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QQPPOOss  iinn  SSGGRRss  
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2 W. G. Newton et al.: Constraints on the symmetry energy from observational probes of the neutron star crust

Fig. 1. (Color online) Recent constraints on the slope of the symmetry energy L from analysis of terrestrial experiments and astrophysical
observations, some of which can be found summarized in this issue. Taken from [10]. The community average L ⇡ 60 MeV should be taken
only as guide to the favored values of L that emerge from the wide variety of experimental evidence.

trons, protons and nucleons in the system. For uniform nuclear
matter, both parameters � and I are identical. Nuclear matter
with equal numbers of neutrons and protons (� = 0) is referred
to as symmetric nuclear matter (SNM); nuclear matter with
� = 1 is naturally referred to as pure neutron matter (PNM).
Nuclei on Earth contain closely symmetric nuclear matter at
densities close to nuclear saturation density ⇢

0
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g cm�3 ⌘ 0.16 fm�3

= n

0

. Nuclear experiments tend to con-
strain the behavior of the binding energy of symmetric nuclear
matter, E(n ⇠ n

0

, � ⇠ 0) to within relatively tight ranges,
but direct ab initio calculations there are extremely difficult. In
contrast, experimental data directly probing E(n ⇠ n

0

, � ⇠ 1)

is impossible, but state-of-the-art ab initio calculations of PNM
have led to significant constraints on E(n < n

0

, � ⇠ 1). By ex-
panding E(n, �) about � = 0,
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we can define a useful quantity called the symmetry energy
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which encodes the change in the energy per particle of nuclear
matter as one moves away from isospin symmetry. This allows
extrapolation to the highly isospin asymmetric conditions in
neutron stars. The simplest such extrapolation, referred to as
the parabolic approximation (PA) gives the relation

E

PNM

(n) ⇡ E

0

(n) + S(n). (3)

Since our experimental constraints are dominated by results
from densities close to n

0

, it is customary to expand the sym-
metry energy about � = 0 where � =

n�n0
3n0

, thus obtaining

S(n) = J + L�+

1

2

K

sym

�

2

+ ..., (4)

where J , L and K

sym

are the symmetry energy, its slope and
its curvature at saturation density. The true values of the higher
order symmetry energy parameters L, K

sym

, ... are still some-
what uncertain, and the measurement of L in particular has
been the subject of an intense experimental campaign by the
nuclear physics community in recent years using nuclear probes
such as masses, neutron skins, nuclear electric dipole polariz-
ability, collective motion and the dynamics of heavy ion colli-
sions (see, e.g.[1,2,3] for recent summaries). Ab initio calcu-
lations of PNM with well defined theoretical errors offer ad-
ditional constraints on J and L [4,5,6,7,8]. Both theory and
experiment are generally in broad agreement that L falls in the
rather loose range 30 . L . 80 MeV, although higher values
in particular are not completely ruled out [9]. Fig. 1 shows a
selection of experimental constraints on L, together with con-
straints inferred from astrophysical observation, some of which
will be discussed in this review [10].

Since neutron star matter contains a low fraction of pro-
tons, many inner crust and global stellar properties are sensi-
tive to the symmetry energy parameters. To give a classic ex-
ample, the pressure of PNM at saturation density is given in
the parabolic approximation by P

PNM

(n

0

)=n
0

L/3. The pres-
sure at the crust-core boundary and in the outer core is domi-
nated by neutron pressure so a strong correlation should exist
between the pressure in neutron stars near saturation density
and L. Neutron star EOSs which have higher pressures at a
particular density are often referred to as ‘stiff’; lower pressure
EOSs are referred to as ‘soft’. Thus ‘stiff’ EOSs at saturation
density are associated with high values of L and ‘soft’ EOSs
with low values of L. This fact leads to a strong correlation be-
tween the radii of neutron stars and the slope of the symmetry
energy near saturation density [11].

The crust of a neutron star is divided into two layers; the
outer crust and inner crust. The microscopic structure of the
crust is a crustal lattice of nuclei. The nuclei become increas-
ingly more massive and neutron-rich with depth, immersed in
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iinn  ((oouurr))  pprreevviioouuss  wwoorrkkss  
•  EEOOSS  ffoorr  ccoorree  rreeggiioonn  iiss  ssttiillll  uunncceerrttaaiinn..  
•  TToo  pprreeppaarree  tthhee  ccrruusstt  rreeggiioonn,,  wwee  iinntteeggrraattee  ffrroomm  rr==RR..  

–  MM,,  RR  ::  ppaarraammeetteerrss  ffoorr  sstteellllaarr  pprrooppeerrttiieess  
–  LL,,  KK00  ::  ppaarraammeetteerrss  ffoorr  ccuurrsstt  EEOOSS  ((OOyyaammaattssuu  &&  IIiiddaa  ((22000033)),,  ((22000077))))  
  　→  FFoorr  LL  ≳  110000MMeeVV,,  ppaassttaa  ssttrruuccttuurree  aallmmoosstt  ddiissaappppeeaarrss    

•  IInn  ccrruusstt  rreeggiioonn,,  ttoorrssiioonnaall  oosscciillllaattiioonnss  aarree  ccaallccuullaatteedd..  
–  ccoonnssiiddeerriinngg  tthhee  sshheeaarr  oonnllyy  iinn  sspphheerriiccaall  nnuucclleeii..  
–  ffrreeqquueennccyy  ooff  ffuunnddaammeennttaall  oosscciillllaattiioonn  ∝  vvss  ((vvss22  ~~  μ//HH  ))  
–  ccaallccuullaatteedd  ffrreeqquueenncciieess  ccoouulldd  bbee  lloowweerr  lliimmiitt  
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IIddeennttiiffiiccaattiioonnss  ooff  SSGGRR  11880066--2200  
•  ddiissccoovveerryy  ooff  nneeww  QQPPOO  ffrroomm  SSGGRR11880066--2200,,  wwhhiicchh  iiss  5577HHzz  
•  ffoorr  RR  ==  1122  kkmm  aanndd  MM  ==  11..44MM⊙  
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of superfluid neutrons from the enthalpy density ϵ + p
and hence enhance the eigenfrequencies [32].

First, to see the dependence of the fundamental tor-
sional oscillations on the EOS parameters, we calculate
the corresponding eigenfrequency for a typical stellar
model with M = 1.4M⊙ and R = 12 km. Figure 1
shows the frequency of the ℓ = 2 fundamental torsional
oscillations, 0t2, calculated for the nine sets of L and K0

that are tabulated in Table I, together with the lowest
QPO frequency in SGR 1806-20 [1]. From this figure,
one can observe that 0t2 is almost independent of K0 in
the parameter range adopted here once the stellar model
is fixed. Such independence can be seen for various stel-
lar models ranging R = 10, 12, and 14 km as well as
M = 1.4M⊙ and 1.8M⊙. We can thus focus on the L
dependence of the calculated 0t2, which arises mainly be-
cause the nuclear charge Z decreases with L through the
surface property [15], leading to decrease in the shear
modulus (3) with L. It should be noticed that since
Z depends strongly on L in the vicinity of n = n1,
this region could be more important to constrain
L via the oscillations frequencies. To see the L de-
pendence explicitly, we derive a fitting formula for 0t2
as

0t2 = c0 − c1
L

100 MeV
+ c2

(
L

100 MeV

)2

, (5)

where c0, c1, and c2 are the adjustable parameters that
depend on M and R. The values of these parameters for
M = 1.4M⊙ are shown in Table II.
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FIG. 1: (Color online) Frequency of the ℓ = 2 fundamen-
tal torsional oscillations, 0t2, plotted as a function of L for
M = 1.4M⊙ and R = 12 km. The horizontal dot-dashed
line denotes the lowest QPO frequency observed from SGR
1806-20 [1].

The fitting formula thus obtained is exhibited in Fig.
2. We find from this figure that the dependence of 0t2
on R is relatively small. In fact, 0t2 for fixed L can
be determined within the accuracy of ∼ 20%, if R is
in the range of 10-14 km. By shifting M from 1.4M⊙
up to 1.8M⊙, we find that 0t2 for R = 10, 12, and 14
km decreases only by ∼ 14, 10, and 9%, respectively. For
clarity, we plot, in Fig. 3, 0t2 estimated for stellar models

TABLE II: χ2 fitting via formula (5) for M = 1.4M⊙, where
χ2 denotes a statistical error between the calculated
frequencies 0t2 and fitting formula (5).

