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      Q : BRST operator                                
< ,  > : BPZ inner product   

Berkovits’ WZW-like theory 

   - string field based on ξηφ-system  

   - large gauge invariance     

   - various gauge conditions   

Unsolved gauge-fixing problem  

   - how to gauge-fix it precisely? 

Today’s topic  

S = ∫
1

0
dt ⟨At[φ] , Q Aη[φ]⟩

Aη[φ] = (η etφ)e−tφ

η Aη[φ] − Aη[φ] * Aη[φ] = 0

At[φ] = (∂t etφ)e−tφ

δφ = QΛ + ηΩ + ⋯

η φ ≠ 0 where η ≡ η0
: functional of  string field  s.t.Aη[φ]

N.Berkovits gave the following solution 



Why ξηφ-system (not βγ-system)? 

   - String field theory in small space is easily gauge-fixable 

   - βγ-system is rather geometrical 

   - usual (geometrical) propagator 

But, why large space? 

Large gauge invariance enable us 
to take various gauge conditions  

   - unusual propagators available 
(don’t have to be geometrical unlike βγ) 

J
H
E
P
0
3
(
2
0
1
2
)
0
3
0

Pn+1,n+2 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Pb
d0

(α+1)L0
0 · · · 0 0 0

0 αb0
(α+1)L0

d0
(α+1)L0

. . .
...

...
...

... 0 αb0
(α+1)L0

. . . 0
...

...

...
... 0

. . . d0
(α+1)L0

0
...

...
...

...
. . . αb0

(α+1)L0

d0
(α+1)L0

0

0 0 0 · · · 0 αb0
(α+1)L0

Pd

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(n ≥ 0) , (3.62b)
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Note that the case in which α = −1 is exceptional: the propagators diverge, which means

that gauge fixing is not complete. See [24] for details. When α = 0, the above propagators

correspond to those obtained from (3.26) by the replacement

ξ0 −→
d0
L0

, X0 −→ 0 . (3.64)

4 Verifying the master equation for the free action

Dynamical fields in string field theory are component fields. The BV formalism is defined

in terms of these component fields, but it is convenient to recast it in terms of string fields.

In this section we present the BV formalism of open superstring field theory in terms of

string fields. We then show that the free action (1.22) satisfies the master equation.

The classical master equation is given by

{S, S} = 0 , (4.1)

and the antibracket is defined by

{A,B} =
∑

k

(
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∂φk

∂LB

∂φ∗
k

−
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∂φ∗
k

∂LB
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)
, (4.2)

where φk forms a complete basis of fields and φ∗
k are the associated antifields. The Grass-

mann parity of a field can be arbitrary but the corresponding antifield has the opposite

parity. In our case the fields are the component fields of Φ− and the antifields are the

component fields of Φ+, with Φ± defined in (1.21). With a slight abuse of language we will

call Φ− the string field and Φ+ the string antifield.

Let us expand Φ− and Φ+ in terms of their component fields f and a with indices g,

p, and r as follows:

String field (even) Φ− =
∑

(g,p)∈∆−

∑

r

f r
g,pΦ

r
g,p , (4.3a)
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If instead of ξ0 we use an operator whose anticommutator with Q vanishes, we expect

that propagators are dramatically simplified. This is indeed the case: the operator d0, the

zero mode of d = [Q, bξ], provides us with simpler propagators. It satisfies the following

algebraic relations:

d20 = {b0, d0} = 0 , {Q, d0} = 0 , {η0, d0} = L0 . (3.32)

In this subsection we investigate propagators in the gauge (2.91), concentrating on the

symmetric case α = 1.

First we consider Φ(0,0), whose gauge-fixing conditions are

b0Φ(0,0) = d0Φ(0,0) = 0 . (3.33)

In addition to the source J(2,−1), we introduce the Lagrange multipliers λ(3,−1) and λ(3,−2),

and consider the action S0[J ] + Sλ
0 with

Sλ
0 = ⟨Φ(0,0)|b0|λ(3,−1)⟩+ ⟨Φ(0,0)|d0|λ(3,−2)⟩ . (3.34)

The equation of motion is

−Qη0Φ(0,0) + J(2,−1) + b0λ(3,−1) + d0λ(3,−2) = 0 (3.35)

supplemented by the gauge-fixing conditions (3.33). We claim that

Φ(0,0) = −
b0
L0

d0
L0

J(2,−1) . (3.36)

This follows quickly from the identity

Qη0
b0
L0

d0
L0

= −1 +
d0
L0

η0 +
b0
L0

Q+
b0
L0

d0
L0

Qη0 , (3.37)

acting on J(2,−1):

−Qη0Φ(0,0) = −J(2,−1) +
d0
L0

η0 J(2,−1) +
b0
L0

QJ(2,−1) +
b0
L0

d0
L0

Qη0 J(2,−1) . (3.38)

Note that all terms on the right-hand side, except for the first, simply determine the values

of the Lagrange multipliers in (3.35). Such values are not needed in the evaluation of the

action since the solution satisfies the gauge-fixing conditions. Evaluating the action for

this solution gives

S0[J ] =
1

2

〈
J(2,−1)

∣∣ d0
L0

b0
L0

∣∣J(2,−1)

〉
. (3.39)

For the next step we have the gauge-fixing conditions

b0d0Φ(2,−1) = 0 ,

b0Φ(−1,0) = 0 ,

d0Φ(−1,1) = 0 ,

d0Φ(−1,0) + b0Φ(−1,1) = 0 .

(3.40)
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2.4 Various gauge-fixing conditions

In subsection 2.2, we have seen that the completely gauge-fixed action in the WZW-type

open superstring field theory is given by the sum (2.65) of the original action S0 and all the

Faddeev-Popov terms with the gauge-fixing conditions (2.67). As we will see later in sec-

tion 4, the action (2.65) is precisely the solution to the (classical) master equation in the BV

formalism if we identify antighosts with antifields.4 From this point of view S is a universal

quantity and different gauge-fixed actions can be obtained simply by imposing different con-

ditions on Φ’s. In this subsection, we list some gauge-fixing conditions different from (2.67).

For further generalization and for the validity of the gauge-fixing conditions, see [24].

Let us first mention a one-parameter extension of (2.67):

b0Φ(−n,0) = 0 (n ≥ 0) ,

ξ0Φ(−n,m) + αb0Φ(−n,m+1) = 0 (0 ≤ m ≤ n− 1) ,

ξ0Φ(−n,n) = 0 (n ≥ 0) ,

b0ξ0Φ(n+1,−1) = 0 (n ≥ 1) ,

αb0Φ(n+1,−m) + ξ0Φ(n+1,−(m+1)) = 0 (1 ≤ m ≤ n− 1) .

(2.90)

The previous condition corresponds to the case in which the parameter α is zero. Un-

like (2.67), the above set of equations includes linear combinations of Φ’s.

Another interesting class of gauge-fixing conditions is obtained when we use the zero

mode d0 of the operator d = [Q, bξ], instead of ξ0:

b0Φ(−n,0) = 0 (n ≥ 0) ,

d0Φ(−n,m) + αb0Φ(−n,m+1) = 0 (0 ≤ m ≤ n− 1) ,

d0Φ(−n,n) = 0 (n ≥ 0) ,

b0d0Φ(n+1,−1) = 0 (n ≥ 1) ,

αb0Φ(n+1,−m) + d0Φ(n+1,−(m+1)) = 0 (1 ≤ m ≤ n− 1) .

(2.91)

The operator d is identical to the generator G̃− of the twisted N = 2 superconformal

algebra investigated by Berkovits and Vafa [19]. Because d is a counterpart of b, it seems

natural to adopt the symmetric gauge, in which α = 1.

In the next section we will calculate propagators, mainly considering the gauge (2.90)

with α = 0, which is identical to (2.67), and the gauge (2.91) with α = 1.

3 Calculation of propagators

Let us derive propagators under the gauge-fixing conditions proposed in the preceding

section. For this purpose, we introduce source terms of the form

SJ
0 =

〈
Φ(0,0) | J(2,−1)

〉
, (3.1a)

4In the language of the BV formalism we have chosen a gauge-fixing fermion such that antifields of

minimal-sector fields are identified with antighosts. In this paper we consider only such gauge-fixing con-

ditions, and thus we will not distinguish antifields and antighosts.
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Propagator

Gauge condition

b0Ψn = 0

Siegel gauge Propagator

Pn =
b0

L0

Kroyter-Okawa-Schnabl-Torii-Zwiebach 2012



Partial gauge-fixing  

  - yields other SFTs  

Large string field is interesting   

 - unusual (non-geo.) propagators  

 - to understand SFT itself  

Motivation of  the “large” space 

WZW-like SFT

EKS’              SFT Sen’s formulation A∞/L∞

Partial gauge fixing   
(non-linear)

Small space

Large space

other SFTs

field re-def. 



Natural embedding  

   - every SFT can be large   

 Large-space technique is applicable  

   to SFT defined in small space !! 

Motivation of  the “large” space 

WZW-like SFT

EKS’              SFT Sen’s formulation A∞/L∞

Natural embedding 
(linear)

Small space

Large space

other SFTs

field re-def. 

Large theory  
field re-def. 



Natural embedding  

   - every SFT can be large   

 Large-space technique is applicable   

   to SFT defined in small space !! 

 BV string fields-antifields  

    don’t have to be small

Motivation of  the “large” space 

WZW-like SFT

EKS’              SFT Sen’s formulation A∞/L∞

Natural embedding 
(linear)

Small space

Large space

other SFTs

field re-def. 

Large theory  
field re-def. 



Motivation: Natural embedding 

Gauge parameters can be large.  

  - e.o.m. of  SFT in small space :                  where                 .    

  - gauge variation must be small : 

                    

QΨ = 0

δΨ = Qλ1

η(δΨ) = 0

ηΨ = 0

η λ1 = 0with small gauge parameter 



Motivation: Natural embedding 

Gauge parameters can be large.  

  - e.o.m. of  SFT in small space :                  where                 .    

  - gauge variation must be small : 

                    

QΨ = 0

δλ1 = Qλ2

δΨ = Qλ1

η(δΨ) = 0

ηΨ = 0

δλn = Qλn+1 {Ψ ; λ1 , λ2 , … , λn , …}

η λ1 = 0with small gauge parameter 

Field & Gauge parameters 
: 

: 



Motivation: Natural embedding 

Gauge parameters can be large.  

  - e.o.m. of  SFT in small space :                  where                 .    

  - gauge variation must be small : 

                    

Ready-made procedure :                             where                                     . 

QΨ = 0

δλ1 = Qλ2

δΨ = Qλ1

η(δΨ) = 0

ηΨ = 0

δλn = Qλn+1 {Ψ ; λ1 , λ2 , … , λn , …}

{Ψ ; Ψ1 , Ψ2 , … , Ψn , …}

ψ = Ψ + ∑ Ψn + ∑ Ψ*nSBV ∼ ⟨ ψ, Qψ ⟩

η λ1 = 0

{Ψ*0 ; Ψ*1 , Ψ*2 , … Ψ*n , …}

with small gauge parameter 

Field & Gauge parameters 

Fields : Anti-fields :

: 

: 



Motivation: Natural embedding 

Gauge parameters can be large.  

  - e.o.m. of  SFT in small space :                  where                 .    

  - gauge variation must be small : 

                    

QΨ = 0

η(δΨ) = 0

ηΨ = 0

We don’t have to use small λ itself.  



Motivation: Natural embedding 

Gauge parameters can be large.  

  - e.o.m. of  SFT in small space :                  where                 .    

  - gauge variation must be small : 

δΨ = Q(ηΛ1) λ1 ≡ ηΛ1 ≠ 0

QΨ = 0 ηΨ = 0

η(δΨ) = 0

with large gauge parameter 

We don’t have to use small λ itself.  



Motivation: Natural embedding 

Gauge parameters can be large.  

  - e.o.m. of  SFT in small space :                  where                 .    

  - gauge variation must be small : 

δΨ = Q(ηΛ1) λ1 ≡ ηΛ1 ≠ 0

δΛ1 = QΛ2,0 + ηΛ2,1

δΛg,p = QΛg+1,p + ηΛg+1,p+1

QΨ = 0 ηΨ = 0

η(δΨ) = 0

with large gauge parameter 

: 

: 

Very different gauge reducibility 



Motivation: Natural embedding 

Gauge parameters can be large.  

  - e.o.m. of  SFT in small space :                  where                 .    

  - gauge variation must be small : 

δΨ = Q(ηΛ1) λ1 ≡ ηΛ1 ≠ 0

δΛ1 = QΛ2,0 + ηΛ2,1

δΛg,p = QΛg+1,p + ηΛg+1,p+1

Λ1 , Λ2,0 , Λ3,0 , …
Λ2,1 , Λ3,1 , …

Λ3,2 , …

QΨ = 0 ηΨ = 0

η(δΨ) = 0

with large gauge parameter 

Gauge parameters 

: 

: 

Although string field is small, BV fields-antifields can be large !! 



Motivation: Natural embedding 

Gauge parameters can be large.  

  - e.o.m. of  SFT in small space :                  where                 .    

  - gauge variation must be small : 

           Likewise, one can consider a large string field :    

δΨ = Q(ηΛ1) λ1 ≡ ηΛ1 ≠ 0

δΛ1 = QΛ2,0 + ηΛ2,1

δΛg,p = QΛg+1,p + ηΛg+1,p+1

Ψ ≡ ηΦ

Λ1 , Λ2,0 , Λ3,0 , …
Λ2,1 , Λ3,1 , …

Λ3,2 , …

QΨ = 0 ηΨ = 0

η(δΨ) = 0

with large gauge parameter 

Gauge parameters 

: 

: 

Although string field is small, BV fields-antifields can be large !! 



Motivation: “Large” theory  

Embedding into “large” theory  

  - every SFTs can be large   

  - enlarged gauge symmetry  

Even for very trivial embeddings,  “WZW-like str.” arises.   

Is this “large” theory gauge-fixable ?? 

δΦ = QΛ1,0 + ηΛ1,1 + ⋯

S[Ψ] =
1
2 ⟨Ψ , QΨ⟩Ker[η]

+ ⋯

S[Φ] =
1
2 ⟨Φ , Q η Φ⟩ + ⋯

SFT in small space

Large theory

Embedding
Ψ ≡ ηΦ



Focus on “large        theory”  

- Motivation 1 -  

It is the simplest WZW-like theory.  

Today’s topic : “large           ” theoryA∞/L∞

S[Ψ] =
1
2 ⟨Ψ , QΨ⟩Ker[η]

+ ⋯

S[Φ] =
1
2 ⟨Φ , Q η Φ⟩ + ⋯

SFT in small space

Large theory

Embedding
Ψ ≡ ηΦ

A∞



Focus on “large        theory”  

- Motivation 1 -  

It is the simplest WZW-like theory.  

 - Motivation 2 -  

Today’s topic : “large           ” theoryA∞/L∞

S[Ψ] =
1
2 ⟨Ψ , QΨ⟩Ker[η]

+ ⋯

S[Φ] =
1
2 ⟨Φ , Q η Φ⟩ + ⋯

SFT in small space

Large theory

Embedding
Ψ ≡ ηΦ

A∞

If  how to gauge-fix it is clarified,  you can use some techniques 
of  the large Hilbert space for your small theory.  



Focus on “large        theory”  

- Motivation 1 -  

It is the simplest WZW-like theory.  

 - Motivation 2 -  

 - Motivation 3 - 

Today’s topic : “large           ” theoryA∞/L∞

S[Ψ] =
1
2 ⟨Ψ , QΨ⟩Ker[η]

+ ⋯

S[Φ] =
1
2 ⟨Φ , Q η Φ⟩ + ⋯

SFT in small space

Large theory

Embedding
Ψ ≡ ηΦ

A∞

If  how to gauge-fix it is clarified,  you can use “large” merits and 
techniques of  the large Hilbert space for your small theory.  

It gives another representation of  Berkovits’ WZW-like theory.          
(the same kinetic term and gauge reducibility)



      Q : BRST operator                                
< ,  > : BPZ inner product   

S = ∫
1

0
dt ⟨At[φ] , Q Aη[φ]⟩

Aη[φ] = (η etφ)e−tφ

η Aη[φ] − Aη[φ] * Aη[φ] = 0

At[φ] = (∂t etφ)e−tφ

: functional of  string field  s.t.Aη[φ]

N.Berkovits gave the following solution 

- Motivation 3 - 

Today’s topic : “large           ” theoryA∞/L∞

It gives another representation of  Berkovits’ WZW-like theory.          
(the same kinetic term and gauge reducibility)

Large A ∞  gives the following solution 

WZW-like SFT 

Aη[Φ] = π1
̂G

1
1 − tηΦ

At[Φ] = π1
̂G

1
1 − tηΦ

⊗ Φ ⊗
1

1 − tηΦ

You can rewrite…  



… how to gauge-fix ??  

SFT is infinitely reducible and now gauge symmetry is enlarged… 

“the Antifield formalism” enables us to treat such a gauge theory. 

Find  

 “classical Bv master action”   

and 
   

“gauge-fixing fermion”  



Today’s plan

1. Conventional BV approach 

     1.1)  Minimal set, usual string field-antifield                  breakdown  

     1.2)  + some remediations    (+ trivial gauge transformations)   

2. Gauge fixing fermions   

3. Constrained BV approach   (if  I have time) 

     Berkovits’ constraint BV               almost (but not precisely) correct  

         + Improved constraints                  precisely correct for large theory  



1. Conventional BV approach



1. Conventional BV approach

0. 4-slides review of  Batalin-Vilkovisky’s   

Antifield formalism  



4-slides review of  BV (1/4)
Let us consider a Lagrangian  

Its e.o.m. is given by  

When there is a gauge invariance  

you find the Noether identities :   

When                      gives a generating set of the gauge transformations,   

So, for gauge-fixing, we need ghosts 

平成 29 年 11 月 11 日 H.Matsunaga

BV quantization of superstring field theory in the large Hilbert space

概 要
We construct a master action for open superstring field theory in the large Hilbert space.

