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0. Nuclear EOS for Core-Collapse Supernovae
with the Variational Method

H. Togashi,! K. Nakazato,” Y. Takehara, ¥
S. Yamamuro,® H. Suzuki, ¥ and M. Takano

D Riken, ? Kyushu University, ¥ Tokyo University of Science

An EOS table for supernova numerical simulations
constructed with the cluster variational method

based on the Argonne v18 two-body potential APR-EOS
and the Urbana IX three-body potential

Grid point
Parameter Minimum Maximum Mesh Number
log,o(T") [MeV] —1.00 2.60 0.04 91+1
Y, 0.00 0.65 0.01 66

logyo(ps) [g/cm?] 5.1 16.0 0.10 110




For Uniform Nuclear Matter

Jastrow wave function

Wx X y) = Sym[H Jij| (x5 X )

1 <]

@:: Fermi-gas wave function Sym|[ ]: symmetrizer

fi- correlation function (variational function)

The expectation value of the Hamiltonian 1s cluster-expanded.

Two-body cluster approximation is employed.
At Finite Temperatures

The prescription by Schmidt and Pandharipande (SP) 1s empoyed

SP: K. E. Schmidt and V. R. Pandharipande, Phys. Lett. B87 (1979) &9.



Energy per nucleon of nuclear matter Neutron Stars with our EOS
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APR: Akmal, Pandharipande, Ravenhall, Phys. Rev. C58 (1998) 1804.
SLB: A. W. Steiner, J. M. Lattimer, E. F. Brown, Astrophys. J. 722 (2010) 33.



Free energy per nucleon at finite temperature
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Application to Spherical Core-collapse Supernovae

H. Togashi, M. T., K. Sumiyoshi and K. Nakazato, Prog. Theor. Exp. Phys. 2014, 023D05.

The Shen EOS 1s employed for non-uniform phase

Adiabatic calculation (1D)

Radius [km]
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The Shen EOS: H. Shen, H. Toki, K. Oyamatsu and K.

Density profiles

Density [g/cm3]
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Sumiyoshi, Astrophys. J. Suppl. 197 (2011) 20.



For Non-uniform Nuclear Matter
The Thomas-Fermi calculation 1s performed

Free energy of a Wigner Seitz cell Fiey(np,Y,,T) = Fouk + Egraa + Ec,
Bulk energy Gradient energy

Fblllk - / d’f’f(np(T), T (T): na(?’): T) Egrad — FO/ dT|V(nP(T) + nn(/r))|2:
cell

cell

Coulomb energy

B, — f / i / I (1 (1) + 2n0(7) — e [np,(”r’ ) + 2nq(r") — nel
2 cell cell |T —-Tr |
Znone 2
+ Cbcc( ) ;
a

n,(r): Proton number density in the WS cell,
n,(r): Neutron number density in the WS cell,
n.(r): Alpha-particle number density in the WS cell
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Phase Diagram of Nuclear Matter
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Heavy Nuclei in Supernova Matter
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IFree energy
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1. Variational Method with Explicit Energy Functional

We calculate the energy per particle of
strongly correlated uniform fermion systems
starting from bare interactions between fermions

[The energy per particle of a uniform fermion system
1s expressed explicitly
with two-body distribution functions.

Explicit Energy Functional

-

The Euler-Lagrange equations are solved numerically

Fully minimized energy per particle is obtained



Explicit Energy Functional of Fermion Systems
with a Two-body Central force

*Spin-dependent radial distribution function

Fy(rp) = Q° 2

spin

Pg; . Spin projection operator

eStructure function

1

SCl(k) = N
1

Scz(k) = 3TV

<

(:

N
> exp(ikr))
=1

N

> o;explikr)
i=1

2
>:1+

I 'PT(xl,---,xN)Pslz'If(xl,"',xN) drydry (s=0,1)

>: 1 +S1(k) +S0(k) >0

1
§ Sl(k) — So(k) >0

S,k = p f [Fy(r) = Fy(o)]explikr)dr — (s=0,1)



Explicit Energy Functional for Fermion Systems
with Central Forces

E 3 !

