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The First Observation 
of the Energy-Momentum Tensor 

around static Quark-Antiquark

Pulling Pushing

mid-
plane

z

x

y

mid-plane



1. Introduction: Quark-Antiquark System 
2. Energy-Momentum Tensor (EMT) 
                   and Gradient Flow 
3. EMT around static Quark-Antiquark



1. Introduction: Quark-Antiquark System 
2. Energy-Momentum Tensor (EMT) 
                   and Gradient Flow 
3. EMT around static Quark-Antiquark



Static Quark-Antiquark System
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Wilson loop: time evolution of Quark-Antiquark system

Wilson Loop

Quark Antiquark

Coulomb + Linear pot.

<latexit sha1_base64="oGpDuhtN/wWSaCjogED+sBJ+ODg="></latexit>



“Tube”-structure between Quark and Antiquark
• Origin of a linear rising potential — “tube” structure 
• a tube-like structure is established by lattice QCD 

• Dual-superconductor scenario? (Nambu, ’t Hooft, Mandelstam

Fig. Lattice QCD calc. by Leinweber
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How to Observe the Tube from Lattice QCD?

• Spatial correlation of “action density” &  Wilson loop

Wilson loop

Action density
Quark Anti-QuarkSpace



Probing into QQbar System with Various Operators
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TI-Cossu-Hashimoto ‘13Fig. Shibata-Kondo-Kato-Shinohara ‘12
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See also Cea et al.



How to Extract Quantitative Information?

• Tube structures are observed from lattice QCD, but 
• Action density or Chromo-Electric/Magnetic Fields 

renormalization ? continuum limit ? 
what about the relation between interquark force ?
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Energy-Momentum Tensor (EMT)

•       : generator of Poincaré group

energy momentum

stress

pressure



Energy-Momentum Tensor (EMT)

•       : generator of Poincaré group 
• conservation law 
• trace anomaly 

• energy density 
• stress tensor

bulk thermodynamics

fluctuations

transport coeffs.

At finite temperature

<latexit sha1_base64="ZvRmfg7op+HoT6qDygzw5l7Kfms=">AAACGXicbVDLSsNAFJ3UV42vqEtdDBahLiyJFHQjFN24rNAXtCFMppN26GQSZialJXTjb/gDbvUP3IlbV/6A3+G0zcK2Hrhw5px7uXOPHzMqlW1/G7m19Y3Nrfy2ubO7t39gHR41ZJQITOo4YpFo+UgSRjmpK6oYacWCoNBnpOkP7qd+c0iEpBGvqXFM3BD1OA0oRkpLnnXaGSJBYklZxIujC3gLL2HNS8vliX55VsEu2TPAVeJkpAAyVD3rp9ONcBISrjBDUrYdO1ZuioSimJGJ2UkkiREeoB5pa8pRSKSbzq6YwHOtdGEQCV1cwZn6dyJFoZTj0NedIVJ9uexNxf+8dqKCGzelPE4U4Xi+KEgYVBGcRgK7VBCs2FgThAXVf4W4jwTCSge3sEUqOpqYpqmDcZZjWCWNq5Jjl5zHcqFyl0WUByfgDBSBA65BBTyAKqgDDJ7AC3gFb8az8W58GJ/z1pyRzRyDBRhfv0nLnpw=</latexit>

