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� Gapless modes associated with spontaneous  symmetry  breaking 

Nambu-Goldstone (NG) modes
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Nambu-Goldstone (NG) modes

Patterns

Pions 3 3 0

K-CFL 
phase 3 1 1

Magnons 2 0 1

NBS
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Counting rules

• Type A

• Type B

Hidaka, PRL 110, 091601 (2013) 

Watanabe-Murayama, PRL 108, 251602 (2013)

NNG = NA +NB
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Type-A NG modes

� Harmonic oscillators

• Elastic variable (EV) '
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� Linear dispersion relations
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Coriolis force

m
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dt2
y = �mg

l
y � 2m⌦

d

dt
x
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Type-B NG modes
� Coupled harmonic oscillators

• Foucault’s pendulum

� Quadratic dispersion relations
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� Dissipative Higgs model

Dissipative quantum systems
� Driven-dissipative BEC Sieberer1-Buchhold-Diehl, Rep. Prog. Phys. 79 096001 (2016) 

Minami-Hidaka, PRE 97, 012130 (2018)  
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Field operators a†↵,�(q) and a↵,�(q) create or destroy a photon
or exciton (note that both are bosonic excitations) with in-plane
momentum q and polarization � (there are two polarization
states of the exciton which are coupled to the cavity mode [13]).
For simplicity, we neglect polarization e↵ects leading to an ef-
fective spin-orbit coupling [13]. Due to the confinement in the
transverse (z) direction, i.e., along the cavity axis, the motion of
photons in this direction is quantized as qz,n = ⇡n/lz, where n is
a positive integer, and lz is the length of the cavity. In writing
the Hamiltonian (5), we are assuming that only the lowest trans-
verse mode is populated, which leads to a quadratic dispersion
as a function of the in-plane momentum q = |q| =

q
q2

x + q2
y :

!C(q) = c
q

q2
z,1 + q2 = !0

C +
q2

2mC
+ O(q4). (6)

Here, c is the speed of sound, !0
C = cqz,1, and the e↵ective mass

of the photon is given by mC = qz,1/c. Typically, the value of the
photon mass is orders of magnitude smaller than the mass of the
exciton, so that the dispersion of the latter appears to be flat on
the scale of Fig. 1 (b).

Upon absorption of a photon by the semiconductor, an exciton
is generated. This process (and the reverse process of the emis-
sion of a photon upon radiative decay of an exciton) is described
by

HC�X = ⌦R

Z
dq

(2⇡)2

X

�

⇣
a†X,�(q)aC,�(q) + H.c.

⌘
, (7)

where ⌦R is the rate of the coherent interconversion of photons
into excitons and vice versa. The quadratic Hamiltonian (4) can
be diagonalized by introducing new modes — the lower and
upper exciton-polaritons,  LP,�(q) and  UP,�(q) respectively,
which are linear combinations of photon and exciton modes. The
dispersion of lower and upper polaritons is depicted in Fig. 1
(b). In the regime of strong light-matter coupling, which is
reached when ⌦R is larger than both the rate at which pho-
tons are lost from the cavity due to mirror imperfections and the
non-radiative decay rate of excitons, it is appropriate to think of
exciton-polaritons as the elementary excitations of the system.

In experiments, it is often su�cient to consider only lower
polaritons in a specific spin state, and to approximate the disper-
sion as parabolic [13]. Interactions between exciton-polaritons
originate from various physical mechanisms, with a dominant
contribution stemming from the screened Coulomb interactions
between electrons and holes forming the excitons. Again, in the
low-energy scattering regime, this leads to an e↵ective contact
interaction between lower polaritons. As a result, the low-energy
description of lower polaritons takes the form (in the following
we drop the subscript indices in  LP,�) [13]

HLP =

Z
dx

"
 †(x)

 
!0

LP �
r

2

2mLP

!
 (x) + uc 

†(x)2 (x)2
#
. (8)

While this Hamiltonian is quite generic and arises also, e.g., in
cold bosonic atoms in the absence of an external potential, the
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Figure 1. (a) Schematic of two Bragg mirrors forming a microcavity,
in which a quantum well (QW) is embedded. In the regime of strong
light-matter interaction, the cavity photon and the exciton hybridize and
form new eigenmodes, which are called exciton-polaritons. (b) Energy
dispersion of the upper and lower polariton branches as a function of in-
plane momentum q. In the experimental scheme illustrated in this figure
(cf. Ref. [12]), the incident laser is tuned to highly excited states of the
quantum well. These undergo relaxation via emission of phonons and
scattering from polaritons, and accumulate at the bottom of the lower
polariton branch. In the course of the relaxation process, coherence is
quickly lost, and the e↵ective pumping of lower polaritons is incoher-
ent.

peculiarity of exciton-polaritons is that they are excitations with
relatively short lifetime. In turn, this necessitates continuous re-
plenishment of energy in the form of laser driving in order to
maintain a steady population. In Fig. 1 (b), we consider the
case in which the excitation laser is tuned to energies well above
the lower polariton band. The thus created high-energy excita-
tions are deprived of their excess energy via phonon-polariton
and stimulated polariton-polariton scattering. Eventually, they
accumulate at the bottom of the lower polariton band. As a con-
sequence of multiple scattering processes, the coherence of the
incident laser field is quickly lost, and the e↵ective pumping of
lower polaritons is incoherent.

