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Chiral EFT for nuclear forces: 
State of the art and future perspectives



 Why (precision) nuclear physics?

After discovery of Higgs boson,

Interesting topic on its own. Some current frontiers:
— the nuclear chart and limits of stability  FAIR, GANIL, ISOLDE,…

— EoS for nuclear matter (gravitational waves from n-star mergers)  LIGO/Virgo,…

— hypernuclei (neutron stars)  JLab, JSI/FAIR, J-PARC, MAMI,…    

But also highly relevant for searches for BSM physics, e.g.:
— direct Dark Matter searches (WIMP-nucleus scattering)
— searches for 0νββ decays
— searches for nucleon/nuclear EDMs
— proton radius puzzle (complementary experiments with light nuclei…) 

need a reliable approach to nuclear structure with quantified uncertainties!

the strong sector remains the only poorly 
understood part of the SM!



 EFTs for nuclear physics:

A = 0,1: Chiral perturbation theory

A > 1:    Halo-EFT (Q << (ΔEcore m)1/2), pionless EFT (Q << Mπ),    
              chiral EFT (Q ~ Mπ << Mρ)

A >> 1:  In-medium chiral EFT;  EFTs using collective DOFs 
             (e.g. to describe deformed nuclei)

exploit scale separation in a system of interest
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 From QCD to nuclei

QCD

effective chiral Lagrangian 

nuclear forces and currents

nuclear structure and dynamics

symmetries (especially the chiral symmetry);
lost of information (LECs)

integrate out                          (but retain               ):
Chiral Perturbation Theory

ab initio many-body methods:
lattice, FY, NCSM,…
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 Chiral Effective Field Theory
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Effective Lagrangian:

GB dynamics
Weinberg, Gasser, Leutwyler, …  

πN dynamics
Bernard-Kaiser-Meißner et al. Chiral Perturbation Theory

Q = momenta of particles or Mπ  ~ 140 MeV
breakdown scale Λb



Weinberg, van Kolck, Kaiser, EGM, …  
Nuclear forces

Park et al, Bochum-Bonn, JLab-Pisa
Nuclear currents

Auxilliary quantities (not observable),
unitary ambiguity, renormalizability, …

 Chiral Effective Field Theory

~k ' 0

L⇡ =
F 2

4
Tr(rµUrµU

† + �+) + . . . ,

L⇡N = N̄(iv · D + gA u · S)N + . . . ,

LNN = �
1

2
CS(N̄N)2 + 2CT (N̄SN)2 + . . .

~Aa
Baroni et al. =

g3
A

32⇡F 4
⇡

⌧ a
2

"

W1(q1)~�1 + W2(q1)~q1 ~�1 · ~q1 + Z1(q1)
✓
2
~q1 ~�2 · ~q1

q2
1 + M2

⇡

� ~�2

◆#

+
g5
A

32⇡F 4
⇡

⌧ a
1 W3(q1)(~�2 ⇥ ~q1) ⇥ ~q1 �

g3
A

32⇡F 4
⇡

[⌧ 1 ⇥ ⌧ 2]
aZ3(q1)

~�1 ⇥ ~q1~�2 · ~q1

q2
1 + M2

⇡

+ 1 $ 2 ,

~Aa
Baroni et al. �

~Aa
KEM = �

g5
AA(q1)

⇣
~�2⌧ a

1 q
4
1 + 2~q1(6M2

⇡ + q2
1)~q1 · ~�2⌧ a

1

⌘

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

~Aa
Baroni et al. �

~Aa
KEM = �

g5
AA(q1)

⇣
~�2⌧ a

1 q
4
1 + 2~q1(6M2

⇡ + q2
1)~q1 · ~�2⌧ a

1

⌘

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

W3(q1) = �
4A(q1)

3
�

1

6M⇡

,

W1(q1) =
1

2
A(q1)

h
4(1 � 2g2

A)M
2
⇡ + (1 � 5g2

A)q
2
1

i
+

1

2
M⇡

"

g2
A

✓ 4M2
⇡

4M2
⇡ + q2

1

� 9
◆
+ 1

#

,

W2(q1) =
M⇡

⇣
4(2g2

A + 1)M2
⇡ + (3g2

A + 1)q2
1

⌘

2q2
1(4M

2
⇡ + q2

1)
�

A(q1)
⇣
4(2g2

A + 1)M2
⇡ + (g2

A � 1)q2
1

⌘

2q2
1

,

W3(q1) = �
4A(q1)

3
�

1

6M⇡

,

Z1(q1) = 2A(q1)(2M
2
⇡ + q2

1) + 2M⇡,

Z3(q1) =
1

2
A(q1)(4M

2
⇡ + q2

1) +
M⇡

2
,

A(q1) =
1

2q1

arctan
✓ q1

2M⇡

◆
.

1

Effective Lagrangian:

GB dynamics
Weinberg, Gasser, Leutwyler, …  

πN dynamics
Bernard-Kaiser-Meißner et al. Chiral Perturbation Theory

Q = momenta of particles or Mπ  ~ 140 MeV
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Chiral EFT for nuclear systems: 
expansion for nuclear forces & currents + resummation (Schrödinger equation)
Weinberg, van Kolck, Kaiser, EE, Glöckle, Meißner, Entem, Machleidt, Krebs, ... 

unified approach for ππ, πN, NN
systematically improvable

consistent many-body forces and currents
error estimations

nonperturbative treatment of chiral nuclear forces in the Schrödinger equation requires 
the introduction of a finite cutoff [alternatively, use semi-relativistic approach, EE, Gegelia, et al. ’12…’15]

derivation of nuclear forces is much more involved than just calculation of Feynman 
diagrams; have to deal with non-uniqueness and renormalizability…

Notice:

 Nuclear chiral EFT
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  Method of UT for nuclear forces

Begin with the Leff  [π,N] without external fields

Canonical formalism: Leff  [π,N]          H [π,N] =   

�From Leff to nuclear forces/currents
Method of  unitary transformation
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EE, Glöckle, Meißner, NPA 637 (1998) 107;   EE, PLB 639 (2006) 456
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Apply UT in Fock space to decouple purely nucleonic states [model space] from the rest
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decoupling equation: 

which is solved perturbatively employing the chiral expansion

η-space λ-space

EE, Glöckle, Meißner, NPA 637 (1998) 107;   EE, PLB 639 (2006) 456
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decoupling equation: 

which is solved perturbatively employing the chiral expansion

η-space λ-space

EE, Glöckle, Meißner, NPA 637 (1998) 107;   EE, PLB 639 (2006) 456

Apply all possible additional UTs on the η-subspace consistent with a given chiral order
[6 angles αi for static N3LO contributions]

Renormalizability of the potentials [all 1/(d-4) poles must be canceled by the c.t. from Leff]
       fixes some of the αi and leads to unique (static) expressions  

For more details see: EE, Nuclear Forces from Chiral Effective Field Theory: A Primer, arXiv:1001.3229[nucl-th]



 Chiral expansion of nuclear forces  [W-counting]
Nuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Weinberg ’90

Ordonez, van Kolck ’92

Ordonez, van Kolck ’92

Kaiser ’00 - ‘02

van Kolck ’94;  EE et al. ’02

Bernard, EE, Krebs, Meißner,’08, ’11 EE ’06

Entem, Kaiser, Machleidt, Nosyk ’15
EE, Krebs, Meißner ’15

Girlanda, Kievsky, Viviani ’11
Krebs, Gasparyan, EE ’12,’13

(short-range loop contrib. still missing)

still have to be worked out

[parameter-free] [parameter-free]

— A similar program is being pursued for in chiral EFT with explicit Δ(1232) DOF



 Current operators

Nuclear currents in chiral EFT

Axial vector source

H[a, v, s, p]

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

�0[10
�4fm4]

Q
2[GeV2]

m� [MeV]

Q
2 = 0

�
p
LT (box)

1

Vector source Scalar source

Pseudoscalar source

Chiral EFT Hamiltonian depends on external sources

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

Vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

�0[10
�4fm4]

Q
2[GeV2]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

�0[10
�4fm4]

Q
2[GeV2]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

p

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

p

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

n

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

n

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

�
⇤

n

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

p

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

n

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

n

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

�
⇤

n

A
b
µ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

�
⇤

n

a
b
µ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

µ
�

⌫µ

�
⇤

a
b
µ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

µ
�

⌫µ

�
⇤

a
b
µ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

n

vµ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

�
p
LT (box) = 1.32⇥ 10�4fm4

�0[10
�4fm4]

1

H[a, v, s, p]

a
b
µ(x)

a
b
µ(x)

e
�

µ
�

⌫µ

W

a
b
µ

�

�0

�0

�LT

�LT

�
p
LT

�
p
LT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4 + 1.67µ5 +

+ 0.10µ6 + 0.05µ7 � 0.01µ8 + . . .

in [10�4fm4] with µ = M⇡/mN

�LT ⇠

Z
d⌫

⌫3
. . .