<latexit sha1_base64="jt15CCnCjIikQ5mj89dfdkYpe3E=">AAACGXicbVDLSsNAFJ3UV42vqEtdDBahLiyJCLoRim5cVugL2hAm00k7diYJMxNpCd34G/6AW/0Dd+LWlT/gdzhtI9jWAxfOnHMvd+7xY0alsu0vI7e0vLK6ll83Nza3tnes3b26jBKBSQ1HLBJNH0nCaEhqiipGmrEgiPuMNPz+zdhvPBAhaRRW1TAmLkfdkAYUI6UlzzpsS9rlyEvp/ag4OIFX8BRWf1+eVbBL9gRwkTgZKYAMFc/6bncinHASKsyQlC3HjpWbIqEoZmRkthNJYoT7qEtamoaIE+mmkytG8FgrHRhEQleo4ET9O5EiLuWQ+7qTI9WT895Y/M9rJSq4dFMaxokiIZ4uChIGVQTHkcAOFQQrNtQEYUH1XyHuIYGw0sHNbJGKDkamaepgnPkYFkn9rOTYJefuvFC+ziLKgwNwBIrAARegDG5BBdQABo/gGbyAV+PJeDPejY9pa87IZvbBDIzPH+iEnv8=</latexit> <latexit sha1_base64="312EpMXPFfEdW1Zf0kibYM1LKEg=">AAACHHicbVDLSsNAFJ3UV42vqEsXDhbBVUlE0I1QFMRlBfuANoTJdNJOO5mEmYlYQpb+hj/gVv/AnbgV/AG/w0mbhW09cOFwzr3ce48fMyqVbX8bpaXlldW18rq5sbm1vWPt7jVllAhMGjhikWj7SBJGOWkoqhhpx4Kg0Gek5Y+uc7/1QISkEb9X45i4IepzGlCMlJY867AbIjXAiKU3mUfhJexK2g+Rl9JhBrk39KyKXbUngIvEKUgFFKh71k+3F+EkJFxhhqTsOHas3BQJRTEjmdlNJIkRHqE+6WjKUUikm04eyeCxVnowiIQuruBE/TuRolDKcejrzvxsOe/l4n9eJ1HBhZtSHieKcDxdFCQMqgjmqcAeFQQrNtYEYUH1rRAPkEBY6exmtkhFHzPTNHUwznwMi6R5WnXsqnN3VqldFRGVwQE4AifAAeegBm5BHTQABk/gBbyCN+PZeDc+jM9pa8koZvbBDIyvXwd8oVM=</latexit>

force per area



Problems of EMT in Lattice Gauge Theory

• Lorentz sym. is broken: definition is non-trivial 

• dim. 4 operator — UV fluctuation is difficult to control

several strategies:  
ex. matching bulk thermodynamic quantities, shifted boundary conditions, …

<latexit sha1_base64="ID7O4NzQxsxzJ6W9GaQnH2Ieh54="></latexit>



Gradient Flow

Lüscher & Weisz ‘11Diffusion Eq. to “Extra-dim.” 

renormalized ops. of 
original theory

flowed ops. UV finite

4-dim. boundary

Extra dim.

(4+1)-dim.

)B�(t, x)
)t

= *g20
�S[B]

�B�(t, x)
, B�(0, x) = A�(x)

small-t expansion



Renormalized EMT by Gradient Flow
H. Suzuki ’13

with fermion H. Makino & H. Suzuki ‘14

flow time = renormalization scale
<latexit sha1_base64="kS3a093Kos3vSCIHd5H80NtxmZk="></latexit>

dim. 4 ops.

coefficients
<latexit sha1_base64="8UBNTrZ2VhOlscjDXBkshWD06Ak="></latexit>

<latexit sha1_base64="5Hlhzv5f9Ri/JGxR1krg3JrBckU=">AAACIHicbVDLTgIxFO3gC8cX6tJNIzHBDc4YE1kS3bjERB4JMyGdUqCh86C9QyST+QB/wx9wq3/gzrjUD/A7LDALAU/S5PScc3Pb40WCK7CsLyO3tr6xuZXfNnd29/YPCodHDRXGkrI6DUUoWx5RTPCA1YGDYK1IMuJ7gjW94e3Ub46ZVDwMHmASMdcn/YD3OCWgpU6h6HhEJv0UO2wU8zHOriX7wlEjCUkF0nOdssrWDHiV2Bkpogy1TuHH6YY09lkAVBCl2rYVgZsQCZwKlppOrFhE6JD0WVvTgPhMucnsMyk+00oX90KpTwB4pv6dSIiv1MT3dNInMFDL3lT8z2vH0Ku4CQ+iGFhA54t6scAQ4mkzuMsloyAmmhAquX4rpgMiCQXd38IWBfwxNU1TF2Mv17BKGpdl2yrb91fF6k1WUR6doFNUQja6RlV0h2qojih6Qi/oFb0Zz8a78WF8zqM5I5s5Rgswvn8BKlqi9Q==</latexit>

