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Parton Distribution Functions
§ PDFs are universal quark/gluon distributions of nucleon
xMany ongoing/planned experiments

(BNL, JLab, J-PARC, COMPASS, GSI, EIC, LHeC, …)
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How are the seaquarks and gluons, 
and their spins, distributed in space and 
momentum inside the nucleon?

Imaging of the proton

EIC White Paper, 1212.1701



§ PDFs are universal quark/gluon distributions of nucleon
xMany ongoing/planned experiments

(BNL, JLab, J-PARC, COMPASS, GSI, EIC, LHeC, …)

§ Important inputs to discern new physics at LHC
xCurrently dominate errors in Higgs production

Parton Distribution Functions
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Global Analysis 

Theory 
Input

%ØÐȭÔ
Input

Global Analysis 
of PDFs§ Some choices made

for the analysis
xChoice of data sets and kinematic cuts
xStrong coupling constant ɻs(MZ)
xHow to parametrize the distribution

xAssumptions imposed
SU(3) flavor symmetry, charge symmetry, strange and sea distributions

ὼὪὼȟ‘ ὥὼ ρ ὼ ὖὼ

§ Experiments cover diverse kinematics of parton variables
xGlobal analysis takes advantage of all data sets
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Global Analysis
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§ Discrepancies appear when data is scarce
§ Many groups have tackled the analysis
xCTEQ, MSTW, ABM, JR, NNPDF, etc.

Jimenez-Delgado, Melnitchouk , Owens,

J.Phys. G40 (2013) 09310



Huey-Wen Lin — YITP, Kyoto, 2018

What can we do on the lattice?



§ Lattice QCD is an ideal theoretical tool for investigating 
strong-coupling regime of quantum field theories 

§ Physical observables are calculated from the path integral
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gluon field

quark field

a

L

t

x, y, z

in Euclidianspace
xQuark mass parameter 

(described by ά )
x Impose a UV cutoff 

discretize spacetime
x Impose an infrared cutoff

finite volume

§ Recover physical limit

ά ᴼά , ὥᴼπ, ὒO Њ

Lattice QCD 101
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§ Lattice calculations rely on operator product expansion, 
only provide moments

ὼ Ὠὼὼήὼ

ὼ Ὠὼὼɝήὼ

ὼ Ὠὼὼ‏ήὼ

most well known

very poorly known

Quark density/unpolarized

Helicity
longitudinally polarized

Transversity
transversely polarized

§ True distribution can only be recovered with all moments

PDFs on the Lattice
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Problem with Moments
§ For higher moments, ops mix with lower-dimension ops
xRenormalization is difficult too

§ Relative error grows in higher moments
xCalculation would be costly and difficult
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Dolgov et al. PRD66, 034506 (2002) 

Göckeler et al. PRD71, 114511 (2005)

LHPC (SCRI, SESAM):

2f, Wilson and clover

QCDSF: 0f

àx2ðq àx3ðq
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State -of -the -Art Moments
§ FLAG rating system
§ New: excited-state rating
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PNDME, 1506.06411; 1606.07049



State -of -the -Art Moments
§ Improved transversity distribution with LQCD gT

xGlobal analysis with 12 extrapolation forms: Ὣ ρȢππφυψ

xUse to constrain the global analysis fits SIDIS “ production data 
from proton and deuteron targets
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Lin, Melnitchouk, Prokudin, Sato, Phys. Rev. Lett. 120, 152502 (2018)



Beyond Traditional Moments?
§ Longstanding obstacle!

§ Holy grail of structure calculations

§ Applies to many structure quantities: 
xGeneralized parton distributions (GPDs)

x Transverse-momentum distributions (TMD)

xMeson distribution amplitudes…

xWigner distribution
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Beyond Traditional Moments?
§ Reaching for higher moments 
x Fictitious heavy quarks (Detmold and Lin, 

hep-lat/0507007 )
xSmeared lat. ops (Davoudi et al. 1204.4146)

§ Direct calculation of x dependence
xHadronic tensor currents

(Liu et al., hep-ph/9806491, ... 1603.07352) 
x Inversion method/OPE without OPE

(QCDSF, hep-lat/9809171,é1703.01153) 
xEuclidean correlation functions (RQCD, 1709.04325)
x Lattice cross-section method (Y.-Q. Ma and J. Qiu, 2014, 2017)
x Large-momentum effective theory (LaMET) and variations
x Original LaMET (“quasi-PDF” method) This talk
x Pseudo-PDF method: differs in FT (A. Radyushkin, 2017) 
x Smeared quasi-PDF (C. Monahan and K. Orginos, 2017)
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A Promising òNewó Direction
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Large-Momentum Effective Theory (LaMET)



https://www.pa.msu.edu/~hwlin/LP3/

Lattice Parton Physics Project (LP 3)
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Large-Momentum Effective Theory (LaMET)

