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Standard Model
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Wikimedia: Standard Model of Elementary Particles

Neutrinos in Standard 
Model:

• Three flavors

• No mass 

• No electric charge, 
interacting weakly



νe + n → p + e-   

WFO
T≈0.9MeV

T≈0.75MeV
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nucleosynthesis

2n + 2p → α   

4He(αn,γ)9Be   
4He(αα,γ)12C   

…

seeds (A = 50 ~100)

n’s + seed → heavy (A=100 ~ 200)
r-process

neutron
star

heating
region

νe + p ⇌ n + e+   
_νe + n ⇌ p + e-   

cooling
region

Neutrinos in Supernovae
• ~1053 ergs, 1058 

neutrinos in ~10 
seconds

• All neutrino species, 
10~30 MeV

• Dominate energetics  

• Influence 
nucleosynthesis

• Probe into SNe



Vacuum Oscillations

|⇥1⇥ = cos �v|⇥e⇥+ sin �v|⇥µ⇥ with mass m1

|⇥2⇥ = � sin �v|⇥e⇥+ cos �v|⇥µ⇥ with mass m2

neutrino mass eigenstates ≠ weak interaction states

vacuum mixing angle

neutrino survival probability
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Matter Effect
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Three Flavor Mixing
weak flavor states vacuum mass eigenstates
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Mass Hierarchy
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Density Matrix
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In Dense Medium

H =
M2

2E
+

p
2GF diag[ne, 0, 0] + H��

mass matrix

neutrino energy

electron density

ν-ν forward scattering
(self-coupling)
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p
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Oscillations in SN 
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Numerical Models

Coherent forward 
scattering outside neutrino 
sphere

⇢(t; r,⇥,�;E,#,')



Numerical Models

Stationary emission

⇢(r,⇥,�;E,#,')



Numerical Models

Axial symmetry around the 
Z axis

⇢(r,⇥;E,#,')



Numerical Models

Spherical symmetry about 
the center (inconsistent?)

⇢(r;E,#,')



Numerical Models

Azimuthal symmetry around 
any radial direction

⇢(r;E,#)

Bulb model



�m2 = 3� 10�3 eV2 ⇥ �m2
atm, ⇥v = 0.1, L� = 0



�m2 = �3⇥ 10�3 eV2 ' �m2
atm, ✓v = 0.1, L⌫ = 1051 erg/s
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Numerical Models

Trajectory independent 
neutrino flavor evolution

⇢(r;E)

Equivalent to the expansion 
of a homogeneous, isotropic gas

Single-angle model
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d

dt
~&!E" # ~&!E!" $ ~Heff (53a)

# ~&!E!" $ %!"V!E!" &!"HV '"!!!t"ŵ(; (53b)

where a vector with a tilde symbol is the same as that
without but viewed in the corotating frame. As !!t" de-
creases, ~Heff rotates from the direction of "!ŵ to that of
!"V!E!" &!"HV. If this process is slow enough, ~&!E!"
stays aligned or antialigned with ~Heff , depending on the
initial conditions, and will be either aligned or antialigned
with HV when ! approaches zero. We define

 $!E!" ) "!%"V!E!" &!(%&!E!" *!(t#0: (54)

One can check that ~&!E!", and therefore &!E!", will be
aligned with HV as t!1 if $> 0, and will be antia-
ligned with HV if$< 0. There can be a sharp transition in
the orientation of & at energy E! # EC, where "V!EC" #
!. The general features of this toy problem are shown in
Fig. 10.