�
L
⇤
0+
E0+ + 2L⇤

1+
(M1+ + 3E1+) + . . .

 

1

mN

in [10�4fm�4]

(9 + 5⌧3)fLT

�
p
LT (box) = 14 fLT

�
n
LT (box) = 4 fLT

1

Electroweak probes on nucleons and nuclei can be described by current formalism

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism

Kölling, EE, Krebs, Meißner (MUT) ’09,’12; 
Krebs et al., in preparation:  complete (1 loop) & renormalized

Pastore et al. (TOPT) ’08 — ’11:  not renormalized… 
Krebs, EE, Meißner (MUT) ’17:  complete (1 loop) & renormalized
Baroni et al. (TOPT) ’16:  incomplete…

Park, Min, Rho ’95 Park, Min, Rho ’93

Switch on external sources                   and consider local chiral rotations:

Decouple π’s to get (nonlocal) nuclear                      (MUT) & get currents via
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@

@t
U †

⌘
(t)

!

U⌘(t)

He↵ [h
0, ḣ0 ]

i
@

@t
 0 = He↵ [h

0, ḣ0] 0
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Unexpected result: the continuity equation                         !   Why?

 Continuity equations  Krebs, EE, Meißner, Annals Phys. 378 (17) 317

Naive (MUT):                                                         cannot renormalize     ,      …
determined in the strong sector (                                              )

~k ' 0
vµ(x) aµ(x)

V a
µ (~x ) =

@He↵

@vµ
a(~x, t)

, Aa
µ(~x ) =

@He↵

@aµ
a(~x, t)

He↵ [N ; a, v, s, p]

L⇡ =
F 2

4
Tr(rµUrµU

† + �+) + . . . ,

L⇡N = N̄(iv · D + gA u · S)N + . . . ,

LNN = �
1

2
CS(N̄N)2 + 2CT (N̄SN)2 + . . .

~Aa
Baroni et al. =

g3
A

32⇡F 4
⇡

⌧ a
2

"

W1(q1)~�1 + W2(q1)~q1 ~�1 · ~q1 + Z1(q1)
✓
2
~q1 ~�2 · ~q1

q2
1 + M2

⇡

� ~�2

◆#

+
g5
A

32⇡F 4
⇡

⌧ a
1 W3(q1)(~�2 ⇥ ~q1) ⇥ ~q1 �

g3
A

32⇡F 4
⇡

[⌧ 1 ⇥ ⌧ 2]
aZ3(q1)

~�1 ⇥ ~q1~�2 · ~q1

q2
1 + M2

⇡

+ 1 $ 2 ,

~Aa
Baroni et al. �

~Aa
KEM = �

g5
AA(q1)

⇣
~�2⌧ a

1 q
4
1 + 2~q1(6M2

⇡ + q2
1)~q1 · ~�2⌧ a

1

⌘

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

~Aa
Baroni et al. �

~Aa
KEM = �

g5
AA(q1)

⇣
~�2⌧ a

1 q
4
1 + 2~q1(6M2

⇡ + q2
1)~q1 · ~�2⌧ a

1

⌘

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

W3(q1) = �
4A(q1)

3
�

1

6M⇡

,

W1(q1) =
1

2
A(q1)

h
4(1 � 2g2

A)M
2
⇡ + (1 � 5g2

A)q
2
1

i
+

1

2
M⇡

"

g2
A

✓ 4M2
⇡

4M2
⇡ + q2

1

� 9
◆
+ 1

#

,

W2(q1) =
M⇡

⇣
4(2g2

A + 1)M2
⇡ + (3g2

A + 1)q2
1

⌘

2q2
1(4M

2
⇡ + q2

1)
�

A(q1)
⇣
4(2g2

A + 1)M2
⇡ + (g2

A � 1)q2
1

⌘

2q2
1

,

1

~k ' 0
vµ(x) aµ(x)

V a
µ (~x ) =

@He↵

@vµ
a(~x, t)

, Aa
µ(~x ) =

@He↵

@aµ
a(~x, t)

He↵ [N ; a, v, s, p]

L⇡ =
F 2

4
Tr(rµUrµU

† + �+) + . . . ,

L⇡N = N̄(iv · D + gA u · S)N + . . . ,

LNN = �
1

2
CS(N̄N)2 + 2CT (N̄SN)2 + . . .

~Aa
Baroni et al. =

g3
A

32⇡F 4
⇡

⌧ a
2

"

W1(q1)~�1 + W2(q1)~q1 ~�1 · ~q1 + Z1(q1)
✓
2
~q1 ~�2 · ~q1

q2
1 + M2

⇡

� ~�2

◆#

+
g5
A

32⇡F 4
⇡

⌧ a
1 W3(q1)(~�2 ⇥ ~q1) ⇥ ~q1 �

g3
A

32⇡F 4
⇡

[⌧ 1 ⇥ ⌧ 2]
aZ3(q1)

~�1 ⇥ ~q1~�2 · ~q1

q2
1 + M2

⇡

+ 1 $ 2 ,

~Aa
Baroni et al. �

~Aa
KEM = �

g5
AA(q1)

⇣
~�2⌧ a

1 q
4
1 + 2~q1(6M2

⇡ + q2
1)~q1 · ~�2⌧ a

1

⌘

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

~Aa
Baroni et al. �

~Aa
KEM = �

g5
AA(q1)

⇣
~�2⌧ a

1 q
4
1 + 2~q1(6M2

⇡ + q2
1)~q1 · ~�2⌧ a

1

⌘

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

W3(q1) = �
4A(q1)

3
�

1

6M⇡

,

W1(q1) =
1

2
A(q1)

h
4(1 � 2g2

A)M
2
⇡ + (1 � 5g2

A)q
2
1

i
+

1

2
M⇡

"

g2
A

✓ 4M2
⇡

4M2
⇡ + q2

1

� 9
◆
+ 1

#

,

W2(q1) =
M⇡

⇣
4(2g2

A + 1)M2
⇡ + (3g2

A + 1)q2
1

⌘

2q2
1(4M

2
⇡ + q2

1)
�

A(q1)
⇣
4(2g2

A + 1)M2
⇡ + (g2

A � 1)q2
1

⌘

2q2
1

,

1

Solution: employ a more general class of UT’s, namely

~k ' 0

rµ ! r0
µ = RrµR

† + iR @µR
† ,

lµ ! l0µ = L lµL
† + iL @µL

† ,

s + i p ! s0 + i p0 = R(s + i p)L† ,

s � i p ! s0 � i p0 = L(s � i p)R†

vµ(x) aµ(x)

V a
µ (~x ) =

@He↵

@vµ
a(~x, t)

, Aa
µ(~x ) =

@He↵

@aµ
a(~x, t)

He↵ [a, v, s, p]

U [a, v, s, p]

U [0, 0,mq, 0] = 1

He↵ [ jext(x)] = ⌘U †
str H⇡N [ jext(x)] Ustr ⌘

He↵ [h] = ⌘U †
str H⇡N [h] Ustr ⌘

a = v = p = 0, s = mq

He↵ [a, v, s, p] = U † H⇡N [a, v, s, p] U

He↵ [ jext, ḣext]
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0, ḣ0 ] = U †(t)He↵ [h, ḣ] U(t) + i
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Unexpected result: the continuity equation                         !   Why?

