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Based on collaboration with:

“Quantum computation as gravity” with Javier M. Magan (C.A. Bariloche) arXiv: 1807.04422

“AdS from Optimization of Path Integrals in Conformal Field Theories” PRL 119 (2017) 7, 071602
“Liouville Action as Path-Integral Complexity: From c¢TN to AdS/CFT” JHEP11 (2017) 097

with Nilay Kundu, Masamichi Miyaji, Tadashi Takayanagi (YITP) and Kento Watanabe (U. of Tokyo)

“Path Integral Complexity for Perturbed CFTs” arXiv: 1804.01999 [hep-th]

with Arpan Bhattacharyya, Nilay Kundu, Masamichi Miyaji, Tadashi Takayanagi (YITP), Sumit R. Das (Kentucky U)

“Nielsen approach to quenches” with H.Camargo,D.Das,M.Heller, R.Jefferson arXiv: 1807....



Plan

e Motivation/Introduction
e Optimization of Path Integrals
* Liouville Action as “Path Integral Complexity”

« Complexity of “CFT gates”



Motivation:

What is the basic mechanism behind AdS/CFT?

Can we “extract” geometry from CFT states?

Geometry form entanglement (RT)? |s EE sufficient” No...

Distance measures? Information Metric”? Complexity? (Independent?)....

How to define “complexity” in CFT?

[Brown,Roberts,Susskind,Swingle,Zhao’15; Myers et al.; Chapman,Marrochio,Myers’16,’17,’18;
Magan’18]

[Miyaji,Numasawa,Shiba, Takayanagi,\Watanabe ’15]

[Free Field Theory: Jefferson-Myers’17;Chapman,Heller,Marrochio,Pastawski’17...]



Complexity: Motivation

Imagine that someone (RT) gives us a prescription for
‘holographic measure of entanglement”...

B Adsd+2

But Cardy and Calabrese or Holzhey, Wilczek, Larsen never wrote their
papers on entanglement entropy.



Questions we would probably ask:

* Which entanglement measure...?

* Does it make sense in QFTs? Divergent?

* What does it mean/compute/measure?

 How come it have a gravity dual? Observable” Properties?

e (Can you derive/prove it7?

 (Gauge Theories? What about the S5/.../CP3... internal space?

Questions this would stimulate are interesting (non-standard) in Q

Fortunately we had CC and HLW (timing)




Holographic complexity “proposals”

“Entanglement is not enough”. .. [Susskind, 14]

Holographic complexity [Brown,Roberts,Susskind,Swingle,Zhao’15;
Lehner,Myers,Poisson,Sorkin; Chapman,Marrochio,Myers’16....]

C=\Vol ~___—

L= iR tp— «lp
C=Action
C~ GR T S

[See more in Tokiro’s talk]

What about field theory:

|. Maybe it is “too early” to make sense of this in CFT...
ll. Start asking questions: Is there any “natural way” to define/quantify
complexity”? Which notion of complexity... etc.



Motivation:

This talk
What is the basic mechanism behind AdS/CFT?
Can we extract geometry from CFT states? ]
Geometry from entanglement (RT)? Is (H)RT sufficient? No...
Distance measures” Information Metric”? Complexity?....
How to define “complexity” in CFT? J

In 2d CFT



[PC,N.Kundu,M.Miyaji, T. Takayanagi,K.Watanabe ’17]

Path Integral Optimization




Geometry from optimization [Swingle *12....

CFT wave functions and time slice of AdS?

Optimization of a Tensor Network (states) and Geometry?

Can we “sharpen” this analogy in CFT and beyond free theories?



Optimization of Path Integrals

The basic tool to “define/compute” wave functions in QFT is the Euclidean P!

0 (x)] = / DpeSe
©(0,z)=po(x)

How can we optimize it?

How can we extract a geometry from Pl for a given quantum state”

How can we quantify its “complexity”?



IDEA (Pl optimization): [PC,N.Kundu,M.Miyaiji, T.Takayanagi,K.Watanabe ’17]
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Minimize “Path Integral Complexity”




2D CFTs and Liouville [PC,N.Kundu,M.Miyaji, T. Takayanagi,K.Watanabe ’17]

Background metric for path integral 2z = —7

ds* = > (d2% + da?)

Once we introduce the background metric

[Dw]gab=62¢5ab = QSL[¢]_SL[0] .

The wave functional is

gab:€2¢5ab (@(CIT)) — €SL[¢]_SL[O] . \Ijgab:(sab (@(I’))

Path Integral Complexity given by the Liouville action

C

Sclol = Sy /dajdz [(ﬁqu)z + (8y0)° + eZﬂ

C - central charge

[Polyakov’81]



Optimization <=> Minimizing Pl complexity

Optimized metric satisfies Liouville equation with the appropriate b.c.