N(P) = gE FT 275/050

2ol [T 1 dF( 1 dFe (07
F(r) dr _FFs(r) dr

f F,(r)V.(rr “dr
0

F (r) r2dr

2 2 (7 [Seuk) = 17[S.,(k) — S 1O]*
-~ 2n—1 k*dk
16Jt2mpn§1 IO (n=1) S. (1S k)

Ep : Fermi energy p: particle number density

V(r): Spin-dependent two-body central potential
Fgy(r) : F(r) for the degenerate Fermi gas

S.p(k) 1 S.,(k) for the degenerate Fermi gas
M. T. and M. Yamada, Prog. Theor. Phys. 91 (1994) 1149



Explicit Energy Functional for Fermion Systems
with Central Forces

1. The potential energy expectation value: the exact expression
2. The kinetic energy expectation value: approximate expression

When the Jastrow wave function is assumed

Py, xy) = Sym\l'[ ﬁ'j] Dr(x X )

i<j

The Kkinetic energy expectation value <7>/N is cluster-expanded.

The two-body cluster term of <7>/N

The main part of the three-body cluster direct term of <7>/N
The main part of the four-body cluster direct term of <7>/N

are included in the explicit energy functional.

3. Necessary conditions on the structure functions S.,(k) = 0
are guaranteed.



2. Nuclear Matter and Liquid *He

Strongly correlated Fermion systems

Nucleon €= 3He atom (spin 1/2)

Two-body g Interatomic force | |
nuclear force e.g. HFDHE?2 pot. | -}

Nuclear force and Interatomic force
Strong short-range attraction

+ repulsive core _ v
Interatomic ® Central Force
force e State Independent Force

-4 -

* Two-body Force only _
Liquid *He : similar to nuclear matter, but much denser

(p ~ several p,) R. Tamagaki, Prog. Theor. Phys. Suppl. 112 (1993) 2



E/N |[K]

Our method
(Improved) -

Experiment

Our method

14 15 16 1.7 18 19 20

p[107A7]
Energy per particle of Liquid *He

M. T. and M. Yamada, Prog. Theor. Phys. 91 (1994) 1149
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Two-dimensional *He systems
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FIG. 3. Influence of the Fermi statistics on the energy of 2D
3He. Filled and empty circles correspond to Fermi and Bose *He, 3He atoms on Varlo S S bstrates
us Su

respectively. Squares represent the sum of the boson energy and
the Fermi gas kinetic energy. The lines are polynomial fits to

the data.
V. Grau, J. Boronat, and J. Casulleras, M. Ruggeri, S. Morini and M. Boninsegni,
Phys. Rev. Lett. 89 (2002) 045301 Phys. Rev. Lett. 111 (2013) 045303.

No liquid state predicted



v (MJ/K?)

2D self-bound *He absorbed on graphite ?

0.8 - j

uniform liquid —

1 Pco=0.6
100

D. Sato, K. Naruse, T. Matsui, and H. Fukuyama,
Phys. Rev. Lett. 109 (2012) 235306.



E/N [K]

The Explicit Energy Functional
for Two-dimentional *He system

T. Suzuki, N. Sakumichi and M. T.
0.6 — . . _—

(in preperation)
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Quasi-stable state is seen




3. Nuclear Matter with Central and Tensor Forces

The Nuclear Hamiltonian

H———EV +E E "

i>j i>j>k

m: Neutron mass, N: The number of neutrons

The two-body potential' AV6’

V, 22 Veo 1)+ Vi, (5)Sy; P,

t=0 s=0

The three-body potential: The repulsive part of the UIX.