[First, we show that the conventional BV approach breaks down at the third order of the

antifield number expansion. As space-time antibrackets, the string antibracket is assembled

into the Darboux form in the conventional BV approach, which causes this breakdown. (This

part is skipped in this note.)] As a resolution, we reassemble string antifields on the basis of

Berkovits’ constrained BV approach, and give a solution to the master equation defined by

Dirac antibrackets on the constrained string field-antifield space.

1 Motivation

2 Tips of BV

S[φi] =

∫
dDxL

(
φi, ∂µφ

i, ∂µ1µ2φ
i, . . . , ∂µ1...µnφ

i
)
. (2.1)

The equations of motion are given by

δS

δφi
=
∂S

∂φi
− ∂µ

∂S

∂(∂µφi)
+ · · ·+ (−)n∂µ1...µn

∂S

∂(∂µ1...µnφi)
= 0 . (2.2)

A gauge transformation is

δϵφ
i(x) =

∫
dy

[
Ri

a(x, y)ϵ
a(y) +Ri µ

a(x, y)∂µϵ
a + · · ·+Ri µ1...µn

a(x, y)∂µ1...µnϵ
a(y)

]

= Ri
aϵ

a . (2.3)

Noether identities

δϵS =
δS

δφi
δϵφ

i =
δS

δφi
Ri

aϵ
a = 0 . (2.4)

It implies that our field equations are not independent

δS

δφi
Ri

a = 0 . (2.5)

How many Noether identities are independents?

Trivial gauge transformations

δωφ
i = ωij δS

δφj
ωij = −ωji δωS =

δS

δφi
ωij δS

δφj
= 0 (2.6)

These trivial transformations give an ideal of all gauge transformations. Any gauge transfor-

mations vanishing on-shell can be written as a trivial transformation. Trivial transformations

imply no Noether identities. In general, the gauge algebra may be open

[
trivial , ∀gauge transf.

]
= trivial (2.7)

[
non trivial , non trivial

]
= non trivial + trivial (2.8)

1

平成 29 年 11 月 11 日 H.Matsunaga

BV quantization of superstring field theory in the large Hilbert space

概 要
We construct a master action for open superstring field theory in the large Hilbert space.

[First, we show that the conventional BV approach breaks down at the third order of the

antifield number expansion. As space-time antibrackets, the string antibracket is assembled

into the Darboux form in the conventional BV approach, which causes this breakdown. (This

part is skipped in this note.)] As a resolution, we reassemble string antifields on the basis of

Berkovits’ constrained BV approach, and give a solution to the master equation defined by

Dirac antibrackets on the constrained string field-antifield space.

1 Motivation

2 Tips of BV

S[φi] =
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dDxL

(
φi, ∂µφ

i, ∂µ1µ2φ
i, . . . , ∂µ1...µnφ

i
)
. (2.1)

The equations of motion are given by
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≡ ∂S
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i(x) = Ri
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a(x, y)∂µϵ
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a(y)

]
.

(2.3)

Noether identities

δϵS =
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δφi
δϵφ

i =
δS

δφi
Ri

aϵ
a = 0 . (2.4)

It implies that our field equations are not independent

δS

δφi
Ri

a = 0 . (2.5)

How many Noether identities are independents?

Trivial gauge transformations

δωφ
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ωij = −ωji δωS =

δS
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mations vanishing on-shell can be written as a trivial transformation. Trivial transformations

imply no Noether identities. In general, the gauge algebra may be open

[
trivial , ∀gauge transf.

]
= trivial (2.7)

[
non trivial , non trivial

]
= non trivial + trivial (2.8)
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4-slides review of  BV (2/4)
If null vectors of                  are degenerate, its gauge symmetry is reducible.   

This “gauge symmetry of gauge symmetry” requires “higher ghosts”  

Likewise, higher gauge symmetries need further higher ghosts.  

The antifield formalism defines a BRST-like operation for these ghosts.  

As BRST, the physical states are given by its cohomology. 
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δλϵ
a = Ua

α λ
α =⇒ Ua

αC2nd
a : ghosts for ghosts C2nd

α appear . (2.8)
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In the above, we ignored a trivial but important symmetry.  

Not only gauge theories, every theories have this gauge invariance.                          
It is called as “trivial gauge transformations” :   

However, it may not be factorised and the gauge algebra may be open :   

Namely, one may find the following gauge commutator  

On-shell vanishing terms make your BRST procedure terrible.  

          “Antifields” resolve it: 

4-slides review of  BV (3/4)
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How many Noether identities are independents?

Trivial gauge transformations

δωS =
δS

δφi
δωφ

i = 0 with δωφ
i = ωij δS

δφj
, ωij = −ωji . (2.9)

δωS =
δS

δφi
ωij δS

δφj
= 0 (2.10)

These trivial transformations give an ideal of all gauge transformations. Any gauge transfor-

mations vanishing on-shell can be written as a trivial transformation. Trivial transformations

imply no Noether identities. In general, the gauge algebra may be open

[
trivial , ∀gauge transf.

]
= trivial (2.11)

[
non trivial , non trivial

]
= non trivial + trivial (2.12)

The remaining gauge transformations do not lead to independent Noether identities. Let

M b
A = M b

A(φ) be some operator that is allowed to depend on the fields φi. Field dependent

transformations

δηφ
i =

(
Ri

bM
b
A
)
ηA (2.13)

is linear independent from δϵ = Ri
aϵa but does not give independent Noether identities.

If a set G of gauge transformations δϵφi = Ri
aϵa contains all the information about the

Noether identities, we call G as a generating set, Then, we have

δφi
δS

δφi
= 0 ⇐⇒ δφi = Ri

aλ
a +

δS

δφj
ωji . (2.14)

Note however that in general, a generating set is not a basis in the Lie algebra of gauge trans-

formations. We find

[δa, δb]φ
i =

[
δRi

b

δφj
Rj

a −
δRi

a

δφj
Rj

b

]
λb λa = Ri

c Λ
c
ab +

δS

δφj
Ωji
ab . (2.15)

The words “open algebra” applies to the generating sets, and not to the gauge groups.

Gauge theories with a generating set that forms a Lie algebra are very special: One can think

of the gauge transformations independently of what the dynamics or the field content are.

Although generating sets should be complete, they can contain some redundancy. When there

exist some nontrivial λa such that

Ri
a λa = 0 on-shell Ri

a λa = trivial (2.16)

Then, the generating set is reducible, and ghosts for ghosts are necessitated.

While the gauge structure is entirely determined by the action itself, there is clearly an

enormous freedom in the choice of the generating sets. However, the requirement of covariance

and locality in space-time narrows down the choice of available sets.
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and locality in space-time narrows down the choice of available sets.
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How many Noether identities are independents?

Trivial gauge transformations

δωS =
δS

δφi
δωφ

i = 0 with δωφ
i = ωij δS

δφj
, ωij = −ωji . (2.9)

δωS =
δS

δφi
ωij δS

δφj
= 0 (2.10)

These trivial transformations give an ideal of all gauge transformations. Any gauge transfor-

mations vanishing on-shell can be written as a trivial transformation. Trivial transformations

imply no Noether identities. In general, the gauge algebra may be open

[
trivial , ∀gauge transf.

]
= trivial (2.11)

[
non trivial , non trivial

]
= non trivial + trivial (2.12)

The remaining gauge transformations do not lead to independent Noether identities. Let

M b
A = M b

A(φ) be some operator that is allowed to depend on the fields φi. Field dependent

transformations

δηφ
i =

(
Ri

bM
b
A
)
ηA (2.13)

is linear independent from δϵ = Ri
aϵa but does not give independent Noether identities.

If a set G of gauge transformations δϵφi = Ri
aϵa contains all the information about the

Noether identities, we call G as a generating set, Then, we have

δφi
δS

δφi
= 0 ⇐⇒ δφi = Ri

aλ
a +

δS

δφj
ωji . (2.14)

Note however that in general, a generating set is not a basis in the Lie algebra of gauge trans-

formations. We find

[δa, δb]φ
i =

[
δRi

b

δφj
Rj

a −
δRi

a

δφj
Rj

b

]
λb λa = Ri

c Λ
c
ab +

δS

δφj
Ωji
ab . (2.15)

The words “open algebra” applies to the generating sets, and not to the gauge groups.

Gauge theories with a generating set that forms a Lie algebra are very special: One can think

of the gauge transformations independently of what the dynamics or the field content are.

Although generating sets should be complete, they can contain some redundancy. When there

exist some nontrivial λa such that

Ri
a λa = 0 on-shell Ri

a λa = trivial (2.16)

Then, the generating set is reducible, and ghosts for ghosts are necessitated.

While the gauge structure is entirely determined by the action itself, there is clearly an

enormous freedom in the choice of the generating sets. However, the requirement of covariance

and locality in space-time narrows down the choice of available sets.
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On-shell, δS
δφi = 0, the gauge transformations generated by the element of any generating set

are integrable in the sense of Frobenius. One can define the gauge orbits, which do not depend

on the choice of the generating set.

While the dimension of the Lie algebra of the gauge transformations is huge, the number of

elements in a generating set is smaller and parametrized by space-time fields. The number of

ghosts is determined by the number of elements in the chosen generating set. The antifield

formalism as well as the BRST formalism is based on generating sets and not on the full gauge

group containing all the gauge transformations.

The antifield formalism provides a master action S via three requirements.

i) The original local gauge invariance is replaced by an equivalent global BRST symmetry.

s(AB) = (sA)B + (−)AA(sB) s2 = 0 (2.17)

ii) The zeroth cohomology H0(s) ≡ Ker[s]/Im[s] is isomorphic with the set of gauge invariant

observables:

ForsA = sA′ = 0 , A ∼= A′ ⇐⇒ A−A′ = s-exact (2.18)

iii) The BRST symmetry is a canonical transformation in appropriate bracket structure ( , ),

sA =
(
S , A

)
(2.19)

where S is the canonical generator of s.

Let Σoff be the space of all possible field history, namely off-shell. In Σoff , the equations

of motion δS
δφi = 0 define a subspace Σon, namely on-shell. The observables are the functions

defined on Σon, i.e. the elements of C∞(Σon), which can be extended Σoff as C∞(Σoff). Two

different extensions F and F ′ differ by a function vanishing on Σon. These functions form an

ideal N as FG vanishes on Σon whenever F does. We thus find

Observable ⇐⇒ C∞(Σon) =
C∞(Σoff)

N N : On-shell vanishing functions (2.20)

Observables ⇐⇒ Functions on Σon =
Functions on Σoff

On-shell vanishing functions
(2.21)

Fields φi have no non-trivial gauge symmetry =⇒ δBRSTφ
i = 0 (2.22)

δωφ
i = ωij δS

δφi
=⇒ Antifield (φi)∗ s.t. δBRST(φ

i)∗ = ωij δS

δφi
(2.23)

3



4-slides review of  BV (4/4)
a) Introduce appropriate (higher) ghosts, which we also call “fields”       .  

b) Introduce an “antifield”           for each “field”.  

c) Define the antibracket          on the space of  all fields and antifields  

d) Find a solution                       of  the master equation,   

“the BV master action”        is an intrinsic object of the gauge theory and 

gives the generator of BRST :                              .   

e) Fix your gauge by constructing appropriate gauge-fixing fermion F :   
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δωφ
i = ωij δS
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=⇒ Antifield (φi)∗ s.t. δBRST(φ

i)∗ = ωij δS

δφi
(2.23)
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N N : On-shell vanishing functions (2.20)

Observables ⇐⇒ Functions on Σon =
Functions on Σoff

On-shell vanishing functions
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Fields φi have no non-trivial gauge symmetry =⇒ δBRSTφ
i = 0 (2.22)

δωφ
i = ωij δS

δφi
=⇒ Antifield (φi)∗ s.t. δBRST(φ

i)∗ = ωij δS
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formalism as well as the BRST formalism is based on generating sets and not on the full gauge

group containing all the gauge transformations.

The antifield formalism provides a master action S via three requirements.
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(
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where S is the canonical generator of s.

Let Σoff be the space of all possible field history, namely off-shell. In Σoff , the equations

of motion δS
δφi = 0 define a subspace Σon, namely on-shell. The observables are the functions

defined on Σon, i.e. the elements of C∞(Σon), which can be extended Σoff as C∞(Σoff). Two

different extensions F and F ′ differ by a function vanishing on Σon. These functions form an

ideal N as FG vanishes on Σon whenever F does. We thus find

Observable ⇐⇒ C∞(Σon) =
C∞(Σoff)

N N : On-shell vanishing functions (2.20)

Observables ⇐⇒ Functions on Σon =
Functions on Σoff

On-shell vanishing functions
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Fields φi have no non-trivial gauge symmetry =⇒ δBRSTφ
i = 0 (2.22)

δωφ
i = ωij δS

δφi
=⇒ Antifield (φi)∗ s.t. δBRST(φ

i)∗ = ωij δS
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On the space spanned by fields and antifields,

Observables ⇐⇒ Cohomology of δBRST =
Ker[δBRST]

Im[δBRST]
(2.24)

When there is a gauge freedom, we found that the gauge transformations define the gauge

orbits on Σon. Since the gauge invariant functions are constant along with the gauge orbits, the

space of observables is given by the functions on the quotient space Σon/G, namely

H0(s) = C∞(Σon/G) (2.25)

The BRST derivative s is formally the sum of δks and dG. Koszul-Tate resolution δks reduces

from Σoff to Σon and gives H0(δks) = Ker[δks]/Im[δks] = C∞(Σon) Vertical exterior derivative

along the gauge orbits dG reduces from Σon to Σon/G and gives H0(dG) = C∞(Σon/G).

(
F , G

)
≡

∑

i

[
δrF

δφi
δlG

δ(φi)∗
− δrF

δ(φi)∗
δrG

δφi

]
. (2.26)

3 Strings

Polyakov action

Iply[X, gab] =

∫
d2σ

√
ggab∂aX

µ∂bXµ (3.1)

δXµ = ϵa ∂aX
µ δgab = ∇aϵb +∇bϵa + 2ωgab (3.2)

Ibv = Iply +

∫
d2σ

[
(Xµ)∗ ca∂aX

µ + (gab)
∗
(
∇acb +∇bca + 2cwgab

)
+ (ca)

∗
(
cb ∂bc

a
)]

(3.3)

(
Ibv , Ibv

)
= 0 (3.4)

We add a trivial pair {bab, πab, (bab)∗, (πab)∗}

IBV = Ibv +

∫
d2σ

(
bab(σ)

)∗
πab(σ) (3.5)

Γ =

∫
d2σ bab

[
gab(σ)− (conformal metric)

]
(3.6)

IBV|Γ = Iply +
1

4π

∫
daσ bab

[
2cwgab +∇acb +∇bca

]
+

1

4π

∫
d2σ πab

[
gab − (conformal metric)

]

=

∫
d2z ∂X · ∂̄X +

1

2π

∫
d2z b ∂̄c

4
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On-shell, δS
δφi = 0, the gauge transformations generated by the element of any generating set

are integrable in the sense of Frobenius. One can define the gauge orbits, which do not depend

on the choice of the generating set.

While the dimension of the Lie algebra of the gauge transformations is huge, the number of

elements in a generating set is smaller and parametrized by space-time fields. The number of

ghosts is determined by the number of elements in the chosen generating set. The antifield

formalism as well as the BRST formalism is based on generating sets and not on the full gauge

group containing all the gauge transformations.

The antifield formalism provides a master action S via three requirements.

i) The original local gauge invariance is replaced by an equivalent global BRST symmetry.

s(AB) = (sA)B + (−)AA(sB) s2 = 0 (2.17)

ii) The zeroth cohomology H0(s) ≡ Ker[s]/Im[s] is isomorphic with the set of gauge invariant

observables:

ForsA = sA′ = 0 , A ∼= A′ ⇐⇒ A−A′ = s-exact (2.18)

iii) The BRST symmetry is a canonical transformation in appropriate bracket structure ( , ),

δBRSTF =
(
Sbv , F

) (
Sbv , Sbv

)
= 0 Sbv = Sbv[φ,φ

∗] Sbv|φ∗=0 = S (2.19)

where S is the canonical generator of s.

Let Σoff be the space of all possible field history, namely off-shell. In Σoff , the equations

of motion δS
δφi = 0 define a subspace Σon, namely on-shell. The observables are the functions

defined on Σon, i.e. the elements of C∞(Σon), which can be extended Σoff as C∞(Σoff). Two

different extensions F and F ′ differ by a function vanishing on Σon. These functions form an

ideal N as FG vanishes on Σon whenever F does. We thus find

Observable ⇐⇒ C∞(Σon) =
C∞(Σoff)

N N : On-shell vanishing functions (2.20)

Observables ⇐⇒ Functions on Σon =
Functions on Σoff

On-shell vanishing functions
(2.21)

Fields φi have no non-trivial gauge symmetry =⇒ δBRSTφ
i = 0 (2.22)

δωφ
i = ωij δS

δφi
=⇒ Antifield (φi)∗ s.t. δBRST(φ

i)∗ = ωij δS

δφi
(2.23)
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On-shell, δS
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observables:

ForsA = sA′ = 0 , A ∼= A′ ⇐⇒ A−A′ = s-exact (2.18)

iii) The BRST symmetry is a canonical transformation in appropriate bracket structure ( , ),

δBRSTF =
(
Sbv , F

)
Sbv = Sbv[φ,φ

∗] (2.19)
(
Sbv , Sbv

)
= 0 with the initial condition Sbv|φ∗=0 = S (2.20)

where S is the canonical generator of s.