40,050 = €*? e?PlF=er) — 1 /¢? cut-off
w=z-+1x
026 — 4f'(w)g' (w)
(1= fw)g(w))?
Equivalently

Hill's eq (Virasoro co-adjoint orbits)

0T (w) =0 Liouville eq



[PC,Kundu,Miyaji, Takayanagi,Watanabe ’17]

Optimized metrics and AdS/CFT solutions! T .
[PC,Bhattacharyya,Das,Kundu,Miyaji, Takayanagi,’ 18]

1. Vacuum: Pl on u.h.p

20 _ _
T wrwp C e
2. TED Pl on a strip
—§<E 21) < z < g(z 29)
26 47T2 2 22 . _
e = 52 sec N Time slice of eternal BH
3. Primary Pl on a disc with
Insertion
26 _ 4a’ Time slice of con. sing.
‘w|2(1—a)(1 _ |w|2a)2
12h
a=1——
C

Perturbations of CFTs with position dep. coupling => Time slice of AdS3 + scalar
[Hung,Myers,Smolkin’11]



(+) Continuous TN “interpretation” (for free theories)

Sr|o] = ﬁ /dxdz [(5’ng)2 1 (33@)2 + 62915}

Curvature / \ Volume

(~Number of Isometries [Czech’17]) (~Number of tensors)

(+) Pl complexity = 2d Gravity ! (Eucl.)

C 1 1 :
Splgl = %/d%\@ (_ZR5R+A) [Polyakov’87]

Minimization of complexity <=> full eom of 2d gravity

Great: Based on “universal” features of the CFT (arbitrary c!) and computable

~“Replica trick” for complexity, ~ ¢ log(L/a)

(-) Complaints: Non-Unitarity... e P What kind of Complexity, Gates,Costs? Time dep.”?




[Nielsen + et al. 05]

Quantum Computation as Geometry



Geometric approach to circuit complexity [Nielsen + et al. 05]

Quantum circuit
W) =U(t)|Vr)

Where the unitary operator is

U(t) = P exp ( /0 t dT%(T))

Decompose it into infinitesimal (instantaneous) gates (Key!)

U(t) = Uet)Uct—at) - = Uear) 1
where
U(t+dt) = Ue(t)U(t)

Cost functions chosen such that they define a geometry on the space of U

C(t) = d[U(t)] = /O ' F (Ue(t/), Ue(t,))

Complexity of implementing U <=> geodesic distance on this manifold.

Optimal circuit <=> Free fall between 1 and U.



Geometric approach to circuit complexity [Nielsen +et al. 05]

Generally we expand the instantaneous gate operator in algebra generators

=Y Y'(t)M

And then define cost(s) (a lot of freedom)

FOY) =NV By - \/Z<w>2 Fy(U,Y) :\/Zc.n(W
I I 1

These (local!) costs functions can be expressed as expectation values of the
infinitesimal gate operator (MC and with some projectors) and also penalty factors.

|deally we would like to have them fixed by some underlying principle (symmetry)

[J.M.Magan ‘18]
In general we can think of Nielsen’s approach as “particle on a group”

MAIN ADVANTAGE: Purely classical problem! (Nielsen: SU(2/n), Ro&Rob: GL(2,R)...)



[PC, J.Magan ’18]

Quantum Computation as Gravity




Main Idea: [PC, J.Magan ’18]

Since Nielsen’s approach is based on group theory let us see how it could
be applied for the Virasoro group (Diff(SA1)xR). CFT=two copies on the LC coords.

Is there a natural/universal way to define “gates” and “cost functions”?

Could we derive Liouville action that way? How can Length=Area (Volume)?

Results: “Quantum Computation as Gravity”

We can consider a subset of “symmetry gates” that implement Diffs.

A natural generalization of Nielsen’s costs leads to the Alexeev-Shatashvili geometric
action on the coadjoint orbits = Complexity functional for f(t,z)

In this formulation, complexity action is the Polyakov action
of induced gravity in 2d

For two copies, we can write the answer as the sum of two
chiral SL(2,R) WZW=Liouville Action
(so far we don'’t know the precise relation with Pl complexity)



Plan for the second part:

» “CFT gates”

e “CFT circuit”

e “Cost Functions”

« Complexity and 2d Gravity



CFT gates:

Consider reparam. of the unit circle (z = €% ) Diff(S1)xR

Group action is a composition f-g=jog

f(z) =z +e(z) €(z) =

Then generally we can consider
27T dO'
U® = exp (—/ —e(z)@(z)) — exp (— ?)
0 27

Where the integrated operator can be
T(z2),W(z),0a(2)...

Eventually also



“CET gates” in this talk: “Symmetry gates”

Unitary gates (reps.) that implement Diff on states (or operators)

UIT(2)Us = f'(2PT(f()) + 5 {/(). 2} UJOA()Us = f'(2)°0a(f(2))

which by definition UfU, = Uy,

vo=ew (- [ 42dTE)) = (-Q)

T(Z) — Z (Ln — 2_64571,0> z " Qe — Z enL—n E;kL — —€_n

with generators of the Virasoro algebra

c
(Lo, Lyl = (M —n) Loy + Em(m2 — 1)0mtn0

(No phases in this talk)



“CET circuit”

Wr) = U(t)|Vr)
where

f(z) = f(7,2) f0,2) =2 f(T,2) = f(z)

Because we are dealing with the “symmetry” gate (representation) we have

U=U;y Uy 1 =Uyy...q Protocol = Path in the group!

