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I: Bosons with spin on 1D lattice   (Mott) 
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6 Li   (fermion) 
  two different hyperfine states 
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one Boson, one orbital per site (well) Bosons:   

     virtual states with two particles per site 
 
              on-site energy spin dependent 
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Spin-2 
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Spin-2 

Hint
ij  =  0 J (Si·Sj)  +  K (Si·Sj)
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Hint
ij  =  0 J1 (Si·Sj)  + ….+  J4 (Si·Sj)
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U2 > U0 > 0 

U0 > U2 > 0 

Hint
ij  =  0 J (Si·Sj)  +  K (Si·Sj)
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two spins prefers singlet 
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Ground state for three-spins 
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Spin-2 

Mean-field:   

(0,0,1) 

(0,1,0) 

(1,0,0) 
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x0 + x2 + x4 =1 x0,2,4 ³ 0
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split by fluctuations 
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Ciobanu, Yip and Ho, 2000 

“cylic”, “tetragonal” 
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Affleck 1990 SO(5) 
 Tu et al 2008 

(DMRG) 
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(DMRG) 

Ground state of three spins  

  = unique singlet 
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1D   (DMRG, finite N) 



period three critical (DMRG) 



(0,1,0) 

Period three-critical 



Claim: CFT = SU(3)1 WZW Model  

• Ground state (for L=3M) 
– S=0 

• Soft mode at  
– S=0 
– S=1 
– S=2 

• Spin wave excitation  
– S=1 
– S=2 

• Central charge and scaling dimension: 
–  c = 2 
–  x = 2/3 



Hint
ij  =   J (Si·Sj)  +  K (Si·Sj)
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J=K,  SU(3) Spin-1 



Excitation spectrum Spin-2 



Finite-Size Scaling of 
Ground and Excited States Energies 

(v from excitation at 2/L) 

ground state 

3/2k



 SU(3)1 WZW Model 

𝑐 ≈ 2.11 

𝑥 ≈ 0.628 



SU(3) Symmetry Ferromagnetic 

Dimerized 

Critical 
Period 
Three 

Haldane 

SU(3)1 WZW Model 

Emergent SU(3) Symmetry 

Critical period-three  

S=2, boson sector 
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Summary: 

 

  Spinor Bosons in optical lattice 

 

              realize spin Hamiltionians usually not available in electronic systems 

 

Spin 1 

 

    Mean-field:   ferro,  nematic/quadrupolar 

 

    1D:                ferro,  dimer 

 

Spin 2: 

 

     Mean-field:   ferro,   nematic/quadrupolar,      cyclic/tetragonal 

 

      1D:               ferro,          dimer,               trimer (period-three critical) 

field theory ? 

(c.f.  spin-1   Itoi + Kato) 





Spin incoherent Luttinger liquid 

 

1D  Strongly interacting bose gas   

            no lattice or incommensurate 

 

Strongly repulsive   weak exchange 

   (infinite repulsion, no exchange) 

 

All spin configurations degenerate 

 

Short range order  (rather than quasi-long range for spinless) 

 



M tot  = 0 

Spin 1 

Spinless, or M tot = N 
ground state  manifold 

M tot  = 0 M tot = N 

Broader momentum distribution but smaller 1/p4  tail 





(0,1,0) 

Ground state of three spins  

  = unique singlet 
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period three critical (DMRG) 

gap, order parameter 

     0 as N 0 



Influence of a nearby symmetric phase 

• strong finite-size/truncation effects 

• low energy states at k=0 