R (km) c0 (Hz) c1 (Hz) c2 (Hz) χ2

10 38.95 36.14 11.34 1.944

12 34.87 32.33 10.14 1.539

14 31.48 29.14 9.123 1.239

ranging 10 km ≤ R ≤ 14 km and 1.4M⊙ ≤ M ≤ 1.8M⊙.
The results are confined within the painted region, which
is so narrow that we can constrain L as we shall see.
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FIG. 2: (Color online) 0t2 given by formula (5) for M =
1.4M⊙ and R = 10, 12, 14 km.
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FIG. 3: (Color online) Same as Fig. 2 for 10 km ≤ R ≤ 14
km and 1.4M⊙ ≤ M ≤ 1.8M⊙.

Let us assume that the observed QPOs in SGR giant
flares arise from the torsional oscillations in neutron star
crusts and note that among many eigenfrequencies of the
torsional oscillations, 0t2 is the lowest. Then, 0t2 would
become equal to or even lower than the lowest frequency
in the observed QPOs. Consequently, one can constrain
L as L>∼ 50 MeV from the painted region in Fig. 3. Re-
call that the calculated 0t2 is likely to be underestimated
because of the simplified treatments of the shear modu-
lus and the enthalpy density. In particular, elasticity in
the pasta phases ignored here would act to increase 0t2 as
long as n2 > n1 [12]. At L >∼ 50 MeV, however, n2−n1 is
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11))  aallll  QQPPOOss  ccoommee  ffrroomm  ccrruussttaall  
ttoorrssiioonnaall  oosscciillllaattiioonnss  

22))  QQPPOOss  eexxcceepptt  ffoorr  2266HHzz  ccoommee  
ffrroomm  ccrruussttaall  ttoorrssiioonnaall  oosscciillllaattiioonnss  

	

ccff))  LL  ==  4400  ~~  8800  MMeeVV    ????  nneeeedd  ttoo  pprreeppaarree  aannootthheerr  oosscciillllaattiioonn  
mmeecchhaanniissmm  ttoo  eexxppllaaiinn  2266  HHzz  QQPPOO  !!  



aass  aa  ppoossssiibbiilliittyy  ooff  2266HHzz…�  
•  wwee  ccoonnssiiddeerr  tthhee  oosscciillllaattiioonnss  iinn  tthhee  ppaassttaa  ssttrruuccttuurree  
•  sshheeaarr  mmoodduulluuss  iinn  ppaassttaa  pphhaassee  

–  ssllaabb  pphhaassee::  sshheeaarr  iiss  tthhee  33rrdd  oorrddeerr  ooff  ddiissppllaacceemmeenntt  ((LLaannddaauu))  
à  iinn  tthhee  lliinneeaarr  ppeerrttuurrbbaattiioonn,,  oosscciillllaattiioonnss  iinn  ssllaabb  aarree  nneegglliiggiibbllee  

–  ttwwoo  iinnddeeppeennddeenntt  oosscciillllaattiioonnss  ccaann  bbee  eexxcciitteedd  iinn  ddiiffffeerreenntt  rreeggiioonnss::  
①  oosscciillllaattiioonnss  iinn  sspphheerriiccaall  aanndd  ccyylliinnddrriiccaall  nnuucclleeii  
②  oosscciillllaattiioonnss  iinn  bbuubbbbllee  aanndd  ccyylliinnddrriiccaall--hhoollee  nnuucclleeii  

–  aass  aa  ffiirrsstt  sstteepp,,  wwee  ccoonnssiiddeerr  oonnllyy  oosscciillllaattiioonnss  iinn  bbuubbbbllee  pphhaassee  
•  ffoorr  LL  ≳  7755MMeeVV,,  bbuubbbbllee  ssttrruuccttuurree  ddiissaappppeeaarrss  
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bbuubbbbllee  oosscciillllaattiioonnss  11  
•  iinn  tthhee  ccaassee  tthhaatt  aallll  mmaatttteerr  eelleemmeennttss  ccoonnttrriibbuuttee  ttoo  oosscciillllaattiioonnss  

•  tthhee  ffrreeqquueennccyy  iiss  aallmmoosstt  iinnddeeppeennddeenntt  ooff  tthhee  vvaalluuee  ooff  KK00  
                    00tt22  ==  220055..55  //  LL  ++  3377..7733  --  00..22992222  LL  
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bbuubbbbllee  oosscciillllaattiioonnss  22  
•  iinn  tthhee  ccaassee  tthhaatt  oonnllyy  mmaatttteerr  eelleemmeennttss  iinnssiiddee  tthhee  bbuubbbbllee  ccoonnttrriibbuuttee  ttoo  
oosscciillllaattiioonnss  

  

•  aaggaaiinn,,  tthhee  ffrreeqquueenncciieess  aarree  aallmmoosstt  iinnddeeppeennddeenntt  ooff  KK00  
              00tt22  ==  11110000  //  LL  ++  5577..3399  --  00..44334455  LL  
•  ffrreeqquueenncciieess  ssttrroonnggllyy  ddeeppeenndd  oonn  tthhee  eennttrraaiinnmmeenntt  rraattee  
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ccoommppaarriissoonn  wwiitthh  QQPPOOss  

•  OOsscciillllaattiioonn  iinn  bbuubbbbllee  mmiigghhtt  bbee  ppoossssiibbllee  ttoo  ccoorrrreessppoonndd  ttoo  2266HHzz  
QQPPOO,,  ddeeppeennddiinngg  oonn  tthhee  eennttrraaiinnmmeenntt  rraattee..  
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sshhoorrtt  ssuummmmaarryy  
•  WWee  mmaakkee  aa  ccoonnssttrraaiinntt  oonn  LL  bbyy  iiddeennttiiffyyiinngg  tthhee  QQPPOO  ffrreeqquueenncciieess  
wwiitthh  ccrruussttaall  ttoorrssiioonnaall  oosscciillllaattiioonnss  iinn  nneeuuttrroonn  ssttaarrss  

–  110000  ≲  LL  ≲  113300  MMeeVV,,  iiff  aallll  QQPPOOss  ccoommee  ffrroomm  ttoorrssiioonnaall  oosscciillllaattiioonnss  
–  5588  ≲  LL  ≲  8855  MMeeVV,,  iiff  QQPPOOss  eexxcceepptt  ffoorr  2266  HHzz  QQPPOO  ccoommss  ffrroomm  ttoorrssiioonnaall  
oosscciillllaattiioonn  

•  aass  aannootthheerr  ppoossssiibbiilliittyy  ttoo  pprroodduuccee  tthhee  2266  HHzz,,  wwee  ccoonnssiiddeerr  tthhee  
ttoorrssiioonnaall  oosscciillllaattiioonnss  iinn  bbuubbbbllee  ssttrruuccttuurree  ((LL  ≲  7755  MMeeVV))  
–  ffrreeqquueenncciieess  ssttrroonnggllyy  ddeeppeenndd  oonn  tthhee  eennttrraaiinnmmeenntt  rraattee  
–  eevveenn  ssoo,,  tthhee  ffrreeqquueennccyy  mmiigghhtt  bbee  ppoossssiibbllee  ttoo  ccoorrrreessppoonndd  ttoo  2266  HHzz  
wwiitthh  tthhee  ssuuiittaabbllee  vvaalluuee  ooff  LL  ttoo  eexxppllaaiinn  tthhee  ootthheerr  QQPPOOss  bbyy  ttoorrssiioonnaall  
oosscciillllaattiioonnss  iinn  tthhee  rreeggiioonn  ccoommppoosseedd  ooff  sspphheerriiccaall  nnuucclleeii  

–  TThhiiss  mmaayy  bbee  aann  oobbsseerrvvaattiioonnaall  eevviiddeennccee  ffoorr  sshhoowwiinngg  tthhee  
eexxiisstteennccee  ooff  bbuubbbbllee  pphhaassee  iinn  nneeuuttrroonn  ssttaarr  ccrruusstt  !!  
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GGrraavviittaattiioonnaall  wwaavvee  aasstteerroosseeiissmmoollooggyy  
•  oosscciillllaattiioonn  ssppeeccttrraa  aarree  iimmppoorrttaanntt  iinnffoorrmmaattiioonn  ffoorr  eexxttrraaccttiinngg  tthhee  
iinntteerriioorr  iinnffoorrmmaattiioonn  ooff  ssttaarr  

–  sseeiissmmoollooggyy  oonn  tthhee  EEaarrtthh  
–  hheelliioosseeiissmmoollooggyy  oonn  tthhee  SSuunn  
–  GGWW  aasstteerroosseeiissmmoollooggyy  oonn  ccoommppaacctt  ssttaarrss  

•  sseevveerraall  aatttteemmppttss  hhaavvee  bbeeeenn  ddoonnee  ffoorr  ccoolldd  nneeuuttrroonn  ssttaarrss  
–  oonnee  ccaann  ggeett  tthhee  sstteellllaarr  mmaassss,,  rraaddiiuuss,,  EEOOSS,,  aanndd  mmaaggnneettiicc  pprrooppeerrttiieess…�  

Although some of these EOS might be outdated, none of them is
ruled out by present observations. Furthermore, the range of
stiffness of the EOS listed by Arnett & Bowers is still relevant
today. This is important for the present study. In order for our
analysis to be robust it is necessary that our sample of EOS spans the
anticipated range of stiffness. However, we have also included three
more modern EOS: one of the models of Wiringa, Ficks &
Fabrocini (1988) and two models from Glendenning (1985). For
the EOS that were also considered by Lindblom & Detweiler (1983)
we have chosen identical stellar models to facilitate a comparison of
the results. Finally, we have only included stellar models the masses
and radii of which are within the limits accepted by current
observations (Finn 1994; van Kerkwijk, van Paradijs & Zuiderwijk
1995).