This analysis applies to collective neutrino flavor trans-
formation in the hot bubble if (1) neutrinos and antineu-
trinos are in the collective mode even in the region where

A+ ", and (2) the frequency of rotating NFIS’s varies
significantly more slowly than the neutrino density n!. In
this case, !!t" corresponds to the rotating total NFIS,
which decays as the neutrino density goes down with
increasing radius. Because !e dominates in number over
other neutrinos and antineutrinos, the factor %&!E!" *!(t#0
in Eq. (54) is essentially the scalar product of the NFIS of
the neutrino in question and that of the total &!e , which is
positive for !e and negative for #!e. For the normal mass
hierarchy (#m2 > 0), one has !> 0 [note this behavior in
Fig. 8(a) and 8(b)]. Noticing that "! < 0 [Eq. (32)], one
finds that $ is always negative for & #!e!E #!e", which will be
antialigned with HV ’ êf

z in the end, as we have seen in
Fig. 9(b). One has$< 0 for &!e!E!e" if E!e < EC and$>
0 if E!e > EC, where

 EC #
!!!!!!!!
#m2

2!

!!!!!!!!: (55)

We see that &!ez is either approximately &1=2 or '1=2,
depending on whether E!e is less than or greater than EC.
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FIG. 9 (color online). Plots of &!ez!E!e " (left panels) and & #!ez!E #!e " (right panels) for both the normal (upper panels) and inverted
(lower panels) mass hierarchies at r # 400 km. The dashed and solid lines are for L! # 1051 and 5$ 1051 erg=s, respectively. These
are single-angle calculation results.
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Multiple Spectral Splits

Multiple Spectral Splits of Supernova Neutrinos
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Collective oscillations of supernova neutrinos swap the spectra f!e
ðEÞ and f !!e

ðEÞ with those of another

flavor in certain energy intervals bounded by sharp spectral splits. This phenomenon is far more general

than previously appreciated: typically one finds one or more swaps and accompanying splits in the ! and !!
channels for both inverted and normal neutrino mass hierarchies. Depending on an instability condition,

swaps develop around spectral crossings (energies where f!e
¼ f!x

, f !!e
¼ f !!x

as well as E ! 1 where

all fluxes vanish), and the widths of swaps are determined by the spectra and fluxes. Washout by

multiangle decoherence varies across the spectrum and splits can survive as sharp spectral features.

DOI: 10.1103/PhysRevLett.103.051105 PACS numbers: 97.60.Bw, 14.60.Pq

Introduction.—The neutrino flux from a core-collapse
supernova (SN) is a powerful probe of particle physics and
astrophysics [1]. SN neutrinos interact not only with the
stellar medium, producing the Mikheyev-Smirnov-
Wolfenstein flavor conversion, but also with other neutri-
nos and antineutrinos. The latter interactions modify the
flavor evolution in a nonlinear fashion and give rise to
collective forms of oscillation [2–7], a subject of intense
recent investigation [8–31].

The most important observational consequence of the
collective effects is an exchange of the !e ( !!e) spectrum
with the !x ( !!x) spectrum in certain energy intervals. We
call such a flavor exchange a ‘‘swap,’’ whereas ‘‘splits’’ are
sharp boundary features at the edges of each swap interval.
Spectral splits may become observable in the high-
statistics neutrino signal from the next galactic SN, leading
to valuable clues about the underlying physics [19,23,26].

The well-understood ‘‘classic swap’’ covers the entire !!
spectrum and that of ! above an energy fixed by the
approximate conservation of the !e deleptonization flux
[16–18]. In this Letter we show that spectral swaps and
concomitant splits are more ubiquitous than has been
appreciated in the past. One example is the puzzling low-
energy split in the !! spectrum that was noted for the
inverted neutrino mass hierarchy [20,21]. However, with
flavor spectra typical for SN neutrinos one should expect
multiple splits in either hierarchy.

We focus on neutrino-neutrino interactions alone and
study two-flavor oscillations driven by the atmospheric
mass difference and 1–3 mixing. As has been established
before [14], the usual matter effect in the region of col-
lective oscillations (up to a few 100 km) can be accounted
for by choosing a small (matter suppressed) effective mix-
ing angle which we take to be "eff ¼ 10$5. Mikheyev-
Smirnov-Wolfenstein conversions occur typically at larger
distances. Their effects then factorize and can be included
separately [24].