Let Σoff be the space of all possible field history, namely off-shell. In Σoff , the equations

of motion δS
δφi = 0 define a subspace Σon, namely on-shell. The observables are the functions

defined on Σon, i.e. the elements of C∞(Σon), which can be extended Σoff as C∞(Σoff). Two

different extensions F and F ′ differ by a function vanishing on Σon. These functions form an

ideal N as FG vanishes on Σon whenever F does. We thus find

Observable ⇐⇒ C∞(Σon) =
C∞(Σoff)

N N : On-shell vanishing functions (2.21)

Observables ⇐⇒ Functions on Σon =
Functions on Σoff

On-shell vanishing functions
(2.22)

Fields φi have no non-trivial gauge symmetry =⇒ δBRSTφ
i = 0 (2.23)
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(ϕi)* ≡
∂F[ϕ]

∂ϕi



1. Conventional BV approach



Free SFT in small space

SFT in small space gives a good exercise of  BV.  

We first consider a master action for SFT in small space.  

  - there is a ready-made procedure.  

After that, we consider a master action for large theory.  



Free action :                                                where                      .  

It yields an infinite tower of  gauge transformations.  

We find the spectrum of  “string fields-antifields”  as  

Then, the master action is given by just replacing         with        :   
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S[Ψ] =
1

2

〈
Ψ ·QIBV Ψ

〉
IBV

+
1

3

〈
Ψ ·Ψ ·Ψ

〉
IBV

+ · · ·
︸ ︷︷ ︸

Field Interactions

(4.5)

S[Ψ] =
1

2

〈
Ψ, QΨ

〉
Ker[η]

+
1

3

〈
Ψ, M2

(
Ψ
)2〉

Ker[η]
+

1

4
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5 The minimal set and ghost string fields

We consider the large A∞ action
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dt

〈
∂tΦ(t), M
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1− ηΦ(t)
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, (5.1)

where Φ(t) satisfies Φ(0) = 0 and Φ(1) = Φ . The action is invariant under the following gauge
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1− ηΦ
+ ηΛ−1,1 . (5.2)
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parameter string fields Λ−g,p can be expanded in terms of space-time parameter fields λrg,p and
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〉
, (5.1)

where Φ(t) satisfies Φ(0) = 0 and Φ(1) = Φ . The action is invariant under the following gauge

transformations

δΦ = π1
[[
M, Λ−1,0

]] 1

1− ηΦ
+ ηΛ−1,1 . (5.2)

Hence, we find the following gauge reducibility:

δg+1
(
δgΛ−g,p

)
= 0 , δgΛ−g,p = π1

[[
M, Λ−g−1,p

]] 1

1− ηΦ
+ ηΛ−g−1,p+1 . (5.3)

where Λ−g,p denotes a g-th gauge parameter field. As the dynamical string field, these gauge

parameter string fields Λ−g,p can be expanded in terms of space-time parameter fields λrg,p and

world-sheet basis |Zr
−g,p⟩. The BV formalism implies that when gauge parameter string fields are

given by Λ−g,p =
∑

r λ
r
−g,p|Zr

−g,p⟩, corresponding ghost string fields are obtained by replacing

each space-time parameter field λr−g,p with corresponding space-time ghosts φr−g,p,

Φ−g,p =
∑

r

φrg,p
∣∣Zr
−g,p

〉
. (5.4)

In this sense, one can say that the following set of ghost string fields appear in the theory

{
Φ−g,p

∣∣0 < g, 0 ≤ p ≤ g
}
. (5.5)
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5 The minimal set and ghost string fields

We consider the large A∞ action

S[Φ] =

∫ 1

0
dt

〈
∂tΦ(t), M

1

1− ηΦ(t)

〉
, (5.1)

where Φ(t) satisfies Φ(0) = 0 and Φ(1) = Φ . The action is invariant under the following gauge

transformations

δΦ = π1
[[
M, Λ−1,0

]] 1

1− ηΦ
+ ηΛ−1,1 . (5.2)

Hence, we find the following gauge reducibility:

δg+1
(
δgΛ−g,p

)
= 0 , δgΛ−g,p = π1

[[
M, Λ−g−1,p

]] 1

1− ηΦ
+ ηΛ−g−1,p+1 . (5.3)

where Λ−g,p denotes a g-th gauge parameter field. As the dynamical string field, these gauge

parameter string fields Λ−g,p can be expanded in terms of space-time parameter fields λrg,p and

world-sheet basis |Zr
−g,p⟩. The BV formalism implies that when gauge parameter string fields are
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. (5.4)
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Φ−g,p

∣∣0 < g, 0 ≤ p ≤ g
}
. (5.5)
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∑
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Mn
(
η (ϕ+ ϕ∗)

)n〉
. (4.15)

Γg,p ≡ (Φ−g,p)
∗ − ηΦex

1+g,−p , (4.16)
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∗} (4.19)

Γ[φ] = 0 where φ ∈ Amin ⊕Aex (4.20)
(
Sbv , Sbv

)
= 0 on Amin (4.21)

(
Sbv , Sbv

)
= 0 on

Amin ⊕Aex

Γ[φ]
(4.22)

Sbv =
1

2

〈
ψ , Qψ

〉
where ψ ≡ Ψ+

∑

ghost

Ψ−g +
∑

antifield

(Ψ−g)
∗ (4.23)
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5 The minimal set and ghost string fields

We consider the large A∞ action

S[Φ] =

∫ 1

0
dt

〈
∂tΦ(t), M

1

1− ηΦ(t)

〉
, (5.1)

where Φ(t) satisfies Φ(0) = 0 and Φ(1) = Φ . The action is invariant under the following gauge

transformations

δΦ = π1
[[
M, Λ−1,0

]] 1

1− ηΦ
+ ηΛ−1,1 . (5.2)

Hence, we find the following gauge reducibility:

δg+1
(
δgΛ−g,p

)
= 0 , δgΛ−g,p = π1

[[
M, Λ−g−1,p

]] 1

1− ηΦ
+ ηΛ−g−1,p+1 . (5.3)

where Λ−g,p denotes a g-th gauge parameter field. As the dynamical string field, these gauge

parameter string fields Λ−g,p can be expanded in terms of space-time parameter fields λrg,p and

world-sheet basis |Zr
−g,p⟩. The BV formalism implies that when gauge parameter string fields are

given by Λ−g,p =
∑

r λ
r
−g,p|Zr

−g,p⟩, corresponding ghost string fields are obtained by replacing

each space-time parameter field λr−g,p with corresponding space-time ghosts φr−g,p,

Φ−g,p =
∑

r

φrg,p
∣∣Zr
−g,p

〉
. (5.4)

In this sense, one can say that the following set of ghost string fields appear in the theory

{
Φ−g,p

∣∣0 < g, 0 ≤ p ≤ g
}
. (5.5)
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∗ − ηΦex
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5

Free SFT in small space

Fields Anti-fields

(linear)          A∞

Q2 = 0

Likewise, one can find interacting BV master action.



Action :                                                                                                        .  

An infinite tower of  gauge transformations:  

We find the same spectrum of  “string fields-antifields”  as  

Likewise, the master action is given by just replacing         with        :   

                                                                where
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. (5.5)
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Interacting SFT in small space

S[Ψ] = ∫
1

0
dt ⟨Ψ , M

1
1 − tΨ ⟩ker[η]

=
1
2 ⟨Ψ, QΨ⟩ker[η]

+
1
3 ⟨Ψ, M2(Ψ2)⟩ker[η]

+ ⋯

δΨ = [M, λ]
1

1 − Ψ δλg = [M, λg+1]
1

1 − Ψ
δ(δλg) = 0

SBV[ψ] = ∫
1

0
dt ⟨ψ , M

1
1 − tψ ⟩ker[η]

ψ = Ψ + ∑
ghosts

Ψn + ∑
antifields

Ψ*n

Fields Anti-fields

nonlinear           A∞

M2 = 0



How about “large” theory…?? 

We want to find 

BV master action  
 in the large Hilbert space 

recall natural embeddings



Recall natural embedding 
EKS open SFT in the small Hilbert space :  

We consider “large SFT” obtained by this trivial embedding :       

This embedded theory has “large gauge symmetries”.   

Although this replacement looks very trivial, gauge-fixing is highly complicated. 
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Free SFT in large space
Embedded free action :  

Large gauge invariances :  

An infinite tower of  large gauge transformations.  

We find the spectrum of  “string fields-antifields”  as  

Then, the master action is NOT given by just replacing Φ : 
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5 The minimal set and ghost string fields

We consider the large A∞ action

S[Φ] =

∫ 1

0
dt

〈
∂tΦ(t), M

1

1− ηΦ(t)

〉
, (5.1)

where Φ(t) satisfies Φ(0) = 0 and Φ(1) = Φ . The action is invariant under the following gauge

transformations

δΦ = π1
[[
M, Λ−1,0

]] 1

1− ηΦ
+ ηΛ−1,1 . (5.2)

Hence, we find the following gauge reducibility:

δg+1
(
δgΛ−g,p

)
= 0 , δgΛ−g,p = π1

[[
M, Λ−g−1,p

]] 1

1− ηΦ
+ ηΛ−g−1,p+1 . (5.3)

where Λ−g,p denotes a g-th gauge parameter field. As the dynamical string field, these gauge

parameter string fields Λ−g,p can be expanded in terms of space-time parameter fields λrg,p and

world-sheet basis |Zr
−g,p⟩. The BV formalism implies that when gauge parameter string fields are
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Amin =
{
Φ−g,p, (Φ−g,p)

∗} (4.16)

Aex =
{
Φex
g,−p, (Φ

ex
g,−p)

∗} (4.17)
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Φ−g,p, Φ
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Γ[φ] = 0 where φ ∈ Amin ⊕Aex (4.19)
(
Sbv , Sbv

)
= 0 on Amin (4.20)

(
Sbv , Sbv

)
= 0 on

Amin ⊕Aex

Γ[φ]
(4.21)
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Ker[η]
+ · · · . (4.6)

ηΨ = 0 δΨ = Qλ0 δ(δλ−g) = 0 with δλ−g = Qλ−1−g (4.7)

Ψ ∈ Ker[η] =⇒ Ψ = ηΦ where Φ ∈ large Hilbert space (4.8)

S[Φ] =
1

2

〈
Φ, Q ηΦ

〉
+

1

3

〈
Φ, M2

(
ηΦ

)2〉
+

1

4

〈
Φ, M3

(
ηΦ

)3〉
+ · · · . (4.9)

δΦ = ηΛ−1,1 +QΛ−1,0 (4.10)

δ(δΛ−g,p) = 0 with δΛ−g,p = ηΛ−1−g,p+1 +QΛ−1−g,p (4.11)

δΦ = ηΛ′ +QΛ+M2(ηΦ,Λ) +M2(Λ, ηΦ) + · · · (4.12)

Sum of all siting fields : ϕ ≡ Φ+
∑

g>0

g∑

p=0

Φ−g,p +
∑

g≥0

g∑

p=0

Φex
1+g,−p . (4.13)

g-label p-label

Sbv[ϕ] =
1

2

〈
ϕ, Q η ϕ

〉
+

1

3

〈
ϕ, M2

(
η ϕ

)2〉
+

1

4

〈
ϕ, M3

(
η ϕ

)3〉
+ · · · . (4.14)

Sbv[ϕ]|Γ =
1

2

〈
Φ, Q ηΦ

〉
+

∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗, QΦ−1−g,p
〉

+
∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗,
∑

n>1

Mn
(
η (ϕ+ ϕ∗)

)n〉
. (4.15)

Γg,p ≡ (Φ−g,p)
∗ − ηΦex

1+g,−p , (4.16)
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+ · · · . (4.6)
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Ψ ∈ Ker[η] =⇒ Ψ = ηΦ where Φ ∈ large Hilbert space (4.8)
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Φ, Q ηΦ
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+

1

3
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(
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(
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+ · · · . (4.9)

δΦ = ηΛ−1,1 +QΛ−1,0 (4.10)

δ(δΛ−g,p) = 0 with δΛ−g,p = ηΛ−1−g,p+1 +QΛ−1−g,p (4.11)

δΦ = ηΛ′ +QΛ+M2(ηΦ,Λ) +M2(Λ, ηΦ) + · · · (4.12)

Sum of all siting fields : ϕ ≡ Φ+
∑

g>0

g∑

p=0

Φ−g,p +
∑

g≥0

g∑

p=0

Φex
1+g,−p . (4.13)

g-label p-label

Sbv[ϕ] =
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2

〈
ϕ, Q η ϕ

〉
+

1

3

〈
ϕ, M2

(
η ϕ

)2〉
+

1

4

〈
ϕ, M3

(
η ϕ

)3〉
+ · · · . (4.14)

Sbv[ϕ]|Γ =
1

2

〈
Φ, Q ηΦ

〉
+

∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗, QΦ−1−g,p
〉

+
∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗,
∑

n>1

Mn
(
η (ϕ+ ϕ∗)

)n〉
. (4.15)

Γg,p ≡ (Φ−g,p)
∗ − ηΦex

1+g,−p , (4.16)
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Amin =
{
Φ−g,p, (Φ−g,p)

∗} (4.17)

Aex =
{
Φex
g,−p, (Φ

ex
g,−p)

∗} (4.18)

Amin ⊕Aex =
{
Φ−g,p, Φ

ex
g,−p, (Φ−g,p)

∗, (Φex
g,−p)

∗} (4.19)

Γ[φ] = 0 where φ ∈ Amin ⊕Aex (4.20)
(
Sbv , Sbv

)
= 0 on Amin (4.21)

(
Sbv , Sbv

)
= 0 on

Amin ⊕Aex

Γ[φ]
(4.22)

Sbv =
1

2

〈
ψ , Qψ

〉
(4.23)

ψ = Ψ+
∑

ghost

Ψ−g +
∑

antifield

(Ψ−g)
∗ (4.24)

Sbv =
1

2

〈
Φ, Q ηΦ

〉
+

∑

g≥0

g∑

p=0

∑〈
(Φ−g,p)

∗, QΦ−1−g,p + ηΦ−1−g,p+1
〉
, (4.25)

5 The minimal set and ghost string fields

We consider the large A∞ action

S[Φ] =

∫ 1

0
dt

〈
∂tΦ(t), M

1

1− ηΦ(t)

〉
, (5.1)

where Φ(t) satisfies Φ(0) = 0 and Φ(1) = Φ . The action is invariant under the following gauge

transformations

δΦ = π1
[[
M, Λ−1,0

]] 1

1− ηΦ
+ ηΛ−1,1 . (5.2)

Hence, we find the following gauge reducibility:

δg+1
(
δgΛ−g,p

)
= 0 , δgΛ−g,p = π1

[[
M, Λ−g−1,p

]] 1

1− ηΦ
+ ηΛ−g−1,p+1 . (5.3)

where Λ−g,p denotes a g-th gauge parameter field. As the dynamical string field, these gauge

parameter string fields Λ−g,p can be expanded in terms of space-time parameter fields λrg,p and

world-sheet basis |Zr
−g,p⟩. The BV formalism implies that when gauge parameter string fields are

given by Λ−g,p =
∑

r λ
r
−g,p|Zr

−g,p⟩, corresponding ghost string fields are obtained by replacing

each space-time parameter field λr−g,p with corresponding space-time ghosts φr−g,p,

Φ−g,p =
∑

r

φrg,p
∣∣Zr
−g,p

〉
. (5.4)

6

Fields Anti-fields

(linear)         pair A∞

Q2 = 0 η2 = 0
[Q, η] = 0

Kroyter-Okawa-Schnabl-Torii-Zwiebach 2012 
JHEP 03 (2012) 030 



Interacting SFT in large space
We try to construct a master action for the large SFT :   

Large gauge symmetry : 

平成 29 年 11 月 10 日 H.Matsunaga

S[Ψ] =
1

2

〈
Ψ ·QIBV Ψ

〉
IBV

+
1

3

〈
Ψ ·Ψ ·Ψ

〉
IBV

+ · · ·
︸ ︷︷ ︸

Field Interactions

(4.5)

S[Ψ] =
1

2

〈
Ψ, QΨ

〉
Ker[η]

+
1

3

〈
Ψ, M2

(
Ψ
)2〉

Ker[η]
+

1

4

〈
Ψ, M3

(
Ψ
)3〉

Ker[η]
+ · · · . (4.6)

Ψ ∈ Ker[η] =⇒ Ψ = ηΦ where Φ ∈ large Hilbert space (4.7)

S[Φ] =
1

2

〈
Φ, Q ηΦ

〉
+

1

3

〈
Φ, M2

(
ηΦ

)2〉
+

1

4

〈
Φ, M3

(
ηΦ

)3〉
+ · · · . (4.8)

Sbv[ϕ] =
1

2

〈
ϕ, Q η ϕ

〉
+

1

3

〈
ϕ, M2

(
η ϕ

)2〉
+

1

4

〈
ϕ, M3

(
η ϕ

)3〉
+ · · · . (4.9)

Sbv[ϕ]|Γ =
1

2

〈
Φ, Q ηΦ

〉
+

∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗, QΦ−1−g,p
〉

+
∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗,
∑

n>1

Mn
(
η (ϕ+ ϕ∗)

)n〉
. (4.10)

5 The minimal set and ghost string fields

We consider the large A∞ action

S[Φ] =

∫ 1

0
dt

〈
∂tΦ(t), M

1

1− ηΦ(t)

〉
, (5.1)

where Φ(t) satisfies Φ(0) = 0 and Φ(1) = Φ . The action is invariant under the following gauge

transformations

δΦ = π1
[[
M, Λ−1,0

]] 1

1− ηΦ
+ ηΛ−1,1 . (5.2)