A phenomenological model for the dynamics of the lower po-
lariton field, which accounts for both the coherent dynamics gen-
erated by the Hamiltonian (8) and the driven-dissipative one de-
scribed above, was introduced in Ref. [151]. It involves a dissi-
pative Gross-Pitaevskii equation for the lower polariton field that
is coupled to a rate equation for the reservoir of high-energy ex-
citations. However, for the study of universal long-wavelength

S =
Z

d4x �⇤
A

✓
i@t +

r2

2m
� u⇤ � �⇤|�R|2

◆
�R

+�⇤
R

✓
i@t +

r2

2m
� u� �|�R|2

◆
�A

+iA|�A|2
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m
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dx
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Type-A NG modes
� Damped Harmonic oscillators

� Diffusive dispersion relations

Friction

• Overdamped

! = � i

�
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Friction
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Type-B NG modes

� Coupled damped harmonic oscillators

� Quadratic dispersion relations

• Damping oscillation

! =
1

4⌦2 + �2
(±2⌦� i�)p2
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Nambu-Goldstone (NG) modes

Patterns Hamiltonian Dissipative

Type A

Type B

h[iQ,�]i 6= 0
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Minami-Hidaka, PRE 97, 012130 (2018)  

! = ±p2 � ip2
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Static condensate
è

Dynamic condensate
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hSx + iSyi = S0e
i2⌦t
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� Floquet (discrete) time-crystal [Ising chain]

Quantum time-crystals
• No-Go theorem in Hamiltonian systems

� Continuous time-crystal (Spin precision) in excited states

� Van der Pol time-crystal in a nonequilibrium steady state

This work

Wilczek, PRL109, 160401 (2012) 

Watanabe- Oshikawa, PRL114, 251603 (2015)

Yao-Potter-Potirniche-Vishwanath, PRL 118, 030401 (2017) 

Autti-Eltsov-Volovik, PRL120, 215301 (2018) 
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Van der Pol oscillator

C
I
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• Nonlinear friction
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• Spontaneous oscillation (Limit cycle)
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Van der Pol oscillator
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I
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• Spontaneous breaking of the time-translation symmetry
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• Linearly unstable, but nonlinearly stable

Schwinger-Keldysh action 'R,A
<latexit sha1_base64="9D/a8PNHr4uIZfthOL8PqsTJD1g="></latexit><latexit sha1_base64="9D/a8PNHr4uIZfthOL8PqsTJD1g="></latexit><latexit sha1_base64="9D/a8PNHr4uIZfthOL8PqsTJD1g="></latexit><latexit sha1_base64="9D/a8PNHr4uIZfthOL8PqsTJD1g="></latexit>

Real-scalar fields

S =

Z
d4x'A

�
�@2

t +r2 + �
�
1� '2

R

�
@t � 2�'2

R

�
'R + iA('A)

2

<latexit sha1_base64="L3ahTmaFBeDy2HCMLZgc69XYsDU="></latexit><latexit sha1_base64="L3ahTmaFBeDy2HCMLZgc69XYsDU="></latexit><latexit sha1_base64="L3ahTmaFBeDy2HCMLZgc69XYsDU="></latexit><latexit sha1_base64="L3ahTmaFBeDy2HCMLZgc69XYsDU="></latexit><latexit sha1_base64="L3ahTmaFBeDy2HCMLZgc69XYsDU="></latexit>

�Mean-field approximation '0 = h'Ri
<latexit sha1_base64="SnDABx3QOv5loAXH8NZjKYAxxz8="></latexit><latexit sha1_base64="SnDABx3QOv5loAXH8NZjKYAxxz8="></latexit><latexit sha1_base64="SnDABx3QOv5loAXH8NZjKYAxxz8="></latexit><latexit sha1_base64="SnDABx3QOv5loAXH8NZjKYAxxz8="></latexit><latexit sha1_base64="SnDABx3QOv5loAXH8NZjKYAxxz8="></latexit>

� = 0.1
<latexit sha1_base64="d9GIwQ1pCLZzg79hagOb5IgOZKU="></latexit><latexit sha1_base64="d9GIwQ1pCLZzg79hagOb5IgOZKU="></latexit><latexit sha1_base64="d9GIwQ1pCLZzg79hagOb5IgOZKU="></latexit><latexit sha1_base64="d9GIwQ1pCLZzg79hagOb5IgOZKU="></latexit><latexit sha1_base64="d9GIwQ1pCLZzg79hagOb5IgOZKU="></latexit>

� = 10
<latexit sha1_base64="5yR8l48ccgoB4eVwn1m1nZocRSg="></latexit><latexit sha1_base64="5yR8l48ccgoB4eVwn1m1nZocRSg="></latexit><latexit sha1_base64="5yR8l48ccgoB4eVwn1m1nZocRSg="></latexit><latexit sha1_base64="5yR8l48ccgoB4eVwn1m1nZocRSg="></latexit>



Tomoya Hayata NFQCD2018@ YITP, 7 June, 2018

• Gapless mode necessarily appears!

� EOM of the EV

Type-A NG mode in quantum time-crystals
� Elastic variable

� Type-A NG mode
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• Effective theory of unstable superfluids

Schwinger-Keldysh action Complex-scalar fields �R,A
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• Periodic array of temporal-domain-walls

Superfluid kink-time crystal
�Mean-field solution
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• Two gapless directions

� EOM of the EVs

Type-B NG mode in quantum time-crystals
� Two elastic variables

� One type-B NG mode
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� Noncommutativity btw broken charges 

Discussion

• Overdamped type-B NG mode
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Summary
� NG modes in quantum time-crystals

• Type-A NG mode in the Van der Pol oscillator
• Type-B NG mode in the superfluid kink time-crystal

� Future prospects

• Phenomenological applications 
• Transport properties of quantum time-crystals


