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Exotic ordered phases, emergent (lIsing) orders

composite order parameter,
bilinear in spins

Annals of the Israel Physical Society,

vol.2, p. 565 (1978)

LE JOURNAL DE PHYSIQUI ToME 38, AVRIL 1977, PAGE 385 CHIRAL ORDi_".R IN HELIMAGNETS

So

Classification
Physics Abstracts S
7.480 — 8.514 1
J. Villain

DRF/DN, C.E.N.-G., 38041 Grenoble Cedex - France

A MAGNETIC ANALOGUE OF STEREOISOMERISM :
APPLICATION TO HELIMAGNETISM IN TWO DIMENSIONS

J. VILLAIN
Laboratoire de Diffraction Neutronique, Département de Recherche Fondamentale, ABSTRACT
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Brief history
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Nature of the Phase Transition of the Two-Dimensional
Antiferromagnetic Plane Rotator Model
on the Triangular Lattice

Seiji Mi1YAsHITA and Hiroyuki SHIBAT

@) (b) T1sing = 0.913J > Tkt = 0.502J

Fig. 1. Two degenerate ground states, +120° and
—120° structures, are shown in (2) and (b). + and
— denote the sign of chirality of the elementary
triangle. In the definition of the chirality in (9)
spins are numbered counterclockwise as shown here.
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Spin and Chiral Orderings of the Antiferromagnetic XY Model
on the Triangular Lattice and Their Critical Properties
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Emergent Ising order parameters (finite T)
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Chiral spin liquid in two-dimensional XY helimagnets
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Vector spin chiral phase
IS present,
but the temperature interval
s tiny.

Can be enhanced by
DM interaction + phonons,
Onoda, Nagaosa PRL 2007
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Low-Temperature Broken-Symmetry Phases of Spiral Antiferromagnets
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FIG. 2. The two different minimum energy configurations with
magnetic wave vectors Q = (Q, Q) and Q0* = (Q, —Q) with
Q = 2/3, corresponding to J3/J; = 0.5.
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Two-Step Restoration of SU(2) Symmetry in a Frustrated Ring-Exchange Magnet
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(Received 23 December 2004; published 22 September 2005)

We demonstrate the existence of a spin-nematic, moment-free phase in a quantum four-spin ring-
exchange model on the square lattice. This unusual quantum state is created by the interplay of frustration
and quantum fluctuations that lead to a partial restoration of SU(2) symmetry when going from a four-
sublattice orthogonal biaxial Néel order to this exotic uniaxial magnet. A further increase of frustration
drives a transition to a fully gapped SU(2) symmetric valence bond crystal.



Vector chirality in 1d (T=0)

Chiral, nematic, and dimer states in quantum spin chains
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Today: Search for vector chirality without magnetic order in
quantum 2d models

N

ST T

“h. You can' help that, Said the cat.
WERE all mad hegg.”

Cheshire Cat’s smile



Outline

Vector chirality

1/3 magnetization plateau and its instabilities:
spin-current phase

Minimal s=1 XXZ model of spin-current phase

Conclusions



Phase diagram of the Heisenberg (XXX) model in the field
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Phase Transition of the Heisenberg Antiferromagnet
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Quantum fluctuations, S >> 1, T=o0.

J’ = J: Quantum fluctuations select co-planar and collinear phases

J. Phys.: Condens. Matter 3 (1991) 69-82. Printed in the UK
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UUD plateau is due to interactions between spin waves : |
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Quantum theory of an antiferromagnet on a triangular g !
lattice in a magnetic field I . . '
AV Chubukov and D I Golosov : E ':
Institute for Physical Problems, USSR Academy of Sciences, 117334 ul. Kosygina 2, - " ;

Moscow, USSR Hy H, Heas

Magnehc field

Received 9 February 1990 - ‘ .
i Figure 3. The anticipated bchaviour of longi-

o ' . tudinal magnetization in 2D Heisenbcrg AFMon a
Abstract. Th? reorientation process in a magnetic field in two-dlmensmn_al |sotrog|candXY triangular lattice. The plateau on the magnet-
quantum Heisenberg antiferromagnets is shown to occur through the intermediate phase o .9 TR
with unbroken continuous symmetry and constant magnetization equal to one third of the ization curve results from the stabilization of the