A New Direction

§ Finite-momentum quark distribution
(quasi-distribution)
xSuggested operator:

X. Ji, PRL. 111, 

262002 (2013)

§ Take the infinite-Pz limit to recover lightcone functions
x Just another limit to take, like taking ὥO πor ὠO Њ

Lattice ᾀcoordinate
ὼ ὯȾὖ

Product of lattice gauge links
hadron momentum ὖ ὖȟπȟπȟὖ
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§ Calculate the parton distributions through the
infinite-momentum frame Feynman, Phys. Rev. Lett. 23, 1415 (1969)
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Slide credit: Yong Zhao, CIPANP 2018 Plenary talk
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Large-Momentum Effective Theory for PDFs 

LaMET : Step -by -Step

ὴὖ

ὗς π ɜ

ὴὖ

1) Calculate nucleon matrix elements on the lattice

X. Ji, PRL. 111, 

262002 (2013)

Ὤ
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Large-Momentum Effective Theory for PDFs 

LaMET : Step -by -Step

ὴὖ

ὗς π ɜ

ὴὖ

1) Calculate nucleon matrix elements on the lattice

X. Ji, PRL. 111, 

262002 (2013)

Pz∈{0.43, 0.86, 1.29} GeVHWL et al. 1402.1462

Mʌ≈310 MeV, a ≈0.12 fm

Ὤ
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Large-Momentum Effective Theory for PDFs 

LaMET : Step -by -Step

2) Compute “quasi-distribution” via

X. Ji, PRL. 111, 

262002 (2013)

ήὼȟ‘ȟὖ
Ὠᾀ

τ“
Ὡ Ὤᾀȟ‘ȟὖ

Pz∈{0.43, 0.86, 1.29} GeV
HWL et al. 1402.1462

Mʌ≈310 MeV, a ≈0.12 fm
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Large-Momentum Effective Theory for PDFs 

LaMET : Step -by -Step

3) Recover true distribution (takeὖ ЊO limit )

X. Ji, PRL. 111, 

262002 (2013)

ήὼȟ‘ȟὖ ὤ ȟ ▲◐ȟⱧ ײַ ϳὓ ὖ ײַ ϳɤ ὖ

Finite Pz↔ Ўperturbative matching  

ὤὼȟϳ‘ὖ ὅ‏ὼ ρ ὤ ὼȟϳ‘ὖ

Non-singlet case only 

X. Xiong, X. Ji, J. Zhang, Y. Zhao, 1310.7471;

Ma and Qiu, 1404.6860
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Large-Momentum Effective Theory for PDFs 

LaMET : Step -by -Step

3) Recover true distribution (takeὖ ЊO limit )

X. Ji, PRL. 111, 

262002 (2013)

ήὼȟ‘ȟὖ ὤ ȟ ▲◐ȟⱧ ײַ ϳὓ ὖ ײַ ϳɤ ὖ

Dominant correction
(for nucleon);

known scaling form
HWL et al. 1402.1462

J.-W. Chen et al, 1603.06664
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Large-Momentum Effective Theory for PDFs 

LaMET : Step -by -Step

3) Recover true distribution (takeὖ ЊO limit )

X. Ji, PRL. 111, 

262002 (2013)

ήὼȟ‘ȟὖ ὤ ȟ ▲◐ȟⱧ ײַ ϳὓ ὖ ײַ ϳɤ ὖ

complicated higher-twist operator; 
smaller Pz correction for nucleon

J.-W. Chen et al, 1603.06664 and reference within

(extrapolate it away)

§ Some similarity in more broadly-ǎǘǳŘƛŜŘ Iv9¢Χ

ὕ ὤ ȟ έ‘ ײַ Ễ
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Large-Momentum Effective Theory for PDFs 

LaMET : Step -by -Step

3) Recover true distribution (takeὖ ЊO limit )

ήὼȟ‘ȟὖ ὤ ȟ ▲◐ȟⱧ ײַ ϳὓ ὖ ϳɤ ὖ

X. Ji, PRL. 111, 

262002 (2013)