Hence, we find the following gauge reducibility:

δg+1
(
δgΛ−g,p

)
= 0 , δgΛ−g,p = π1

[[
M, Λ−g−1,p

]] 1

1− ηΦ
+ ηΛ−g−1,p+1 . (5.3)

where Λ−g,p denotes a g-th gauge parameter field. As the dynamical string field, these gauge

parameter string fields Λ−g,p can be expanded in terms of space-time parameter fields λrg,p and

world-sheet basis |Zr
−g,p⟩. The BV formalism implies that when gauge parameter string fields are

5
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Ψ ·QIBV Ψ

〉
IBV

+
1

3

〈
Ψ ·Ψ ·Ψ

〉
IBV

+ · · ·
︸ ︷︷ ︸

Field Interactions

(4.5)

S[Ψ] =
1

2

〈
Ψ, QΨ

〉
Ker[η]

+
1

3

〈
Ψ, M2

(
Ψ
)2〉

Ker[η]
+

1

4

〈
Ψ, M3

(
Ψ
)3〉

Ker[η]
+ · · · . (4.6)

ηΨ = 0 δΨ = Qλ0 δ(δλ−g) = 0 with δλ−g = Qλ−1−g (4.7)

Ψ ∈ Ker[η] =⇒ Ψ = ηΦ where Φ ∈ large Hilbert space (4.8)

S[Φ] =
1

2

〈
Φ, Q ηΦ

〉
+

1

3

〈
Φ, M2

(
ηΦ

)2〉
+

1

4

〈
Φ, M3

(
ηΦ

)3〉
+ · · · . (4.9)

δΦ = ηΛ−1,1 +QΛ−1,0 (4.10)

δ(δΛ−g,p) = 0 with δΛ−g,p = ηΛ−1−g,p+1 +QΛ−1−g,p (4.11)

δΦ = ηΛ′ +QΛ+M2(ηΦ,Λ) +M2(Λ, ηΦ) + · · · (4.12)

Sum of all siting fields : ϕ ≡ Φ+
∑

g>0

g∑

p=0

Φ−g,p +
∑

g≥0

g∑

p=0

Φex
1+g,−p . (4.13)

g-label p-label

Sbv[ϕ] =
1

2

〈
ϕ, Q η ϕ

〉
+

1

3

〈
ϕ, M2

(
η ϕ

)2〉
+

1

4

〈
ϕ, M3

(
η ϕ

)3〉
+ · · · . (4.14)

Sbv[ϕ]|Γ =
1

2

〈
Φ, Q ηΦ

〉
+

∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗, QΦ−1−g,p
〉

+
∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗,
∑

n>1

Mn
(
η (ϕ+ ϕ∗)

)n〉
. (4.15)

Γg,p ≡ (Φ−g,p)
∗ − ηΦex

1+g,−p , (4.16)
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The same BV fields-antifields as the free theory

Mutually commutative         pair : A∞ [M, η] = 0M2 = 0 η2 = 0

(1) usual string fields-antifields  

(2) usual gauge generators M and η  

(3) no ξ , no other products, no other (non-minimal) fields 

As usual, we try to construct a BV master action under 



Conventional BV approach breaks down 
One can perturbatively construct its BV master action :   

However, there is no solution for             and higher parts !!       
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Thus, the antifield number 0 part is

{
SBV, SBV

}∣∣(0) =
〈
∂rS(0)

∂Φ0,0
,
∂lS(1)

∂Φ∗
2,−1

〉
, (2.4a)

the antifield number 1 part is

{
SBV, SBV

}∣∣(1) =
1∑

p=0

〈
∂rS(1)

∂Φ−1,p
,

∂lS(2)

∂Φ∗
3,−1−p

〉
+

〈
∂rS(0)

∂Φ0,0
,
∂lS(2)

∂Φ∗
2,−1

〉

+

〈
∂rS(1)

∂Φ0,0
,
∂lS(1)

∂Φ∗
2,−1

〉
, (2.4b)

and the antifield number 2 part is

{
SBV, SBV

}∣∣(2) =
2∑

p=0

〈
∂rS(2)

∂Φ−2,p
,

∂lS(3)

∂Φ∗
4,−1−p

〉
+

1∑

p=0

〈
∂rS(1)

∂Φ−1,p
,

∂lS(3)

∂Φ∗
3,−1−p

〉
+

〈
∂rS(0)

∂Φ0,0
,
∂lS(3)

∂Φ∗
2,−1

〉

+
1∑

p=0

〈
∂rS(2)

∂Φ−1,p
,

∂lS(2)

∂Φ∗
3,−1−p

〉
+

〈
∂rS(1)

∂Φ0,0
,
∂lS(2)

∂Φ∗
2,−1

〉

+

〈
∂rS(2)

∂Φ0,0
,
∂lS(1)

∂Φ∗
2,−1

〉
. (2.4c)

2.2 Solving the master equation for the minimal set

Because of the initial condition S(0) ≡ SA[Φ] , we have the right derivative

∂rS(0)

∂Φ0,0
= π1M

1

1− ηΦ0,0
=

∞∑

n=1

Mn
(

n︷ ︸︸ ︷
ηΦ0,0, . . . , ηΦ0,0

)
.

Therefore, {S(0) + S(1), S(0) + S(1)} = 0 is satisfied by the left derivative

∂lS(1)

∂Φ∗
2,−1

= ηΦ−1,1 + π1MΦ−1,0
1

1− ηΦ0,0
+ ...

= ηΦ−1,1 +QΦ−1,0 +M ′
2(ηΦ0,0,Φ−1,0) +M ′

3((ηΦ0,0)
2,Φ−1,0) + ...,

(Add) = η π1MΦ−1,0Φ0,0
1

1− ηΦ0,0

Here, the prime on the products denotes the cyclic sum of the possible different arrangements

of their inputs. One can put any coefficient on each term at this level. Hence, we assume

S(1)[Φ,Φ∗] =
〈
Φ∗
2,−1, ηΦ−1,1 + π1MΦ−1,0

1

1− ηΦ0,0

〉

(Add) =
〈
Φ∗
2,−1, η π1MΦ−1,0Φ0,0

1

1− ηΦ0,0

〉

It gives the Φ0,0-derivative

∂rS(1)

∂Φ0,0
= η π1MΦ∗

2,−1Φ−1,0
1

1− ηΦ0,0

(Add) = π1MηΦ∗
2,−1Φ−1,0

1

1− ηΦ0,0
+ ηπ1MηΦ∗

2,−1Φ−1,0Φ0,0
1

1− ηΦ0,0

9
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Field Interactions

(4.5)
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2

〈
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1

3

〈
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(
Ψ
)2〉

Ker[η]
+

1

4

〈
Ψ, M3

(
Ψ
)3〉

Ker[η]
+ · · · . (4.6)

ηΨ = 0 δΨ = Qλ0 δ(δλ−g) = 0 with δλ−g = Qλ−1−g (4.7)

Ψ ∈ Ker[η] =⇒ Ψ = ηΦ where Φ ∈ large Hilbert space (4.8)

S[Φ] =
1

2

〈
Φ, Q ηΦ

〉
+

1

3

〈
Φ, M2

(
ηΦ

)2〉
+

1

4

〈
Φ, M3

(
ηΦ

)3〉
+ · · · . (4.9)

δΦ = ηΛ−1,1 +QΛ−1,0 (4.10)

δ(δΛ−g,p) = 0 with δΛ−g,p = ηΛ−1−g,p+1 +QΛ−1−g,p (4.11)

δΦ = ηΛ′ +QΛ+M2(ηΦ,Λ) +M2(Λ, ηΦ) + · · · (4.12)

Sum of all siting fields : ϕ ≡ Φ+
∑

g>0

g∑

p=0

Φ−g,p +
∑

g≥0

g∑

p=0

Φex
1+g,−p . (4.13)

g-label p-label Sbv = S + S(1) + S(2) + · · ·

Sbv[ϕ] =
1

2

〈
ϕ, Q η ϕ

〉
+

1

3

〈
ϕ, M2

(
η ϕ

)2〉
+

1

4

〈
ϕ, M3

(
η ϕ

)3〉
+ · · · . (4.14)

Sbv[ϕ]|Γ =
1

2

〈
Φ, Q ηΦ

〉
+

∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗, QΦ−1−g,p
〉

+
∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗,
∑

n>1

Mn
(
η (ϕ+ ϕ∗)

)n〉
. (4.15)

Γg,p ≡ (Φ−g,p)
∗ − ηΦex

1+g,−p , (4.16)
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and the two ghost field derivatives

∂rS(1)

∂Φ−1,0
= −π1MΦ∗

2,−1
1

1− ηΦ0,0

(Add) = π1MηΦ∗
2,−1Φ0,0

1

1− ηΦ0,0

∂rS(1)

∂Φ−1,1
= −ηΦ∗

2,−1 .

Using these derivatives, we consider

{
SBV, SBV

}∣∣(1) =
1∑

p=0

〈
∂rS(1)

∂Φ−1,p
,

∂lS(2)

∂Φ∗
3,−1−p

〉
+

〈
∂rS(0)

∂Φ0,0
,
∂lS(2)

∂Φ∗
2,−1

〉
+

〈
∂rS(1)

∂Φ0,0
,
∂lS(1)

∂Φ∗
2,−1

〉
= 0 .

First, we obtain
〈
∂rS(1)

∂Φ0,0
,
∂lS(1)

∂Φ∗
2,−1

〉
=

〈
ηπ1MΦ∗

2,−1Φ−1,0
1

1− ηΦ0,0
, π1MΦ−1,0

1

1− ηΦ0,0

〉
,

which implies that the other terms of {SBV, SBV}|(1) have to provide

1

2

〈
π1MηΦ∗

2,−1Φ−1,0
1

1− ηΦ0,0
, π1MΦ−1,0

1

1− ηΦ0,0

〉

− 1

2

〈
π1MΦ∗

2,−1
1

1− ηΦ0,0
, π1MΦ−1,0(ηΦ−1,0)

1

1− ηΦ0,0

〉

+
1

2

〈
π1MΦ∗

2,−1Φ−1,0(ηΦ−1,0)
1

1− ηΦ0,0
, π1M

1

1− ηΦ0,0

〉
.

We therefore find

∂lS(2)

∂Φ∗
3,−1

= π1M

[
Φ−1,0

2
(ηΦ−1,0)

]
1

1− ηΦ0,0
+ ηΦ−2,1 + π1MΦ−2,0

1

1− ηΦ0,0
, (2.5a)

∂lS(2)

∂Φ∗
3,−2

= π1M

[
Φ−1,0

2
MΦ−1,0

]
1

1− ηΦ0,0
+ ηΦ−2,2 (2.5b)

− ∂lS(2)

∂Φ∗
2,−1

= π1M

[
Φ∗

2,−1
Φ−1,0

2
(ηΦ−1,0)

]
1

1− ηΦ0,0
+ π1MΦ∗

2,−1Φ−2,0
1

1− ηΦ0,0
. (2.5c)

Thus, as the solution of the master equation at this level, we obtain

S(2)[Φ,Φ∗] =
〈
Φ∗
3,−1, ηΦ−2,1 + π1M

[
Φ−1,0

2
(ηΦ−1,0) +Φ−2,0

]
1

1− ηΦ0,0

〉

+
〈
Φ∗
3,−2, ηΦ−2,2 + π1M

[
Φ−1,0

2
MΦ−1,0

]
1

1− ηΦ0,0

〉

− 1

2

〈
Φ∗
2,−1, π1M

[
Φ∗

2,−1
Φ−1,0

2
(ηΦ−1,0) +Φ∗

2,−1Φ−2,0

]
1

1− ηΦ0,0

〉

∂rS(2)

∂Φ0,0
= η π1M

[
Φ∗

3,−1
Φ−1,0

2
(ηΦ−1,0) +Φ∗

3,−1Φ−2,0

]
1

1− ηΦ0,0

+ η π1M

[
Φ∗

3,−2
Φ−1,0

2
MΦ−1,0 +

Φ−1,0

2
MΦ∗

3,−2Φ−1,0

]
1

1− ηΦ0,0

+ η π1M

[
Φ∗

2,−1

2
Φ∗

2,−1
Φ−1,0

2
(ηΦ−1,0) +

Φ∗
2,−1

2
Φ∗

2,−1Φ−2,0

]
1

1− ηΦ0,0
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and the two ghost field derivatives

∂rS(1)

∂Φ−1,0
= −π1MΦ∗

2,−1
1

1− ηΦ0,0

(Add) = π1MηΦ∗
2,−1Φ0,0

1

1− ηΦ0,0

∂rS(1)

∂Φ−1,1
= −ηΦ∗

2,−1 .

Using these derivatives, we consider

{
SBV, SBV

}∣∣(1) =
1∑

p=0

〈
∂rS(1)

∂Φ−1,p
,

∂lS(2)

∂Φ∗
3,−1−p

〉
+

〈
∂rS(0)

∂Φ0,0
,
∂lS(2)

∂Φ∗
2,−1

〉
+

〈
∂rS(1)

∂Φ0,0
,
∂lS(1)

∂Φ∗
2,−1

〉
= 0 .

First, we obtain
〈
∂rS(1)

∂Φ0,0
,
∂lS(1)

∂Φ∗
2,−1

〉
=

〈
ηπ1MΦ∗

2,−1Φ−1,0
1

1− ηΦ0,0
, π1MΦ−1,0

1

1− ηΦ0,0

〉
,

which implies that the other terms of {SBV, SBV}|(1) have to provide

1

2

〈
π1MηΦ∗

2,−1Φ−1,0
1

1− ηΦ0,0
, π1MΦ−1,0

1

1− ηΦ0,0

〉

− 1

2

〈
π1MΦ∗

2,−1
1

1− ηΦ0,0
, π1MΦ−1,0(ηΦ−1,0)

1

1− ηΦ0,0

〉

+
1

2

〈
π1MΦ∗

2,−1Φ−1,0(ηΦ−1,0)
1

1− ηΦ0,0
, π1M

1

1− ηΦ0,0

〉
.

We therefore find

∂lS(2)

∂Φ∗
3,−1

= π1M

[
Φ−1,0

2
(ηΦ−1,0)

]
1

1− ηΦ0,0
+ ηΦ−2,1 + π1MΦ−2,0

1

1− ηΦ0,0
, (2.5a)

∂lS(2)

∂Φ∗
3,−2

= π1M

[
Φ−1,0

2
MΦ−1,0

]
1

1− ηΦ0,0
+ ηΦ−2,2 (2.5b)

− ∂lS(2)

∂Φ∗
2,−1

= π1M

[
Φ∗

2,−1
Φ−1,0

2
(ηΦ−1,0)

]
1

1− ηΦ0,0
+ π1MΦ∗

2,−1Φ−2,0
1

1− ηΦ0,0
. (2.5c)

Thus, as the solution of the master equation at this level, we obtain

S(2)[Φ,Φ∗] =
〈
Φ∗
3,−1, ηΦ−2,1 + π1M

[
Φ−1,0

2
(ηΦ−1,0) +Φ−2,0

]
1

1− ηΦ0,0

〉

+
〈
Φ∗
3,−2, ηΦ−2,2 + π1M

[
Φ−1,0

2
MΦ−1,0

]
1

1− ηΦ0,0

〉

− 1

2

〈
Φ∗
2,−1, π1M

[
Φ∗

2,−1
Φ−1,0

2
(ηΦ−1,0) +Φ∗

2,−1Φ−2,0

]
1

1− ηΦ0,0

〉

∂rS(2)

∂Φ0,0
= η π1M

[
Φ∗

3,−1
Φ−1,0

2
(ηΦ−1,0) +Φ∗

3,−1Φ−2,0

]
1

1− ηΦ0,0

+ η π1M

[
Φ∗

3,−2
Φ−1,0

2
MΦ−1,0 +

Φ−1,0

2
MΦ∗

3,−2Φ−1,0

]
1

1− ηΦ0,0

+ η π1M

[
Φ∗

2,−1

2
Φ∗

2,−1
Φ−1,0

2
(ηΦ−1,0) +

Φ∗
2,−1

2
Φ∗

2,−1Φ−2,0

]
1

1− ηΦ0,0
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Conventional BV approach breaks down 
One can perturbatively construct its BV master action :   

However, there is no solution for             and higher parts !!       
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Thus, the antifield number 0 part is

{
SBV, SBV

}∣∣(0) =
〈
∂rS(0)

∂Φ0,0
,
∂lS(1)

∂Φ∗
2,−1

〉
, (2.4a)

the antifield number 1 part is

{
SBV, SBV

}∣∣(1) =
1∑

p=0

〈
∂rS(1)

∂Φ−1,p
,

∂lS(2)

∂Φ∗
3,−1−p

〉
+

〈
∂rS(0)

∂Φ0,0
,
∂lS(2)

∂Φ∗
2,−1

〉

+

〈
∂rS(1)

∂Φ0,0
,
∂lS(1)

∂Φ∗
2,−1

〉
, (2.4b)

and the antifield number 2 part is

{
SBV, SBV

}∣∣(2) =
2∑

p=0

〈
∂rS(2)

∂Φ−2,p
,

∂lS(3)

∂Φ∗
4,−1−p

〉
+

1∑

p=0

〈
∂rS(1)

∂Φ−1,p
,

∂lS(3)

∂Φ∗
3,−1−p

〉
+

〈
∂rS(0)

∂Φ0,0
,
∂lS(3)

∂Φ∗
2,−1

〉

+
1∑

p=0

〈
∂rS(2)

∂Φ−1,p
,

∂lS(2)

∂Φ∗
3,−1−p

〉
+

〈
∂rS(1)

∂Φ0,0
,
∂lS(2)

∂Φ∗
2,−1

〉

+

〈
∂rS(2)

∂Φ0,0
,
∂lS(1)

∂Φ∗
2,−1

〉
. (2.4c)

2.2 Solving the master equation for the minimal set

Because of the initial condition S(0) ≡ SA[Φ] , we have the right derivative

∂rS(0)

∂Φ0,0
= π1M

1

1− ηΦ0,0
=

∞∑

n=1

Mn
(

n︷ ︸︸ ︷
ηΦ0,0, . . . , ηΦ0,0

)
.