Spectral crossings and spectral swaps.—Consider first
the SN cooling phase where plausible choices are [32]
F!e

:F !!e
:F!x

¼ 0:85:0:75:1:00 for the neutrino fluxes,
!E!e

¼ 12, !E !!e
¼ 15, and !E!x ¼ !E !!x

¼ 18 MeV for the

average energies, and f!ðEÞ / E3e$4E= !E for the spectral
shape. Based on the single-angle approximation for neu-
trino propagation [11,14,20,28], Fig. 1 shows the flavor
spectra before and after collective oscillations. For the
inverted mass hierarchy (IH) we find a swap for both !
and !! and thus a total of four splits. For the normal
hierarchy (NH) the swaps extend to infinite E, providing
one split in the ! and !! spectrum each.
Flavor oscillations leave f!e

ðEÞ þ f!x
ðEÞ unchanged, so

"f!ðEÞ & f!e
ðEÞ $ f!x

ðEÞ contains all relevant informa-

Antineutrinos

IH

Neutrinos

IH

0 10 20 30 40
Energy [MeV]

NH

0 10 20 30 40 50
Energy [MeV]

NH

FIG. 1 (color online). SN neutrino spectra before (dashed
lines) and after (solid lines) collective oscillations, but before
possible Mikheyev-Smirnov-Wolfenstein conversions. The pan-
els are for ! and !!, each time for IH and NH. Light gray (red)
lines e flavor, dark gray (blue) x flavor. Shaded regions mark
swap intervals.

PRL 103, 051105 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending
31 JULY 2009

0031-9007=09=103(5)=051105(4) 051105-1 ! 2009 The American Physical Society
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Dimension matters
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Trajectory Dependence

⇢(r;E,#)⇢(r;E)



Directional Symmetry

• Monopole (l=0) and dipole (l=1) modes are 
unstable in opposite neutrino mass hierarchies. 

• Unstable dipole (l=1) modes break the 
directional symmetry.

H⌫⌫ =
p
2GF

Z
d3p0(1� v̂ · v̂0)(⇢p0 � ⇢̄p0)

(1� v̂ · v̂0) = 4⇡
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Y0,0(v̂)Y
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0,0(v̂

0)� 1

3

X

m=0,±1
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#

Duan (2013)



Inverted Hierarchy
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Normal Hierarchy
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8

FIG. 5: Case A. MZA and MAA flavor evolution for ν’s (left panel) and ν̄’s (right panel) in NH (upper panels) and IH (lower
panels). Energy spectra initially for νe (black dashed curves) and νx (light dashed curves) and after collective oscillations for
νe (black continuous curves) and νx (light continuous curves).

versions start they do not have enough time to grow.
Indeed, we have seen with the stability analysis that the
MAA instability is more suppressed with respect to the
bimodal one. Indeed P̄ϕ remains identically null. In con-
clusion in this case, the flavor evolution is governed by
the only bimodal and MZA instabilities.

The evolution of the gω is shown in Fig. 8 with the
same format of Fig. 4. We realize that in the SZA case
the MAA effects would produce flavor decoherence with
a swap function s(ω) tending to zero. This is consistent
with what found in [34] for the case of small flavor asym-
metry. Conversely in the MZA case, since MAA effects
are suppressed one recovers the splitting configurations
already found in the axial symmetric case [22, 26].

The oscillated spectra for e and x flavor are shown in
Fig. 9. These are very similar to what shown in [22, 26]
to which we address the reader for a detailed discussion.
Here we only remark that MZA effects produce a smear-
ing of the splitting features with respect to what found
in the SZA case.