: running coupling in MS-bar scheme

<latexit sha1_base64="KM9bPdFfJtN6bdmWYUTfSjWdNsY="></latexit>



EMT using Gradient Flow

Lattice regularization

1. gradient flow

2. continuum limit

dim. 4 ops.

continuum limit

v

3. perturbative formula

UV finite

sufficiently smeared



Ex. Thermodynamics of SU(3) YM from EMT
• Trace anomaly 

• Entropy density 

1. Calc. EMT from “flowed fields”

2. Continuum limit

3. Flow time zero limit

<latexit sha1_base64="jWj1U6ZF77jmdLJli49mTTQ78Gk=">AAACG3icbVDLSsNAFJ3UV42vqktBBotQQUoigi6LblwqWBWaGCbTqQ6dmYSZG2kJ2fkb/oBb/QN34taFP+B3OH0stPXAhcM593LvPXEquAHP+3JKM7Nz8wvlRXdpeWV1rbK+cWWSTFPWpIlI9E1MDBNcsSZwEOwm1YzIWLDruHs68K8fmDY8UZfQT1koyZ3iHU4JWCmqbF9GeSCzQGXFbSAJ3GuZCwL1ogb7uLcXVape3RsCTxN/TKpojPOo8h20E5pJpoAKYkzL91IIc6KBU8EKN8gMSwntkjvWslQRyUyYD/8o8K5V2riTaFsK8FD9PZETaUxfxrZzcKqZ9Abif14rg85xmHOVZsAUHS3qZAJDggeh4DbXjILoW0Ko5vZWTO+JJhRsdH+2GOC9wnVdG4w/GcM0uTqo+17dvzisNk7GEZXRFtpBNeSjI9RAZ+gcNRFFj+gZvaBX58l5c96dj1FryRnPbKI/cD5/AGj0oP0=</latexit>



Ex. Double Limit Analysis
• Smearing length: 
• Fitting window: smeared & perturbative region 

1. Continuum limit 
2. Flow zero limit

fine lattice is mandatory



Ex. Entropy Density and Trace Anomaly in SU(3)

• Consistent with integral method (w/o using EMT). 
• EMT from Gradient Flow works well!

Ref. [1] Boyd et al. ’96, Ref. [2] Borsanyi et al. ‘12

FlowQCD ‘16
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Ex. Maxwell Stress Tensor

<latexit sha1_base64="ZqKYKFWqFTdzAtfcsqdD/Zn6Wmo=">AAACInicbVDLSsNAFJ34rPEVdelmsBTqpiQi6EYounFZoS9oY5hMp+00k0mYmYgl5Av8DX/Arf6BO3EluPY7nLZZ2NYDA4dz7uHeOX7MqFS2/WWsrK6tb2wWtsztnd29fevgsCmjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtP7iZ+K0HIiSNeF2NY+KGaMBpn2KktORZpbqX0lHGvdF9Wg5OM3gFu0zHe8gLIPfoTPWsol2xp4DLxMlJEeSoedZPtxfhJCRcYYak7Dh2rNwUCUUxI5nZTSSJEQ7QgHQ05Sgk0k2n38lgSSs92I+EflzBqfo3kaJQynHo68kQqaFc9Cbif14nUf1LN6U8ThTheLaonzCoIjjpBvaoIFixsSYIC6pvhXiIBMJKNzi3RSr6mJmmqYtxFmtYJs2zimNXnLvzYvU6r6gAjsEJKAMHXIAquAU10AAYPIEX8ArejGfj3fgwPmejK0aeOQJzML5/AaI8oxs=</latexit>

