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Functional renormalization group (FRG)
From high to low energies in QCD

UV IR
⇤ 0k

RG steps
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Ansatz for the effective average action
Quark self-interactions and gauge degrees of freedom
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c ! ) J P = 0 +

e.g. [Rapp, Schäfer, Shuryak, Velkovsky, 1998]

formation of
diquark condensate
$

Fierz-complete basis:
10 channels

Lorentz group: SO(1, 3) SO(3)

Flavor space:

Color space: SU(Nc)
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Ansatz for the effective average action
Quark self-interactions and gauge degrees of freedom
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RG ßow of four-quark interactions
Characteristics of the ! functions and the Þxed-point structure

RG ßow equation:

+
<latexit sha1_base64="nTWTJNOVoMXfqPRhrG9DuIml8iI="></latexit><latexit sha1_base64="nTWTJNOVoMXfqPRhrG9DuIml8iI="></latexit><latexit sha1_base64="nTWTJNOVoMXfqPRhrG9DuIml8iI="></latexit><latexit sha1_base64="nTWTJNOVoMXfqPRhrG9DuIml8iI="></latexit>

gs gs

undefined

1

undefined

1

gs gs

gs

undefined

1

gs

�j
<latexit sha1_base64="hLkExTRuVtXUjxGEpl+gTfmQlvM="></latexit><latexit sha1_base64="hLkExTRuVtXUjxGEpl+gTfmQlvM="></latexit><latexit sha1_base64="hLkExTRuVtXUjxGEpl+gTfmQlvM="></latexit><latexit sha1_base64="hLkExTRuVtXUjxGEpl+gTfmQlvM="></latexit>

+
<latexit sha1_base64="nTWTJNOVoMXfqPRhrG9DuIml8iI="></latexit><latexit sha1_base64="nTWTJNOVoMXfqPRhrG9DuIml8iI="></latexit><latexit sha1_base64="nTWTJNOVoMXfqPRhrG9DuIml8iI="></latexit><latexit sha1_base64="nTWTJNOVoMXfqPRhrG9DuIml8iI="></latexit>

k
!
! k

" i = 2 " i !
!

j,l

" j

<latexit sha1_base64="DNzA6gDXvE+khk5AX/Qt8FzeBSk="></latexit><latexit sha1_base64="DNzA6gDXvE+khk5AX/Qt8FzeBSk=">AAAMoHicnVZdb9s2FFW7r87N1nR73AtXJ0iyxIEdFNheBrRwW7RA1zjIV9HQMSiJspmQFENSTTNCv2i/Zo/b/syuZFmW5KxJR8AGdc65l5eX91LyFWfGdrt/3bn72edffPnVva9b95e++fbB8sPvjkyc6IAeBjGP9VufGMqZpIeWWU7fKk2J8Dk99s/7GX/8nmrDYnlgrxQdCjKWLGIBsQCNlp+fIxxpEjgcUp7m/+g8RZiDi5 </latexit><latexit sha1_base64="DNzA6gDXvE+khk5AX/Qt8FzeBSk="></latexit><latexit sha1_base64="DNzA6gDXvE+khk5AX/Qt8FzeBSk="></latexit>

�l
<latexit sha1_base64="ivkrgoaXRPQJxlop/XQQ4fkIFX0="></latexit><latexit sha1_base64="ivkrgoaXRPQJxlop/XQQ4fkIFX0="></latexit><latexit sha1_base64="ivkrgoaXRPQJxlop/XQQ4fkIFX0="></latexit><latexit sha1_base64="ivkrgoaXRPQJxlop/XQQ4fkIFX0="></latexit>

X

j
<latexit sha1_base64="CIBPxg7dwfssXQEUyGhp7nd6ufs="></latexit><latexit sha1_base64="CIBPxg7dwfssXQEUyGhp7nd6ufs="></latexit><latexit sha1_base64="CIBPxg7dwfssXQEUyGhp7nd6ufs="></latexit><latexit sha1_base64="CIBPxg7dwfssXQEUyGhp7nd6ufs="></latexit>

�

k
!
! k

"

gs = 0
<latexit sha1_base64="z/APFuSQnIjuCodPBK7/lesCGew="></latexit><latexit sha1_base64="z/APFuSQnIjuCodPBK7/lesCGew="></latexit><latexit sha1_base64="z/APFuSQnIjuCodPBK7/lesCGew="></latexit><latexit sha1_base64="z/APFuSQnIjuCodPBK7/lesCGew="></latexit>