 Continuity equations  Krebs, EE, Meißner, Annals Phys. 378 (17) 317

Naive (MUT):                                                         cannot renormalize     ,      …
determined in the strong sector (                                              )
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h(x)

He↵ [h, ḣ]
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He↵ [h, ḣ] = U †
⌘[h] ⌘U †

str H⇡N [h]Ustr ⌘U⌘[h] + i
⇣

@
@t
U †

⌘[h]
⌘
U⌘[h]

jext ⌘ {a, v, s, p}

~k · ~V a
6= [Hstr, ⇢

a]

~k · ~V a
6= [Hstr, ⇢

a]

s, p, rµ, lµ

v = a = p = ~s = 0, s0 = mq

L⇡ =
F 2

4
Tr(rµUrµU

† + �+) + . . . ,

L⇡N = N̄(iv · D + gA u · S)N + . . . ,

LNN = �
1

2
CS(N̄N)2 + 2CT (N̄SN)2 + . . .

2

This implies the relations for currents                                                                      : 

He↵ [h
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U(t)

He↵ [h
0, ḣ0
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Applications 1: 
A new generation of chiral NN potentials 

— semi-local, coordinate-space-regularized up to N4LO

— semi-local, momentum-space-regularized up to N4LO+

— nonlocal, momentum-space-regularized up to N4LO+

EE, Krebs, Meißner, EPJA 51 (2015) 53; PRL 115 (2015) 122301

Reinert, Krebs, EE, EPJA 54 (2018) 88

Entem, Machleidt, Nosyk, PRC 96 (2017) 024004



 The long and short of nuclear forces

Short-range interactions have to be tuned to experimental data. In the isospin 
limit, one has according to NDA:

LO [Q0]:
NLO [Q2]:

N3LO [Q4]:

2 operators (S-waves)
+ 7 operators (S-, P-waves and ε1)

+ 12 operators (S-, P-, D-waves and ε1, ε2) 
N4LO [Q5]: no new terms

N2LO [Q3]: no new terms



 The long and short of nuclear forces

Short-range interactions have to be tuned to experimental data. In the isospin 
limit, one has according to NDA:

LO [Q0]:
NLO [Q2]:

N3LO [Q4]:

2 operators (S-waves)
+ 7 operators (S-, P-waves and ε1)

+ 12 operators (S-, P-, D-waves and ε1, ε2) 
N4LO [Q5]: no new terms

N2LO [Q3]: no new terms

Nuclear χEFT in the Precision Era Evgeny Epelbaum

πN scattering 2π-exchange 
NN force

long- and intermediate-range parts of the 3NF

Figure 2: The long-range part of the nuclear force is completely predicted by the chiral symmetry
of QCD and experimental information on the pion-nucleon system.

part of the interaction and thus maintains the analytic structure of the amplitude in the low-energy
domain. This feature is in contrast with the non-local momentum-space regulator employed in the
first-generation NN potentials of Refs. [47, 48] of the type

V (p⃗, p⃗ ′)→V reg(p⃗, p⃗ ′) =V (p⃗, p⃗ ′)exp
(

−
p2n+ p′2n

Λ2n

)

, n= 2,3 , (2.7)

where p⃗, p⃗ ′ are the initial and final momenta of the nucleons in the center of mass system (CMS),
which distorts the long-range part of the interaction. Another advantage of the regulator in Eq. (2.5)
is that it cuts off precisely the undesired short-range components of the pion exchange contributions
which cannot be meaningfully predicted in chiral EFT instead of their large-momentum parts as
does the non-local regulator in Eq. (2.7). This makes the additional spectral-function regularization
(SFR) [75] of the two-pion exchange components, which was used e.g. in Refs. [48, 76] to tame
the unphysically strong attraction at short distances at N2LO [41], obsolete. This is a particularly
welcome feature in view of the ongoing and upcoming 3NF studies, in which the implementation
of the SFR would be rather non-trivial. The insensitivity of the calculated NN observables to the
value of the exponent in Eq. (2.5) is demonstrated in [18]. For contact interactions, we used in
Refs. [18, 19] a non-local Gaussian regulator in momentum space with the cutoff set to Λ= 2/R.

2.3 Determination of the LECs

I am now in the position to specify the employed values of the various LECs and begin with
the long-range part of the potential due to exchange of pion(s). Here, the framework of chiral
EFT shows its full power by allowing one to predict the long-range part of the nuclear force in a
parameter-free way using the available experimental information on the pion-nucleon system and
exploiting the constraints due to the chiral symmetry of QCD as visualized schematically in Fig. 2.
At orders N2LO, N3LO and N4LO, one needs to specify the values of the order-Q2, order-Q3 and
order-Q4 πN LECs ci, di and ei, respectively. At N2LO and N3LO, we used in [18] the values
of c1 = −0.81, c2 = 3.28, c3 = −4.69, c4 = 3.40, d̄1 + d̄2 = 3.06, d̄3 = −3.27, d̄5 = 0.45 and
d̄14 − d̄15 = −5.65 from the order-Q3 fits to πN data in the physical region [77] and inside the
Mandelstam triangle [78]. Further, the LEC d18 is adjusted to reproduce the observed value of the
Goldberger-Treiman discrepancy. Here and in the following, the values of the LECs are given in
units of GeV−n. The bars over the LECs indicate that I am using the convention of Ref. [77] by
setting the dimensional regularization scale equal to the pion mass. At N4LO, we employ the values
from our order-Q4 fit to Karlsruhe-Helsinki partial-wave analysis of πN scattering [55], namely:
c1 =−0.75, c2 = 3.49, c3 =−4.77, c4 = 3.34, d̄1+ d̄2 = 6.21, d̄3 =−6.83, d̄5 = 0.78, d̄14− d̄15 =
−12.02, ē14 = 1.52 and ē17 =−0.37. These values are in a reasonable agreement with the ones of
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predicted in a parameter-free way
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FIG. 5: ⇡+p ! ⇡+p di↵erential cross section at T⇡ = 43.3 MeV as a representative example of
the quality of our fits (carried out to all available data for T⇡ < 100 MeV). In the upper panel,
the orange, pink and red (dotted, dashed and solid) bands refer to Q2, Q3 and Q4 results in the
covariant approach including theoretical uncertainties, respectively. In the lower panel the orange,
pink and red (dotted, dashed and solid) bands refer to Q2 + �1, Q3 + �1 and Q4 + �1 results in the
covariant approach including theoretical uncertainties, respectively. Experimental data of Ref. [63]
are taken from the GWU-SAID data base [61].
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Relevant LECs (in GeV-n) extracted from πN scattering 

Energy bin LO NLO N2LO N3LO N4LO N4LO+

neutron-proton data

0 � 100 MeV 130.11 3.79 1.46 1.08 1.08 1.08

0 � 200 MeV 104.71 19.88 3.21 1.14 1.09 1.10

0 � 300 MeV 111.24 52.03 8.78 1.51 1.15 1.13

proton-proton data

0 � 100 MeV 2046.58 33.68 6.67 0.86 0.84 0.84

0 � 200 MeV 1649.58 115.60 81.11 1.95 (1.08) 0.97

0 � 300 MeV 1301.41 104.38 84.24 2.73 (1.28) 1.18

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē17

[Q4]HB,NN, GW PWA �1.13 3.69 �5.51 3.71 5.57 �5.35 0.02 �10.26 1.75 �0.58

[Q4]HB,NN, KH PWA �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �0.37

[Q4]HB,NN, Roy-Steiner �1.10 3.57 �5.54 4.17 6.18 �8.91 0.86 �12.18 1.18 �0.18

[Q4]covariant, data �0.82 3.56 �4.59 3.44 5.43 �4.58 �0.40 �9.94 �0.63 �0.90
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Krebs, Gasparyan, EE,
PRC85 (12) 054006

Siemens et al.,
PRC94 (16) 014620

Hoferichter et al.,
PRL 115 (15) 092301

— Some LECs show sizable correlations (especially c1 and c3)…
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Subthreshold coefficients (from RS analysis) 
provide a natural matching point to ChPT

subthreshold 
expansion H
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s � u

4m
~k ' 0
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�vµ

j
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, Aj

µ
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�He↵

�aµ

j
(~k, k0)

, P j
(~k, k0) :=

�He↵

�pj(~k, k0)
,

vj

µ
(x) =:

Z
d4qe�iq·xvj

µ
(q), aj

µ
(x) =:

Z
d4qe�iq·xaj

µ
(q), pj

(x) =:

Z
d4qe�iq·xpj
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f(x) =:
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�ajµ(k0,~k)
h↵|S|�i = �i 2⇡�(E↵ � E� � k0)h↵|Aj

µ
(k0,~k)|�i
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Relevant LECs (in GeV-n) extracted from πN scattering 