saturation value. The same reorientation process is also found in the more complicated collinear phasc in the finite region of magnelic
lassical models. ’ .
classical models ficlds due 10 2¢ro-point motion,
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Figure 1. Reorientation process in the magnetic
ficld in 2D Heisenberg amv on a triangular lattice.
/ Zero-point fluctuations stabilize the collinear
phase in the Anite region H, <H < H, in the
He¢H, /3 Hopy/3eHeH g vicinity of H.,,/3.
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Spatially anisotropic model
Need to understand end-points
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FIG. 4. (Color online) Phase diagram of the spin-1/2 anisotropic
triangular lattice in magnetic field. Y and V regions denote three-
sublattice planar states. The dashed line is the classical saturation
field. The gray shading denotes regions where phases other than the
canted helical states may be expected.
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Semiclassical theory of the magnetization process of the triangular lattice Heisenberg model

Tommaso Coletta,! Tamés A. Téth,2 Karlo Penc,** and Frédéric Mila’
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FIG. 3. Plots of the classical magnetization (gray solid line) and
of the magnetization including corrections to first order in 1/S for
S =1/2 (blue curve). The 1/S§ corrections to the magnetization
are computed in two equivalent ways: either as the derivative of
the energy with respect to the magnetic field (blue curve) or by
direct calculation taking into account the renormalization of the spin
orientations (crosses). The overall 1/S magnetization curve obtained
from our phenomenological approach is shown in red.



Spatially anisotropic model: classical vs guantum

J
H = zJijsi-sj —hESj

‘ Magnetic field '
g W ;; | | | Umbrella state:
= OO

|—|_> favored classically;

energy gain (J-J)%/]

Planar states: favored by
quantum fluctuations;

h .
° 1/3-plateau s energy gain J/S
The competition 1s controlled by o)
dimensionless parameter 0=S(J—J)°)J

Alicea, Chubukov, OS PRL 2009



Emergent Ising order near the end-point of the 1/3
magnetization plateau
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OAS, Reports on Progress in Physics 78, 052502 (2015),
OAS, Wen Jin, Chubukov, Phys. Rev. Lett. 113, 087204 (2014)



UUD-to-cone phase transition

Zs — U(1) X Zs or Z3 — smth else - U(1) X Z57
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Low-energy excitation spectra
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Low-energy excitation spectra
near the plateau’s end-point
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Interaction between low-energy magnons

gi)dz Z ®(p,q ( 1,k +pdT,—ko—pd1»—ko+qd2,ko— d]; k —i—pdT,—kO—de{,—kO—l—qd;,ko—q) + h.c.
B(p.q (—3J)k2 ol ol gl
P Tpllal 1,p¥2,q Lp ™~ 2,q

singular magnon interaction

magnon pair \Ijl,p — dl,ko+pd2,—ko—p

operators L
P Vo p = di,—kotpd2,ko—p

Obey canonical Bose commutation relations in the UUD ground state
[\Ijl pr ¥2 q] = 01 251) q (1 T dl ko —I—pdl ko+p T d2 k +pd2,ko+p) — 51,25p,q

In the UUD ground state <did1>uud — {d;dﬁuud =0

% Interacting magnon Hamiltonian in terms of d;» bosons =
non-interacting Hamiltonian in terms of W, magnon pairs

Chubukov, OS PRL 2013



Two-magnon instability

Magnon pairs qj1,2 condense single magnons d1,2
. . L 6Jf2
Equations of motion for ¥ - Hamiltonian (¥] - ¥y, Z FAUS  — o)
6J 2
<\Ij£ \Ij2 p f Z f — \Ijl,q>
"Superconducting’ solution with B N 2
imaginary order parameter (W1p) = (W2p) ~ 1 p2
Instability = softening of two- 1l Z ko
magnon mode @ Oc = 4 - O(1/S2) S N \/|p|2 (1—06/4)k2
no single particle condensate (d1) = (d2) =0

Chubukov, OS PRL 2013



Spin-current nematic state near the end-point of the 1/3
magnetization plateau (large-S analysis)
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no transverse magnetic order <anB ,y> =2\ <Sr S, > is not affected

Finite vector chirality

(5S4 xSc)=(2-SoxSg)=(5-SpxSs) x T

Spontaneously broken Z. -- spatial inversion [in addition to broken Zj
inherited from the UUD state]

Chubukov, OS PRL 2013



Spin current visualization
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phase shifted by 2m1/3:
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S4 = (cos|wt],sinfwt], M4),Sp = (cos|wt £ %],sin[wt + %],MB), Sc = (cos|wt + %],sin[wt + %],MC)