2 W H AT C A N W E L E A R N F RO M
O B S E RVAT I O N S ?

Our present understanding of neutron stars comes mainly from
X-ray and radio-timing observations. These observations provide
some insight into the structure of these objects and the properties of
supranuclear matter. The most commonly and accurately observed
parameter is the rotation period, and we know that radio pulsars can
spin very fast (the shortest observed period being the 1.56 ms of
PSR 1937+21). Another basic observable, that can be obtained (in a
few cases) with some accuracy from present day observations, is the
mass of the neutron star. As Finn (1994) has shown, the
observations of radio pulsars indicate that 1:01 < M=M( < 1:64.

Similarly, van Kerkwijk et al. (1995) find that data for X-ray pulsars
indicate 1:04 < M=M( < 1:88. The data used in these two studies is
actually consistent with (if one includes error bars) M < 1:44 M(.
We now recall that the various EOS that have been proposed by
theoretical physicists can be divided into two major categories: (i)
the ‘soft’ EOS, which typically lead to neutron star models with
maximum masses around 1:4 M( and radii usually smaller than 10
km, and (ii) the ‘stiff’ EOS with the maximum values M , 1:8 M(

and R , 15 km (Arnett & Bowers 1977). From this one can deduce
that, even though the constraint put on the neutron star mass by
present-day observations seems strong, it does not rule out many of
the proposed EOS. In order to arrive at a more useful result we
are likely to need detailed observations of the stellar radius
also. Unfortunately, available data provide little information
about the radius. The recent observations of quasiperiodic oscilla-
tions in low-mass X-ray binaries indicate that R < 6M, but again
this is not a severe constraint. Although a number of attempts have
been made, using either X-ray observations (Lewin, van Paradijs &
Taam 1993) or the limiting spin period of neutron stars (Friedman,
Ipser & Parker 1986), to put constraints on the mass–radius
relation, we do not yet have a method which can provide the desired
answer.

2.1 A detection scenario

In view of this situation, any method that can be used to infer
neutron star parameters is a welcome addition. Of specific interest
may be the new possibilities offered once gravitational wave
observations become reality. An obvious question is the extent to
which one can solve the inverse problem in gravitational wave
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Figure 1. The numerically obtained f mode frequencies plotted as functions
of the mean stellar density (M and R are in km and qf mode in kHz).

Figure 2. The normalized damping time of the f modes as functions of the
stellar compactness (M and R are in km and tf mode in s).
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fluid oscillation modes of a star, and we consequently expect that
qf , r̄1=2. That is, we should normalize the f mode frequency with
the average density of the star. The result of doing this is shown in
Fig. 1. From this figure it is apparent that the relation between the f
mode frequencies and the mean density is almost linear, and a linear
fitting leads to the simple relation

qf ðkHzÞ < 0:78 þ 1:635
M̄

R̄3

✓ ◆1=2

; ð5Þ

where we have introduced the dimensionless variables

M̄ ¼
M

1:4 M(

and R̄ ¼
R

10 km
: ð6Þ

From equation (5) it follows that the typical f mode frequency is
around 2.4 kHz.

To deduce a corresponding relation for the damping rate of the f
mode, we can use the rough estimate given by the quadrupole
formula. That is, the damping time should follow from

tf ,
oscillation energy

power emitted in GWs
, R

R
M

✓ ◆3

: ð7Þ

Using this normalization we plot the functional ðtf M
3=R4Þ¹1 as a

function of the stellar compactness, cf. Fig. 2. The data shown in
this figure lead to a relation between the damping time of the f mode
and the stellar parameters M and R,

1
tf ðsÞ

<
M̄3

R̄4 22:85 ¹ 14:65
M̄
R̄

✓ ◆ �
: ð8Þ

The small deviation of the numerical data from the above formula is

apparent in Fig. 2, and one can easily see that a typical value for the
damping time of the f mode is a tenth of a second.

For the damping rate of the p modes the situation is not so
favourable. This is because the damping of the p modes is more
sensitive to changes in the modal distribution inside the star. Thus,
different EOS lead to rather different p mode damping rates, cf.
Fig. 3. Previous evidence for polytropes (Andersson & Kokkotas
1997) actually indicate that this would be the case. Clearly, an
empirical relation based on the data in Fig. 3 would not be very
robust.

The situation is slightly better if we consider the oscillation
frequency of the p mode. From the data shown in Fig. 4 we can
deduce a relation between the p mode frequency and the parameters
of the star,

qpðkHzÞ <
1
M̄

1:75 þ 5:59
M̄
R̄

✓ ◆
; ð9Þ

and we see that a typical p mode frequency is around 7 kHz.
Although the data for several EOS deviate significantly from (9) it is
still a useful result. Stellar masses and radii deduced from it will not
be as accurate as ones based on f mode data, but on the other hand, if
M and R are obtained in some other way (say, from a combination of
observed f - and w modes) the p mode can be used to deduce the
relevant EOS.

That empirical relations based on p mode data would be less
robust and useful than those for the f mode was expected, since the p
modes are sensitive to changes in the matter distribution inside the
star. In contrast, the gravitational wave w modes should lead to
very robust results. It is well known (Kokkotas & Schutz 1992;
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Figure 5. The functional Rqw as a function of the compactness of the star (M
and R are in km and qw mode in kHz).

Figure 6. The functional M=tw as a function of the compactness of the star
(M and R are in km and tw mode in ms).
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FIG. 8: For the PNS model with Mpro = 15M⊙ and LS220, time evolutions of eigenfrequencies are plotted, where the left, middle, and right
panels correspond to f -, p1-, and p2-modes. In the figure, the different lines denote the results with different (Ye, s) distributions inside the
star, i.e., the solid and broken lines correspond to the distributions as shown in Figs. 5 and 6, respectively.
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FIG. 9: The frequencies of f -, p1-, and p2-modes are shown as a function of the normalized average density of PNSs for Mpro = 15M⊙ and
LS220, where the normalized average density is defined by (MPNS/1.4M⊙)1/2(RPNS/10km)−3/2. In the left panel, the f -mode frequencies
expected for cold neutron stars with the same average density, which are given by Eq. (18), are shown with the dotted line.

smaller than that inside the PNSs. Thus, we believe that frequencies of PNSs could be qualitatively examined well even with
such a boundary condition at the surface.

First, in Fig. 8, we show the time evolutions of frequencies of f -, p1-, and p2-modes for the PNS model with Mpro = 15M⊙
and LS220, where the solid and broken lines correspond to the frequencies obtained with the (Ye, s) distributions inside the star
shown in Figs. 5 and 6, respectively. From this figure, we can find that the frequencies depend strongly on the stellar mass and
radius, but the dependence on the (Ye, s) distributions seems to be weak. We remark that the frequencies of f -mode oscillations
are predicted around a few hundred of hertz at the early stage after bounce, which could be very good signal for ground-based
gravitational wave detectors.

In addition, since the f -, p1-, and p2-modes oscillations are acoustic waves, at least for cold neutron stars, it is known that
the frequencies of such oscillations can be characterized by the average density of the star, which is defined as (M/R3)1/2 with
mass (M ) and radius (R) of cold neutron stars [5]. In fact, in Ref. [5], they found that the f -mode frequencies can be expressed
as

f (NS)
f (kHz) ≈ 0.78 + 1.635

(
M

1.4M⊙

)1/2 (
R

10 km

)−3/2

, (18)

which is almost independent from the EOS with which the neutron star model is constructed. So, we check the frequencies for
the case of the PNSs. In Fig. 9, for the PNS model with Mpro = 15M⊙ and LS220, we show the frequencies of f -, p1-, and
p2-modes as a function of the normalized average density, which is defined as (MPNS/1.4M⊙)1/2(RPNS/10km)−3/2. Then,
we find that the frequencies of f -, p1-, and p2-modes are proportional to the average density even for PNSs. We remark that,
since PNS models on the late phase after the bounce become massive with small radius as shown in Fig. 2, the PNSs with high
average density correspond to the late phase. Furthermore, in the left panel of Fig. 9, we also plot the f -mode frequencies
expected for cold neutron stars, which are calculated with Eq. (18), with the dotted line. From this panel, one can see that the
f -mode frequencies for cold neutron stars obviously deviate from those for PNSs.