Energy bin LO NLO N2LO N3LO N4LO N4LO+

neutron-proton data

0 � 100 MeV 130.11 3.79 1.46 1.08 1.08 1.08

0 � 200 MeV 104.71 19.88 3.21 1.14 1.09 1.10

0 � 300 MeV 111.24 52.03 8.78 1.51 1.15 1.13

proton-proton data

0 � 100 MeV 2046.58 33.68 6.67 0.86 0.84 0.84

0 � 200 MeV 1649.58 115.60 81.11 1.95 (1.08) 0.97

0 � 300 MeV 1301.41 104.38 84.24 2.73 (1.28) 1.18

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē17

[Q4]HB,NN, GW PWA �1.13 3.69 �5.51 3.71 5.57 �5.35 0.02 �10.26 1.75 �0.58

[Q4]HB,NN, KH PWA �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �0.37

[Q4]HB,NN, Roy-Steiner �1.10 3.57 �5.54 4.17 6.18 �8.91 0.86 �12.18 1.18 �0.18

[Q4]covariant, data �0.82 3.56 �4.59 3.44 5.43 �4.58 �0.40 �9.94 �0.63 �0.90

m ! 1

VC(q) =
2

⇡

Z ⇤SFR

2M⇡

dµµ
⇢C(µ)

µ2 + q2
(1)

f
✓ r

R

◆
=

"

1 � exp

 

�
r2

R2

!#n
(2)

VNLO = �
~�1 · ~q ~�2 · ~q

~q 2 + M2
,

1 � ��

�����
M2

⇡
� (Mphys

⇡
)
2

�M2
⇡

����� 
�(M⇡)

�(Mphys
⇡

)
 1 + ��

�����
M2

⇡
� (Mphys

⇡
)
2

�M2
⇡

����� , (3)

g2
A

4F 2
⇡

~�1 · ~q ~�2 · ~q

~q 2 + M2
⇡

⌧ 1 · ⌧ 2 + CS + CT~�1 · ~�2 (4)

r(C0, M⇡) = rextrapol(M⇡)

8

Krebs, Gasparyan, EE,
PRC85 (12) 054006

Siemens et al.,
PRC94 (16) 014620

Hoferichter et al.,
PRL 115 (15) 092301

— Some LECs show sizable correlations (especially c1 and c3)…

With the LECs taken from πN, the long-range NN force is completely fixed (parameter-free)

— RKE N4LO [Reinert, Krebs, EE, EPJA 54 (2018) 88]: Q4 fit to RS and Q4 fit to KH PWA



 NN data analysis

Since 1950-es, about 3000 proton-proton + 5000 neutron-proton scattering data below 
350 MeV have been measured.

However, certain data are mutually incompatible within errors and have to be rejected. 
2013 Granada database [Navarro-Perez et al., PRC 88 (2013) 064002], rejection rate: 31% np, 11% pp:
            2158 proton-proton + 2697 neutron-proton data below Elab = 300 MeV

7

Database

● Includes scattering data from 50ies up to 
2013

● uses ”3σ-criterion” to reject non-normal-
distributed data

● rejection rate 0-300 MeV: np: 31%, pp: 11%
np

pp

Use self-consistent 2013 Granada database 
[Phys. Rev. C 88.064002]

Comparison between theory and 
experiment via standard χ2 approach:

● Z (inverse relative norm) is chosen to 
minimze χ2

j

7

Database

● Includes scattering data from 50ies up to 
2013

● uses ”3σ-criterion” to reject non-normal-
distributed data

● rejection rate 0-300 MeV: np: 31%, pp: 11%
np

pp

Use self-consistent 2013 Granada database 
[Phys. Rev. C 88.064002]

Comparison between theory and 
experiment via standard χ2 approach:

● Z (inverse relative norm) is chosen to 
minimze χ2

j

7

Database

● Includes scattering data from 50ies up to 
2013

● uses ”3σ-criterion” to reject non-normal-
distributed data

● rejection rate 0-300 MeV: np: 31%, pp: 11%
np

pp

Use self-consistent 2013 Granada database 
[Phys. Rev. C 88.064002]

Comparison between theory and 
experiment via standard χ2 approach:

● Z (inverse relative norm) is chosen to 
minimze χ2

j

To fix NN contact interactions, use scattering data together with Bd = 2.224575(9) MeV 
and bnp = 3.7405(9) fm. 

P. Reinert, H. Krebs, EE, EPJA 54 (2018) 88

Use local/nonlocal regulator for long-range/short-range contributions 
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FIG. 16: (Color online) Neutron-proton S-, P-, D- and F-wave phase shifts and the mixing angles ✏1, ✏2 and ✏2 as obtained
at N4LO+ using the cuto↵ ⇤ = 450 MeV (red solid lines) in comparison with the Nijmegen [20] (solid dots) the Granada [92]
(blue open triangles) and Gross-Stadler [121] (green open squares) PWA. Light shaded bands show the estimated truncation
error as explained in appendix D. The shown uncertainties of the Nijmegen PWA correspond to systematic errors estimated
from the Nijm I, II and Reid93 potentials [110] as explained in Ref. [6].

and 0.15%, respectively.13 In both cases, the observed ⇤-dependence is smaller than the deviations from the very
precisely known experimental/empirical values listed in Table VIII. These deviations amount to ⇠ 0.015 fm2 and
⇠ 0.009 fm for Q and rd, respectively, and are comparable with the truncation errors for these quantities at N2LO,

namely �Q(3) = ±(0.005 . . . 0.011) fm2 (depending on the cuto↵) and �r(3)
d

= ±0.005 fm, which estimate the expected
size of N3LO contributions to these observables. This is fully in line with the fact that our calculations do not take
into account the relativistic corrections and contributions to the exchange charge operator at N3LO, see Ref. [33, 34]
for explicit expressions. Our results further indicate that starting from N3LO, the theoretical uncertainty for both
quantities is dominated by the one of the ⇡N LECs similarly to other low-energy observables considered in this and
previous sections. For both Q and rd, employing the ⇡N LECs from set 2 tends to increase the discrepancy with the
empirical numbers.

13
The smaller cuto↵ dependence of the deuteron radius reflects the long-range nature of this observable as opposed to that of Q.

— N4LO+ yields currently the best description of the 2013 Granada database (Elab < 300 MeV) 
— 40% less parameters (27+1) compared to high-precision potentials
— Clear evidence of the parameter-free chiral 2π exchange 

 State-of-the-art NN potentials
P. Reinert, H. Krebs, EE, EPJA 54 (2018) 88



 

2. Statistical uncertainties

3. Uncertainties due to πN LECs c1,2,3,4 , d1,2,3,5,14,15  and e14,17

4. Choice of Emax in the fits

Estimated using 2 sets of πN LECs (Roy-Steiner equation analysis & KH PWA)

Uncertainty estimated at N4LO/N4LO+ by performing fits with Emax = 220…300 MeV

Estimated in the standard way using the covariance matrix (quadratic approximation)

Error analysis
1. Truncation error

P. Reinert, H. Krebs, EE, EPJA 54 (2018) 88

EE, Krebs, Meißner, EPJA 51 (2015) 53

T = V + V G0T = V + V G0V + V G0V G0V + . . .

⇠ QiX(0)

�X(i)
� max

j,k

⇣
|X(j�i)

� X(k�i)
|

⌘
. (1)
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0] 0

U = exp

✓
i

Z
d
3
x[Rv

0
(~x) · ✏V (~x, t) + R

v

1
(~x) · ✏̇V (~x, t) + R

a

0
(~x) · ✏A(~x, t) + R

a

1
(~x) · ✏̇A(~x, t)]

◆
,

1

⇠ Q
2
X

(0)

⇠ Q
i
X

(0)

Q = max

⇢
p

⇤b

,
M⇡

⇤b

�

/ g
6

A

V
reg

1⇡
/

e
� ~q 2+M2

⇡
⇤2

~q 2 + M2

⇡

�!
1

~q 2 + M2

⇡

⇣
1 + short-range terms

⌘

vµ = v
(s)

µ
+

1

2
⌧ · v, aµ =

1

2
⌧ · a, s = s0 + ⌧ · s, p = p0 + ⌧ · p

vµ ! v
0
µ
= vµ + vµ ⇥ ✏V + aµ ⇥ ✏A + @µ✏V ,

aµ ! a
0
µ
= aµ + aµ ⇥ ✏V + vµ ⇥ ✏A + @µ✏A,

s0 ! s
0
0
= s0 � p · ✏A,

s ! s
0 = s + s ⇥ ✏V � p0✏A,

i p0 ! i p
0
0
= i(p0 + s · ✏A),

i p ! i p
0 = i(p + p ⇥ ✏V + s0 ✏A)

✏V =
1

2
(✏R + ✏L) and ✏A =

1

2
(✏R � ✏L) .

i
@

@t
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i
@

@t
 0 = He↵ [a

0
, ȧ
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Figure 8: Predictions for the np differential cross section dσ/dΩ, the analyzing power Ay, the
rotation parameter R, the polarization-transfer parameters Dt , Rt and At and the spin-correlation
parameters Cnn, Ckp, Cpp, Ckk, Azx and Azz at Elab = 143MeV calculated up to N4LO based on the
cutoff of R = 0.9fm. Data for the cross section are at Elab = 142.8MeV and taken from [92] and
for the analyzing power from [93]. For remaining notation see Fig. 6.

