and
ong
5, — oU(ns, ny) .
ony
In this approach the stationarity of the thermodynamical potential
0= o 09
" 9ns  Ony

is always fulfilled.
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Relativistic Density Functional Approach to Quark Matter

To capture the phenomenology of a confining meanfield (string-flip model), the following density
functional of the interaction is adopted,

bn¥
1+cn2

U(ns, ny) = D(n\,)ng/3 + an% +

The first term captures aspects of (quark) confinement through the density dependent scalar
self-energy,

defining the effective quark mass M = m + 5. We also employ higher-order quark
interactionsto obey the observational constraint of 2 M. The denominator in the last term of
Equation (29) guarantees that the speed of sound ¢s = /9P /0c does not exceed the speed of
light). All terms in Equation (29) that contain the vector density contribute to the shift defining
the effective chemical potentials pu* = p — X/, where

4bn3 2bcn® D(ny
Y, =2an, + bry beny oD(n )n§/3.

T+cn2 (14 cn2)? dny

The reduction of the string tension D(ny) = Do¢p(ny; o) is modeled via a Gaussian function of
the baryon density ny,
d(nvia) = exp [—a(ny - fm3)?] |
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Hybrid EoS: Third Family of Compact Stars & Mass Twins
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KALTENBORN, BASTIAN, and BLASCHKE PHYSICAL REVIEW D 96, 056024 (2017)
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Summary & Outlook
@ cluster virial expansion developed for sunset-type ® functionals made of
cluster Green's functions and a cluster T-matrix

@ cluster ® functional approach to quark-meson-diquark-baryon system
developed and example for meson dissociation outlined

@ quark Pauli blocking in hadronic matter is contained in the approach

@ selfconsistent density-functional approach to quark matter with confinement
and chiral symmetry breaking obtained as limiting case

@ applications to the phenomenology of nuclear clusters and quark
deconfinement in the astrophysics of supernovae and compact stars as well
as in heavy-ion collisions are outlined

@ cluster virial expansion for quark-hadron matter as a relativistic density
functional beyond the meanfield that contains bound state formation and
dissociation

@ derivation of a Ginzburg-Landau-type density functional that allows to
discuss the existence ond location of critical endpoints in the QCD phase
diagram besides the one for the liquid-gas phase transition in nuclear matter.
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