§ Matching is a very crucial step in recovering the true 
lightconedistribution 

Before matching:

HWL et al. 1402.1462
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Nucleon Unpolarized PDF

§ First result in 2014
xMʌ≈310 MeV, a≈0.12 fm

(MʌL≈4.5)
x Largest ὖ ρȢσGeV
x 1-loop -3matching + 

target-mass correction 

§ Updated results in 2017/18
x Improved quasi-distribution definition 
xRI/MOM nonperturbative renormalization and

corresponding matching to lightcone distribution

§ From 2014 to 2018
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Nucleon Unpolarized PDF

§ First result in 2014
xMʌ≈310 MeV, a≈0.12 fm

(MʌL≈4.5)
x Largest ὖ ρȢσGeV
x 1-loop -3matching + 

target-mass correction 

§ Updated results in 2017/18
x Improved quasi-distribution definition 
xRI/MOM nonperturbative renormalization and

corresponding matching to lightcone distribution

§ From 2014 to 2018

Similar results repeated by 
ETMC,
at ὓ σχσ-Å6, a πȢψὪά

ETMC, 1504.07455
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Physical Pion Mass Results
§9ȄŎƛǘƛƴƎΗ ¢ǿƻ ŎƻƭƭŀōƻǊŀǘƛƻƴǎΩ ǊŜǎǳƭǘǎ ŀǘ ǇƘȅǎƛŎŀƭ Ǉƛƻƴ Ƴŀǎǎ 
xBoost momenta ὖ ρȢτ'Å6
xStudy of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14
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Physical Pion Mass Results
§9ȄŎƛǘƛƴƎΗ ¢ǿƻ ŎƻƭƭŀōƻǊŀǘƛƻƴǎΩ ǊŜǎǳƭǘǎ ŀǘ ǇƘȅǎƛŎŀƭ Ǉƛƻƴ Ƴŀǎǎ 
xBoost ὖ ρȢτ'Å6
xStudy of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14

1708.05301 (LP
3
) 0.8 GeV

1.6 GeV
2.4 GeV
4.8 GeV

Reaching ὼ πȢρfor antiquark remains challenging
especially without replying on an assumed parametrization
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Physical Pion Mass Results
§9ȄŎƛǘƛƴƎΗ ¢ǿƻ ŎƻƭƭŀōƻǊŀǘƛƻƴǎΩ ǊŜǎǳƭǘǎ ŀǘ ǇƘȅǎƛŎŀƭ Ǉƛƻƴ Ƴŀǎǎ 
xBoost ὖ ρȢτ'Å6
xStudy of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14
Updated results at

physical pion mass
with Pz up to 3 GeV

1803.04393 (LP
3
)
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Physical Pion Mass Results
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Global Analysis 
§ Discrepancies appear when data is scarce
§ Many groups have tackled the analysis
xCTEQ, MSTW, ABM, JR, NNPDF, etc.

Jimenez-Delgado, Melnitchouk , Owens,

J.Phys. G40 (2013) 09310
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§ A first joint workshop with 
global-fitting community to 
address key LQCD inputs 
x http://www.physics.ox.ac.uk

/confs/PDFlattice2017
xWhitepaper study the needed 

precision of lattice PDFs in 
the large-ὼregion

http://www.physics.ox.ac.uk/confs/PDFlattice2017


Global Analysis 
§ Discrepancies appear when data is scarce
§ Many groups have tackled the analysis
xCTEQ, MSTW, ABM, JR, NNPDF, etc.
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§ Implementing the pseudo-data from LQCD with x=0.7ς0.9

D: 12%

E: 6%

F: 3%

Lin et al, Progress in Particle and Nuclear Physics 100, 106 (2018)

όὼȟὗ Ὠὼȟὗ and όὼȟὗ ӶὨὼȟὗ



Global Analysis 
§ Discrepancies appear when data is scarce
§ Many groups have tackled the analysis
xCTEQ, MSTW, ABM, JR, NNPDF, etc.
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§ Implementing the pseudo-data from LQCD with x=0.7ς0.9

D: 12%

E: 6%

F: 3%

ɝόὼȟὗ ɝὨὼȟὗ andɝόὼȟὗ ɝӶὨὼȟὗ

Lin et al, Progress in Particle and Nuclear Physics 100, 106 (2018)