Using Eqs. (3.3) and (3.4) and adopting Q = Mπ/Λb, our predictions for AS at N4LO is AS =
0.8844± 0.0002 fm−1/2 while the accuracy for η is beyond the quoted figures. For the rd and Q,
our results are incomplete as we do not include relativistic corrections and meson-exchange current
contributions. The estimated size of these corrections is consistent with the deviation between our
values and the empirical numbers, see [18] for an extended discussion.

4. Beyond the two-nucleon system

Having developed the new generation of NN potentials up to N4LO and the novel approach
to uncertainty quantification, which has been validated in the NN system, we are well prepared to
test nuclear chiral EFT in heavier systems and to systematically analyze the role of the 3NF, which
has been the subject of intense experimental research at FZ Jülich, GANIL, KVI, RIKEN, TUNL
and other laboratories. This is the main goal of the recently formed Low Energy Nuclear Physics
International Collaboration (LENPIC). The numerical implementation of the 3NF regularized in
the same way as the NN potentials of Refs. [18, 19] is currently in progress so that no results
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cutoff of R = 0.9fm. Data for the cross section are at Elab = 142.8MeV and taken from [92] and
for the analyzing power from [93]. For remaining notation see Fig. 6.

Using Eqs. (3.3) and (3.4) and adopting Q = Mπ/Λb, our predictions for AS at N4LO is AS =
0.8844± 0.0002 fm−1/2 while the accuracy for η is beyond the quoted figures. For the rd and Q,
our results are incomplete as we do not include relativistic corrections and meson-exchange current
contributions. The estimated size of these corrections is consistent with the deviation between our
values and the empirical numbers, see [18] for an extended discussion.

4. Beyond the two-nucleon system

Having developed the new generation of NN potentials up to N4LO and the novel approach
to uncertainty quantification, which has been validated in the NN system, we are well prepared to
test nuclear chiral EFT in heavier systems and to systematically analyze the role of the 3NF, which
has been the subject of intense experimental research at FZ Jülich, GANIL, KVI, RIKEN, TUNL
and other laboratories. This is the main goal of the recently formed Low Energy Nuclear Physics
International Collaboration (LENPIC). The numerical implementation of the 3NF regularized in
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Exp:
Rodning, Knutson ’90

statistical error variation of Emax

truncation error πN LECs

Example: deuteron asymptotic normalizations (relevant for nuclear astrophysics)

Elab bin CD-Bonn — Idaho N3LO — — improved chiral potentials at N3LO, this work —
(MeV) (500) (600) R = 0.8 fm R = 0.9 fm R = 1.0 fm R = 1.1 fm R = 1.2 fm

neutron-proton
0–100 0.6 1.7 5.2 0.8 0.7 0.6 0.7 1.4
0–200 0.6 2.2 5.3 0.8 0.7 0.6 0.8 1.8
0–300 0.6 3.3 6.8 2.1 1.5 1.8 4.0 10.7

proton-proton
0–100 0.5 1.5? 6.7? 1.8 0.8 0.5 1.2 4.6
0–200 1.3 2.9? 11.7? 2.1 0.7 0.6 2.2 8.2
0–300 1.3 5.9? 30.0? 12.0 3.2 7.0 24.5 66.8

?The 1S0 partial wave has not been taken into account.
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Our determination:

 Error analysis P. Reinert, H. Krebs, EE, EPJA 54 (2018) 88

In most cases, the uncertainty is dominated by truncation errors. At N4LO and at very low 
energies, other sources of errors become comparable (especially πN LECs…). 



 

— LENPIC Collaboration —

LENPIC: Low Energy Nuclear Physics International Collaboration
LENPIC

Goal: precision tests of chiral nuclear forces & currents in light nuclei

Strategy: go to high orders, do not compromise the πN LECs, no fine
                 tuning to heavy nuclei, careful error analysis

Applications 2: Beyond the 2N system 



  Light nuclei based on 2NF alone

LENPIC: Low Energy Nuclear Physics International Collaboration
LENPIC

LENPIC Collaboration (Maris et al.), EPJ Web of Conf. 113 (2016) 04015

L
O

N
L

O

N
2 L

O

N
3 L

O
N

4 L
O

E
xp

-50

-45

-40

-35

-30

-25

-20

g
ro

u
n
d
 s

ta
te

 e
n
er

g
y
 (

M
eV

)

L
O

N
L

O

N
2 L

O

N
3 L

O
N

4 L
O

E
xp

0

0.4

0.8

1.2

1.6

p
o
in

t-
p
ro

to
n
 r

m
s 

ra
d
iu

s 
(f

m
)

4
He

Figure 2. Results for 4He: gs
energy and point-proton rms
radius (rp) at different chiral
order, with both theoretical
(chiral) uncertainty estimates
(blue) and many-body numerical
uncertainties (red), with
experimental values in green.
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Figure 3. Results for 6Li: gs energy, excitation energies of the two lowest excited states, and gs magnetic moment
at different chiral order.

weakens. We also see a dramatic difference in convergence rate: the strongly bound nucleus 4He
converges more rapidly than the weakly bound nucleus 6Li; furthermore, up to N2LO convergence is
rapid, but at N3LO and N4LO our results for 6Li are far from being converged, even at Nmax = 18.

In order to improve the convergence of the many-body calculations we apply the Similarity Renor-
malization Group (SRG) at the three-body level to ’soften’ the chiral NN interaction [8–11]. Indeed,
at SRG evolution values of α = 0.04 fm4 and α = 0.08 fm4 we do find rapid convergence of the
many-body calculation, and, including induced 3N interactions, only very weak dependence on
the SRG evolution. Up to N2LO, the SRG evolution produces results for 6Li to within a fraction
of a percent of those without SRG; at N3LO and N4LO the results with the SRG evolution are
significantly better converged than, and within the extrapolation uncertainties of, the uncon-
verged results without SRG evolution. Finally, as a cross-check we also confirm that, to within
our estimated numerical accuracy, our results for 4He agree with results obtained in the Faddeev–
Yakubovsky framework [6].

In figures 2 and 3 we summarize our results at different orders in the chiral expansion. In addition
to the estimated numerical uncertainties in the many-body calculation, we also display the estimated
theoretical chiral uncertainties following [3–6]. The chiral uncertainties decrease with increasing chi-
ral order (as they should). However, the many-body numerical uncertainty increases with increasing
chiral order, and at N3LO and N4LO our results for 6Li are dominated by the many-body uncertainties.
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Figure 3. Results for 6Li: gs energy, excitation energies of the two lowest excited states, and gs magnetic moment
at different chiral order.

weakens. We also see a dramatic difference in convergence rate: the strongly bound nucleus 4He
converges more rapidly than the weakly bound nucleus 6Li; furthermore, up to N2LO convergence is
rapid, but at N3LO and N4LO our results for 6Li are far from being converged, even at Nmax = 18.

In order to improve the convergence of the many-body calculations we apply the Similarity Renor-
malization Group (SRG) at the three-body level to ’soften’ the chiral NN interaction [8–11]. Indeed,
at SRG evolution values of α = 0.04 fm4 and α = 0.08 fm4 we do find rapid convergence of the
many-body calculation, and, including induced 3N interactions, only very weak dependence on
the SRG evolution. Up to N2LO, the SRG evolution produces results for 6Li to within a fraction
of a percent of those without SRG; at N3LO and N4LO the results with the SRG evolution are
significantly better converged than, and within the extrapolation uncertainties of, the uncon-
verged results without SRG evolution. Finally, as a cross-check we also confirm that, to within
our estimated numerical accuracy, our results for 4He agree with results obtained in the Faddeev–
Yakubovsky framework [6].