IV. CONCLUSIONS

It has been recently pointed out that removing the ax-
ial symmetry in the SN self-induced neutrino flavor evo-
lution, MAA effects can trigger new flavor conversions.
In this paper we have investigated the dependence of the
MAA effects on the initial supernova neutrino fluxes. We
performed a stability analysis of the linearized equations
of motion to classify the cases unstable under the MAA
effects. Then, we looked for a local solution along a
given line of sight, working under the assumption that the
transverse variations of global solution are small. If one
considers neutrino fluxes typical of the accretion phase,
with a pronounced νe excess, de facto behaving like spec-
tra with a single crossing, the MAA effects produce an
instability in NH. In our simplified scheme for the flavor
evolution, this seems to produce spectral swaps and splits
very similar to what produced by the bimodal instability
in IH, as expected from the recent analysis of [32].
Another interesting spectral class is the one with neu-

Chakraborty, 
Mirizzi (2013)

Breaking
Axial Symmetry 
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FIG. 1: Growth rate  for blackbody-like zenith distribution,
single energy ±!0, and ✏ = 1/2. Black line: All cases for
�̄ = � + ✏µ = 0 (no matter e↵ect). Other lines: Indicated
unstable cases for �̄ = 300 |!0|.

much larger interaction strength (↵
MAA

⇠ 6 |q
MAA

|).
Schematic SN example.—During the SN accretion

phase, the matter e↵ect can be so large as to suppress
collective flavor conversions [18, 35, 36]. In Fig. 2 we
juxtapose the instability regions for the IH bimodal and
the new NH MAA instabilities for a simplified SN model.
We use single energy and blackbody-like emission at the
neutrino sphere, ignoring the halo flux [34]. We choose
physical parameters R, µ(R), and ✏ that mimic the more
realistic 15M� accretion-phase model used in our previ-
ous study [18, 34]. We show the region where r > 1,
i.e., where the growth rate is deemed “dangerous.” We
also show �(r), where the shock wave is seen at 70 km.

The matter profile never intersects the bimodal in-
stability region, i.e., this instability is suppressed every-
where in this specific SN example. On the other hand,
�(r) intersects the MAA instability region just outside
the shock wave. This simplified case illustrates that the
MAA instability can arise in SN models where the bi-
modal instability is suppressed. It also shows that the
“danger spots” are in very di↵erent places, although it
remains to be seen if this finding is generic.

Conclusions.—All previous studies of self-induced neu-
trino conversion in SNe or the early universe were based
on the false premise that solutions of the equations of mo-
tion would inherit the symmetries of the initial or bound-
ary conditions. We have shown that azimuth-angle insta-
bilities are a generic phenomenon of collective neutrino
oscillations. Every single case in the previous literature
with enforced axial symmetry may have missed the dom-
inant e↵ect.

We have linearized the equations of motion around the
initial state of neutrinos in flavor eigenstates. The sys-
tem then shows either the bimodal or the MAA insta-
bility, but not both. (For more complicated spectra that
would lead to multiple spectral splits [14], the bimodal in-
stability occurs for positive spectral crossings, the MAA

NH

IH
ne m

N = Ye r = 10 9g cm -3
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FIG. 2: Region where r > 1 for IH (blue) and NH (red),
depending on radius r and multi-angle matter potential � for
our simplified SN model. Thick black line: SN density pro-
file. Thin dashed lines: Contours of constant electron density,
where Ye is the electron abundance per baryon. (The IH case
corresponds to Fig. 4 of Ref. [18], except for the simplified
spectrum used here.)

instability for negative ones.) However, evolved bimodal
solutions, where the o↵ diagonal % entries are not small,
may still become '-unstable, and the other way round.
Both instabilities can be suppressed by matter, but

the required density is larger for MAA. Therefore, it is
not necessarily clear if collective flavor conversions are
generically suppressed during the SN accretion phase, an
important question for possible neutrino mass hierarchy
determination [5]. For those cases where suppression is
not e↵ective, dedicated numerical studies are needed.
More fundamentally, one also needs to question the va-

lidity of other common symmetry assumptions. For ex-
ample, we have assumed a stationary solution inherited
from stationary neutrino emission. Doubts may be mo-
tivated, in particular, by the role of the small backward
flux caused by residual neutrino scattering that causes
significant refraction [33, 34]. Even without worrying
about the backward flux, it has never been proven that a
stationary boundary condition implies a stationary solu-
tion for a dense interacting neutrino stream. In the early
universe, homogeneous initial conditions need not guar-
antee homogeneous solutions. It remains to be seen if
the interacting neutrino system can spontaneously break
translation symmetry in space or time.
Note added.–Motivated by the preprint version of our

paper, a numerical study has appeared that confirms the

∝ L/r4
∝

 ρ
/r2

Raffelt+ (2013)
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• x translation symmetry 