T = 0
<latexit sha1_base64="5mYJyRSqvasK0EMVvzPEGyABJ4U="></latexit><latexit sha1_base64="5mYJyRSqvasK0EMVvzPEGyABJ4U="></latexit><latexit sha1_base64="5mYJyRSqvasK0EMVvzPEGyABJ4U="></latexit><latexit sha1_base64="5mYJyRSqvasK0EMVvzPEGyABJ4U="></latexit>

µ = 0
<latexit sha1_base64="5VaUuVwAGE+YZ0raD+x6684PYGE="></latexit><latexit sha1_base64="5VaUuVwAGE+YZ0raD+x6684PYGE="></latexit><latexit sha1_base64="5VaUuVwAGE+YZ0raD+x6684PYGE="></latexit><latexit sha1_base64="5VaUuVwAGE+YZ0raD+x6684PYGE="></latexit>

µ > 0
<latexit sha1_base64="X8ufVURoCMmE8lN8Eont95l3mA0="></latexit><latexit sha1_base64="X8ufVURoCMmE8lN8Eont95l3mA0="></latexit><latexit sha1_base64="X8ufVURoCMmE8lN8Eont95l3mA0="></latexit><latexit sha1_base64="X8ufVURoCMmE8lN8Eont95l3mA0="></latexit>

T > 0
<latexit sha1_base64="YNxI475zrfnGFEuYantDDAs0iyQ="></latexit><latexit sha1_base64="YNxI475zrfnGFEuYantDDAs0iyQ="></latexit><latexit sha1_base64="YNxI475zrfnGFEuYantDDAs0iyQ="></latexit><latexit sha1_base64="YNxI475zrfnGFEuYantDDAs0iyQ="></latexit>gs = 0

<latexit sha1_base64="NgtNBtZlE67bVxNbWXUAniZANc0="></latexit><latexit sha1_base64="NgtNBtZlE67bVxNbWXUAniZANc0="></latexit><latexit sha1_base64="NgtNBtZlE67bVxNbWXUAniZANc0="></latexit><latexit sha1_base64="NgtNBtZlE67bVxNbWXUAniZANc0="></latexit>

gs > 0
<latexit sha1_base64="t9pgvao4m6Qmo5SsZMFp74XZCIk="></latexit><latexit sha1_base64="t9pgvao4m6Qmo5SsZMFp74XZCIk="></latexit><latexit sha1_base64="t9pgvao4m6Qmo5SsZMFp74XZCIk="></latexit><latexit sha1_base64="t9pgvao4m6Qmo5SsZMFp74XZCIk="></latexit>

gs = gcr
<latexit sha1_base64="pQ8w8crhCdCHvs+N8GqQC9nOiQg="></latexit><latexit sha1_base64="pQ8w8crhCdCHvs+N8GqQC9nOiQg="></latexit><latexit sha1_base64="pQ8w8crhCdCHvs+N8GqQC9nOiQg="></latexit><latexit sha1_base64="pQ8w8crhCdCHvs+N8GqQC9nOiQg="></latexit>

gs > gcr
<latexit sha1_base64="m+Ane3ovDWYEvpfDRgR/dSaHno0="></latexit><latexit sha1_base64="m+Ane3ovDWYEvpfDRgR/dSaHno0="></latexit><latexit sha1_base64="m+Ane3ovDWYEvpfDRgR/dSaHno0="></latexit><latexit sha1_base64="m+Ane3ovDWYEvpfDRgR/dSaHno0="></latexit>