In figures 2 and 3 we summarize our results at different orders in the chiral expansion. In addition
to the estimated numerical uncertainties in the many-body calculation, we also display the estimated
theoretical chiral uncertainties following [3–6]. The chiral uncertainties decrease with increasing chi-
ral order (as they should). However, the many-body numerical uncertainty increases with increasing
chiral order, and at N3LO and N4LO our results for 6Li are dominated by the many-body uncertainties.
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Deviations from the data 
are consistent with the 
estimated size of the 
3N forces

Is there any evidence of 
the missing 3NF?



  Brueckner-Hartree-Fock based on 2NF alone
Jinniu Hu, Ying Zhang, EE, Ulf-G. Meißner, Jie Meng, PRC 96 (2017) 034307
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Figure 2: (Color online) Predictions for the EOS of SNM (left panel) and PNM
(right panel) based on the chiral NN potentials of Refs. [35, 36] for R = 0.9 fm
(upper raw) and R = 1.0 fm (lower raw) along with the estimated theoretical
uncertainties. Open rectangles visualize the empirical saturation point of sym-
metric nuclear matter.

The breakdown scale of the nuclear chiral EFT was estimated
to be ⇤b ' 600 MeV [35].3 The Bayesian analysis of the chiral
EFT predictions for the NN total cross section of Ref. [60] has
revealed, that the actual breakdown scale may even be a little
higher than ⇤b ' 600 MeV for R = 0.9 fm. It goes without say-
ing that the estimated theoretical uncertainty at N2LO – N4LO
determines the accuracy of complete calculations which require
the inclusion of the corresponding many-body forces.

In Fig. 2, we show the results for the EOS for SNM and PNM
including the estimated theoretical uncertainties at various or-
ders of the chiral expansion for the most accurate versions of the
NN potentials with R = 0.9 fm and R = 1.0 fm [35, 36]. The ex-
pansion parameter Q at a given density is estimated by identify-
ing the momentum scale p with the Fermi momentum kF, which
is related to the density ⇢ via ⇢ = 2k

3
F/(3⇡

2) (⇢ = k
3
F/(3⇡

2))
for SNM (PNM), and assuming ⇤b = 600 MeV. At the satura-
tion density, the achievable accuracy of the chiral EFT predic-
tions for the energy per particle may be expected to be about
±1.5 MeV (±0.3 MeV) for SNM and ±2 MeV (±0.7 MeV) for
PNM at N2LO (N4LO). Notice that the expected accuracy at
N4LO is significantly smaller than the current model depen-
dence for these quantities. We further emphasize that the pre-
sented estimations should be taken with some care due to the
non-availability of complete calculations beyond NLO. More
reliable estimations of the theoretical uncertainty using the ap-
proach of [35] will be possible once the corresponding three-
and four-nucleon forces are included.

Our results confirm the conclusions of [54] that cuto↵ vari-
ation does not provide an adequate way for estimating the un-
certainties in the calculations of the nuclear EOS. As discussed
in [35], residual cuto↵-dependence of observables may gener-
ally be expected to underestimate the theoretical uncertainty at
NLO and N3LO, which is consistent with our results. Further,

3To account for increasing finite-cuto↵ artefacts using softer versions of the
chiral forces, the lower values of ⇤b = 500 MeV and 400 MeV were employed
in calculations based on R = 1.1 fm and R = 1.2 fm, respectively.
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Figure 3: (Color online) Chiral expansion of the symmetry energy asymm (left
panel) and the slope parameter L (right panel) at the empirical saturation den-
sity for the cuto↵ values of R = 0.9 fm (upper raw) and R = 1.0 fm (lower
raw) along with the estimated theoretical uncertainty. Solid circles (open rect-
angles) show the complete results at a given chiral order (incomplete results
based on NN interactions only). Solid triangles show the current experimental
constraints on asymm and L as described in the text.

the spread of results for di↵erent values of R at N4LO appears
to be roughly of a similar size as the estimated uncertainty at
this order. We, however, refrain from drawing more definite
conclusions on the cuto↵ dependence based on the incomplete
calculations.

Finally, we have also quantified the achievable accuracy of
the theoretical determination of the symmetry energy asymm and
the slope parameter L, defined as L = 3⇢ @(E/A)SNM/@⇢, at the
empirical saturation density. These important quantities have
been constrained by the available experimental information on
e.g. neutron skin thickness, heavy ion collisions and dipole
polarizabilities leading to the ranges of 29 MeV . asymm .
33 MeV and 40 MeV . L . 62 MeV [61, 62, 63]. In Fig. 3,
we show our results for these quantities using the NN potentials
from LO to N4LO along with the estimated theoretical uncer-
tainties. Especially for the slope parameter, a complete calcu-
lation at N4LO would yield a theoretical prediction much more
accurate than the current experimental data.

5. Summary and conclusions

In summary, we calculated the equations of state (EOSs) of
SNM and PNM with the state-of-the-art chiral NN potential-
s from LO to N4LO in the framework of Brueckner-Hartree-
Fock theory. At N4LO, the EOS of SNM has saturation points
for all employed cuto↵ values with the corresponding satura-
tion densities and binding energies per particle being within
the range of 0.27 . . . 0.39 fm�3 and �16.09 . . . � 23.03 MeV,
respectively. These values are compatible with the ones based
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Figure 2: (Color online) Predictions for the EOS of SNM (left panel) and PNM
(right panel) based on the chiral NN potentials of Refs. [35, 36] for R = 0.9 fm
(upper raw) and R = 1.0 fm (lower raw) along with the estimated theoretical
uncertainties. Open rectangles visualize the empirical saturation point of sym-
metric nuclear matter.

The breakdown scale of the nuclear chiral EFT was estimated
to be ⇤b ' 600 MeV [35].3 The Bayesian analysis of the chiral
EFT predictions for the NN total cross section of Ref. [60] has
revealed, that the actual breakdown scale may even be a little
higher than ⇤b ' 600 MeV for R = 0.9 fm. It goes without say-
ing that the estimated theoretical uncertainty at N2LO – N4LO
determines the accuracy of complete calculations which require
the inclusion of the corresponding many-body forces.

In Fig. 2, we show the results for the EOS for SNM and PNM
including the estimated theoretical uncertainties at various or-
ders of the chiral expansion for the most accurate versions of the
NN potentials with R = 0.9 fm and R = 1.0 fm [35, 36]. The ex-
pansion parameter Q at a given density is estimated by identify-
ing the momentum scale p with the Fermi momentum kF, which
is related to the density ⇢ via ⇢ = 2k

3
F/(3⇡

2) (⇢ = k
3
F/(3⇡

2))
for SNM (PNM), and assuming ⇤b = 600 MeV. At the satura-
tion density, the achievable accuracy of the chiral EFT predic-
tions for the energy per particle may be expected to be about
±1.5 MeV (±0.3 MeV) for SNM and ±2 MeV (±0.7 MeV) for
PNM at N2LO (N4LO). Notice that the expected accuracy at
N4LO is significantly smaller than the current model depen-
dence for these quantities. We further emphasize that the pre-
sented estimations should be taken with some care due to the
non-availability of complete calculations beyond NLO. More
reliable estimations of the theoretical uncertainty using the ap-
proach of [35] will be possible once the corresponding three-
and four-nucleon forces are included.

Our results confirm the conclusions of [54] that cuto↵ vari-
ation does not provide an adequate way for estimating the un-
certainties in the calculations of the nuclear EOS. As discussed
in [35], residual cuto↵-dependence of observables may gener-
ally be expected to underestimate the theoretical uncertainty at
NLO and N3LO, which is consistent with our results. Further,

3To account for increasing finite-cuto↵ artefacts using softer versions of the
chiral forces, the lower values of ⇤b = 500 MeV and 400 MeV were employed
in calculations based on R = 1.1 fm and R = 1.2 fm, respectively.
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panel) and the slope parameter L (right panel) at the empirical saturation den-
sity for the cuto↵ values of R = 0.9 fm (upper raw) and R = 1.0 fm (lower
raw) along with the estimated theoretical uncertainty. Solid circles (open rect-
angles) show the complete results at a given chiral order (incomplete results
based on NN interactions only). Solid triangles show the current experimental
constraints on asymm and L as described in the text.

the spread of results for di↵erent values of R at N4LO appears
to be roughly of a similar size as the estimated uncertainty at
this order. We, however, refrain from drawing more definite
conclusions on the cuto↵ dependence based on the incomplete
calculations.