The instantaneous infinitesimal gate is
27T dO_
Ue(T,z)(T) — exXp | — . %6(77 Z)T(Ta Z) — €Xp (_QG(T))

The instantaneous gate parameter (from the composition of the symmetry gates)

= f(r, f (2 :_f._l(T’Z) 7, f7HT, 2)) = 2
6(7-72)_f( 7f ( ) )) (f_l)/(T,Z) f( 7f ( ? ))

Problem: Complexity (cost) of these reparametrizations?



Cost functions

Pick a point on the (sub)manifold of U and define cost as expectation value of the
iInstantaneous gate operator(s). (Nielsen=in maximally entangled state) [J.M.Magan ‘18]

Liouville action suggests that a way to do that is by

Fi(7) = [(A|U}Qe(r Uy |A)]

F(r) = (AU Qe Q! Ur|A)
The Nielsen-type complexity is then

C(t) = /O ()



Cost functions

Our choices are fixed by the Virasoro algebra

2T d 2m d
_ / doy / Se(r, 01)e(r, ) (AUIT (7, 00)T (7, 02) Uy A)
0

.

() tan(af).on} (san(afe). o2} + F202 S0 F 5B La. Lol

n,m=1
At large central charge becomes the one-norm!
Fy(m) = Fi(1) +0(1/c)

Cost of a circuit at large ¢ (for general “heavy” state)

F(T):ﬁ/ da% (2% + {[,2})




Complexity

Our complexity becomes the Schwarzian action <=> geometric action Vir.

[AIexeev-ShataghviIi’89]
/deJ—{tan(af) 2z} 4+ 0O(1/c) [Witten'88]

C

clt) = 247

(Schwarzian action fA{-1})

Combining two (L-R) transformations as an infinitesimal gate

Qce(T) :/0 %E(T 2)T(7, 21) _|_/ " %E(T, 2)T(1, %)

0

The large ¢ cost function becomes the sum of two

. . . . . . [Henneaux,et al.’99]
geometric actions: for f and g and is equivalent to Liouville

Recently: [SYK], [Mandal et al.] and closely Berry phases for Virasoro group [Oblak]



2d Gravity [Polyakov’87]

Splg] = 247T/d2:1:\/_ (—ZRDRJrA)

In metric:

ds* = dr (do + u(7,5)dr) = G'(1,0)drdo nw=yg/g G(1,9(t,0)) =0

The action is a generating functional for the correlates of T in any CFT

e~ SPlr] — <€—% dedUMT>

~ ¢~ 3x J dTdou(T) | O(1/c)

By definition
° Splu] = =~(T) = ~—{g(r,0).0}
op P = o\ T g WA 000
In fact one can solve the CWI and get [Haba’90,Aldrovandi&Takhtajan’97]
Splu] = 24 dr/da ( ) This action is equivalent
n to geometric action AS



[Alexeev-Shatashvili’'89]
Geometric actions [Witten'88]

[Talk by F.Pezzela]
Recall your classical mechanics course

w = dp A dgq A:/d_lw:/pdq
Formally for Lie group G and algebra g we have adjoint and coadjoint actions

A
Ad, X = = (gh (s)g )

(AdE-1b, X ) = (b,Ad,X) X = &)

s=0

s=0

For fixed element by of of the dual space the coadjoint orbitis b = Ad;‘_lbo

Coadjoint orbit is a symplectic manifold with natural two form (Kirillov-Konstant)

QA =da, a=<b0)

with Maurer-Cartan form 6

Then geometric action is
A= / a
gl



[Alexeev-Shatashvili’'89]
Geometric action for Virasoro group [Witten's8]

For the Virasoro group we have the MC form

(ot 45
And the geometric action

A = 217T/d7d0]‘f/ (b(a) + 2%1 (;’/’)’)
Where b= (A|T|A) = A — ¢/24

As shown by AS, this action can be written as SL(2,R) WZW and also as
Polyakov action where

G = exp(v/2aF)

Nielsen action=Polyakov action!



summary:

We formulated Nielsen Complexity for Virasoro symmetry gates

With “natural” choices of “gates and costs” we can show that the complexity function is
equivalent to the geometric action on the Virasoro coadjoint orbits and also the Polakov
action for 2d gravity

Alt: We propose to think about complexity in terms of geometric actions on coadjoint orb.
For CFT we have two copies which can be written as Liouville action.

Many possible generalizations and still a lot to explore/understand.

A first steps towards circuit “complexity” for 2d CFTs at arbitrary ¢

Relations with other proposals?



Conclusions

A new proposal for AdS/(c)TN and “Pl Complexity” at any c!

Classical geometries from Minimization of Pl Complexity.

Applications to TN ([A.Milsted,G.Vidal...])

Complexity <=> Dynamics of Geometry (Gravity)

Universal gates in CFT implement conformal transformations

Liouville -> Cost in terms of the symplectic form on diff(S1)/S1 or /SL(2,R)
Cost ~ Schwarzian type action -> Liouville

Natural generalizations: Kac-Moody,W3 (Toda), BMS, Coherence groups

CS-language, 3d Gravity, Banados geometries?
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