Therefore, {S(0) + S(1), S(0) + S(1)} = 0 is satisfied by the left derivative

∂lS(1)

∂Φ∗
2,−1

= ηΦ−1,1 + π1MΦ−1,0
1

1− ηΦ0,0
+ ...

= ηΦ−1,1 +QΦ−1,0 +M ′
2(ηΦ0,0,Φ−1,0) +M ′

3((ηΦ0,0)
2,Φ−1,0) + ...,

(Add) = η π1MΦ−1,0Φ0,0
1

1− ηΦ0,0

Here, the prime on the products denotes the cyclic sum of the possible different arrangements

of their inputs. One can put any coefficient on each term at this level. Hence, we assume

S(1)[Φ,Φ∗] =
〈
Φ∗
2,−1, ηΦ−1,1 + π1MΦ−1,0

1

1− ηΦ0,0

〉

(Add) =
〈
Φ∗
2,−1, η π1MΦ−1,0Φ0,0

1

1− ηΦ0,0

〉

It gives the Φ0,0-derivative

∂rS(1)

∂Φ0,0
= η π1MΦ∗

2,−1Φ−1,0
1

1− ηΦ0,0

(Add) = π1MηΦ∗
2,−1Φ−1,0

1

1− ηΦ0,0
+ ηπ1MηΦ∗

2,−1Φ−1,0Φ0,0
1

1− ηΦ0,0

9
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S[Ψ] =
1

2

〈
Ψ ·QIBV Ψ

〉
IBV

+
1

3

〈
Ψ ·Ψ ·Ψ

〉
IBV

+ · · ·
︸ ︷︷ ︸

Field Interactions

(4.5)

S[Ψ] =
1

2

〈
Ψ, QΨ

〉
Ker[η]

+
1

3

〈
Ψ, M2

(
Ψ
)2〉

Ker[η]
+

1

4

〈
Ψ, M3

(
Ψ
)3〉

Ker[η]
+ · · · . (4.6)

ηΨ = 0 δΨ = Qλ0 δ(δλ−g) = 0 with δλ−g = Qλ−1−g (4.7)

Ψ ∈ Ker[η] =⇒ Ψ = ηΦ where Φ ∈ large Hilbert space (4.8)

S[Φ] =
1

2

〈
Φ, Q ηΦ

〉
+

1

3

〈
Φ, M2

(
ηΦ

)2〉
+

1

4

〈
Φ, M3

(
ηΦ

)3〉
+ · · · . (4.9)

δΦ = ηΛ−1,1 +QΛ−1,0 (4.10)

δ(δΛ−g,p) = 0 with δΛ−g,p = ηΛ−1−g,p+1 +QΛ−1−g,p (4.11)

δΦ = ηΛ′ +QΛ+M2(ηΦ,Λ) +M2(Λ, ηΦ) + · · · (4.12)

Sum of all siting fields : ϕ ≡ Φ+
∑

g>0

g∑

p=0

Φ−g,p +
∑

g≥0

g∑

p=0

Φex
1+g,−p . (4.13)

g-label p-label Sbv = S + S(1) + S(2) + · · ·

Sbv[ϕ] =
1

2

〈
ϕ, Q η ϕ

〉
+

1

3

〈
ϕ, M2

(
η ϕ

)2〉
+

1

4

〈
ϕ, M3

(
η ϕ

)3〉
+ · · · . (4.14)

Sbv[ϕ]|Γ =
1

2

〈
Φ, Q ηΦ

〉
+

∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗, QΦ−1−g,p
〉

+
∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗,
∑

n>1

Mn
(
η (ϕ+ ϕ∗)

)n〉
. (4.15)

Γg,p ≡ (Φ−g,p)
∗ − ηΦex

1+g,−p , (4.16)
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and the two ghost field derivatives

∂rS(1)

∂Φ−1,0
= −π1MΦ∗

2,−1
1

1− ηΦ0,0

(Add) = π1MηΦ∗
2,−1Φ0,0

1

1− ηΦ0,0

∂rS(1)

∂Φ−1,1
= −ηΦ∗

2,−1 .

Using these derivatives, we consider

{
SBV, SBV

}∣∣(1) =
1∑

p=0

〈
∂rS(1)

∂Φ−1,p
,

∂lS(2)

∂Φ∗
3,−1−p

〉
+

〈
∂rS(0)

∂Φ0,0
,
∂lS(2)

∂Φ∗
2,−1

〉
+

〈
∂rS(1)

∂Φ0,0
,
∂lS(1)

∂Φ∗
2,−1

〉
= 0 .

First, we obtain
〈
∂rS(1)

∂Φ0,0
,
∂lS(1)

∂Φ∗
2,−1

〉
=

〈
ηπ1MΦ∗

2,−1Φ−1,0
1

1− ηΦ0,0
, π1MΦ−1,0

1

1− ηΦ0,0

〉
,

which implies that the other terms of {SBV, SBV}|(1) have to provide

1

2

〈
π1MηΦ∗

2,−1Φ−1,0
1

1− ηΦ0,0
, π1MΦ−1,0

1

1− ηΦ0,0

〉

− 1

2

〈
π1MΦ∗

2,−1
1

1− ηΦ0,0
, π1MΦ−1,0(ηΦ−1,0)

1

1− ηΦ0,0

〉

+
1

2

〈
π1MΦ∗

2,−1Φ−1,0(ηΦ−1,0)
1

1− ηΦ0,0
, π1M

1

1− ηΦ0,0

〉
.

We therefore find

∂lS(2)

∂Φ∗
3,−1

= π1M

[
Φ−1,0

2
(ηΦ−1,0)

]
1

1− ηΦ0,0
+ ηΦ−2,1 + π1MΦ−2,0

1

1− ηΦ0,0
, (2.5a)

∂lS(2)

∂Φ∗
3,−2

= π1M

[
Φ−1,0

2
MΦ−1,0

]
1

1− ηΦ0,0
+ ηΦ−2,2 (2.5b)

− ∂lS(2)

∂Φ∗
2,−1

= π1M

[
Φ∗

2,−1
Φ−1,0

2
(ηΦ−1,0)

]
1

1− ηΦ0,0
+ π1MΦ∗

2,−1Φ−2,0
1

1− ηΦ0,0
. (2.5c)

Thus, as the solution of the master equation at this level, we obtain

S(2)[Φ,Φ∗] =
〈
Φ∗
3,−1, ηΦ−2,1 + π1M

[
Φ−1,0

2
(ηΦ−1,0) +Φ−2,0

]
1

1− ηΦ0,0

〉

+
〈
Φ∗
3,−2, ηΦ−2,2 + π1M

[
Φ−1,0

2
MΦ−1,0

]
1

1− ηΦ0,0

〉

− 1

2

〈
Φ∗
2,−1, π1M

[
Φ∗

2,−1
Φ−1,0

2
(ηΦ−1,0) +Φ∗

2,−1Φ−2,0

]
1

1− ηΦ0,0

〉

∂rS(2)

∂Φ0,0
= η π1M

[
Φ∗

3,−1
Φ−1,0

2
(ηΦ−1,0) +Φ∗

3,−1Φ−2,0

]
1

1− ηΦ0,0

+ η π1M

[
Φ∗

3,−2
Φ−1,0

2
MΦ−1,0 +

Φ−1,0

2
MΦ∗

3,−2Φ−1,0

]
1

1− ηΦ0,0

+ η π1M

[
Φ∗

2,−1

2
Φ∗

2,−1
Φ−1,0

2
(ηΦ−1,0) +

Φ∗
2,−1

2
Φ∗

2,−1Φ−2,0

]
1

1− ηΦ0,0
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and the two ghost field derivatives

∂rS(1)

∂Φ−1,0
= −π1MΦ∗

2,−1
1

1− ηΦ0,0

(Add) = π1MηΦ∗
2,−1Φ0,0

1

1− ηΦ0,0

∂rS(1)

∂Φ−1,1
= −ηΦ∗

2,−1 .

Using these derivatives, we consider

{
SBV, SBV

}∣∣(1) =
1∑

p=0

〈
∂rS(1)

∂Φ−1,p
,

∂lS(2)

∂Φ∗
3,−1−p

〉
+

〈
∂rS(0)

∂Φ0,0
,
∂lS(2)

∂Φ∗
2,−1

〉
+

〈
∂rS(1)

∂Φ0,0
,
∂lS(1)

∂Φ∗
2,−1

〉
= 0 .

First, we obtain
〈
∂rS(1)

∂Φ0,0
,
∂lS(1)

∂Φ∗
2,−1

〉
=

〈
ηπ1MΦ∗

2,−1Φ−1,0
1

1− ηΦ0,0
, π1MΦ−1,0

1

1− ηΦ0,0

〉
,

which implies that the other terms of {SBV, SBV}|(1) have to provide

1

2

〈
π1MηΦ∗

2,−1Φ−1,0
1

1− ηΦ0,0
, π1MΦ−1,0

1

1− ηΦ0,0

〉

− 1

2

〈
π1MΦ∗

2,−1
1

1− ηΦ0,0
, π1MΦ−1,0(ηΦ−1,0)

1

1− ηΦ0,0

〉

+
1

2

〈
π1MΦ∗

2,−1Φ−1,0(ηΦ−1,0)
1

1− ηΦ0,0
, π1M

1

1− ηΦ0,0

〉
.

We therefore find

∂lS(2)

∂Φ∗
3,−1

= π1M

[
Φ−1,0

2
(ηΦ−1,0)

]
1

1− ηΦ0,0
+ ηΦ−2,1 + π1MΦ−2,0

1

1− ηΦ0,0
, (2.5a)

∂lS(2)

∂Φ∗
3,−2

= π1M

[
Φ−1,0

2
MΦ−1,0

]
1

1− ηΦ0,0
+ ηΦ−2,2 (2.5b)

− ∂lS(2)

∂Φ∗
2,−1

= π1M

[
Φ∗

2,−1
Φ−1,0

2
(ηΦ−1,0)

]
1

1− ηΦ0,0
+ π1MΦ∗

2,−1Φ−2,0
1

1− ηΦ0,0
. (2.5c)

Thus, as the solution of the master equation at this level, we obtain

S(2)[Φ,Φ∗] =
〈
Φ∗
3,−1, ηΦ−2,1 + π1M

[
Φ−1,0

2
(ηΦ−1,0) +Φ−2,0

]
1

1− ηΦ0,0

〉

+
〈
Φ∗
3,−2, ηΦ−2,2 + π1M

[
Φ−1,0

2
MΦ−1,0

]
1

1− ηΦ0,0

〉

− 1

2

〈
Φ∗
2,−1, π1M

[
Φ∗

2,−1
Φ−1,0

2
(ηΦ−1,0) +Φ∗

2,−1Φ−2,0

]
1

1− ηΦ0,0

〉

∂rS(2)

∂Φ0,0
= η π1M

[
Φ∗

3,−1
Φ−1,0

2
(ηΦ−1,0) +Φ∗

3,−1Φ−2,0

]
1

1− ηΦ0,0

+ η π1M

[
Φ∗

3,−2
Φ−1,0

2
MΦ−1,0 +

Φ−1,0

2
MΦ∗

3,−2Φ−1,0

]
1

1− ηΦ0,0

+ η π1M

[
Φ∗

2,−1

2
Φ∗

2,−1
Φ−1,0

2
(ηΦ−1,0) +

Φ∗
2,−1

2
Φ∗

2,−1Φ−2,0

]
1

1− ηΦ0,0
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But, why??  — If  gauge algebra is generated by M and η only,

we could construct it without using ξ .  

Actually, one cannot construct the BV master action without ξ !!



Conventional BV revisited
Revisit the gauge invariance of  the free theory :  

   - Inv. under the gauge transf. 
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S[Ψ] =
1

2

〈
Ψ ·QIBV Ψ

〉
IBV

+
1

3

〈
Ψ ·Ψ ·Ψ

〉
IBV

+ · · ·
︸ ︷︷ ︸

Field Interactions

(4.5)

S[Ψ] =
1

2

〈
Ψ, QΨ

〉
Ker[η]

+
1

3

〈
Ψ, M2

(
Ψ
)2〉

Ker[η]
+

1

4

〈
Ψ, M3

(
Ψ
)3〉

Ker[η]
+ · · · . (4.6)

Ψ ∈ Ker[η] =⇒ Ψ = ηΦ where Φ ∈ large Hilbert space (4.7)

S[Φ] =
1

2

〈
Φ, Q ηΦ

〉
+

1

3

〈
Φ, M2

(
ηΦ

)2〉
+

1

4

〈
Φ, M3

(
ηΦ

)3〉
+ · · · . (4.8)

Sbv[ϕ] =
1

2

〈
ϕ, Q η ϕ

〉
+

1

3

〈
ϕ, M2

(
η ϕ

)2〉
+

1

4

〈
ϕ, M3

(
η ϕ

)3〉
+ · · · . (4.9)

Sbv[ϕ]|Γ =
1

2

〈
Φ, Q ηΦ

〉
+

∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗, QΦ−1−g,p
〉

+
∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗,
∑

n>1

Mn
(
η (ϕ+ ϕ∗)

)n〉
. (4.10)

5 The minimal set and ghost string fields

We consider the large A∞ action

S[Φ] =

∫ 1

0
dt

〈
∂tΦ(t), M

1

1− ηΦ(t)

〉
, (5.1)

where Φ(t) satisfies Φ(0) = 0 and Φ(1) = Φ . The action is invariant under the following gauge

transformations

δΦ = π1
[[
M, Λ−1,0

]] 1

1− ηΦ
+ ηΛ−1,1 . (5.2)

Hence, we find the following gauge reducibility:

δg+1
(
δgΛ−g,p

)
= 0 , δgΛ−g,p = π1

[[
M, Λ−g−1,p

]] 1

1− ηΦ
+ ηΛ−g−1,p+1 . (5.3)

where Λ−g,p denotes a g-th gauge parameter field. As the dynamical string field, these gauge

parameter string fields Λ−g,p can be expanded in terms of space-time parameter fields λrg,p and

world-sheet basis |Zr
−g,p⟩. The BV formalism implies that when gauge parameter string fields are

5

δΦ = ηΛ1,1 + QΛ1,0

δΦ = ηΛ1,1 + ηξ QΛ1,0 + ξη QΛ1,0

= η (Λ1,1 + ξ QΛ1,0) + ξ Q (−ηΛ1,0)

δΦ = η Λnew
1,1 + ξ Q (ηΛnew

1,0 )

δΛnew
g,0 = η Λnew

g+1,1 + ξ Q (ηΛnew
g+1,0)

δΛnew
g,p = η Λnew

g+1,p+1

We should have used…

If  we define “new gauge parameters” as                                                  , 

we find the following (factorised) gauge transformations :    

Actually, vanishing “ξ-parts of  p>0”  generate “trivial transformations” !! 

(p>0)



Trivial transformations appear !! 
To see it explicitly, let us consider the interacting case :  

Re-definition : 
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the BV master action Sbv for the large A∞ action (2.1a) in a similar manner because of its

WZW-like large gauge symmetries, although S[Φ] is obtained from the trivial embedding

of gauge-fixable S′[Ψ], which we explain.

2.1 Gauge reducibility and string ghosts

For simplicity, we take coalgebraic and suspended notation; see appendix A. With a real

parameter t ∈ [0, 1], the large A∞ action (2.1a) has the following compact expression

S[Φ] =

∫ 1

0
dt

〈
Φ , M

1

1− t ηΦ

〉
, (2.1b)

where M = Q +M2 +M3 + · · · denotes the A∞ superstring products and ⟨A,B⟩ is the

graded symplectic form — it is the suspended BPZ inner product (A.5), but we call it as

“the BPZ inner product” simply. This action is invariant under the following large gauge

transformations

δΦ = π1
[[
M, Λ−1,0

]] 1

1− ηΦ
+ ηΛ−1,1 , (2.2)

where [[C,D]] denotes the graded commutator of coderivations C and D; see appendix A.

The gauge symmetry (2.2) has the following gauge reducibility

δg+1
(
δgΛ−g,p

)
= 0 , δgΛ−g,p = π1

[[
M, Λ−g−1,p

]] 1

1− ηΦ
+ ηΛ−g−1,p+1 ,

where Λ−g,p denotes a g-th string gauge-parameter field and defining Λ0,0 ≡ Φ may be

helpful. While the g-label runs from 0 to infinity, the p-label runs from 0 to g as shown

by [16–18]. Hence, the large A∞ theory is infinitely reducible just as the Berkovits the-

ory [14].