§ Overcoming longstanding obstacle to x-distribution 
xNew idea by Ji for studying full x dependence of PDFs

xPromising results on unpolarized and polarized sea asymmetry  

compared with experiments, even at non-physical pion mass

§ Caveats 
xNot a precision calculation yet

xNeed to complete the other pz corrections

(on-going; possibly done in a couple weeks)

xSystematics due to large momenta (some ideas to improve it)

§ Need improvement for large-momentum sources
xBetter overlapping boosted hadron smearing (asymmetric source)

xApplications: large-q form factors, hadronicand flavor physics, é  

Exciting time for hadron structure on the 
lattice 
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Exciting time for studying structure on the lattice
§ Overcoming longstanding obstacle to full x-distribution 
x Most importantly, this can be done with today’s computers 
x Progress made in meson distribution amplitudes (1702.0008,1712.10025) 

and first lattice pion PDF (1804.01483)

§ Moving on to remove the systematicsof earlier study 
x Progress on renormalization ,

further work on larger momentum boost with 
finer lattice spacing, higher statistics, etc.

x Long-term future for lattice hadronic physics

§ LQCD impacts for current PDFs in the next few years
x Large-x isovector PDFs
x Combined analysis with precision moments to access small-x regions 

Summary & Outlook

Huey-Wen Lin — YITP, Kyoto, 2018

HPCC@MSU
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Pseudo -PDF
§ A variation of LaMET:
xעὼȟᾀȟ‘ȟ‭ Ὠ᷿ᾀὴȾς“Ὡ ẗὬὺȟᾀȟ‘ȟ‭

§ Versusquasi-PDF
xήὼȟὴȟ‘ȟ‭ ᷿ὨᾀȾς“Ὡ ẗ Ὤᾀὴȟᾀȟ‘ȟ‭

§ Similarity and issues: Ὤὺȟᾀ ȾὬπȟᾀ ὓὺȟᾀ

§ One of the numerical attractions
xSimilar matrix elements; same problems we have 
xExtension to other structures is not clear yet

Huey-Wen Lin — YITP, Kyoto, 2018

A. Radyushki, 1705.01488

Ji, Zhang, Zhao 1706.07416

Plot by 

Yi-Bo YangPseudo-PDF RI/MOM quasi-PDF



Physical Pion Mass 
§ Not a lattice problem but Fourier transform issue

§ Simple exercise with CT14 PDF 
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1708.05301 (LP3)

1506.07443

Fixed ὒ σς



Physical Pion Mass 
§ Not a lattice problem but Fourier transform issue

§ Simple exercise with CT14 PDF 
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1506.07443

Fixed ὖ ςτ“Ⱦὒ1708.05301 (LP
3
)



§ Not a lattice problem but Fourier transform issue

§ Two possible solutions proposed (likely more) 

Physical Pion Mass 
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Filter approach Derivative approach

Ὂᾀ ȟᾀ
ρ ÅÒÆ

ᾀ ᾀ
ᾀ

ς

ρ ÅÒÆ
ᾀ ᾀ
ᾀ

ς

ήὼ Ὠᾀ
ὖ

ς“

Ὡ

Ὥὖὼ
Ὤᾀ

1708.05301 (LP
3
)



§ Not a lattice problem but Fourier transform issue

§ Two possible solutions proposed (likely more)

§ Larger momentum production is currently in progress 

Physical Pion Mass 
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1708.05301 (LP
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Filter approach Derivative approach
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LHC

LANSCE
UCN

ὒ

ȟ

‐ ὕ

SNS

ὒ ὒ

Ὣ ὲόὨὴ

Ὣ ὲό„ Ὠὴ

New Physics in TeV Scale
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OBSM = fO( Sʁ,TgS,T) 

Upcoming precision
low-energy experiments

LANL/ ORNL UCN neutron 
decay exp’t

|B1−b|BSM < 10−3

|b|BSM < 10−3

CENPA: 6He(bGT) at 10−3

OBSM= fO( Sʁ,TgS,T) 

§ Given precision gS,T and OBSM, predict new-physics scales

Precision LQCD input
(mˉO 140 MeV, aᴼ0)

Beta Decays & BSM

Low-Energy
Expt

‐ȟᶿɤȟ

PNDME, PRD85 054512 (2012);

1306.5435; 1606.07049
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Physical Pion Mass 
§ The problem persists/worsens at physical pion mass 
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Mʌ≈135 MeV, a≈0.09 fm , L≈5.6 fm

RI/MOM renormalized Bare

ɜ ‎

Yi-Bo Yang
(MSU)

J. Green et al (ETMC)

Mʌ≈375 MeV