the length of the arrow
<latexit sha1_base64="T9TRsZs7RiMlTIGUuWCt66loArg=">AAACFnicbVDLSsNAFJ34rPEVdSVuBovgqiZF0GXRjcsK9gFNDJPJpB06yYSZiVjS4G/4A271D9yJW7f+gN/h9LGwrQcGDufcw517gpRRqWz721haXlldWy9tmJtb2zu71t5+U/JMYNLAnHHRDpAkjCakoahipJ0KguKAkVbQvx75rQciJOXJnRqkxItRN6ERxUhpybcO3VTwVHE4dJlOhcjvD+9z56xa+FbZrthjwEXiTEkZTFH3rR835DiLSaIwQ1J2HDtVXo6EopiRwnQzSVKE+6hLOpomKCbSy8cnFPBEKyGMuNAvUXCs/k3kKJZyEAd6MkaqJ+e9kfif18lUdOnlNEkzRRI8WRRlDOqTR33AkAqCFRtogrCg+q8Q95BAWOnWZrZIRR8L0zR1Mc58DYukWa04dsW5PS/XrqYVlcAROAanwAEXoAZuQB00AAZP4AW8gjfj2Xg3PozPyeiSMc0cgBkYX7+L9p73</latexit>

Pulling Pushing

Potential



EMT around static Quark-Antiquark

the renormalized EMT distribution

<latexit sha1_base64="rxGUOJaqYB5eDqzl13unkyb983E="></latexit>

Operators:

double limit

set up

<latexit sha1_base64="0gLOSMxKalgYzn1QY8xCtv86JiA=">AAACK3icbVDLSgNBEJz1GddX1KOXwSB4Crsi6DHoxWME84BsCL2TSTJkdnaZ6dWEJX/hb/gDXvUPPCle9TucPA4msaChpqqbnq4wkcKg5304K6tr6xubuS13e2d3bz9/cFg1caoZr7BYxroeguFSKF5BgZLXE80hCiWvhf2bsV974NqIWN3jMOHNCLpKdAQDtFIrXwQaaNHtIWgdP1KPBjRAPsAMVHtkHzhvt/IFr+hNQJeJPyMFMkO5lf8J2jFLI66QSTCm4XsJNjPQKJjkIzdIDU+A9aHLG5YqiLhpZpO7RvTUKm3aibUthXSi/p3IIDJmGIW2MwLsmUVvLP7nNVLsXDUzoZIUuWLTRZ1UUozpOCTaFpozlENLgGlh/0pZDzQwtFHObTEoBiPXdW0w/mIMy6R6XvS9on93UShdzyLKkWNyQs6ITy5JidySMqkQRp7IC3klb86z8+58Ol/T1hVnNnNE5uB8/wK7sabF</latexit>z

x

y

: APE smearing for spatial link variables 
 & multi-hit procedure for temporal link<latexit sha1_base64="5hXxxCtq9K0IIdbUE8qVRJlKlrk=">AAACAXicbVDLSsNAFL2prxpfVZduBotQQUoigi6LblxW6QvaUCbTSTt2MgkzE7GErvwBt/oH7sStX+IP+B1O2yxs64ELh3Pu5d57/JgzpR3n28qtrK6tb+Q37a3tnd29wv5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8GbiNx+pVCwSNT2KqRfivmABI1gbqdEs3Z/VTruFolN2pkDLxM1IETJUu4WfTi8iSUiFJhwr1XadWHsplpoRTsd2J1E0xmSI+7RtqMAhVV46vXaMTozSQ0EkTQmNpurfiRSHSo1C33SGWA/UojcR//PaiQ6uvJSJONFUkNmiIOFIR2jyOuoxSYnmI0MwkczcisgAS0y0CWhui9LsaWzbtgnGXYxhmTTOy65Tdu8uipXrLKI8HMExlMCFS6jALVShDgQe4AVe4c16tt6tD+tz1pqzsplDmIP19QsHQZX7</latexit>