We also examine the frequencies of f -, p1-, and p2-modes for the various progenitor models of PNSs shown in Table II. We
remark that we stop the calculations at 940 msec for the PNS constructed with Mpro = 40.0M⊙ for LS220 EOS, because the
PNS mass becomes more than the maximum mass expected with LS220 around 950 msec. Then, the obtained frequencies of f -,
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FFoorr  PPNNSS,,  MMuueellllaarr  eett  aall..  ((22001133));;    
CCeerrddaa--DDuurraann  eett  aall..  ((22001133));;    
FFuulllleerr  eett  aall..  ((22001155));;    
KKuurrooddaa  eett  aall..  ((22001166))    
  



PPrroottoonneeuuttrroonn  ssttaarrss  ((PPNNSSss))  

•  UUnnlliikkee  ccoolldd  nneeuuttrroonn  ssttaarrss,,  ttoo  ccoonnssttrruucctt  tthhee  PPNNSS  mmooddeellss,,  oonnee  hhaass  ttoo  
pprreeppaarree  tthhee  pprrooffiilleess  ooff  YYee  aanndd  ss..  

–  ffoorr  eexxaammppllee,,  wwiitthh  LLSS222200  aanndd  ss  ==11..55  ((kkBB//bbaarryyoonn)),,  bbuutt  YYee  ==00..0011,,  00..11,,  
00..22,,  aanndd  00..33  
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ssttrraatteeggyy  

•  ccaallccuullaattee  tthhee  11DD  ssiimmuullaattiioonn  ooff  ccoorree--ccoollllaappssee  ssuuppeerrnnoovvaa  ((bbyy  TTaakkiiwwaakkii))  
–  ttiimmee  eevvoolluuttiioonnss  ooff  rraaddiiuuss  aanndd  mmaassss  ooff  PPNNSS  aarree  ddeetteerrmmiinneedd  
–  ((rraaddiiuuss  aanndd  mmaassss  ooff  PPNNSS  aarree  ffiitttteedd  bbyy  ssiimmppllee  ffoorrmmuullaa))  

•  PPNNSS  mmooddeellss  aarree  ccoonnssttrruucctteedd  iinn  ssuucchh  aa  wwaayy  tthhaatt  tthhee  rraaddiiuuss  aanndd  mmaassss  
ooff  PPNNSS  aarree  eeqquuiivvaalleenntt  ttoo  tthhee  eexxppeeccttaattiioonn  ffrroomm  tthhee  ffiittttiinngg  

–  wwiitthh  tthhee  aassssuummppttiioonn  tthhaatt  tthhee  PPNNSS  iiss  qquuaassii--ssttaattiicc  aatt  eeaacchh  ttiimmee  sstteepp  
–  wwiitthh  tthhee  pprrooffiilleess  ooff  YYee  aanndd  ss  

•  ccaallccuullaattee  tthhee  eeiiggeennffrreeqquueenncciieess  aass  tthhee  eeiiggeennvvaalluuee  pprroobblleemmss  oonn  PPNNSS  
mmooddeellss  

–  ddeeppeennddeennccee  ooff  tthhee  ffrreeqquueenncciieess  oonn  tthhee  pprrooffiilleess  ooff  YYee  aanndd  ss  
–  ddeeppeennddeennccee  oonn  tthhee  aavveerraaggee  ddeennssiittyy  ooff  PPNNSS  
–  ddeeppeennddeennccee  oonn  tthhee  pprrooggeenniittoorr  mmooddeellss  

•  LLSS222200  ((MMpprroo//MM⊙  ==  1111..22,,  1155,,  2277,,  4400)),,  SShheenn  ((MMpprroo//MM⊙  ==  1155))  

–  wwee  ffooccuuss  oonn  tthhee  ppeerriioodd  ooff  11  sseecc..  aafftteerr  ccoorree  bboouunnccee..    
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eevvoolluuttiioonnss  ooff  mmaassss  aanndd  rraaddiiuuss  

•  ffiitttteedd  wwiitthh  
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TABLE I: Summary of neutrino-matter interaction considered in the simulations

Reaction Reference Reference Number
νe + n ! e− + p Bruenn (1985) [55]
ν̄e + p ! e+ + n Bruenn (1985) [55]

ν̄e + A′ ! e− + A Bruenn (1985) [55]
ν + e± ! ν + e± Mezzacappa & Bruenn (1993) [56, 57]
ν + A ! ν + A Bruenn (1985) with ion-ion correction [55, 58]

ν + ν̄ ! e− + e+ Bruenn (1985) [55]
ν + ν̄ + N + N ! N + N Hannestad and Raffelt (1998) [59]
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FIG. 1: Time evolutions of mass shell and shock radius of LS220M15.0. The position of the shock front is indicated by the thick-solid line.
The evolution of mass shells are plotted by thin-solid lines (∆M = 0.01M⊙). In particular, the mass-shell whose enclosed mass is 1.4M⊙ is
plotted with the thick-dotted line.

radius as

RPNS(t) =
Ri

1 +
[
1 − exp(− t

τ )
] [

Ri
Rf

− 1
] , (1)

where Ri and Rf are the radii of the PNSs at t = 0 and ∞, while τ denotes a typical time-scale for the evolution of the PNS. In
addition, we also obtain the fitting formula of the evolution of the PNS mass as

MPNS(t)
M⊙

=
c0

t
+ c1t + c2. (2)

We note that t in Eqs. (1) and (2) is in the unit of msec. The fitting parameters in Eqs. (1) and (2) for various stellar models
are shown in Tables II, where the radius of PNS corresponds to the position that the density becomes 1012 g/cm3, although
the radius of PNS was sometimes considered to be the position that the density becomes 1011 g/cm3. This point will
be mentioned again where we show Fig. 4. For reference, we show the time evolution of mass and radius of PNSs for
Mpro = 15M⊙ and LS220, and its fitting in Fig. 2, where two lines correspond to the PNSs for the surface density with 1011

and 1012 g/cm3.

3

TABLE I: Summary of neutrino-matter interaction considered in the simulations

Reaction Reference Reference Number
νe + n ! e− + p Bruenn (1985) [55]
ν̄e + p ! e+ + n Bruenn (1985) [55]

ν̄e + A′ ! e− + A Bruenn (1985) [55]
ν + e± ! ν + e± Mezzacappa & Bruenn (1993) [56, 57]
ν + A ! ν + A Bruenn (1985) with ion-ion correction [55, 58]

ν + ν̄ ! e− + e+ Bruenn (1985) [55]
ν + ν̄ + N + N ! N + N Hannestad and Raffelt (1998) [59]
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FIG. 1: Time evolutions of mass shell and shock radius of LS220M15.0. The position of the shock front is indicated by the thick-solid line.
The evolution of mass shells are plotted by thin-solid lines (∆M = 0.01M⊙). In particular, the mass-shell whose enclosed mass is 1.4M⊙ is
plotted with the thick-dotted line.

radius as

RPNS(t) =
Ri

1 +
[
1 − exp(− t

τ )
] [

Ri
Rf

− 1
] , (1)

where Ri and Rf are the radii of the PNSs at t = 0 and ∞, while τ denotes a typical time-scale for the evolution of the PNS. In
addition, we also obtain the fitting formula of the evolution of the PNS mass as

MPNS(t)
M⊙

=
c0

t
+ c1t + c2. (2)

We note that t in Eqs. (1) and (2) is in the unit of msec. The fitting parameters in Eqs. (1) and (2) for various stellar models
are shown in Tables II, where the radius of PNS corresponds to the position that the density becomes 1012 g/cm3, although
the radius of PNS was sometimes considered to be the position that the density becomes 1011 g/cm3. This point will
be mentioned again where we show Fig. 4. For reference, we show the time evolution of mass and radius of PNSs for
Mpro = 15M⊙ and LS220, and its fitting in Fig. 2, where two lines correspond to the PNSs for the surface density with 1011

and 1012 g/cm3.
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YYee  aanndd  ss  pprrooffiilleess  
•  tthhee  ssnnaapp  sshhoott  aatt  tt==110000,,  220000,,  aanndd  550000mmss  aafftteerr  bboouunnccee  ffrroomm  
TTaakkiiwwaakkii  ((TTTT))..  
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ccoommppaarriissoonn  wwiitthh  ootthheerr  rreessuullttss  
•  rreessuullttss  bbyy  RRoobbeerrttss  ((22001122)),,  wwhheerree  hhee  hhaass  ddoonnee  tthhee  11DD  ssiimmuullaattiioonnss  
ffoorr  lloonngg--tteerrmm  ((RRTT))..        