As well as the string field Φ, these string gauge-parameter fields Λ−g,p can be expanded

in terms of spacetime gauge-parameter fields λ r
g,p and world-sheet bases |Z r

−g,p⟩; see ap-

pendix A for these bases. The BV formalism implies that when string gauge-parameter

fields are given by Λ−g,p =
∑

r λ
r
−g,p|Z r

−g,p⟩, corresponding string ghost fields are obtained

by replacing each spacetime parameter field λ r
−g,p with corresponding spacetime ghosts φ r

g,p

as follows

Φ−g,p =
∑

r

φ r
g,p

∣∣Z r
−g,p

〉
. (2.3)

The r-label distinguishes different bases carrying the same world-sheet ghost and picture

numbers. We sometimes write Φ0,0 ≡ Φ for simplicity. Therefore, the following set of the

dynamical string field Φ and string ghosts Φ−g,p arises in the theory

{
Φ−g,p

∣∣∣Φ0,0 ≡ Φ ; 0 ≤ g , 0 ≤ p ≤ g
}
. (2.4)

More precisely, all of the spacetime fields which are coefficients of these string fields (2.4)

are necessitated to fix the gauge symmetries (2.2). In other words, a set of spacetime ghost

fields A′min ≡ {φrg,p | 0 < g, 0 ≤ p ≤ g ; r ∈ N } are required. We write A0 for the set of

spacetime dynamical fields, A0 ≡ {φr0,0}r∈N. The pair Amin ≡ A0⊕A′min of dynamical fields

A0 and these ghosts A′min requires their spacetime antifields A∗min = {(φrg,p)∗| 0 ≤ g, 0 ≤
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Besides reassembling string antifields, to split string fields ϕ = ϕ1 + ϕ2 and to utilise

each ϕa as an argument of Sbv play a crucial role in the constrained BV approach. As we

show in this section, one can construct a conventional BV master action Sbv as a function of

(Φξ)∗ and (Φη)∗, not a function of the sum (Φ)∗ = (Φξ)∗ + (Φη)∗ . While we introduce the

string antifield (Φ−g,p)∗ for the string field Φ−g,p as the usual conventional BV approach,

we consider their ξ- or η-exact components separately. Note that (Φ∗)η = (Φξ)∗ and

(Φ∗)ξ = (Φη)∗ because of
〈
(Φ ξ
−g,p)

∗, Φ ξ
−g′,p′

〉
= δg,g′ δp,p′ ,

〈
(Φ η
−g,p)

∗, Φ η
−g′,p′

〉
= δg,g′ δp,p′ .

6.1 Orthogonal decomposition

We consider the orthogonal decomposition of the gauge transformation δΦ = δΦξ + δΦη.

By redefining gauge parameters as follows

Λnew
−1,0 ≡ −Λold

−1,0 , Λnew
−1,1 ≡ π1 ξ

[[
M, Λold

−1,0

]] 1

1− ηΦ
+ Λold

−1,1 , (6.2)

we set the η-exact component of the gauge transformations δΦη linear

δΦξ = π1 ξ
[[
M, ηΛnew

−1,0

]] 1

1− ηΦ
, (6.3a)

δΦη = ηΛnew
−1,1 . (6.3b)

As we will see, it enables us to simplify the other higher gauge transformations: except for

the gauge parameters {Λ−g,0}g>0 carrying picture number 0, the ξ-components of δΛ−g,p
are proportional to the equations of motion and thus become trivial transformations; the

η-exact components of all δΛ−g,p can be linearised by redefining the gauge parameters. We

find

δΛnew
−1,1 = π1 ξ

[[
M, δΛold

−1,0

]] 1

1− ηΦ
+ δΛold

−1,1

= π1 ξ
[[
M, π1

[[
M,Λold

−2,1

]] 1

1− ηΦ

]] 1

1− ηΦ
+ η

[
π1 ξ

[[
M,Λold

−2,1

]] 1

1− ηΦ
+ Λold

−2,2

]

= ξ T (Λnew
−2,1) + ηΛnew

−2,2 ,

where T (Λ) ≡ π1
[[
[[M,Λ]], (e.o.m)

]]
1

1−ηΦ denotes a trivial transformation. Hence, for any

0 < p ≤ g, the higher gauge transformations can be rewritten as follows

δΛnew
−g,0 = π1 ξ [[M,ηΛnew

−g−1,0]]
1

1− ηΦ
+ ηΛnew

−g−1,1 , (6.4a)

δΛnew
−g,p = ηΛnew

−g−1,p+1 . (6.4b)

While the orthogonal decomposition δΦ = δΦξ + δΦη makes δΛξ trivial for p > 0, redef-

initions of Λ make δΛη linear. These operations enable us to obtain a simple BV master

action.

Note that partial gauge fixing is an operation omitting Φη and (6.3b) at the classical

level. Then, the line of Λ−g,p=g of (6.4b) does not appear in its higher gauge transforma-

tions. It gives the gauge reducibility of partially gauge-fixed superstring field theory in the

large Hilbert space, in which reassembled string fields-antifields which correspond to (6.2)

will be rather natural.
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the BV master action Sbv for the large A∞ action (2.1a) in a similar manner because of its

WZW-like large gauge symmetries, although S[Φ] is obtained from the trivial embedding

of gauge-fixable S′[Ψ], which we explain.

2.1 Gauge reducibility and string ghosts

For simplicity, we take coalgebraic and suspended notation; see appendix A. With a real

parameter t ∈ [0, 1], the large A∞ action (2.1a) has the following compact expression

S[Φ] =

∫ 1

0
dt

〈
Φ , M

1

1− t ηΦ

〉
, (2.1b)

where M = Q +M2 +M3 + · · · denotes the A∞ superstring products and ⟨A,B⟩ is the

graded symplectic form — it is the suspended BPZ inner product (A.5), but we call it as

“the BPZ inner product” simply. This action is invariant under the following large gauge

transformations

δΦ = π1
[[
M, Λ−1,0

]] 1

1− ηΦ
+ ηΛ−1,1 , (2.2)

where [[C,D]] denotes the graded commutator of coderivations C and D; see appendix A.

The gauge symmetry (2.2) has the following gauge reducibility

δg+1
(
δgΛ−g,p

)
= 0 , δgΛ−g,p = π1

[[
M, Λ−g−1,p

]] 1

1− ηΦ
+ ηΛ−g−1,p+1 ,

where Λ−g,p denotes a g-th string gauge-parameter field and defining Λ0,0 ≡ Φ may be

helpful. While the g-label runs from 0 to infinity, the p-label runs from 0 to g as shown

by [16–18]. Hence, the large A∞ theory is infinitely reducible just as the Berkovits the-

ory [14].

As well as the string field Φ, these string gauge-parameter fields Λ−g,p can be expanded

in terms of spacetime gauge-parameter fields λ r
g,p and world-sheet bases |Z r

−g,p⟩; see ap-

pendix A for these bases. The BV formalism implies that when string gauge-parameter

fields are given by Λ−g,p =
∑

r λ
r
−g,p|Z r

−g,p⟩, corresponding string ghost fields are obtained

by replacing each spacetime parameter field λ r
−g,p with corresponding spacetime ghosts φ r

g,p

as follows

Φ−g,p =
∑

r

φ r
g,p

∣∣Z r
−g,p

〉
. (2.3)

The r-label distinguishes different bases carrying the same world-sheet ghost and picture

numbers. We sometimes write Φ0,0 ≡ Φ for simplicity. Therefore, the following set of the

dynamical string field Φ and string ghosts Φ−g,p arises in the theory

{
Φ−g,p

∣∣∣Φ0,0 ≡ Φ ; 0 ≤ g , 0 ≤ p ≤ g
}
. (2.4)

More precisely, all of the spacetime fields which are coefficients of these string fields (2.4)

are necessitated to fix the gauge symmetries (2.2). In other words, a set of spacetime ghost

fields A′min ≡ {φrg,p | 0 < g, 0 ≤ p ≤ g ; r ∈ N } are required. We write A0 for the set of

spacetime dynamical fields, A0 ≡ {φr0,0}r∈N. The pair Amin ≡ A0⊕A′min of dynamical fields

A0 and these ghosts A′min requires their spacetime antifields A∗min = {(φrg,p)∗| 0 ≤ g, 0 ≤

– 5 –

J
H
E
P
0
5
(
2
0
1
8
)
0
2
0

Besides reassembling string antifields, to split string fields ϕ = ϕ1 + ϕ2 and to utilise

each ϕa as an argument of Sbv play a crucial role in the constrained BV approach. As we

show in this section, one can construct a conventional BV master action Sbv as a function of

(Φξ)∗ and (Φη)∗, not a function of the sum (Φ)∗ = (Φξ)∗ + (Φη)∗ . While we introduce the

string antifield (Φ−g,p)∗ for the string field Φ−g,p as the usual conventional BV approach,

we consider their ξ- or η-exact components separately. Note that (Φ∗)η = (Φξ)∗ and

(Φ∗)ξ = (Φη)∗ because of
〈
(Φ ξ
−g,p)

∗, Φ ξ
−g′,p′

〉
= δg,g′ δp,p′ ,

〈
(Φ η
−g,p)

∗, Φ η
−g′,p′

〉
= δg,g′ δp,p′ .

6.1 Orthogonal decomposition

We consider the orthogonal decomposition of the gauge transformation δΦ = δΦξ + δΦη.

By redefining gauge parameters as follows

Λnew
−1,0 ≡ −Λold

−1,0 , Λnew
−1,1 ≡ π1 ξ

[[
M, Λold

−1,0

]] 1

1− ηΦ
+ Λold

−1,1 , (6.2)

we set the η-exact component of the gauge transformations δΦη linear

δΦξ = π1 ξ
[[
M, ηΛnew

−1,0

]] 1

1− ηΦ
, (6.3a)

δΦη = ηΛnew
−1,1 . (6.3b)

As we will see, it enables us to simplify the other higher gauge transformations: except for

the gauge parameters {Λ−g,0}g>0 carrying picture number 0, the ξ-components of δΛ−g,p
are proportional to the equations of motion and thus become trivial transformations; the

η-exact components of all δΛ−g,p can be linearised by redefining the gauge parameters. We

find

δΛnew
−1,1 = π1 ξ

[[
M, δΛold

−1,0

]] 1

1− ηΦ
+ δΛold

−1,1

= π1 ξ
[[
M, π1

[[
M,Λold

−2,1

]] 1

1− ηΦ

]] 1

1− ηΦ
+ η

[
π1 ξ

[[
M,Λold

−2,1

]] 1

1− ηΦ
+ Λold

−2,2

]

= ξ T (Λnew
−2,1) + ηΛnew

−2,2 ,

where T (Λ) ≡ π1
[[
[[M,Λ]], (e.o.m)

]]
1

1−ηΦ denotes a trivial transformation. Hence, for any

0 < p ≤ g, the higher gauge transformations can be rewritten as follows

δΛnew
−g,0 = π1 ξ [[M,ηΛnew

−g−1,0]]
1

1− ηΦ
+ ηΛnew

−g−1,1 , (6.4a)

δΛnew
−g,p = ηΛnew

−g−1,p+1 . (6.4b)

While the orthogonal decomposition δΦ = δΦξ + δΦη makes δΛξ trivial for p > 0, redef-

initions of Λ make δΛη linear. These operations enable us to obtain a simple BV master

action.

Note that partial gauge fixing is an operation omitting Φη and (6.3b) at the classical

level. Then, the line of Λ−g,p=g of (6.4b) does not appear in its higher gauge transforma-

tions. It gives the gauge reducibility of partially gauge-fixed superstring field theory in the

large Hilbert space, in which reassembled string fields-antifields which correspond to (6.2)

will be rather natural.
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Besides reassembling string antifields, to split string fields ϕ = ϕ1 + ϕ2 and to utilise

each ϕa as an argument of Sbv play a crucial role in the constrained BV approach. As we

show in this section, one can construct a conventional BV master action Sbv as a function of

(Φξ)∗ and (Φη)∗, not a function of the sum (Φ)∗ = (Φξ)∗ + (Φη)∗ . While we introduce the

string antifield (Φ−g,p)∗ for the string field Φ−g,p as the usual conventional BV approach,

we consider their ξ- or η-exact components separately. Note that (Φ∗)η = (Φξ)∗ and

(Φ∗)ξ = (Φη)∗ because of
〈
(Φ ξ
−g,p)

∗, Φ ξ
−g′,p′

〉
= δg,g′ δp,p′ ,

〈
(Φ η
−g,p)

∗, Φ η
−g′,p′

〉
= δg,g′ δp,p′ .

6.1 Orthogonal decomposition

We consider the orthogonal decomposition of the gauge transformation δΦ = δΦξ + δΦη.

By redefining gauge parameters as follows

Λnew
−1,0 ≡ −Λold

−1,0 , Λnew
−1,1 ≡ π1 ξ

[[
M, Λold

−1,0

]] 1

1− ηΦ
+ Λold

−1,1 , (6.2)

we set the η-exact component of the gauge transformations δΦη linear

δΦξ = π1 ξ
[[
M, ηΛnew

−1,0

]] 1

1− ηΦ
, (6.3a)

δΦη = ηΛnew
−1,1 . (6.3b)

As we will see, it enables us to simplify the other higher gauge transformations: except for

the gauge parameters {Λ−g,0}g>0 carrying picture number 0, the ξ-components of δΛ−g,p
are proportional to the equations of motion and thus become trivial transformations; the

η-exact components of all δΛ−g,p can be linearised by redefining the gauge parameters. We

find

δΛnew
−1,1 = π1 ξ

[[
M, δΛold

−1,0

]] 1

1− ηΦ
+ δΛold

−1,1

= π1 ξ
[[
M, π1

[[
M,Λold

−2,1

]] 1

1− ηΦ

]] 1

1− ηΦ
+ η

[
π1 ξ

[[
M,Λold

−2,1

]] 1

1− ηΦ
+ Λold

−2,2

]

= ξ T (Λnew
−2,1) + ηΛnew

−2,2 ,

where T (Λ) ≡ π1
[[
[[M,Λ]], (e.o.m)

]]
1

1−ηΦ denotes a trivial transformation. Hence, for any

0 < p ≤ g, the higher gauge transformations can be rewritten as follows

δΛnew
−g,0 = π1 ξ [[M,ηΛnew

−g−1,0]]
1

1− ηΦ
+ ηΛnew

−g−1,1 , (6.4a)

δΛnew
−g,p = ηΛnew

−g−1,p+1 . (6.4b)

While the orthogonal decomposition δΦ = δΦξ + δΦη makes δΛξ trivial for p > 0, redef-

initions of Λ make δΛη linear. These operations enable us to obtain a simple BV master

action.

Note that partial gauge fixing is an operation omitting Φη and (6.3b) at the classical

level. Then, the line of Λ−g,p=g of (6.4b) does not appear in its higher gauge transforma-

tions. It gives the gauge reducibility of partially gauge-fixed superstring field theory in the

large Hilbert space, in which reassembled string fields-antifields which correspond to (6.2)

will be rather natural.
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Then, ξ-part of  the gauge variation generates a trivial transformation !!

As a result, we obtain 

(p>0)



BV master action in large space 
We consider the sum of  fields carrying fixed picture number p :  

Decompose it into η- and ξ-exacts :  

Introduce their antifields separately :  

BV master action is a functional of  these :                            
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By construction of (6.5), a half of the string-antifield derivatives of S(2) are given by

δbvΦ
η|(1) =

∂S(2)

∂(Φη)∗
= 0 , δbvΦ

η
−1,p|

(0) =
∂S(2)

∂(Φ η
−1,p)

∗
= ηΦ−2,1+p (p = 0, 1) .

To solving the master equation, the other string-antifield derivatives of S(2) have to take

δbvΦ
ξ|(1) =

∂S(2)

∂(Φξ)∗
= π1 ξ

[[[[
[[M,ηΦ−1,0]],ηΦ−1,0

]]
+ [[M,ηΦ−2,0]], (Φ

ξ)∗
]] 1

1− ηΦ
,

δbvΦ
ξ
−1,0|

(0) =
∂S(2)

∂(Φ ξ
−1,0)

∗
= π1 ξ

[[[
[[M,ηΦ−1,0]],ηΦ−1,0

]]
+ [[M,ηΦ−2,0]]

]
1

1− ηΦ
,

δbvΦ
ξ
−1,1|

(0) =
∂S(2)

∂(Φ ξ
−1,1)

∗
= 0 .

Note that the requirement (6.5) prohibits not only nonlinear η-transformations but also

the interacting terms of Φ−1,1 . These derivatives determine the antifield number 2 part of

the master action S(2) satisfying
(
S(0) +S(1) +S(2) + · · · , S(0) +S(1) +S(2) + · · ·

)
min

= 0.

Likewise, one can construct S(3), S(4), and higher S(n) on the basis of the antifield number

expansion. These are functionals of Φ−g,p, (Φ
ξ
−g,p)

∗, and (Φ η
−g,p)

∗ as expected.

Let ϕp be the sum of all string fields carrying world-sheet picture number p, which can

be decomposed as ϕp = ϕξp +ϕηp . We write (ϕξp)∗ or (ϕ
η
p)∗ for the string antifield for the ξ-

or η-exact component of ϕp respectively as follows,

ϕp ≡
∞∑

g=p

Φ−g,p , (ϕξp)
∗ =

∞∑

g=p

(Φ ξ
−g,p)

∗ , (ϕηp)
∗ =

∞∑

g=p

(Φ η
−g,p)

∗ .

The dynamical string field Φ is included in ϕ0 and the sum ϕ of all string fields is given by

ϕ = ϕ0 +
∑

p>0 ϕp . We find that the BV master action Sbv = Sbv[ϕ, (ϕξ)∗(ϕη)∗] is

Sbv =

∫ 1

0
dt

〈
ϕ0 + ξ (ϕξ0)

∗, M
1

1− t η (ϕ0 + ξ (ϕξ0)
∗)

〉
+
∑

p>0

〈
(ϕηp−1)

∗, η ϕp

〉
. (6.8)

While the first term is a functional of ϕ0 and (ϕξ0)
∗, the second term is a functional of

ϕp>0, (ϕ
η
0)
∗, and (ϕηp)∗. The variation of Sbv takes the following form

δSbv =

〈
δϕ0, M

1

1− η (ϕ0 + ξ (ϕξ0)
∗)

〉
+
∑

p>0

〈
δϕp, η (ϕ ηp−1)

∗
〉

+

〈
δ(ϕξ0)

∗, ξM
1

1− η (ϕ0 + ξ (ϕξ0)
∗)

〉
+
∑

p>0

〈
δ(ϕ ηp−1)

∗, η ϕp

〉
.