Finally, we have also quantified the achievable accuracy of
the theoretical determination of the symmetry energy asymm and
the slope parameter L, defined as L = 3⇢ @(E/A)SNM/@⇢, at the
empirical saturation density. These important quantities have
been constrained by the available experimental information on
e.g. neutron skin thickness, heavy ion collisions and dipole
polarizabilities leading to the ranges of 29 MeV . asymm .
33 MeV and 40 MeV . L . 62 MeV [61, 62, 63]. In Fig. 3,
we show our results for these quantities using the NN potentials
from LO to N4LO along with the estimated theoretical uncer-
tainties. Especially for the slope parameter, a complete calcu-
lation at N4LO would yield a theoretical prediction much more
accurate than the current experimental data.

5. Summary and conclusions

In summary, we calculated the equations of state (EOSs) of
SNM and PNM with the state-of-the-art chiral NN potential-
s from LO to N4LO in the framework of Brueckner-Hartree-
Fock theory. At N4LO, the EOS of SNM has saturation points
for all employed cuto↵ values with the corresponding satura-
tion densities and binding energies per particle being within
the range of 0.27 . . . 0.39 fm�3 and �16.09 . . . � 23.03 MeV,
respectively. These values are compatible with the ones based
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(upper raw) and R = 1.0 fm (lower raw) along with the estimated theoretical
uncertainties. Open rectangles visualize the empirical saturation point of sym-
metric nuclear matter.

The breakdown scale of the nuclear chiral EFT was estimated
to be ⇤b ' 600 MeV [35].3 The Bayesian analysis of the chiral
EFT predictions for the NN total cross section of Ref. [60] has
revealed, that the actual breakdown scale may even be a little
higher than ⇤b ' 600 MeV for R = 0.9 fm. It goes without say-
ing that the estimated theoretical uncertainty at N2LO – N4LO
determines the accuracy of complete calculations which require
the inclusion of the corresponding many-body forces.

In Fig. 2, we show the results for the EOS for SNM and PNM
including the estimated theoretical uncertainties at various or-
ders of the chiral expansion for the most accurate versions of the
NN potentials with R = 0.9 fm and R = 1.0 fm [35, 36]. The ex-
pansion parameter Q at a given density is estimated by identify-
ing the momentum scale p with the Fermi momentum kF, which
is related to the density ⇢ via ⇢ = 2k

3
F/(3⇡

2) (⇢ = k
3
F/(3⇡

2))
for SNM (PNM), and assuming ⇤b = 600 MeV. At the satura-
tion density, the achievable accuracy of the chiral EFT predic-
tions for the energy per particle may be expected to be about
±1.5 MeV (±0.3 MeV) for SNM and ±2 MeV (±0.7 MeV) for
PNM at N2LO (N4LO). Notice that the expected accuracy at
N4LO is significantly smaller than the current model depen-
dence for these quantities. We further emphasize that the pre-
sented estimations should be taken with some care due to the
non-availability of complete calculations beyond NLO. More
reliable estimations of the theoretical uncertainty using the ap-
proach of [35] will be possible once the corresponding three-
and four-nucleon forces are included.

Our results confirm the conclusions of [54] that cuto↵ vari-
ation does not provide an adequate way for estimating the un-
certainties in the calculations of the nuclear EOS. As discussed
in [35], residual cuto↵-dependence of observables may gener-
ally be expected to underestimate the theoretical uncertainty at
NLO and N3LO, which is consistent with our results. Further,

3To account for increasing finite-cuto↵ artefacts using softer versions of the
chiral forces, the lower values of ⇤b = 500 MeV and 400 MeV were employed
in calculations based on R = 1.1 fm and R = 1.2 fm, respectively.
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Figure 3: (Color online) Chiral expansion of the symmetry energy asymm (left
panel) and the slope parameter L (right panel) at the empirical saturation den-
sity for the cuto↵ values of R = 0.9 fm (upper raw) and R = 1.0 fm (lower
raw) along with the estimated theoretical uncertainty. Solid circles (open rect-
angles) show the complete results at a given chiral order (incomplete results
based on NN interactions only). Solid triangles show the current experimental
constraints on asymm and L as described in the text.

the spread of results for di↵erent values of R at N4LO appears
to be roughly of a similar size as the estimated uncertainty at
this order. We, however, refrain from drawing more definite
conclusions on the cuto↵ dependence based on the incomplete
calculations.

Finally, we have also quantified the achievable accuracy of
the theoretical determination of the symmetry energy asymm and
the slope parameter L, defined as L = 3⇢ @(E/A)SNM/@⇢, at the
empirical saturation density. These important quantities have
been constrained by the available experimental information on
e.g. neutron skin thickness, heavy ion collisions and dipole
polarizabilities leading to the ranges of 29 MeV . asymm .
33 MeV and 40 MeV . L . 62 MeV [61, 62, 63]. In Fig. 3,
we show our results for these quantities using the NN potentials
from LO to N4LO along with the estimated theoretical uncer-
tainties. Especially for the slope parameter, a complete calcu-
lation at N4LO would yield a theoretical prediction much more
accurate than the current experimental data.

5. Summary and conclusions

In summary, we calculated the equations of state (EOSs) of
SNM and PNM with the state-of-the-art chiral NN potential-
s from LO to N4LO in the framework of Brueckner-Hartree-
Fock theory. At N4LO, the EOS of SNM has saturation points
for all employed cuto↵ values with the corresponding satura-
tion densities and binding energies per particle being within
the range of 0.27 . . . 0.39 fm�3 and �16.09 . . . � 23.03 MeV,
respectively. These values are compatible with the ones based
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 Three-nucleon forces
N2LO: tree-level graphs, 2 new LECs  

N3LO: leading 1 loop, parameter-free  
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FIG. 1. (color online) Di↵erent topologies that contribute to the chiral 3NF up to N3LO (and N4LO). Nucleons and pions
are represented by solid and dashed lines, respectively. The shaded vertices denote the amplitudes of the corresponding
interaction. Specifically, the individual diagrams are: (a) 2⇡ exchange, (b) 1⇡-contact, (c) pure contact, (d) 2⇡-1⇡ exchange,
(e) ring contributions, (f) 2⇡-contact and (g) relativistic corrections. See main text for details.

form for few- and many-body frameworks represents a
highly nontrivial task [37–39]. Due to the huge amount
of computational resources needed for this decomposi-
tion, matrix elements have been so far available only in
a limited model space [16]. As a consequence, consistent
N3LO three-body scattering calculations were limited to
low energies and no studies of heavier nuclei were pos-
sible. In this paper we present a novel framework that
allows one to decompose 3N interactions in a plane-wave
partial wave basis in a computationally much more ef-
ficient way than the framework of Refs. [38, 39]. This
new method makes explicit use of the fact that all (un-
regularized) contributions to chiral 3NFs are either local,
i.e. they depend only on momentum transfers, or they
contain only polynomial non-local terms.

In Section II we derive the new framework for decom-
posing local 3NFs e�ciently in a momentum-space par-
tial wave basis. In Section III we apply the calculated
matrix elements of chiral 3NFs up to N3LO to nuclear
matter and 3H, discuss the partial wave convergence and
investigate the importance of the individual topologies at
di↵erent orders in the chiral expansion. In Section IV we
summarize and given an outlook of future applications.

II. PARTIAL WAVE DECOMPOSITION OF
LOCAL THREE-NUCLEON FORCES

A general translationally invariant 3NF can be ex-
pressed as a function of the Jacobi momenta p = k1�k2

2

and q = 2
3

⇥
k3 � 1

2 (k1 + k2)
⇤
, where ki denote the single

nucleon momenta (in the following equations we will first
suppress spin and isospin degrees of freedom):

V123 = V123(p,q,p
0
,q0). (1)

Here and in the following p and q (p0 and q0) denote
the Jacobi momenta of the initial (final) state. For local
interactions, however, the momentum dependence fur-
ther simplifies as such forces only depend on momentum
transfers, i.e. on di↵erences of Jacobi momenta:

V
loc
123 = V

loc
123(p

0 � p,q0 � q) ⌘ V
loc
123(p̃, q̃). (2)

Note that this statement refers to unregularized forces.
Below we will apply non-local regulators to the partial-
wave decomposed matrix elements. The regularization
will be discussed in more detail in Section III.