• left-right symmetry
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Figure 1. Footprint of the MAA instability region in the parameter space of e↵ective neutrino density
µ =

p
2G

F

n⌫e(R/r)2, where R is the neutrino-sphere radius, and matter density � =
p
2G

F

ne(R/r)2

for the schematic SN model described in the text. Because µ / r

�4, the horizontal axis is equivalent
to the distance from the SN as indicated on the lower horizontal axis. We also show a representative
schematic SN density profile where the sharp density drop marks the shock wave. We also show
the instability footprint explicitly for co-moving wave numbers k = 102 and k = 103 in units of the
vacuum oscillation frequency. Notice that for the same value of k there are two separate instability
strips. The collection of all small-scale instabilities fill the gray-shaded region below the traditional
k = 0 (blue shaded) instability region, whereas they leave the space above untouched.

is encountered by the physical SN density profile, these instabilities will span a range of scales
and create complicated flavor conversion patterns.

The rest of our paper is devoted to substantiating this main point and to explain our
exact assumptions. We stress that our simplifications may be too restrictive to provide a
reliable proxy for a realistic SN. In particular, we assume stationary neutrino emission and
that the solution is stationary as well, i.e., we assume that the evolution can be expressed
as a function of distance from the surface alone. We also ignore the “halo flux” caused by
residual scattering which can be a strong e↵ect. Our study would not be applicable at all
in regions of strong scattering, i.e., below the neutrino sphere. We assume that the original
neutrino flux is homogeneous and isotropic in the transverse directions, i.e., global spherical
symmetry of emission at the neutrino sphere. It has not yet been studied if this particular
assumption has any strong impact on the stability question, i.e., if violations of such an
ideal initial state substantially change the instability footprint, or if such disturbances would
simply provide seeds for instabilities to grow. It is impossible to understand and study all
e↵ects at once, so here we only attempt to get a grasp of the di↵erential impact of including
spatial inhomogeneities in the form of self-induced small-scale flavor instabilities. All the
other questions must be left for future studies.
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Fast Neutrino Oscillations
• Usually flavor instabilities grow 

at rates comparable to 
vacuum oscillation frequency. 

• Fast oscillations grow at rates 
comparable to (GF nν). 

• Fast oscillations can occur 
because of different angular 
distributions of νe and anti-νe. 

• Can fast oscillations occur 
within the proto-neutron star?

νe sphere

νe sphere
_

Sawyer (2015) 
Chakraborty+ (2016)



Summary
• Neutrinos are important in SNe (dynamics, 

nucleosynthesis, new probe). 

• Neutrino oscillations are also important because they 
change fluxes in different flavors. 

• The dense neutrino medium surrounding the nascent 
neutron star can oscillate collectively (Lecture 1). 

• Neutrino oscillations can be qualitatively different in 
different models.



Summary
• Assumptions of the bulb model: 

• Axial symmetry (in momentum space). 

• Spherical symmetry (in real space). 

• Stationary assumption (time translation 
symmetry). 

• Same neutrino sphere (or angular distribution) 
for all flavors.



Summary
• Recent progress (Lecture 2): 

• Axial symmetry (in momentum space) -> oscillations in 
both neutrino mass hierarchies. 

• Spherical symmetry (in real space) -> relief in self-
suppression. 

• Stationary assumption (time translation symmetry) -> 
relief in matter suppression. 

• Same neutrino sphere (or angular distribution) for all 
flavors -> fast oscillations.