The Astrophysical Journal, 755:126 (20pp), 2012 August 20 Roberts
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Figure 1. Internal structure of the PNS for selected times in the fiducial simulation. The temperature, equilibrium electron neutrino chemical potential, proton neutron
chemical potential difference, dimensionless entropy per baryon, electron fraction, and baryon density are plotted at times 0 s, 1 s, 5 s, 10 s, 20 s, and 30 s, from left
to right and top to bottom. The horizontal axes show the enclosed baryon number in units of the number of baryons in the Sun (N⊙ ≡ 12.04 × 1056). This figure
can be directly compared to Figure 9 of Pons et al. (1999), as it was produced using the same initial model and a very similar nuclear equation of state and neutrino
opacity set.
(A color version of this figure is available in the online journal.)

enclosed mass of 1.0 M⊙. This implies that the supernova shock
was born at around 0.6 M⊙, which is reasonably consistent with
the core-collapse results of Thompson et al. (2003). The shocked
mantle is at low density relative to the core and extends to large
radius (material that is at a density of 10−5 fm−3 is found at
99 km), mainly due to the thermal contribution to the pressure.

From this initial state, the shock-heated mantle rapidly
contracts over the first second or so of the simulation. This
contraction is driven by the rapid loss of energy and lepton
number via neutrinos, which can readily escape due to the
low density of the envelope and long interaction mean free
paths. The loss of lepton number and thermal energy reduces
pressure support in the mantle, and the mantle responds by
rapidly contracting (i.e., rapid relative to the cooling timescale
of the core, not rapid compared to the dynamical timescale of
the envelope). By two seconds into the simulation, material at a
density of 10−5 fm−3 is at 17 km. This is fairly close to the cold
neutron star radius for GM3 (13.5 km). The work provided by
this contraction is enough to increase the peak temperature of
the mantle from 22 MeV to 45 MeV even though the entropy of
the mantle has decreased from 7 to 4 over this period.

This period of the PNS evolution is most likely to be
sensitive to the initial conditions for the simulations, as at
later times the details of the initial structure should be washed
out. The envelope of the PNS should also be convective,

which significantly alters the rate of energy and lepton number
transport in the PNS (cf. Roberts et al. 2012). Additionally,
there might be significant accretion luminosity over this period
(although this is approximately accounted for by the mantle).
Therefore, especially given the older provenance of the initial
conditions, the results from this period should be taken as only
qualitatively correct.

While the mantle is contracting, ν̄es and νxs are being
transported down the positive radial temperature gradient into
the core while the νes are being transported outward down the
large equilibrium chemical potential gradient. This results in
a net heat flux into the core and a net lepton flux out of the
core. This has been referred to as “Joule heating” of the core
in previous work (Burrows & Lattimer 1986). Additionally, the
inner regions contract over this period due to the increased
boundary pressure on the unshocked core from the cooling
mantle. This contributes to the temperature increase in the core
in addition to the Joule heating.

After the initial period of mantle contraction, the density
structure of the PNS becomes similar to that of a cold PNS. Joule
heating continues to increase the temperature of the innermost
regions until the central temperature reaches its peak value of
35 MeV at 18 s in the simulation. Then, the temperature of the
entire star falls with time. The entropy evolution exhibits a
similar behavior. Lepton number is lost from the entire PNS
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Figure 1. Internal structure of the PNS for selected times in the fiducial simulation. The temperature, equilibrium electron neutrino chemical potential, proton neutron
chemical potential difference, dimensionless entropy per baryon, electron fraction, and baryon density are plotted at times 0 s, 1 s, 5 s, 10 s, 20 s, and 30 s, from left
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opacity set.
(A color version of this figure is available in the online journal.)

enclosed mass of 1.0 M⊙. This implies that the supernova shock
was born at around 0.6 M⊙, which is reasonably consistent with
the core-collapse results of Thompson et al. (2003). The shocked
mantle is at low density relative to the core and extends to large
radius (material that is at a density of 10−5 fm−3 is found at
99 km), mainly due to the thermal contribution to the pressure.

From this initial state, the shock-heated mantle rapidly
contracts over the first second or so of the simulation. This
contraction is driven by the rapid loss of energy and lepton
number via neutrinos, which can readily escape due to the
low density of the envelope and long interaction mean free
paths. The loss of lepton number and thermal energy reduces
pressure support in the mantle, and the mantle responds by
rapidly contracting (i.e., rapid relative to the cooling timescale
of the core, not rapid compared to the dynamical timescale of
the envelope). By two seconds into the simulation, material at a
density of 10−5 fm−3 is at 17 km. This is fairly close to the cold
neutron star radius for GM3 (13.5 km). The work provided by
this contraction is enough to increase the peak temperature of
the mantle from 22 MeV to 45 MeV even though the entropy of
the mantle has decreased from 7 to 4 over this period.

This period of the PNS evolution is most likely to be
sensitive to the initial conditions for the simulations, as at
later times the details of the initial structure should be washed
out. The envelope of the PNS should also be convective,

which significantly alters the rate of energy and lepton number
transport in the PNS (cf. Roberts et al. 2012). Additionally,
there might be significant accretion luminosity over this period
(although this is approximately accounted for by the mantle).
Therefore, especially given the older provenance of the initial
conditions, the results from this period should be taken as only
qualitatively correct.
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transported down the positive radial temperature gradient into
the core while the νes are being transported outward down the
large equilibrium chemical potential gradient. This results in
a net heat flux into the core and a net lepton flux out of the
core. This has been referred to as “Joule heating” of the core
in previous work (Burrows & Lattimer 1986). Additionally, the
inner regions contract over this period due to the increased
boundary pressure on the unshocked core from the cooling
mantle. This contributes to the temperature increase in the core
in addition to the Joule heating.

After the initial period of mantle contraction, the density
structure of the PNS becomes similar to that of a cold PNS. Joule
heating continues to increase the temperature of the innermost
regions until the central temperature reaches its peak value of
35 MeV at 18 s in the simulation. Then, the temperature of the
entire star falls with time. The entropy evolution exhibits a
similar behavior. Lepton number is lost from the entire PNS
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opacity set.
(A color version of this figure is available in the online journal.)

enclosed mass of 1.0 M⊙. This implies that the supernova shock
was born at around 0.6 M⊙, which is reasonably consistent with
the core-collapse results of Thompson et al. (2003). The shocked
mantle is at low density relative to the core and extends to large
radius (material that is at a density of 10−5 fm−3 is found at
99 km), mainly due to the thermal contribution to the pressure.

From this initial state, the shock-heated mantle rapidly
contracts over the first second or so of the simulation. This
contraction is driven by the rapid loss of energy and lepton
number via neutrinos, which can readily escape due to the
low density of the envelope and long interaction mean free
paths. The loss of lepton number and thermal energy reduces
pressure support in the mantle, and the mantle responds by
rapidly contracting (i.e., rapid relative to the cooling timescale
of the core, not rapid compared to the dynamical timescale of
the envelope). By two seconds into the simulation, material at a
density of 10−5 fm−3 is at 17 km. This is fairly close to the cold
neutron star radius for GM3 (13.5 km). The work provided by
this contraction is enough to increase the peak temperature of
the mantle from 22 MeV to 45 MeV even though the entropy of
the mantle has decreased from 7 to 4 over this period.

This period of the PNS evolution is most likely to be
sensitive to the initial conditions for the simulations, as at
later times the details of the initial structure should be washed
out. The envelope of the PNS should also be convective,

which significantly alters the rate of energy and lepton number
transport in the PNS (cf. Roberts et al. 2012). Additionally,
there might be significant accretion luminosity over this period
(although this is approximately accounted for by the mantle).
Therefore, especially given the older provenance of the initial
conditions, the results from this period should be taken as only
qualitatively correct.

While the mantle is contracting, ν̄es and νxs are being
transported down the positive radial temperature gradient into
the core while the νes are being transported outward down the
large equilibrium chemical potential gradient. This results in
a net heat flux into the core and a net lepton flux out of the
core. This has been referred to as “Joule heating” of the core
in previous work (Burrows & Lattimer 1986). Additionally, the
inner regions contract over this period due to the increased
boundary pressure on the unshocked core from the cooling
mantle. This contributes to the temperature increase in the core
in addition to the Joule heating.