<latexit sha1_base64="NprR39ZVCtU2sMNGmhQASdJ1HMw=">AAACF3icbVDLSsNAFJ3UV42vqjvdDBahgpREBF0W3bis0Bc0pUym03boZBJmbqQlBPwNf8Ct/oE7cevSH/A7nLRd2OqBC4dz7uXee/xIcA2O82XlVlbX1jfym/bW9s7uXmH/oKHDWFFWp6EIVcsnmgkuWR04CNaKFCOBL1jTH91mfvOBKc1DWYNJxDoBGUje55SAkbqFIy8gMKREJLW0m3hB7Mk4LcE5Hp91C0Wn7EyB/xJ3Topojmq38O31QhoHTAIVROu260TQSYgCTgVLbS/WLCJ0RAasbagkAdOdZPpDik+N0sP9UJmSgKfq74mEBFpPAt90ZhfrZS8T//PaMfSvOwmXUQxM0tmifiwwhDgLBPe4YhTExBBCFTe3YjokilAwsS1s0cDHqW3bJhh3OYa/pHFRdp2ye39ZrNzMI8qjY3SCSshFV6iC7lAV1RFFj+gZvaBX68l6s96tj1lrzprPHKIFWJ8/SbCfWQ==</latexit>

: flowed link variables

<latexit sha1_base64="ZcBgI6uQjukCodmRvO7tPT+kdOE="></latexit>

Setup: SU(3) Yang-Mills (quenched QCD)



EMT around Quark-Antiquark

<latexit sha1_base64="ZqKYKFWqFTdzAtfcsqdD/Zn6Wmo=">AAACInicbVDLSsNAFJ34rPEVdelmsBTqpiQi6EYounFZoS9oY5hMp+00k0mYmYgl5Av8DX/Arf6BO3EluPY7nLZZ2NYDA4dz7uHeOX7MqFS2/WWsrK6tb2wWtsztnd29fevgsCmjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtP7iZ+K0HIiSNeF2NY+KGaMBpn2KktORZpbqX0lHGvdF9Wg5OM3gFu0zHe8gLIPfoTPWsol2xp4DLxMlJEeSoedZPtxfhJCRcYYak7Dh2rNwUCUUxI5nZTSSJEQ7QgHQ05Sgk0k2n38lgSSs92I+EflzBqfo3kaJQynHo68kQqaFc9Cbif14nUf1LN6U8ThTheLaonzCoIjjpBvaoIFixsSYIC6pvhXiIBMJKNzi3RSr6mJmmqYtxFmtYJs2zimNXnLvzYvU6r6gAjsEJKAMHXIAquAU10AAYPIEX8ArejGfj3fgwPmejK0aeOQJzML5/AaI8oxs=</latexit>

Distribution of the principal axes

the length of the arrow                     , finite flow time w/o cont. limit
<latexit sha1_base64="T9TRsZs7RiMlTIGUuWCt66loArg=">AAACFnicbVDLSsNAFJ34rPEVdSVuBovgqiZF0GXRjcsK9gFNDJPJpB06yYSZiVjS4G/4A271D9yJW7f+gN/h9LGwrQcGDufcw517gpRRqWz721haXlldWy9tmJtb2zu71t5+U/JMYNLAnHHRDpAkjCakoahipJ0KguKAkVbQvx75rQciJOXJnRqkxItRN6ERxUhpybcO3VTwVHE4dJlOhcjvD+9z56xa+FbZrthjwEXiTEkZTFH3rR835DiLSaIwQ1J2HDtVXo6EopiRwnQzSVKE+6hLOpomKCbSy8cnFPBEKyGMuNAvUXCs/k3kKJZyEAd6MkaqJ+e9kfif18lUdOnlNEkzRRI8WRRlDOqTR33AkAqCFRtogrCg+q8Q95BAWOnWZrZIRR8L0zR1Mc58DYukWa04dsW5PS/XrqYVlcAROAanwAEXoAZuQB00AAZP4AW8gjfj2Xg3PozPyeiSMc0cgBkYX7+L9p73</latexit>

cf. classical electrodynamics

orange circles: Quark, Antiquark

First observation of “tube” structure by the EMT!