Then no dipolar transverse order:

(S¢7Y) =0 and (Sa-Sc)=(Sc-Sp)=(Sp-Sa)= COS[%T]

But finite chirality, determined by the sign of 211/3 shift between the sublattices:
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End-point of the plateau on kagome lattice

Semiclassical analysis of a magnetization plateau in a 2D frustrated ferrimagnet

Edward Parker*]

Department of Physics, Universily of Cealifornia, Santa Barbara, CA 93106

Leon Balents

PRB 2017

Kavli Institute for Theoretical Physics, University of California, Santa Barbara, CA 93106

Kagome geometry

V‘V

X 3

FIG. 1. Proposed Hamiltonian for volborthite. The blue dots
represent spin-1/2 copper ions and the line segments represent
Heisenberg couplings. J; < 0 is ferromagnetic while J, > 0
and J' > 0 are antiferromagnetic. The distances between
adjacent unit cells is slightly anisotropic, with a = 5.84 A
and a’ = 6.07 A [10]. Capital letters label the sublattices.

—

—J/

(Dated: November 9, 2016)

uuD
1/3 plateau

FIG. 6. Schematic quantum phase diagram at J' = 0.5|J1].
The UUD state breaks no symmetries, the gapped chiral lig-
uid (CL) phase only breaks chiral symmetry, and the gapless
cone state breaks both chiral and a U(1) symmetry combin-
ing translation and spin rotation. The thick solid lines and
dashed lines represent first- and second-order transitions re-
spectively. We did not investigate the nature of the transition
between the chiral liquid and cone phases represented by the
red line. In a 3D phase diagram like that of Fig.[4] that in-
cludes the applied field, the chiral liquid phase would appear
as a thin tube around the stabilization curve where the two
sheets meet.

T

FIG. 7. Spin-current configuration in the chiral liquid phase.
The magenta arrows indicating the direction of spin current
flow; in the orthogonal ground state the flow is reversed. The
spin current on the diagonal bonds, represented by thicker
arrows, is larger by a factor of V2 and determines the net
current flow. The ground state is chiral and spontaneously
breaks the lattice symmetry of reflection about the dotted
line.
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The minimal 2d quantum spin model

e Spin-1 model with featureless Mott ground state at large D > 0[S = 0]
. Triangular lattice: two-fold degenerate spectrum, at +Q and -Q

H= J(S7S% +S¥SY, + ASZS%) + DY (57)?

(r,77)




The minimal 2d quantum spin model

* Spin-1 model with featureless Mott ground state at large D > 0[S% = 0]
. Triangular lattice: two-fold degenerate spectrum, at +Q and -Q

H=" J(5S% + S¥SY, + ASZS%) + DY (S7)2
(o) "

1. Toy problem of two-spin exciton. Derive Schrodinger egn for the pair wave function ()

CX> Z L”n m |TL m> where |Tl m - 54 Sm H]lo)] > Bg = A'IZA’IQS"B[;'
n#Em '
+ charge, — charge
2 where
gi cia (g —g)

6-‘:3-; """ i} —_Z

fUL]  cos| ]cos[qj] E

Solution which is odd under inversion
11s the first instability when approaching from large-D limit.
Indicates chiral Mott phase.

0 : : _ - [Single-particle condensation occurs at D=3J.]
3 3.2 34 3.6 3.8 B

D]




Schwinger boson representation of S=1

z __ Zyh  — mf T
Sz =bl8*b, = bLb., — bl b,
Sy =bl8¥b, = V2(bLibeg + blobry);
Sy =blS87b, = V2(b] byo + blobry)-

Large-D limit: bo is condensed, (bro) = 5 , byt | are excitations about the vacuum.

st — Z(,UI + Szﬁk)b;rco,bko_ + N(/L — D)(82 —_ 1) bko- = UV + /kayT_kaa

k,o
n Z s?ep (bT AN h.c.)
LTy Vkeloke TGS u = (p+ wr)/ (2/EK)
vk = (b — wk)/ (2y/pwe)
This accounts for quantum fluctuations wie = v/ 12 + 2us2ep.