VR(rl-, ri, )= UET(”U) T(ry)

cyc




Energy Functional with Tensor Forces

For Neutron Matter

Radial distribution function

F;(42)=szfw (X5 Xy ooe s X)P L, WP(X,, X5, ..., xy)dr,...dr,

spin

Tensor distribution function

F.(1,) =Q22 f‘l’ (X5 Xgy eee s XS, (X, Xy oo, X))dE, ... dEy

spin

Y- Wave function €2: Volume of the system

Auxiliary Functions: F,(r) and gy(r)

F(r)=Fo,(N+85[g:(N] Fr)  Fr()= 16{\/FC1(r)FF1(r)gT(r) [g:(M] FFl(r)}



Spin-dependent structure functions

1
S, (k) = N<

1
k) = §<

N
(Gi.ki) -
Y; El 3 exp[zki r]

N

Eexp[ikln r]

i=1

N
Eai exp[iki- r]
i=1

> =1+ 8,(k)+S,(k) =0

> =1+%Sl(k) - S, (k)=0

> =S, (k) - %ST (k) =0

-~ (O’. X ki)

E : X exp|ik, r]

> =3S.,(k) +éST(k) =0

S, (k) = Pf[Fs(r) - FS(OO)]eXp[ik° r]dr St (k) = ,OfFT(r)jz(kr)dr



Explicit Energy Functional for Neutron Matter with AV6’ Pot.

S

E, 3 1 2
22 _2F. +2mp| EFS(r)VCS(r) + Fp(r)Vp(r) predr
N 5 J g S=0
7120 [ < L amy 1 dF]
=L E Feg(r) = = rdr
2m | $20 _FCS(r) dr Fp (r) dr

”' r

2
2rh” p dg—(r) 6 2 2
+ 8<[ chr ] +r—2[gT(r):| - by (r) |rdr

k* dk

2 J-[Scl (k)=3+2S (k)]{[sc1 (k) - ScF-(k)]z}

167 mp S (k) /S (k)

n f i [ St () =3+ 285 () |[ S () = S ()| T
n=1 SCTn(k)/SCF(k) N

16n2m,0




Energies of Neutron Matter with the v6’ pot.
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GFMC: Phys. Rev. C 68 (2003) 025802
AFDMC: PRC68 (2003) 024308,

EEF: The present result with the Mayer’s condition.
EEF(No Mayer): The present result without constraints.



Energies of Symmetric Nuclear Matter with the v6’ pot.
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Three-body Nuclear Force:
The UIX Repulsive Part for Neutron Matter

The three-body Hamiltonian H, EV (s 7o 1)

i> j>k

EY (H,) p’
ﬁ=<]\]3>= 6 173(,.19 rzar3)‘/3(r129r239rSl)d’pIZdrB

F5(r;, 1, rp): The three-body distribution function

We employ an extended Kirkwood approximation
for the three-body distribution function.

F (1) F(ry)F(ry)

F;F(li’ 1’2, 1’3)
f (iaz)F (73 Py (rgl)

F.(r) = EF (r) F(r)= EF(r)
ER

tot

E, E R
The total energy (v6’ + repulsive UIX) = + =3
N N N

1s minimized with respect to F(r) and g1(7)

Fi%(rla rza r3) =




Energy of neutron matter with v6’+UIX(repulsive)

| | | | A
100 7 2.5
—— EEF ]
__ 80F |— FHNC/SOC - 2.0
% - A AFDMC o s
= 60 n = 70
_ = 1.0+
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Neutron stars with the EOS of pure
neutron matter (v6’+UIX(repulsive))



4-1. Three-body Nuclear Force:
The 27 exchange component of the UIX potential

Fujita-Miyazawa three-nucleon potential

1
ViR = A Z [{‘Ei T, T; T X, X} + 2 7“7, 1 T X X

xl-]- — T(rij)STij + Y(T'l]) g; ° 0']

Tensor force Central force

e KT R
(1—em)

Y(r) =
ur

(1 — e“"t"z)2

3 3 e
TG) = (1 24 )
ur | p2r?




60.0 ,

mt-condensation calculated with the FHNC method
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A. Akmal and V. A. Pandharipande, Phys. Rev. C56(1997)2262.