V

! 1

! 2

V

'1 '2

�(UV)
i = 0

<latexit sha1_base64="Eb7Wd7w2Tn+HTpNXXGwHkLRtwpQ=">AAAMdXicnVZbb9s2FFa7W+dkW7q9bRjAzc4SL5fZQYHtZUADt8UCdI2LOBcsdAxKomyuFMWQVJOMELBfs9ft7+yX7HVHsixLstekI2CD+r7vHB4enkPJlZxp0+n8fe/+O+++9/4HDz5srKx+9PEnaw8/PdFRrDx67EU8Umcu0ZQzQY8NM5yeSUVJ6HJ66r7qpfzpa6o0i8TA3Eg6DMlYsIB5xAA0WvsccxD7ZMTQBTb02tjN45 </latexit><latexit sha1_base64="Eb7Wd7w2Tn+HTpNXXGwHkLRtwpQ=">AAAMdXicnVZbb9s2FFa7W+dkW7q9bRjAzc4SL5fZQYHtZUADt8UCdI2LOBcsdAxKomyuFMWQVJOMELBfs9ft7+yX7HVHsixLstekI2CD+r7vHB4enkPJlZxp0+n8fe/+O+++9/4HDz5srKx+9PEnaw8/PdFRrDx67EU8Umcu0ZQzQY8NM5yeSUVJ6HJ66r7qpfzpa6o0i8TA3Eg6DMlYsIB5xAA0WvsccxD7ZMTQBTb02tjN45 </latexit><latexit sha1_base64="Eb7Wd7w2Tn+HTpNXXGwHkLRtwpQ=">AAAMdXicnVZbb9s2FFa7W+dkW7q9bRjAzc4SL5fZQYHtZUADt8UCdI2LOBcsdAxKomyuFMWQVJOMELBfs9ft7+yX7HVHsixLstekI2CD+r7vHB4enkPJlZxp0+n8fe/+O+++9/4HDz5srKx+9PEnaw8/PdFRrDx67EU8Umcu0ZQzQY8NM5yeSUVJ6HJ66r7qpfzpa6o0i8TA3Eg6DMlYsIB5xAA0WvsccxD7ZMTQBTb02tjN45 </latexit><latexit sha1_base64="Eb7Wd7w2Tn+HTpNXXGwHkLRtwpQ=">AAAMdXicnVZbb9s2FFa7W+dkW7q9bRjAzc4SL5fZQYHtZUADt8UCdI2LOBcsdAxKomyuFMWQVJOMELBfs9ft7+yX7HVHsixLstekI2CD+r7vHB4enkPJlZxp0+n8fe/+O+++9/4HDz5srKx+9PEnaw8/PdFRrDx67EU8Umcu0ZQzQY8NM5yeSUVJ6HJ66r7qpfzpa6o0i8TA3Eg6DMlYsIB5xAA0WvsccxD7ZMTQBTb02tjN45 </latexit>

[H. Gies and J. Jaeckel, 2006]
[J. Braun and H. Gies, 2007]
[Y. Kusafuka and H. Terao, 2011]

Kyoto, June 2018 | New Frontiers in QCD 2018 | Marc Leonhardt  



Kyoto, June 2018 | New Frontiers in QCD 2018 | Marc Leonhardt  !9

RG ßow of four-quark interactions
Fixed-point structure and patterns of symmetry breaking

1
! i

!
!
!
!
k0

! 0
<latexit sha1_base64="IaQ0fte0k41xJLXADOvtlmziE2M="></latexit><latexit sha1_base64="IaQ0fte0k41xJLXADOvtlmziE2M="></latexit><latexit sha1_base64="IaQ0fte0k41xJLXADOvtlmziE2M="></latexit><latexit sha1_base64="IaQ0fte0k41xJLXADOvtlmziE2M="></latexit>

V

! 1

! 2

[J. Braun, 2006]
[M. Mitter, J. M. Pawlowski, N. Strodthoff, 2014]

T = 0
<latexit sha1_base64="XjeaHhvSoP+seAeYJosJZTS8BCw="></latexit><latexit sha1_base64="XjeaHhvSoP+seAeYJosJZTS8BCw="></latexit><latexit sha1_base64="XjeaHhvSoP+seAeYJosJZTS8BCw="></latexit><latexit sha1_base64="XjeaHhvSoP+seAeYJosJZTS8BCw="></latexit>

Illustration of the RG ßow of the four-quark couplings 
at zero temperature:
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RG ßow of four-quark interactions
Fixed-point structure and patterns of symmetry breaking
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e.g. [J. Braun, H. Gies, L. Janssen, D. Roscher 2014]

Illustration of the RG ßow of the four-quark couplings 
at zero temperature:
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Exploring the phase diagram
Fixed-point structure and patterns of symmetry breaking

Kyoto, June 2018 | New Frontiers in QCD 2018 | Marc Leonhardt  

Scale Þxing:  gs(") at " = 10 GeV within experimental error [Bethke, 2006]
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Connecting to low energy effective models
Determining parameters at high densities

Quark-meson-diquark model (QMD)
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Implications on the equation of state
Connecting to the quark-meson-diquark model
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[" EFT data by C. Drischler, K. Hebeler and A. Schwenk]

¥ Compatible to pQCD [E. S. Fraga, A. Kurkela, and A. Vuorinen, 2015] 

¥ Degrees of freedom at smaller densities [M. Drews and  W. Weise, 2016]

Pressure as a function of the baryonic density
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Conclusions and outlook
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Dynamic gauge Þelds
¥ Dynamical generation of four-quark interactions
¥ Importance of Fierz completeness at high quark chemical potential and 

low temperature
¥ Formation of CSC condensates appears to be favoured at high densities

Connecting to LEMs: quark-meson-diquark model
¥ RG ßow of four-quark couplings to Þx parameters at high densities
¥ Equation of state: 

- Connects to free gas pressure at asymptotically large densities
- Pressure towards smaller densities lifted to higher values; $

compatibility with %EFT results appears to be improved

Outlook
¥ Improve connection between high- and low-energy regime by employing 

dynamical hadronization techniques 