After the initial period of mantle contraction, the density
structure of the PNS becomes similar to that of a cold PNS. Joule
heating continues to increase the temperature of the innermost
regions until the central temperature reaches its peak value of
35 MeV at 18 s in the simulation. Then, the temperature of the
entire star falls with time. The entropy evolution exhibits a
similar behavior. Lepton number is lost from the entire PNS
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PPNNSS  mmooddeellss  
•  aaddooppttiinngg  ttwwoo  ddiiffffeerreenntt  pprrooffiilleess  ooff  YYee    aanndd  ss  iinnssiiddee  tthhee  PPNNSS,,  wwee  
ccoonnssttrruucctt  tthhee  PPNNSS  mmooddeellss..  

–  uunnkknnoowwnn  ppaarraammeetteerr::  εcc  &&  ssmm  
–  ttoo  rreepprroodduuccee  tthhee  PPNNSS  mmooddeellss  wwiitthh  ggiivveenn  ((MM,,  RR)),,  εcc  aanndd  ssmm  aarree  ffiixxeedd..  

•  eevvoolluuttiioonnss  ooff  εcc  aanndd  ssmm  ddeeppeenndd  ssttrroonnggllyy  oonn  tthhee  pprrooffiilleess  ooff  YYee  aanndd  ss..    
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oosscciillllaattiioonnss  iinn  PPNNSS  
•  wwiitthh  rreellaattiivviissttiicc  CCoowwlliinngg  aapppprrooxxiimmaattiioonn  
•  oommiittttiinngg  tthhee  eennttrrooppyy  vvaarriiaattiioonn  

  

•  ffrreeqquueenncciieess  ddeeppeenndd  oonn  mmaassss  aanndd  rraaddiiuuss  ooff  PPNNSS,,  bbuutt  wweeaakkllyy  
ddeeppeenndd  oonn  ((YYee,,  ss))  pprrooffiilleess..  

•  iinn  tthhee  eeaarrllyy  ssttaaggee,,  tthhee  ttyyppiiccaall  ffrreeqquueenncciieess  ooff  ff--mmooddee  iiss  ~~  aa  ffeeww  
hhuunnddrreedd  hheerrttzz,,  wwhhiicchh  iiss  ggoooodd  ffoorr  ggrraavviittaattiioonnaall  wwaavvee  ddeetteeccttoorrss..  
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cchhaarraacctteerriizzeedd  bbyy  aavveerraaggee  ddeennssiittyy    
•  ffrreeqquueenncciieess  ooff  ff--mmooddee  ffoorr  ccoolldd  nneeuuttrroonn  ssttaarrss::  

•  SSiimmiillaarrllyy,,  ffrreeqquueenncciieess  ffoorr  PPNNSS  ccaann  bbee  cchhaarraacctteerriizzeedd  bbyy  aavveerraaggee  
ddeennssiittyy,,  bbuutt  oobbvviioouussllyy  ddiiffffeerreenntt  ffrroomm  tthhoossee  ffoorr  nneeuuttrroonn  ssttaarrss..  
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FIG. 8: For the PNS model with Mpro = 15M⊙ and LS220, time evolutions of eigenfrequencies are plotted, where the left, middle, and right
panels correspond to f -, p1-, and p2-modes. In the figure, the different lines denote the results with different (Ye, s) distributions inside the
star, i.e., the solid and broken lines correspond to the distributions as shown in Figs. 5 and 6, respectively.
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FIG. 9: The frequencies of f -, p1-, and p2-modes are shown as a function of the normalized average density of PNSs for Mpro = 15M⊙ and
LS220, where the normalized average density is defined by (MPNS/1.4M⊙)1/2(RPNS/10km)−3/2. In the left panel, the f -mode frequencies
expected for cold neutron stars with the same average density, which are given by Eq. (18), are shown with the dotted line.

smaller than that inside the PNSs. Thus, we believe that frequencies of PNSs could be qualitatively examined well even with
such a boundary condition at the surface.

First, in Fig. 8, we show the time evolutions of frequencies of f -, p1-, and p2-modes for the PNS model with Mpro = 15M⊙
and LS220, where the solid and broken lines correspond to the frequencies obtained with the (Ye, s) distributions inside the star
shown in Figs. 5 and 6, respectively. From this figure, we can find that the frequencies depend strongly on the stellar mass and
radius, but the dependence on the (Ye, s) distributions seems to be weak. We remark that the frequencies of f -mode oscillations
are predicted around a few hundred of hertz at the early stage after bounce, which could be very good signal for ground-based
gravitational wave detectors.

In addition, since the f -, p1-, and p2-modes oscillations are acoustic waves, at least for cold neutron stars, it is known that
the frequencies of such oscillations can be characterized by the average density of the star, which is defined as (M/R3)1/2 with
mass (M ) and radius (R) of cold neutron stars [5]. In fact, in Ref. [5], they found that the f -mode frequencies can be expressed
as

f (NS)
f (kHz) ≈ 0.78 + 1.635

(
M

1.4M⊙

)1/2 (
R

10 km

)−3/2

, (18)

which is almost independent from the EOS with which the neutron star model is constructed. So, we check the frequencies for
the case of the PNSs. In Fig. 9, for the PNS model with Mpro = 15M⊙ and LS220, we show the frequencies of f -, p1-, and
p2-modes as a function of the normalized average density, which is defined as (MPNS/1.4M⊙)1/2(RPNS/10km)−3/2. Then,
we find that the frequencies of f -, p1-, and p2-modes are proportional to the average density even for PNSs. We remark that,
since PNS models on the late phase after the bounce become massive with small radius as shown in Fig. 2, the PNSs with high
average density correspond to the late phase. Furthermore, in the left panel of Fig. 9, we also plot the f -mode frequencies
expected for cold neutron stars, which are calculated with Eq. (18), with the dotted line. From this panel, one can see that the
f -mode frequencies for cold neutron stars obviously deviate from those for PNSs.

We also examine the frequencies of f -, p1-, and p2-modes for the various progenitor models of PNSs shown in Table II. We
remark that we stop the calculations at 940 msec for the PNS constructed with Mpro = 40.0M⊙ for LS220 EOS, because the
PNS mass becomes more than the maximum mass expected with LS220 around 950 msec. Then, the obtained frequencies of f -,
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ddeeppeennddeennccee  oonn  pprrooggeenniittoorr  mmooddeellss  
•  rreessuullttss  ffoorr  LLSS222200  wwiitthh  MMpprroo//MM⊙==1111..22,,  1155,,  2277,,  aanndd  4400,,  ffoorr  SShheenn  
wwiitthh  MMpprroo//MM⊙==1155  

•  pprrooggeenniittoorr  mmooddeell  ddeeppeennddeennccee  iiss  qquuiittee  wweeaakk..  
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FIG. 10: For the various progenitor models, the frequencies of f -, p1-, and p2-modes are shown as a function of the normalized average
density of PNSs, where the normalized average density is defined by (MPNS/1.4M⊙)1/2(RPNS/10km)−3/2. The thick solid line in each
panel corresponds to the universal relation shown as Eq. (19).

p1, and p2-modes for the various progenitor models are shown in Fig. 10, where the frequencies are calculated with the (Ye, s)
distributions inside the star as in Fig. 6. In this figure, LS220M11.2, LS220M15.0, LS220M27.0, and LS220M40.0 correspond
to the results obtained with the progenitor models with Mpro = 11.2M⊙, 15.0M⊙, 27.0M⊙, and 40.0M⊙ for LS220 EOS,
respectively, while ShenM15.0 is the results obtained with the progenitor model with Mpro = 15.0M⊙ for Shen EOS. From this
figure, one can observe that the frequencies of PNSs are almost on the same line as a function of the average density of PNS,
i.e., the frequencies are almost independent from the progenitor models. Thus, we can get an universal relation between the
frequencies from the PNSs and the average density of PNSs, such as

f (PNS)
i (Hz) ≈ c0

i + c1
i

(
MPNS

1.4M⊙

)1/2 (
RPNS

10 km

)−3/2

, (19)

where i denotes f , p1, and p2 for f -, p1, and p2-modes, and c0
i and c1

i are some constants irrespective of the progenitor models
of PNSs. The coefficients in this relation are shown in Table III and the universal relations obtained here are also plotted in Fig.
10 with thick solid line. Note that one can see the deviation of the frequencies from the relation [Eq. (19)] in the region of higher
average density. This may be an effect of the mass accretion from the outer region of PNS.