Monte Carlo calculation: No 7#-condensation ?

Two-body force : v8” (Central + Tensor + Spin-orbit )
Three-body force : IL models (Extensions of the UIX)

Energy per Neutron (MeV)

100 7d 'l Van = Aé’ﬂW@bt,PW + A:297¥V02H,SW + A3nO3n + AROR
60 ] 35.1
> B = A —
80 _%’ 50 t - / .
— 40 1 337 s A
! ] = LA
60 30Le . | 1 - ==
30 82 34 36 _-7 / _
Eym (MeV) - .
i Fermi-gas//’// e
20 e o B e -
- o 32
P E__=30.5 MeV (NN)
0 | [ | 1 | '
0 0.1 0.2 0.3 0.4 0.5

Neutron Density (fm'3)

Gandolfi et al., PRC85(2012)032801(R)




Explicit Energy Expressions for
the 27 exchange three-nucleon force

R. Yokota and M. T.
1. Kirkwood’s assumption is extended.

Three-body distribution functions are expressed as
products of state dependent two-body distribution functions

2. When the Jastrow wave function is assumed

Wlx o xy) = Sym|n fiil ey )

1<]

1
fij = fs(rij) Psij + fr(rij)Stij.
s=0

The main part of the three-body cluster terms
of the potential energy is included exactly.



Explicit Energy Expressions for
the 27 exchange three-nucleon force

27 27 27 27 27
E3 — E3OC + E31T + E32c + E32T
N N N N N

E35c 94 % 21,2 Esfr _ 64 (% >
N = anp fo He (k) [Hy(K)]*k*dk N =7 jo Hg(k)Hy(k)Hy (k) k*dk
Eé?.gc A @ E271' 3A co

= H¢ (k) [He(k)1*k2dk 32T _ _ 27 2},2
N, | Mo [t o) 3 [ o e

co

He (k) = 4mp f [%ﬂ(r) — Fo)|joCkryr?dr  Hy(k) = 4mp f F(r)Y(r) jo(kr)rdr
0

co

Hg(k) = 4mp JrooFT(r) Jjo(kr)ridr Hy(k) = 4mp f F(r)T(r) jo(kr)r2dr

0 0

JT

2
L Es 1S minimized.
N

R
The total energy Eo _E,  E;
N N N




Energy per Neutron of Neutron Matter
with the AV6’+UIX potentials

(Preliminary)
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AFDMC: A. Lovato, O. Benhar, S. Fantoni, A. Yu. [llarioniv,
and K. E. Schmidt, Phys. Rev. C83 (2011) 054003.
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Tensor Distribution Function (Preliminary)
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Sch(k)

Tensor Structure Function (Preliminary)
(Spin-Longitudinal Response)
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R. Yokota and M. T.



4-2. Extension to the Spin-Orbit Force

Neutron Matter

In addition to F(r) and F(r)
Spin-orbit distribution function

Fo(7,) = sz fW (X5 X505 oee s xN)[s e le]‘lf(xl, Xy oee s Xy)dF;...dry,

spin
Auxiliary Functions: F(r), gv(r) and gqo(r)

F.(r) = Fo,(r) + 85 g1 (M Fry(r) + %s[gsom]quFs(r)

2 2 2
Fr(r) = 16{\/FC1(r)FF1(r)gT(r) - [8T(’”)] FFl(r)} —g[gso(”)] Fop (1)

FL(” [gT(r)]2
Jl Fy, (1) 811 - 4 B gT(r)gso(r)][FqFl(r)

Fao(r) = =24[ g, ("] Fuu () +%



Explicit Energy Functional for Neutron Matter with AVS8’ Pot.