Note that Φ−g,p for p > 0 has no interacting term, and thus the third term has no contrac-

tion with the second or fourth term in the master equation. Clearly, our master action (6.8)

satisfies

1

2

(
Sbv, Sbv

)
min

=

←
∂Sbv

∂ϕξ
·
→
∂Sbv

∂(ϕξ)∗
+

←
∂Sbv

∂ϕη
·
→
∂Sbv

∂(ϕη)∗
= 0 .

– 24 –

J
H
E
P
0
5
(
2
0
1
8
)
0
2
0

By construction of (6.5), a half of the string-antifield derivatives of S(2) are given by

δbvΦ
η|(1) =

∂S(2)

∂(Φη)∗
= 0 , δbvΦ

η
−1,p|

(0) =
∂S(2)

∂(Φ η
−1,p)

∗
= ηΦ−2,1+p (p = 0, 1) .

To solving the master equation, the other string-antifield derivatives of S(2) have to take

δbvΦ
ξ|(1) =

∂S(2)

∂(Φξ)∗
= π1 ξ

[[[[
[[M,ηΦ−1,0]],ηΦ−1,0

]]
+ [[M,ηΦ−2,0]], (Φ

ξ)∗
]] 1

1− ηΦ
,

δbvΦ
ξ
−1,0|

(0) =
∂S(2)

∂(Φ ξ
−1,0)

∗
= π1 ξ

[[[
[[M,ηΦ−1,0]],ηΦ−1,0

]]
+ [[M,ηΦ−2,0]]

]
1

1− ηΦ
,

δbvΦ
ξ
−1,1|

(0) =
∂S(2)

∂(Φ ξ
−1,1)

∗
= 0 .
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While the first term is a functional of ϕ0 and (ϕξ0)
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∗, and (ϕηp)∗. The variation of Sbv takes the following form
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While the BV transformations of string fields take the following forms,

δϕ0 =
(
ϕξ0 + ϕη0 , Sbv

)
min

= π1 ξM
1

1− η (ϕ0 + ξ (ϕ0)∗)
+ η ϕ1 , (6.9a)

δϕp =
(
ϕξp + ϕηp , Sbv

)
min

= η ϕp+1 , (6.9b)

the BV tramsformations of string antifields are given by

δ(ϕ0)
∗ =

(
(ϕξ0)

∗ + (ϕη0)
∗ , Sbv

)
min

= π1M
1

1− η (ϕ0 + ξ (ϕ0)∗)
, (6.10a)

δ(ϕp)
∗ =

(
(ϕξp)

∗ + (ϕηp)
∗ , Sbv

)
min

= η (ϕ ηp−1)
∗ . (6.10b)

The role of the second term of (6.8) in perturbation theory depends on the gauge-fixing con-

dition: for example, it is integrated out and trivially decouples in the Siegel gauge; however,

it will provide nontrivial contributions to loop amplitudes in the d0-gauge. See [17, 18].

7 Concluding remarks

In this paper, we developed the Batalin-Vilkovisky formalism of superstring field theory

in the large Hilbert space with the goal of understanding of how to construct large master

actions for interacting theory. We first showed that the constrained BV approach [36]

is well applicable, in which Berkovits’ simple prescription [37] is rather suitable for the

large but partially gauge-fixed theory. By modifying its constraints, extra string fields, or

starting unconstrained action, we constructed several constrained BV master actions in the

large Hilbert space. We next showed that the conventional BV approach is also applicable

iff we give up constructing master actions as naive functionals of string fields-antifields.

We constructed a BV master action as a functional of fine parts {ϕa}na=1 of string fields-

antifields ϕ = ϕ1+ · · ·+ϕn, not a function of string fields-antifields themselves. It is worth

mentioning that our analysis is quickly applicable to the large theory which is obtained by

embedding [26] or [30], and thus BV master actions for the large A∞ theory including the

Ramond sector or the large L∞ theory are constructed in the completely same manner.

Also, since BV master actions in the large Hilbert space are obtained, one can discuss the

validity of partial gauge-fixing now. We conclude with some remarks.

BV formalism in the large Hilbert space. First, it is worth visiting and connecting

different pairs of (Sbv, Γ̂,ϕex) to obtain a better understanding of the BV formalism in the

large Hilbert space. While we gave several constrained BV master actions in section 5,

there would exist some canonical transformations connecting these. Next, it is desirable to

find a more general form of the master action in the large Hilbert space on the basis of the

conventional BV approach. Our master action (6.8) has a simple form but is constructed

based on the requirement (6.5), which will be too restrictive.

WZW-like formulation. Our results give a simple example of constructing BV master

actions for WZW-like superstring field theory (1.1a), which is based on the parametri-

sation (1.2). It is important to clarify whether one can construct a BV master action
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sation (1.2). It is important to clarify whether one can construct a BV master action
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master eq. 

It generates appropriate BV-BRST transformations :



Summary
Naive conventional approach works up to antifield number 2.  

Gauge algebra is generated by M and η, but ξ-parts generate               
“trivial transformations”.   

Therefore, “ξ” must appear in the BV master action.  

Comments

Since string-field redefinitions connect different SFTs, other BV master 
actions are obtained via BV canonical transformation of  this master action.  

Even for Berkovits’ theory, “ξ” generates “trivial transformations”.  

(Thus, we need “ξ” even for the BV master action for Berkovits’ theory)



2. Gauge-fixing fermions 



Partially gauge-fixing fermion 
Our “large” BV master action reduces to known “small” BV master action.  

   - Consider the following trivial pairs and (partially) gauge-fixing fermion :  

7.1 Partial gauge-fixing fermion

The first option is to partially gauge-fix the invariance of the BV master action for the large
A∞ theory and to show that it reduces to the BV master action for A∞ superstring field theory
based on the small Hilbert space. Then, one can apply a usual procedure developed in the small
Hilbert space. Let us consider (6.8). Intuitively, it would be obtained by integrating out all
pairs of string fields and their string antifields relating to the enlarged gauge symmetry which
originates from Φη. A partial gauge-fixing condition is, for instance, given by

ξ0Φ−g,p = 0 . (7.1)

Let N η
−g,p,Ψ1+g,−p and N ξ

−g,p, C−g,p be trivial pairs of the BV master equation, which give
a trivial solution of the BV master equation

Strivial =
∑

g,p

[〈
N η

1−g,p−1, ξ0 (Ψ2+g,−1−p)
∗〉+

〈
N ξ
−1−g,1+p, (C−1−g,1+p)

∗〉
]
.

We take the following gauge-fixing fermion

F =
∑

g,p

[〈
Φ−g,p, Ψ2+g,−1−p

〉
+

〈
C−1−g,1+p, ηΨ2+g,−1−p

〉]
,

which removes all string antifields from the master action via

(Φ−g,p)
∗ =

→
∂F

∂Φ−g,p
= Ψ2+g,−1−p , (Ψ2+g,−1−p)

∗ =

→
∂F

∂Ψ2+g,−1−p
= Φ−g,p + ηC−1−g,1+p ,

(C−1−g,1+p)
∗ =

→
∂F

∂C−1−g,1+p
= ηΨ2+g,−1−p .

These impose a partial gauge-fixing condition (7.1) on the BV master action (6.8), which removes
Φη−g,p of Φ−g,p ≡ Φη−g,p + ξ0Ψ1−g,p−1. Then, we find Ψ1−g,p−1 ≡ ηΦ−g,p and we write

ψ ≡
∞∑

g=0

g∑

p=0

δp,0
[
Ψ1−g,p−1 +Ψ2+g,−1−p

]
.

The master action (6.8) reduces to

(
Sbv + Strivial

)∣∣
F
= S′bv[ψ] ≡

∫ 1

0
dt

〈
ψ , ξM

1

1− tψ

〉
.

It is nothing but a BV master action S′bv for A∞ superstring field theory based on the small
Hilbert space. One can replace ξ0 and η0 by d0 = [[Q, ξ0b]] and d−10 respectively, in which the
η-terms of (6.8) include derivatives of spacetime ghost fields. It will correspond to a canonically
transformed one from S′bv[ψ].

7.2 Gauge-fixing fermion

The second option is to gauge-fix the invariance all and to develop perturbative calculations in
the large Hilbert space directly. Various gauge-fixing conditions were studied by [11]. In the
rest, we construct a gauge-fixing fermion deriving these types of gauge-fixing condition. As [11],
we write ζn0 for either ξ0 or d0. Let xn, yn real parameters satisfying (xn, yn) ̸= (0, 0); they also
satisfy xn + yn ̸= 0 for ζn0 = d0. We consider the following (n+ 2, n+ 1) matrices

B−(n+2) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

b 0 · · · 0

yn ζn0 xn b0
...

yn ζn0 xn b0
. . . 0

yn ζn0 xn b0
0 · · · 0 ζn0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (7.2a)
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After some computations, we find 

where ψ is given by 



Gauge-fixing fermions 
Gauge conditions studied by S.Torii  

               is given by the following trivial pairs and gauge-fixing fermion : 

which give the gauge-fixing condition on (n + 1) string fields Φ−n,0, . . . ,Φ−n,n. Likewise, we
consider the following (n+ 2, n+ 1) matrices

B∗−(n+2) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

b0 ζn0 0 · · · 0

xn b0 yn ζn0
...

xn b0 yn ζn0
. . . 0

xn b0 yn ζn0
0 · · · 0 b0 ζn0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (7.2b)

which give the gauge-fixing condition on (n + 1) string antifields (Φ−n,0)∗, . . . , (Φ−n,n)∗. Let
N3+g,−2−p,Ψ2+g,−1−p and N−g,p, C−g,p be trivial pairs of the BV master equation. We write Φ−n
for the (n+1)-vector consisting of Φ−n,0, · · · ,Φ−n,n; likewise, we write Ψ2+n for the (n+1)-vector
consisting of Ψ2+n,−1, . . . ,Ψ2+n,−1−n. In terms of these matrix-vector notation, we consider the
following solution of the BV master action

Strivial =
∞∑

n=0

〈
B−(n+2)Nn+3 , (Ψn+2)

∗〉+
〈
(C2)

∗ , N2
〉
+
∞∑

n=0

〈
(C−n)

∗ , N−n
〉

and take the following type of gauge-fixing fermion

F =
∞∑

n=0

〈
Φ−n , Ψn+2

〉
+

〈
C2, b0 ξ0Ψ2

〉
+
∞∑

n=0

〈
C−n, B−(n+2)Ψn+3

〉
,

which provides following representations of string antifields

(Φ−n)
∗ =

→
∂F

∂Φ−n
= Ψn+2 , (Ψn+2)

∗ =

→
∂F

∂Ψn+2
= δn,0Φ0 + Φ−n − BnC−(n−1) ,

(C2)
∗ =

→
∂F

∂C2
= b0 ξ0Ψ2 , (C−n)

∗ =

→
∂F

∂C−n
= B−(n+2)Ψn+3 .

The above gauge-fixing fermion imposes the following gauge-fixing conditions, whose validity is
studied by [11], on string fields

B−(n+2)

⎡

⎢⎣
Φ−n,0

...
Φ−n,n

⎤

⎥⎦ = 0 , B∗−(n+2)

⎡

⎢⎣
Ψn+2,−1

...
Ψn+2,−n−1

⎤

⎥⎦ = 0 ,

⎡

⎢⎣
Ψn+2,−1

...
Ψn+2,−n−1

⎤

⎥⎦ =

⎡

⎢⎣
(Φ−n,0)∗

...
(Φ−n,n)∗

⎤

⎥⎦ . (7.3)

The string antighost field Φn+2 can be regarded as the string antifield for Φ−n in this gauge.

8 Concluding remarks

In this paper, we developed the Batalin-Vilkovisky formalism of superstring field theory in the
large Hilbert space with the goal of understanding of how to construct large master actions for
interacting theory. We first showed that the constrained BV approach [29] is well applicable, in
which Berkovits’ simple prescription [30] is rather suitable for the large but partially gauge-fixed
theory. By modifying its constraints, extra string fields, or starting unconstrained action, we
constructed several constrained BV master actions in the large Hilbert space. We next showed
that the conventional BV approach is also applicable iff we give up constructing master actions
as naive functionals of string fields–antifields. We constructed a BV master action as a functional
of fine parts {ϕa}na=1 of string fields–antifields ϕ = ϕ1+ · · ·+ϕn, not a function of string fields–
antifields themselves. We constructed two types of gauge-fixing fermion: a partial gauge-fixing
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originates from Φη. A partial gauge-fixing condition is, for instance, given by

ξ0Φ−g,p = 0 . (7.1)

Let N η
−g,p,Ψ1+g,−p and N ξ

−g,p, C−g,p be trivial pairs of the BV master equation, which give
a trivial solution of the BV master equation

Strivial =
∑

g,p

[〈
N η

1−g,p−1, ξ0 (Ψ2+g,−1−p)
∗〉+

〈
N ξ
−1−g,1+p, (C−1−g,1+p)

∗〉
]
.

We take the following gauge-fixing fermion

F =
∑

g,p

[〈
Φ−g,p, Ψ2+g,−1−p

〉
+

〈
C−1−g,1+p, ηΨ2+g,−1−p

〉]
,

which removes all string antifields from the master action via

(Φ−g,p)
∗ =

→
∂F

∂Φ−g,p
= Ψ2+g,−1−p , (Ψ2+g,−1−p)

∗ =

→
∂F

∂Ψ2+g,−1−p
= Φ−g,p + ηC−1−g,1+p ,

(C−1−g,1+p)
∗ =

→
∂F

∂C−1−g,1+p
= ηΨ2+g,−1−p .

These impose a partial gauge-fixing condition (7.1) on the BV master action (6.8), which removes
Φη−g,p of Φ−g,p ≡ Φη−g,p + ξ0Ψ1−g,p−1. Then, we find Ψ1−g,p−1 ≡ ηΦ−g,p and we write

ψ ≡
∞∑

g=0

g∑

p=0

δp,0
[
Ψ1−g,p−1 +Ψ2+g,−1−p

]
.

The master action (6.8) reduces to

(
Sbv + Strivial

)∣∣
F
= S′bv[ψ] ≡

∫ 1

0
dt

〈
ψ , ξM

1

1− tψ

〉
.

It is nothing but a BV master action S′bv for A∞ superstring field theory based on the small
Hilbert space. One can replace ξ0 and η0 by d0 = [[Q, ξ0b]] and d−10 respectively, in which the
η-terms of (6.8) include derivatives of spacetime ghost fields. It will correspond to a canonically
transformed one from S′bv[ψ].

7.2 Gauge-fixing fermion

The second option is to gauge-fix the invariance all and to develop perturbative calculations in
the large Hilbert space directly. Various gauge-fixing conditions were studied by [11]. In the
rest, we construct a gauge-fixing fermion deriving these types of gauge-fixing condition. As [11],
we write ζn0 for either ξ0 or d0. Let xn, yn real parameters satisfying (xn, yn) ̸= (0, 0); they also
satisfy xn + yn ̸= 0 for ζn0 = d0. We consider the following (n+ 2, n+ 1) matrices

B−(n+2) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

b 0 · · · 0

yn ζn0 xn b0
...

yn ζn0 xn b0
. . . 0

yn ζn0 xn b0
0 · · · 0 ζn0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (7.2a)

21

which give the gauge-fixing condition on (n + 1) string fields Φ−n,0, . . . ,Φ−n,n. Likewise, we
consider the following (n+ 2, n+ 1) matrices

B∗−(n+2) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

b0 ζn0 0 · · · 0

xn b0 yn ζn0
...

xn b0 yn ζn0
. . . 0

xn b0 yn ζn0
0 · · · 0 b0 ζn0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (7.2b)

which give the gauge-fixing condition on (n + 1) string antifields (Φ−n,0)∗, . . . , (Φ−n,n)∗. Let
N3+g,−2−p,Ψ2+g,−1−p and N−g,p, C−g,p be trivial pairs of the BV master equation. We write Φ−n
for the (n+1)-vector consisting of Φ−n,0, · · · ,Φ−n,n; likewise, we write Ψ2+n for the (n+1)-vector
consisting of Ψ2+n,−1, . . . ,Ψ2+n,−1−n. In terms of these matrix-vector notation, we consider the
following solution of the BV master action

Strivial =
∞∑

n=0

〈
B−(n+2)Nn+3 , (Ψn+2)

∗〉+
〈
(C2)

∗ , N2
〉
+
∞∑

n=0

〈
(C−n)

∗ , N−n
〉

and take the following type of gauge-fixing fermion

F =
∞∑

n=0

〈
Φ−n , Ψn+2

〉
+

〈
C2, b0 ξ0Ψ2

〉
+
∞∑

n=0

〈
C−n, B−(n+2)Ψn+3

〉
,

which provides following representations of string antifields

(Φ−n)
∗ =

→
∂F

∂Φ−n
= Ψn+2 , (Ψn+2)

∗ =

→
∂F

∂Ψn+2
= δn,0Φ0 + Φ−n − BnC−(n−1) ,

(C2)
∗ =

→
∂F

∂C2
= b0 ξ0Ψ2 , (C−n)

∗ =

→
∂F

∂C−n
= B−(n+2)Ψn+3 .

The above gauge-fixing fermion imposes the following gauge-fixing conditions, whose validity is
studied by [11], on string fields

B−(n+2)

⎡

⎢⎣
Φ−n,0

...
Φ−n,n

⎤

⎥⎦ = 0 , B∗−(n+2)

⎡

⎢⎣
Ψn+2,−1

...
Ψn+2,−n−1

⎤

⎥⎦ = 0 ,

⎡

⎢⎣
Ψn+2,−1

...
Ψn+2,−n−1

⎤

⎥⎦ =

⎡

⎢⎣
(Φ−n,0)∗

...
(Φ−n,n)∗

⎤

⎥⎦ . (7.3)

The string antighost field Φn+2 can be regarded as the string antifield for Φ−n in this gauge.