Generally, the decomposition of 3NFs in plane-wave
partial waves involves the evaluation of projection inte-
grals of the form

F
mLmlmL0ml0
LlL0l0 (p, q, p0, q0) =

Z
dp̂0

dq̂0
dp̂dq̂

⇥Y
⇤
L0mL0 (p̂

0)Y ⇤
l0ml0

(q̂0)YLmL(p̂)Ylml(q̂)V
loc
123(p̃, q̃) (3)

for fixed values of p = |p|, q = |q|, p0 = |p0|, q0 = |q0|
and the angular momentum quantum numbers. By using
symmetries, it is possible to reduce the dimensionality of
the angular integrals from 8 to 5. Traditional methods
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ation of these angular integrals [38, 39]. Due to the large
number of external quantum numbers and momentum
mesh points such algorithms require very large computa-
tional resources for calculating all matrix elements nec-
essary for many-body studies. As a result, the number
of matrix elements of chiral N3LO interactions were so
far insu�cient for studies of nuclei and matter. However,
it is possible to evaluate the basic function F defined in
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FIG. 1. (color online) Di↵erent topologies that contribute to the chiral 3NF up to N3LO (and N4LO). Nucleons and pions
are represented by solid and dashed lines, respectively. The shaded vertices denote the amplitudes of the corresponding
interaction. Specifically, the individual diagrams are: (a) 2⇡ exchange, (b) 1⇡-contact, (c) pure contact, (d) 2⇡-1⇡ exchange,
(e) ring contributions, (f) 2⇡-contact and (g) relativistic corrections. See main text for details.

form for few- and many-body frameworks represents a
highly nontrivial task [37–39]. Due to the huge amount
of computational resources needed for this decomposi-
tion, matrix elements have been so far available only in
a limited model space [16]. As a consequence, consistent
N3LO three-body scattering calculations were limited to
low energies and no studies of heavier nuclei were pos-
sible. In this paper we present a novel framework that
allows one to decompose 3N interactions in a plane-wave
partial wave basis in a computationally much more ef-
ficient way than the framework of Refs. [38, 39]. This
new method makes explicit use of the fact that all (un-
regularized) contributions to chiral 3NFs are either local,
i.e. they depend only on momentum transfers, or they
contain only polynomial non-local terms.

In Section II we derive the new framework for decom-
posing local 3NFs e�ciently in a momentum-space par-
tial wave basis. In Section III we apply the calculated
matrix elements of chiral 3NFs up to N3LO to nuclear
matter and 3H, discuss the partial wave convergence and
investigate the importance of the individual topologies at
di↵erent orders in the chiral expansion. In Section IV we
summarize and given an outlook of future applications.

II. PARTIAL WAVE DECOMPOSITION OF
LOCAL THREE-NUCLEON FORCES

A general translationally invariant 3NF can be ex-
pressed as a function of the Jacobi momenta p = k1�k2

2

and q = 2
3
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⇤
, where ki denote the single
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Figure 7: Chiral expansion of the np total cross section at different energies based on R = 0.9 fm
in comparison with experimental data of Ref. [90]. The horizontal band shows the result of the
NPWA.

Table 2: Deuteron binding energy Bd (in MeV), asymptotic S state normalization AS (in fm−1/2),
asymptotic D/S state ratio η , radius rd (in fm), quadrupole moment Q (in fm2) and the D-state
probability PD (in %) based on the cutoff R= 0.9 fm. Notice that rd and Q are calculated without
including exchange current contributions and relativistic corrections. References to experimental
data/empirical values can be found in Ref. [18].

LO NLO N2LO N3LO N4LO Empirical

Bd 2.0235 2.1987 2.2311 2.2246⋆ 2.2246⋆ 2.224575(9)
AS 0.8333 0.8772 0.8865 0.8845 0.8844 0.8846(9)
η 0.0212 0.0256 0.0256 0.0255 0.0255 0.0256(4)
rd 1.990 1.968 1.966 1.972 1.972 1.97535(85)
Q 0.230 0.273 0.270 0.271 0.271 0.2859(3)
PD 2.54 4.73 4.50 4.19 4.29
⋆The deuteron binding energy has been taken as input in the fit.

NPWA and confirm a good convergence of the chiral expansion. More results for NN observables
can be found in Refs. [18, 19].

As already advertised, the novel approach to uncertainty quantification is not restricted to a
particular choice of the regulator. Carrying out the error analysis for calculations based on different
choices of R thus provides a useful consistency check of the method. In Fig. 9, we show the results
for the total cross section at all orders starting from NLO and for all considered cutoff choices.
Within the quoted errors, the predictions based on different values of R agree with each other and
the NPWA for all orders in the chiral expansion. The accuracy of the predicted results for the cross
section shows the same dependence on the cutoff as the quality of the fits discussed in section 2.4.

In Table 2, we list our results for the deuteron properties. At the considered accuracy level,
the chiral expansion is nearly converged already at N3LO except for PD which is not an observable
quantity.8 The predicted values for AS and η are in excellent agreement with the empirical numbers.

8PD = 5%±1% has been used as an additional “data” point in the fits at N3LO and N4LO in order to stabilize the
results, see Ref. [18] for more detail.
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 Radii of heavy nuclei: A smoking gun?

LENPIC: Low Energy Nuclear Physics International Collaboration
LENPIC

Calculations are incomplete: 3NFs and MECs are missing…

Expected to be correlated with the results for 2H radius, but effects seem to increase with A.

from: Lazauskas, Carbonell, PRC 70 (2004) 044002

rD, 2H (fm) rp, 3H (fm) rp, 4He (fm)

AV18/AV18+UIX 1.967 (�0.4%) 1.584 (�1%) 1.44 (�2%)

Elab bin CD-Bonn — Idaho N3LO — — improved chiral potentials at N3LO, this work —
(MeV) (500) (600) R = 0.8 fm R = 0.9 fm R = 1.0 fm R = 1.1 fm R = 1.2 fm

neutron-proton phase shifts
0–100 0.6 1.7 5.2 0.8 0.7 0.6 0.7 1.4
0–200 0.6 2.2 5.3 0.8 0.7 0.6 0.8 1.8
0–300 0.6 3.3 6.8 2.1 1.5 1.8 4.0 10.7

proton-proton phase shifts
0–100 0.5 1.5? 6.7? 1.8 0.8 0.5 1.2 4.6
0–200 1.3 2.9? 11.7? 2.1 0.7 0.6 2.2 8.2
0–300 1.3 5.9? 30.0? 12.0 3.2 7.0 24.5 66.8

?The 1
S0 partial wave has not been taken into account.

PD =

Z 1

0

drw
2(r) (33)

���1 �
cot �Ri(k)

cot �Rj(k)

��� (34)
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Preliminary results indicate that radii of heavier nuclei are underestimated (~ 15% for 16O)
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Preliminary results indicate that radii of heavier nuclei are underestimated (~ 15% for 16O)

What could be the reason that the N2LO potentials by Ekström et al. are doing a good job?
NNLOsat: rD = 1.978 fm (+0.13%) ΔNNLO(450): rD = 1.982 fm (+0.3%)

However, NN data seem to prefer smaller rD:

rD, 2H (fm) rp, 3H (fm) rp, 4He (fm)

AV18/AV18+UIX 1.967 (�0.4%) 1.584 (�1%) 1.44 (�2%)

RKE N4LO+ Granada PWA (�-shell) Nijm I Nijm II Reid93 CD-Bonn Exp.

rD, 2H (fm) 1.965 . . . 1.968 1.965 1.967 1.968 1.969 1.966 1.975

PD =

Z 1

0

drw
2(r) (33)
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Work in progress with Hebeler, Roth et al. towards understanding the systematics…
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 Outlook

Next steps (work in progress)
Regularization of many-body forces & currents becomes nontrivial @N3LO (χ symmetry…)
High-derivative method (cutoff in the Lagrangian) Slavnov,  NPB 31 (1971) 301

N3LO analysis of Nd scattering, light and medium-mass nuclei; parameter-free calculation 
of the 3H β-decay; μ-decay & MuSun experiment @PSI; e.m. reactions, …

Frontiers & challenges for the (near) future

Understanding the issue with the radii of heavier nuclei

Extending the analysis of the 3NF to N4LO will require partial wave analysis of Nd scat-
tering to fix short-range LECs. Long-standing puzzles in 3N continuum (Ay, SST, …)!

Pushing ab initio methods to heavier nuclei and reactions

Chiral EFT as a tool to deal with nuclear effects when looking at physics of/beyond the 
SM (parity violation, EDM, 0νββ, proton charge radius,…) 

EFT for lattice QCD (extrapolations), lattice QCD for EFT (mq dependence, „data“, …)

Precision physics beyond the 2N system: challenge the theory 