% gE + 2npﬂ [E F(r)Ve(r)

s=0

atp f [ 1 dF.() 1 dFCS<r)rz
E F.(r) — redr
Fo.(r) dr F.(r) dr

2mh’ d 6 d
+ Jtm pf S{IgT—m] _2[8T(7’)] } Fn (1) + [ 8so(r)] For (7)

+ F (r)V,(r)+ Fso(r)VSO(r)}rzdr

r’dr

dr dr
. f[scl(k) _34 ZScF(k)]{[Scl(k) —Sa0)] + 125[550(@]2
167’ mp S (k) /S5 (k)

o J‘ (S (K = 3+ 28 o (O [ Srs (K = S (B)]
167°mp 1 (K) /S (k) 15
o [Sera() -3+ 2ScF(k)]{EScT2(k) —Sa0)] + 4[Sso(k)]2}
pf ? Sera () /S 1K)

}k4dk

k*dk

E
— 5 k*dk + —ood
16t°m N

Spin-Orbit Structure Functions

Jl(kr)

Fl"

E, 4/N
Nodal-diagram part

Sso(k) = pf so(7)




Energies of Neutron Matter with the v8’ pot.

(Preliminary)
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® Our Results
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M. Baldo et al., Phys. Rev. C86 (2012) 064001



Energy of neutron matter with the v8’+UIX (Repulsive)

Preliminary
80 B ' I ' I ' I ' I _
e EEF (AV8'+UlIXrep) | o
a AFDMC (AV8'+UIX)
_60F -
> .
E 40 - a -
<
o o
A
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AFDMC, FHNC: PRC83 (2011) 054003 (with full UIX).




4-3. Explicit Energy Expression at Finite Temperature

The variational method by Schmidt and Pandharipande

F_Exn_.5

N N N

The free energy per nucleon

Entropy per nucleon Based on the Landau’s Fermi Liquid Theory

S0 2kB
=

|In[1 — n(k)] + n(k) Inn(k) }k* dk.

Average occupation probability

k) — - h2k? |
n(k) = !1 -I-exp[e( k)BTMO]} . elk) = Sy m*: Effective mass



The Internal energy per nucleon E /N

At zero temperature: Ey[ny(k)]/N
The expectation value of the Hamiltonian with the Jastrow wave function
@r: The Fermi-gas wave function
D[ 1 (k) |

no(k) = kg — k)

Occupation probability at T=0

Y =Sym

[1/;

>]

At finite temperature: Eyy[n(k)]/N

The correlation function f;; is chosen as at zero temperature:
Frozen correlation approximation

TO . . . . .
= — 71— is minimized with respect to m*




Explicit Energy Expression at Finite Temperature

Entropy per Nucleon
S
NO — 2kB ]ln[l —n(k)] +n(k)lnn(k)}k dk.

Internal Energy per Nucleon

Energy per Nucleon at Zero Temperature E, [F(r), ny(k)]/N

<>

Internal Energy per Nucleon at Finite Temperature
Eqr [F(r), n(k))/N

F = o — Ti 1s minimized with respect to F(r) and m™
N N N i




Free energy of neutron matter
with v4’+UIX(Repulsive)

- [— T= 0Me
200F1 7210 Mev
: T =20 MeV
DO 7230 Mev -

s "

mmmm

o "
““““““

—————
————
= e e

-

-
-

OF — AV4'+UIX(rep_lsive)
[ ---- AV4

S0 )
00 0.1 02 03 04 05 06 0.7

-3
pltm -]
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Free energy of symmetric nuclear matter
with v4’+UIX(Repulsive)

Preliminary
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Internal Energy per Nucleon (Preliminary)
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The thermodynamic quantities are self consistent



Summary

Variational Method with Explicit Energy Functional

Liquid *He: Reasonable results + 2D quasistable state ?

Neutron Matter: AV6’ (central + tensor) + UIX (repulsive)
Extension of the theory

2 r-exchange three-body force: 7 condensation ?

1st order phase transition 1s not found
Two-body spin-orbit force (AVSE’)
Free energy at finite temperature:

Thermodynamic quantities are self consistent
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Systematic Extentions and Application to Astrophysics