TABLE III: Coefficients in the universal relation shown as Eq. (19) for the various progenitor models of PNSs.

modes c0
i (Hz) c1

i (Hz)
f −29.48 3690

p1 343.9 5352

p2 640.8 7435

With respect to the characteristic gravitational waves radiating after bounce of core-collapse supernovae, the evidence of
signal due to the convection and the standing accretion-shock instability has also been reported [32, 33], which is associated
with the g-mode oscillations around (and above) the surface of PNSs. In fact, the frequencies can be well-expressed by using
the radius and mass of PNSs as

fg ≈ 1
2π

GMPNS

R2
PNS

(
1.1mn

⟨Eν̄e⟩

)1/2 (
1 − GMPNS

c2RPNS

)2

, (20)

where mn and ⟨Eν̄e⟩ denote the neutron mass and the mean energy of electron antineutrinos [32]. That is, the frequencies es-
sentially depend on MPNS/R2

PNS, which is completely different from the f -mode frequencies depending on (MPNS/R3
PNS)1/2

as shown above. Thus, carefully observing the frequencies of gravitational waves radiating from the PNSs in supernovae, one
might be possible to determine the mass and radius of PNSs via Eqs. (19) and (20). For example, one might observe the time
evolution of gravitational wave spectra from the PNS for Mpro = 15M⊙ and LS220, as shown in Fig. 11. We remark that, to
calculate the g-mode frequencies with Eq. (20), we adopt the ⟨Eν̄e⟩ distribution given by

⟨Eν̄e⟩ =

{
3t/400 + 13 (0 ≤ t ≤ 400 msec)
16 (400 msec ≤ t)

, (21)
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ccoommppaarriissoonn  wwiitthh  gg--mmooddeess  
•  aass  cchhaarraacctteerriissttiicc  GGWWss  ffrroomm  ccoorree--ccoollllaappssee  ssuuppeerrnnoovvaa,,  tthhee  eexxcciittaattiioonn  
ooff  gg--mmooddeess  aarroouunndd  PPNNSS  hhaass  bbeeeenn  rreeppoorrtteedd  ((MMuueellllaarr  eett  aall..  ((22001133));;  
CCeerrddaa--DDuurraann  eett  aall..  ((22001133))))  

–  dduuee  ttoo  tthhee  ccoonnvveeccttiioonn  aanndd  tthhee  ssttaannddiinngg    
aaccccrreettiioonn--sshhoocckk  iinnssttaabbiilliittyy..  
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FIG. 10: For the various progenitor models, the frequencies of f -, p1-, and p2-modes are shown as a function of the normalized average
density of PNSs, where the normalized average density is defined by (MPNS/1.4M⊙)1/2(RPNS/10km)−3/2. The thick solid line in each
panel corresponds to the universal relation shown as Eq. (19).

p1, and p2-modes for the various progenitor models are shown in Fig. 10, where the frequencies are calculated with the (Ye, s)
distributions inside the star as in Fig. 6. In this figure, LS220M11.2, LS220M15.0, LS220M27.0, and LS220M40.0 correspond
to the results obtained with the progenitor models with Mpro = 11.2M⊙, 15.0M⊙, 27.0M⊙, and 40.0M⊙ for LS220 EOS,
respectively, while ShenM15.0 is the results obtained with the progenitor model with Mpro = 15.0M⊙ for Shen EOS. From this
figure, one can observe that the frequencies of PNSs are almost on the same line as a function of the average density of PNS,
i.e., the frequencies are almost independent from the progenitor models. Thus, we can get an universal relation between the
frequencies from the PNSs and the average density of PNSs, such as

f (PNS)
i (Hz) ≈ c0

i + c1
i

(
MPNS

1.4M⊙

)1/2 (
RPNS

10 km

)−3/2

, (19)

where i denotes f , p1, and p2 for f -, p1, and p2-modes, and c0
i and c1

i are some constants irrespective of the progenitor models
of PNSs. The coefficients in this relation are shown in Table III and the universal relations obtained here are also plotted in Fig.
10 with thick solid line. Note that one can see the deviation of the frequencies from the relation [Eq. (19)] in the region of higher
average density. This may be an effect of the mass accretion from the outer region of PNS.

TABLE III: Coefficients in the universal relation shown as Eq. (19) for the various progenitor models of PNSs.

modes c0
i (Hz) c1

i (Hz)
f −29.48 3690

p1 343.9 5352

p2 640.8 7435

With respect to the characteristic gravitational waves radiating after bounce of core-collapse supernovae, the evidence of
signal due to the convection and the standing accretion-shock instability has also been reported [32, 33], which is associated
with the g-mode oscillations around (and above) the surface of PNSs. In fact, the frequencies can be well-expressed by using
the radius and mass of PNSs as

fg ≈ 1
2π

GMPNS

R2
PNS

(
1.1mn

⟨Eν̄e⟩

)1/2 (
1 − GMPNS

c2RPNS

)2

, (20)

where mn and ⟨Eν̄e⟩ denote the neutron mass and the mean energy of electron antineutrinos [32]. That is, the frequencies es-
sentially depend on MPNS/R2

PNS, which is completely different from the f -mode frequencies depending on (MPNS/R3
PNS)1/2

as shown above. Thus, carefully observing the frequencies of gravitational waves radiating from the PNSs in supernovae, one
might be possible to determine the mass and radius of PNSs via Eqs. (19) and (20). For example, one might observe the time
evolution of gravitational wave spectra from the PNS for Mpro = 15M⊙ and LS220, as shown in Fig. 11. We remark that, to
calculate the g-mode frequencies with Eq. (20), we adopt the ⟨Eν̄e⟩ distribution given by

⟨Eν̄e⟩ =

{
3t/400 + 13 (0 ≤ t ≤ 400 msec)
16 (400 msec ≤ t)

, (21)
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FIG. 10: For the various progenitor models, the frequencies of f -, p1-, and p2-modes are shown as a function of the normalized average
density of PNSs, where the normalized average density is defined by (MPNS/1.4M⊙)1/2(RPNS/10km)−3/2. The thick solid line in each
panel corresponds to the universal relation shown as Eq. (19).

p1, and p2-modes for the various progenitor models are shown in Fig. 10, where the frequencies are calculated with the (Ye, s)
distributions inside the star as in Fig. 6. In this figure, LS220M11.2, LS220M15.0, LS220M27.0, and LS220M40.0 correspond
to the results obtained with the progenitor models with Mpro = 11.2M⊙, 15.0M⊙, 27.0M⊙, and 40.0M⊙ for LS220 EOS,
respectively, while ShenM15.0 is the results obtained with the progenitor model with Mpro = 15.0M⊙ for Shen EOS. From this
figure, one can observe that the frequencies of PNSs are almost on the same line as a function of the average density of PNS,
i.e., the frequencies are almost independent from the progenitor models. Thus, we can get an universal relation between the
frequencies from the PNSs and the average density of PNSs, such as

f (PNS)
i (Hz) ≈ c0

i + c1
i

(
MPNS

1.4M⊙

)1/2 (
RPNS

10 km

)−3/2

, (19)

where i denotes f , p1, and p2 for f -, p1, and p2-modes, and c0
i and c1

i are some constants irrespective of the progenitor models
of PNSs. The coefficients in this relation are shown in Table III and the universal relations obtained here are also plotted in Fig.
10 with thick solid line. Note that one can see the deviation of the frequencies from the relation [Eq. (19)] in the region of higher
average density. This may be an effect of the mass accretion from the outer region of PNS.

TABLE III: Coefficients in the universal relation shown as Eq. (19) for the various progenitor models of PNSs.

modes c0
i (Hz) c1

i (Hz)
f −29.48 3690

p1 343.9 5352

p2 640.8 7435

With respect to the characteristic gravitational waves radiating after bounce of core-collapse supernovae, the evidence of
signal due to the convection and the standing accretion-shock instability has also been reported [32, 33], which is associated
with the g-mode oscillations around (and above) the surface of PNSs. In fact, the frequencies can be well-expressed by using
the radius and mass of PNSs as

fg ≈ 1
2π

GMPNS

R2
PNS

(
1.1mn

⟨Eν̄e⟩

)1/2 (
1 − GMPNS

c2RPNS

)2

, (20)

where mn and ⟨Eν̄e⟩ denote the neutron mass and the mean energy of electron antineutrinos [32]. That is, the frequencies es-
sentially depend on MPNS/R2

PNS, which is completely different from the f -mode frequencies depending on (MPNS/R3
PNS)1/2

as shown above. Thus, carefully observing the frequencies of gravitational waves radiating from the PNSs in supernovae, one
might be possible to determine the mass and radius of PNSs via Eqs. (19) and (20). For example, one might observe the time
evolution of gravitational wave spectra from the PNS for Mpro = 15M⊙ and LS220, as shown in Fig. 11. We remark that, to
calculate the g-mode frequencies with Eq. (20), we adopt the ⟨Eν̄e⟩ distribution given by

⟨Eν̄e⟩ =

{
3t/400 + 13 (0 ≤ t ≤ 400 msec)
16 (400 msec ≤ t)