Pulling Pushing



Mid-plane

<latexit sha1_base64="4GGerwDRKwpmbj5Tpo5dXPvSz1g="></latexit>

mid-
plane

z

x

y

degeneration in Maxwell

we focus on the mid-plane 
in cylindrical coordinates

<latexit sha1_base64="KNnaweqEzVcbftu+pDuLDRVNXk0="></latexit>



Renormalized Stress-Tensor in Mid-plane (1) R = 0.46 fm

<latexit sha1_base64="614n2+eDqul8UzBvV2WTgdi4SWI="></latexit>

<latexit sha1_base64="gm+WaKP9nfKmI2vwBt4pGVazhyM="></latexit>

• non-trivial degeneracies • partially restoration of  
trace anomaly

<latexit sha1_base64="KNnaweqEzVcbftu+pDuLDRVNXk0="></latexit>

<latexit sha1_base64="WFFxwdHIDWcNbMiEzBSF7uuA12E=">AAACGHicbVDLSsNAFJ3UV42vqMtuBotQNyURQTdC0Y3LCn1BG8JkOmmHziRhZiKWkIW/4Q+41T9wJ27d+QN+h5M2C9t6mIHDOfdy7z1+zKhUtv1tlNbWNza3ytvmzu7e/oF1eNSRUSIwaeOIRaLnI0kYDUlbUcVILxYEcZ+Rrj+5zf3uAxGSRmFLTWPicjQKaUAxUlryrMqAIzXGiKWtzEsHPNEvq4kzeA1tz6radXsGuEqcglRBgaZn/QyGEU44CRVmSMq+Y8fKTZFQFDOSmYNEkhjhCRqRvqYh4kS66eyIDJ5qZQiDSOgfKjhT/3akiEs55b6uzFeWy14u/uf1ExVcuSkN40SREM8HBQmDKoJ5InBIBcGKTTVBWFC9K8RjJBBWOreFKVLRx8w0TR2MsxzDKumc1x277txfVBs3RURlUAEnoAYccAka4A40QRtg8ARewCt4M56Nd+PD+JyXloyi5xgswPj6BU7Kn0k=</latexit>

cf. classical electrodynamics
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cf. 6 GeV/fm3 ~ 1036 Pa



Renormalized Stress-Tensor in Mid-plane (2) R-dep.
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non-trivial degeneracies 

partially restoration of trace anomaly
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Potential



Interquark Force from the Stress-Tensor

EMT
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the “action-at-a-distance” interquark force  
is derived from “local” stress tensor

Potential

non-trivial consistency check



Summary



EMT around static Quark-Antiquark
• “First direct measurement” of  

the stress-tensor distribution around the static Quark-Antiquark. 
• the “action-at-a-distance” force is derived 

from the local properties from the stress-tensor 
• Deeper & Correct understandings of  

the Quark-Antiquark system from local properties.

“Gradient Flow” is useful approach to the EMT 
Outlooks: Quark-Antiquark system at finite temperature, Stringy 
excitations of Quark-Antiquark system, Three Quark system, Full QCD, …



Backup



Setups

beta a [fm] Ns Nconf R1/a R2/a R3/a T/a

6.304 0.058 48 140 8 12 16 8

6.465 0.046 48 440 10 20 10

6.513 0.043 48 600 16 10

6.600 0.038 48 1500 12 18 24 12

6.819 0.029 64 1000 16 24 32 16

w0-scaling 0.46 fm 0.69 fm 0.92 fm

SU(3) Wilson gauge action

Wilson loop: APE smearing for the spatial links, 
& multi-hit procedure for the temporal link



Double Limit at the Center of Mass
<latexit sha1_base64="VRoYFFF3gbTRiFgTqT+mJG4GnRk="></latexit>

(1) continuum limit (2) flow time zero limit
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Pressure distribution
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Double Limit of EoS (1) Continuum Limit

• different discretization 
— O(a2) systematic errors 

• continuum limit 
— converge



Double Limit of EoS (2) Flow Time Zero Limit

• Smearing length: 
• Fitting window: smeared & perturbative region 

linear fit 
Range-1: [0.01:0.015] 
Range-2: [0.005:0.015] 
Range-3: [0.01:0.02]



Integral Method J. Engels et al. ‘90

action:

integration:

exp. value of plaq.

scaling func.
ex. Edwards-Heller-Klassen ‘98



Cross Section along z-axis
fixed flow time w/o cont. limit

dot-dashed vertical line: location of the sources

The flux-tube at mid-plane (z=0) at R = R1 
is affected by the peak structure  
around quark and anti-quark.