8 Concluding remarks

In this paper, we developed the Batalin-Vilkovisky formalism of superstring field theory in the
large Hilbert space with the goal of understanding of how to construct large master actions for
interacting theory. We first showed that the constrained BV approach [29] is well applicable, in
which Berkovits’ simple prescription [30] is rather suitable for the large but partially gauge-fixed
theory. By modifying its constraints, extra string fields, or starting unconstrained action, we
constructed several constrained BV master actions in the large Hilbert space. We next showed
that the conventional BV approach is also applicable iff we give up constructing master actions
as naive functionals of string fields–antifields. We constructed a BV master action as a functional
of fine parts {ϕa}na=1 of string fields–antifields ϕ = ϕ1+ · · ·+ϕn, not a function of string fields–
antifields themselves. We constructed two types of gauge-fixing fermion: a partial gauge-fixing

22

You can apply technique of  large-space to your SFT in small-space !!



Conclusion 

BV master action in large space  

We can gauge-fix SFT having “large gauge symmetries”.  

You can apply large-space technique to SFT defined in small space via embeddings.  

(Constrained BV gives elegant constructions of  BV master actions.)  

Gauge-fixing fermion   

Large theory indeed reduces to the original small theory by partial gauge fixing.  

Gauge-fixing fermion imposing [KOSTZ]’s gauge-conditions was constructed. 



Thank you for your attentions 



3. Constrained BV approach



Re-assembling “string field-antifields”
Note that the BV formalism tells nothing about how to assemble “string antifields” 
unlike ghost string fields which are naturally determined from gauge parameter 
string fields: It just assigns an appropriate space-time antifield to each space-time 
ghost field which is a coefficient of  given ghost string field.  

As a simple resolution, we take the constrained BV approach and determine the 
string antifield assembly utilizing the constrained BV master equation itself.  We 
write                                         for the minimal set.  

               a) Introduce “extra” fields-antifields                                    

               b) Impose appropriate constraints   

Then, we consider                                                 , not                                      . 
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Hence, we find the following gauge reducibility:

δg+1
(
δgΛ−g,p

)
= 0 , δgΛ−g,p = π1

[[
M, Λ−g−1,p

]] 1

1− ηΦ
+ ηΛ−g−1,p+1 . (5.3)

where Λ−g,p denotes a g-th gauge parameter field. As the dynamical string field, these gauge

parameter string fields Λ−g,p can be expanded in terms of space-time parameter fields λrg,p and

world-sheet basis |Zr
−g,p⟩. The BV formalism implies that when gauge parameter string fields are

given by Λ−g,p =
∑

r λ
r
−g,p|Zr

−g,p⟩, corresponding ghost string fields are obtained by replacing

each space-time parameter field λr−g,p with corresponding space-time ghosts φr−g,p,

Φ−g,p =
∑

r

φrg,p
∣∣Zr
−g,p

〉
. (5.4)

In this sense, one can say that the following set of ghost string fields appear in the theory

{
Φ−g,p

∣∣0 < g, 0 ≤ p ≤ g
}
. (5.5)

We found that in order to fix the gauge degrees, a set of space-time ghost fields Amin = {φrg,p|0 <

g, 0 ≤ p ≤ g; r ∈ N} are necessitated. The pair of space-time dynamical fields {φr0,0}r∈N and

these ghosts require their antifields A∗min = {(φrg,p)∗|0 ≤ g, 0 ≤ p ≤ g; r ∈ N} in the Batalin-

Vilkovisky formalism. We therefore find that the minimal set of fields-antifields is given by

Amin = Amin ⊕A∗min =
{
φrg,p , (φ

r
g,p)
∗∣∣0 ≤ g, 0 ≤ p ≤ g ; r ∈ N

}
. (5.6)

On this minimal set, one can define a non-degenerate antibracket

(
F , G

)
min

≡
∑

g≥0

∑

p,r

[
∂rF

∂φrg,p

∂lG

∂φr ∗g,p
− ∂rF

∂φr ∗g,p

∂rG

∂φrg,p

]
. (5.7)

6 String antifields in the conventional BV approach

In the conventional BV approach, for given string (ghost) field Φ−g,p of (5.4), its string antifield

(Φ−g,p)∗ is introduced by assigning |Z r C
−g,p⟩ to each space-time antifield (φrg,p)

∗,

(Φ−g,p)
∗ =

∑

r

(φrg,p)
∗∣∣Z r C

−g,p
〉
, (6.1)

where |Z r C
−g,p⟩ is the dual base for |Z r

−g,p⟩ such that ⟨Z r C
−g,p,Z s

−h,q⟩ = δr,s δg,h δp,q . Since a dual

basis are uniquely determined by given basis, this type of string antifields seem to be natural

from the viewpoint of the large Hilbert space. Once assembly of string fields-antifields is fixed,

one can introduce a concept of string-field derivatives. Then, the above string antifields enable

us to give the string field representation of antibracket in the Darboux form,

(
F , G

)
min

=
∑

g,p

[〈
F

←
∂

∂Φ−g,p
,

→
∂

∂(Φ−g,p)∗
G

〉
−
〈
F

←
∂

∂(Φ−g,p)∗
,

→
∂

∂Φ−g,p
G

〉]
, (6.2)
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S[Ψ] =
1

2

〈
Ψ ·QIBV Ψ

〉
IBV

+
1

3

〈
Ψ ·Ψ ·Ψ

〉
IBV

+ · · ·
︸ ︷︷ ︸

Field Interactions

(4.5)

S[Ψ] =
1

2

〈
Ψ, QΨ

〉
Ker[η]

+
1

3

〈
Ψ, M2

(
Ψ
)2〉

Ker[η]
+

1

4

〈
Ψ, M3

(
Ψ
)3〉

Ker[η]
+ · · · . (4.6)

ηΨ = 0 δΨ = Qλ0 δ(δλ−g) = 0 with δλ−g = Qλ−1−g (4.7)

Ψ ∈ Ker[η] =⇒ Ψ = ηΦ where Φ ∈ large Hilbert space (4.8)

S[Φ] =
1

2

〈
Φ, Q ηΦ

〉
+

1

3

〈
Φ, M2

(
ηΦ

)2〉
+

1

4

〈
Φ, M3

(
ηΦ

)3〉
+ · · · . (4.9)

δΦ = ηΛ−1,1 +QΛ−1,0 (4.10)

δ(δΛ−g,p) = 0 with δΛ−g,p = ηΛ−1−g,p+1 +QΛ−1−g,p (4.11)

Sum of all siting fields : ϕ ≡ Φ+
∑

g>0

g∑

p=0

Φ−g,p +
∑

g≥0

g∑

p=0

Φex
1+g,−p . (4.12)

Sbv[ϕ] =
1

2

〈
ϕ, Q η ϕ

〉
+

1

3

〈
ϕ, M2

(
η ϕ

)2〉
+

1

4

〈
ϕ, M3

(
η ϕ

)3〉
+ · · · . (4.13)

Sbv[ϕ]|Γ =
1

2

〈
Φ, Q ηΦ

〉
+

∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗, QΦ−1−g,p
〉

+
∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗,
∑

n>1

Mn
(
η (ϕ+ ϕ∗)

)n〉
. (4.14)

Γg,p ≡ (Φ−g,p)
∗ − ηΦex

1+g,−p , (4.15)

Amin =
{
Φ−g,p, (Φ−g,p)

∗} (4.16)

Aex =
{
Φex
g,−p, (Φ

ex
g,−p)

∗} (4.17)

Amin ⊕Aex =
{
Φ−g,p, Φ

ex
g,−p, (Φ−g,p)

∗, (Φex
g,−p)

∗} (4.18)

Γ[φ] = 0 where φ ∈ Amin ⊕Aex (4.19)
(
Sbv , Sbv

)
= 0 on Amin (4.20)

(
Sbv , Sbv

)
= 0 on

Amin ⊕Aex

Γ[φ]
(4.21)
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Constrained BV master action 
We found that Berkovits’ proposal works well: We start with the action consists of  
string fields only  

and impose the constraint equations                                           .  

They split into the first and second classes: Our action is invariant under the first 
class Γ, and the second class Γ defines the Dirac anti-bracket  

Then, anti-string fields are introduced in the action via constraints, and the master 
equation holds on the constrained subspace.  
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5 The minimal set and ghost string fields

We consider the large A∞ action

S[Φ] =

∫ 1

0
dt

〈
∂tΦ(t), M

1

1− ηΦ(t)

〉
, (5.1)

where Φ(t) satisfies Φ(0) = 0 and Φ(1) = Φ . The action is invariant under the following gauge

transformations

δΦ = π1
[[
M, Λ−1,0

]] 1

1− ηΦ
+ ηΛ−1,1 . (5.2)

Hence, we find the following gauge reducibility:

δg+1
(
δgΛ−g,p

)
= 0 , δgΛ−g,p = π1

[[
M, Λ−g−1,p

]] 1

1− ηΦ
+ ηΛ−g−1,p+1 . (5.3)

where Λ−g,p denotes a g-th gauge parameter field. As the dynamical string field, these gauge

parameter string fields Λ−g,p can be expanded in terms of space-time parameter fields λrg,p and

world-sheet basis |Zr
−g,p⟩. The BV formalism implies that when gauge parameter string fields are
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Darboux form: When (arg,p)h,p ̸= 0 for h ̸= 0 or q ̸= 0, we find {F,G} =
∑

F
←
∂ aEab

→
∂ bG where

∂a denotes a string (anti-)field derivative and Eab is not an orthogonal antisymmetric matrix.

In this paper, we focus on the case (arg,p)h,p = 0 for h ̸= 0 but (arg,p)0,p ̸= 0, which keeps

the Grassmann parity of string antifields. Then, its string antibracket is also not Darboux for

p-label, but all components of Eab have the same Grassmann parity.

Our requirement is that string antifields should be assembled to provide a solution of Berkovits’

constrained master equation. In other words, we determine the assembly of string antifields by

finding out constraints such that Dirac antibrackets is well-defined and the constrained master

action becomes the generator of BV-BRST transformations. As will be discussed, when string

fields are given by Φ−g,p =
∑

r φ
r η
g,p ηξ|Z r

−g,p⟩ + φr ξg,p ξη|Z r
−g,p⟩ , for example, one can introduce

their string antifield (Φ−g,p)∗ via appropriate constraints as

(Φ−g,p)
∗ =

∑

r

η

[
1 + δp,0

2
(φr ξg,p)

∗|Z r
1+g,−p⟩+

1 + δp,g
2

(φr ηg,p)
∗|Z r

1+g,−1−p⟩
]
, (7.2)

which gives a master action on the constrained string field-antifield space.1

8 Redundant set with constraints

We introduce an extra set of space-time ghosts Aex = {φr−1−g,−p|0 ≤ g, 0 ≤ p ≤ g; r ∈ N}
which carry negative space-time ghost number. It provides an extra set of ghost string fields

{Φg,−p|0 < g, 0 ≤ p ≤ g} via

Φg,−p =
∑

r

φr−g,p
∣∣Zr

g,−p
〉
. (8.1)

For these extra space-time ghosts, we introduce their space-time antifields A∗ex = {(φ−g,−p)∗|0 <

g, 0 ≤ p ≤ g}. These give extra set of fields-antifields Aex = Aex ⊕ A∗ex . We consider the

nonminimal set of fields-antifields

A = Amin ⊕Aex =
{
φrg,p , (φ

r
g,p)
∗ ∣∣g ∈ Z, |p| ≤ |g|, 0 ≤ pg ; r ∈ N

}
, (8.2)

and define an antibracket acting on this A by

(
F , G

)
≡

∑

g∈Z

∑

p,r

[
∂rF

∂φrg,p

∂lG

∂φr ∗g,p
− ∂rF

∂φr ∗g,p

∂rG

∂φrg,p

]
. (8.3)

We introduce a set of constraint equations Γ = {Γa,Γ∗a}a which has the same degrees of

freedom as Aex . This Γ splits into the first and second class constraints. For any functions F,G

which are invariant under the first class Γ, one can define a non-degenerate antibracket on A/Γ

using the second class Γ by

(
F , G

)
Γ
≡

(
F , G

)
−

∑

a,b

(
F , Γa

) [
(Γ,Γ)−1

]
ab

(
Γb , G

)
. (8.4)

1One may take it as (Φ−g,p)
∗ =

∑
r η

[
(φr ξ

g,p)
∗|Z r

1+g,−p⟩+ δp,g(φ
r η
g,p)

∗|Z r
1+g,−1−p⟩

]
.
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which yield

{Γg,p,Γg′,p′} =
(
η
∣∣Z1+g,−p

〉)(1)∣∣η ξZ1+g,−p
〉(2)

+
∣∣η ξZ2+g,−1−p

〉(1)(
η
∣∣Z−g,p

〉)(2)
, (10.2)

{Γg,p,Γg′,p′}−1 =
(〈
η ξZ1−g,p−1

∣∣ ξ
)(1)〈

ξ ηZ1−g,p−1
∣∣(2) +

〈
ξ ηZ−g,p

∣∣(1)(〈η ξZ2+g,−1−p
∣∣ ξ
)(2)

.

(10.3)

We thus find

(
Sbv , Sbv

)
Γ
=

∑

k,l

〈
Mk

(
η ϕ)k, ξMl

(
η ϕ

)l〉
= 0 . (10.4)

However, note that Φ−g,p=g for g > 0 behaves as an auxiliary field,

Sbv[ϕ]|Γ =

∫ 1

0
dt

〈
ξ ∂t (η ϕ− + (ϕ−)

∗), M
1

1− η ϕ− − (ϕ−)∗
〉

=
1

2

〈
Φ, Q ηΦ

〉
+

∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗, QΦ−1−g,p
〉

+
∑

g≥0

g∑

p=0

〈
(Φ−g,p)

∗,
∑

n>1

Mn
1

1− η ϕ− − (ϕ−)∗
〉
. (10.5)

We would like to emphasis that the kinetic term of the master action (6.3), which was proposed

on the basis of the conventional BV approach, reduces to

Sfree =
1

2

〈
Φ, Q ηΦ

〉
+

〈
Φ∗, QΦ−1,0

〉
+

∑

g≥1

g∑

p=0

〈
(Φ−g,p)

∗, QΦ−1−g,p + ηΦ−1−g,p+1
〉
, (10.6)

if we take the string antifield assembly of (6.1) as proposed. Although string fields live in the

large Hilbert space, the kinetic term of superstring field theory satisfies the property (9.4) and

the (φη0,0)
∗-dependence of Sfree becomes irrelevant in the master equation:

Sfree

←
∂

∂(φη0,0)
∗

→
∂

∂φη0,0
Sfree = 0 . (10.7)

The Sfree can be any functional of space-time antifields (φη0,0)
∗ , and one may set it zero.

In the rest, we investigate other constraints which give kinetic terms for these Φ−g,p=g.

Constraint B

We introduce the space-time antifield (φrg,p)
∗ into Sbv via the following constraint equations

Γg,p ≡ (Φ−g,p)
∗ − η

(
Φ1+g,−p + Φ1+g,−1−p

)
, (10.8)

Γ∗g,p ≡ (Φ1+g,−p)
∗ + (Φ1+g,−1−p)

∗ − ηΦ−g,p . (10.9)

10



Berkovits’ Γ is for partially gauge-fixed theory 
BV Master action on Γ :  

Note that                            behave as auxiliary string fields.  

1. These string fields can have their kinetic terms when we take a bit more 
complicated constraints.  ( See  JHEP 05 (2018) 020. )  

2. One can also remedy it by using unusual assembly of  string antifields.  

3. You can start with different (unconstrained) master action resolving this problem. 
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which yield
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η
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+
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η
∣∣Z−g,p

〉)(2)
, (10.2)
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∣∣ ξ
)(1)〈

ξ ηZ1−g,p−1
∣∣(2) +

〈
ξ ηZ−g,p

∣∣(1)(〈η ξZ2+g,−1−p
∣∣ ξ
)(2)

.

(10.3)

We thus find

(
Sbv , Sbv

)
Γ
=

∑

k,l

〈
Mk

(
η ϕ)k, ξMl

(
η ϕ

)l〉
= 0 . (10.4)

However, note that Φ−g,p=g for g > 0 behaves as an auxiliary field,
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∫ 1

0
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∑
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We would like to emphasis that the kinetic term of the master action (6.3), which was proposed

on the basis of the conventional BV approach, reduces to

Sfree =
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Φ, Q ηΦ

〉
+
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〉
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∑

g≥1
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p=0

〈
(Φ−g,p)

∗, QΦ−1−g,p + ηΦ−1−g,p+1
〉
, (10.6)

if we take the string antifield assembly of (6.1) as proposed. Although string fields live in the

large Hilbert space, the kinetic term of superstring field theory satisfies the property (9.4) and

the (φη0,0)
∗-dependence of Sfree becomes irrelevant in the master equation:

Sfree

←
∂

∂(φη0,0)
∗

→
∂

∂φη0,0
Sfree = 0 . (10.7)

The Sfree can be any functional of space-time antifields (φη0,0)
∗ , and one may set it zero.

In the rest, we investigate other constraints which give kinetic terms for these Φ−g,p=g.

Constraint B

We introduce the space-time antifield (φrg,p)
∗ into Sbv via the following constraint equations

Γg,p ≡ (Φ−g,p)
∗ − η

(
Φ1+g,−p + Φ1+g,−1−p

)
, (10.8)

Γ∗g,p ≡ (Φ1+g,−p)
∗ + (Φ1+g,−1−p)

∗ − ηΦ−g,p . (10.9)
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