, (21)
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Figure 1. Total energy loss rates (“luminosities‘’), Ltot (left column), and mean energies, ⟨E⟩ (right column), of the emitted neutrinos for models u8.1, z9.6, s11.2,
s15s7b2, s25, and s27 (from top to bottom). Black, red, and blue curves are used for electron neutrinos, electron antineutrinos, and µ/τ neutrinos, respectively.
Note that a different scale is used prior to a post-bounce time of 30 ms in order to fit the neutrino shock-breakout burst into the same plot as the signal from the
accretion phase: During the burst phase, the luminosities have been scaled down by a factor of 5, i.e. the reader should understand that the actual luminosity is
higher by that factor. A dashed vertical line marks the onset of the explosion (defined as the time when the average shock radius reaches 400 km) in exploding
models.
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Figure 1. Total energy loss rates (“luminosities‘’), Ltot (left column), and mean energies, ⟨E⟩ (right column), of the emitted neutrinos for models u8.1, z9.6, s11.2,
s15s7b2, s25, and s27 (from top to bottom). Black, red, and blue curves are used for electron neutrinos, electron antineutrinos, and µ/τ neutrinos, respectively.
Note that a different scale is used prior to a post-bounce time of 30 ms in order to fit the neutrino shock-breakout burst into the same plot as the signal from the
accretion phase: During the burst phase, the luminosities have been scaled down by a factor of 5, i.e. the reader should understand that the actual luminosity is
higher by that factor. A dashed vertical line marks the onset of the explosion (defined as the time when the average shock radius reaches 400 km) in exploding
models.
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FIG. 10: For the various progenitor models, the frequencies of f -, p1-, and p2-modes are shown as a function of the normalized average
density of PNSs, where the normalized average density is defined by (MPNS/1.4M⊙)1/2(RPNS/10km)−3/2. The thick solid line in each
panel corresponds to the universal relation shown as Eq. (19).

p1, and p2-modes for the various progenitor models are shown in Fig. 10, where the frequencies are calculated with the (Ye, s)
distributions inside the star as in Fig. 6. In this figure, LS220M11.2, LS220M15.0, LS220M27.0, and LS220M40.0 correspond
to the results obtained with the progenitor models with Mpro = 11.2M⊙, 15.0M⊙, 27.0M⊙, and 40.0M⊙ for LS220 EOS,
respectively, while ShenM15.0 is the results obtained with the progenitor model with Mpro = 15.0M⊙ for Shen EOS. From this
figure, one can observe that the frequencies of PNSs are almost on the same line as a function of the average density of PNS,
i.e., the frequencies are almost independent from the progenitor models. Thus, we can get an universal relation between the
frequencies from the PNSs and the average density of PNSs, such as

f (PNS)
i (Hz) ≈ c0

i + c1
i

(
MPNS

1.4M⊙

)1/2 (
RPNS

10 km

)−3/2

, (19)

where i denotes f , p1, and p2 for f -, p1, and p2-modes, and c0
i and c1

i are some constants irrespective of the progenitor models
of PNSs. The coefficients in this relation are shown in Table III and the universal relations obtained here are also plotted in Fig.
10 with thick solid line. Note that one can see the deviation of the frequencies from the relation [Eq. (19)] in the region of higher
average density. This may be an effect of the mass accretion from the outer region of PNS.

TABLE III: Coefficients in the universal relation shown as Eq. (19) for the various progenitor models of PNSs.

modes c0
i (Hz) c1

i (Hz)
f −29.48 3690

p1 343.9 5352

p2 640.8 7435

With respect to the characteristic gravitational waves radiating after bounce of core-collapse supernovae, the evidence of
signal due to the convection and the standing accretion-shock instability has also been reported [32, 33], which is associated
with the g-mode oscillations around (and above) the surface of PNSs. In fact, the frequencies can be well-expressed by using
the radius and mass of PNSs as

fg ≈ 1
2π

GMPNS

R2
PNS

(
1.1mn

⟨Eν̄e⟩

)1/2 (
1 − GMPNS

c2RPNS

)2

, (20)

where mn and ⟨Eν̄e⟩ denote the neutron mass and the mean energy of electron antineutrinos [32]. That is, the frequencies es-
sentially depend on MPNS/R2

PNS, which is completely different from the f -mode frequencies depending on (MPNS/R3
PNS)1/2

as shown above. Thus, carefully observing the frequencies of gravitational waves radiating from the PNSs in supernovae, one
might be possible to determine the mass and radius of PNSs via Eqs. (19) and (20). For example, one might observe the time
evolution of gravitational wave spectra from the PNS for Mpro = 15M⊙ and LS220, as shown in Fig. 11. We remark that, to
calculate the g-mode frequencies with Eq. (20), we adopt the ⟨Eν̄e⟩ distribution given by

⟨Eν̄e⟩ =

{
3t/400 + 13 (0 ≤ t ≤ 400 msec)
16 (400 msec ≤ t)

, (21)
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ccoommppaarriissoonn  wwiitthh  gg--mmooddeess  
•  ccaarreeffuull  oobbsseerrvviinngg  tthhee  ggrraavviittaattiioonnaall  wwaavvee  ssppeeccttrraa  aafftteerr  ccoorree--
ccoollllaappssee  ssuuppeerrnnoovvaa,,  oonnee  mmiigghhtt  sseeee  tthhee  ddiiffffeerreenntt  sseeqquueenncceess  iinn  
ssppeeccttrraa    

–  wwhhiicchh  tteellllss  uuss  tthhee  rraaddiiuuss  aanndd  mmaassss  ooff  PPNNSS  
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sshhoorrtt  ssuummmmaarryy  
•  WWee  eexxaammiinnee  tthhee  ffrreeqquueenncciieess  ooff  ggrraavviittaattiioonnaall  wwaavveess  rraaddiiaattiinngg  ffrroomm  
PPNNSS  aafftteerr  bboouunnccee..  

•  TThhee  PPNNSS  mmooddeellss  aarree  ccoonnssttrruucctteedd  iinn  ssuucchh  aa  wwaayy  tthhaatt  tthhee  mmaassss  aanndd  
rraaddiiuuss  oobbttaaiinneedd  ffrroomm  11DD  ssiimmuullaattiioonn  aarree  rreeccoonnssttrruucctteedd..  

–  ttwwoo  ddiiffffeerreenntt  pprrooffiilleess  ooff  YYee  aanndd  ss  aarree  ccoonnssiiddeerreedd  
•  ffrreeqquueenncciieess  ooff  ggrraavviittaattiioonnaall  wwaavveess  aarree  aallmmoosstt  iinnddeeppeennddeenntt  ffrroomm  
tthhee  pprrooffiilleess  ooff  YYee  aanndd  ss,,  bbuutt  sseennssiittiivvee  ttoo  tthhee  mmaassss  aanndd  rraaddiiuuss..  

–  cchhaarraacctteerriizzeedd  bbyy  aavveerraaggee  ddeennssiittyy  
–  ddiiffffeerreenntt  ffrroomm  tthhaatt  eexxppeecctteedd  ffoorr  ccoolldd  nneeuuttrroonn  ssttaarrss  

•  pprrooggeenniittoorr  ddeeppeennddeennccee  iiss  qquuiittee  wweeaakk..  
–  ffiinndd  aann  uunniivveerrssaall  rreellaattiioonn  ffoorr  ffrreeqquueenncciieess  ooff  ff--  aanndd  pp--mmooddeess  aass  aa  
ffuunnccttiioonn  ooff  aavveerraaggee  ddeennssiittyy  

–  ddiiffffeerreenntt  ddeeppeennddeennccee  ffoorr  gg--mmooddee  aarroouunndd  PPNNSS    
•  oonnee  mmiigghhtt  bbee  ppoossssiibbllee  ttoo  ddeetteerrmmiinnee  tthhee  mmaassss  aanndd  rraaddiiuuss  ooff  PPNNSS  
vviiaa  ccaarreeffuull  oobbsseerrvvaattiioonnss  ooff  ttiimmee  eevvoolluuttiioonn  ooff  ggrraavviittaattiioonnaall  wwaavvee  
ssppeeccttrraa..  
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ccoonncclluussiioonn  

•  NNSSss  ccaann  bbeeccoommee  aa  RRoosseettttaa  ssttoonnee  ttoo  uunnddeerrssttaanndd  tthhee  pphhyyssiiccss  uunnddeerr  
tthhee  eexxttrreemmee  ssttaatteess..    

•  AAsstteerroosseeiissmmoollooggyy  iiss  oonnee  ooff  tthhee  ppoowweerrffuull  ttoooollss  ffoorr  eexxttrraaccttiinngg  aann  
iinntteerriioorr  iinnffoorrmmaattiioonn..  

–  ccrruussttaall  ttoorrssiioonnaall  oosscciillllaattiioonnss  
–  GGWWss  ffrroomm  PPNNSS  
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TThhaannkk  yyoouu    
ffoorr  yyoouurr  aatttteennttiioonn!!  