_ 5 + I, u b) 107 |

Haw=N(s = D)6~ D+ 3 ol o + 5) — Ll

ko 1072 |

~ f
. . . ~ =3 B A S
Magnon interaction comes from Ising part of the exchange & | | |
10-4 | wg % 0.705(D - D)
4) Z | | |
T,V (D-D¢)/J

CZJZ/J



Interaction between magnons

4 1 o
H% ) = N Z Vq22 (klak2)’7]11+qT7]];2_q¢’7k2¢7k1T

ki,k2,q Number conserving
1 99 ' 2->2
N § : V kl y k2)7k -|—qo-’7k2 qo"ykz U’Yklo'
klakZaQa

1

+ N [Vflgl(kla k2)7111+q07’“1"7k2“7_k2+q5

k1,k2,q,0 Non-conserving
40 3->1,1->3
T Vq (K1, B2)Y—k1— gtV —ko+al Vol Yert T h.C.] 4->0,0->4



Total spin Sz=0,
Odd under Q -> - Q,
Odd under T > l

Chiral order parameter

3
1 - [ ]
=N Y 2D (Sr X Srie,) Vector chirality
rcv 71=1
1 3
J— . + —
F o 2L 2 e eSS q-space
_3v3us® Y
T T Nug (VLor16s — 1917l qy +he)

Low-energy approximation

oL(k) = 7Q-ktVG+ky

Pr(k) = V01K 7@Ky Boson pair operators
3
R=— {“8 (6 + dr — 6 — 61)

Or = 2wq-k(Pr(k) — ¢L(K)) Convenient parameterization



Integral equation for pair vertices

_ ~k
0-k 0+p $ 0-p
¢L(k) = +
Q+k Q-p 5:; Q+p
_ ~k
Q+p g Q-p
22 04 " "
o %
lz Fk,p 917_4Fk,p0p — _0, -
N ZWQ—p g-p 0+k Q+p
p
0+k Q+p g+k O-p
Shaded rectangles denote  ¢g(k) - +
fully dressed )
Irreducible interactions between Q-k Q-p Q’_ . Q+p
Low-energy magnons
_ 0+k
Q+p > Q-p
+ +
O-p > Q+p




First orderin J, = (J

ST : o 9 (wg—p +wo—k)?
Interaction is given by bare vertices  Fp% = —4Fp ~ ——Jz( Q-p T Q-t) '
P P 4 W W
Q-pWQ—k

J 1
Obtain for the 2-magnon instability 1= aﬁ Z :
p YQ-p

No weak-coupling instability !
Interaction vertices are of order 1 (in units of J; ) and are not singular :-(

Ak, ky = Uk, Uk, — Vigy Vky = Wk, F Wk,
1 2 1 2 1 2 )
21 /W, Wi
o ki2 near Q)
Bloy oy = Uke, Uy — Vkoy Uty = k2
1,/2 — 1 2 1 2 2\/m'
LW  SW SW LW LW  SW SW LW
Need to renormalize it!;><j>< >®<
W  SW SW LW LW SW SW LW

LW = Long wavelength, SW = short wavelength



To find the dressed interaction, we have to go
to the 2nd order in J; ...

Kohn-Luttinger like mechanism but for bosons

(a) Q+p Q+k

@ 5, 0k
5.00
0- O+k

(e) 0+p
0.98

+k:

Q-

(©) 0+ iy
5.00
0- O0+k

22

(b) Q+p

() 0+p
0.98

+k:

O-k

(a) 2P O+k

Q+p Q-k

(C) Q_p Q+k

Q-k Q0+p
Q+p Q-k

FO4
(b) 2-P 0+k
Q+p Q-k
d 2-p Q+k
Q-k Q+p
Q+p Q-k




The result

Pair vertex is real, renormalized interaction is singular

. 2J3
R0 = R, = —
WQ-pWQ-k
1 al?J?
) bp = Ok — 2.49
2 D Q :
N - wQ_pr_k

1 1 1 1 1
D S D
p p Q



More checks: Bethe-Salpeter equation
(low-density approximation)

kit

.
>

ko |

Only normal
(2 -> 2) vertices

ki+q?t kit ki+qt ki1 ki+4q' 1 ki+q? kit ~ki—¢ 1 ki+q?
> ——T > 1> > 1>
I I I
o 1 / 1 ! / 1 4/
q = Aq + q ﬁ Aq q + q ﬁ Aq q
1 1 1
1 1 1
1 1 1
ky—ql kol  ko—ql kol  ko—qd 1l ko—ql kel —kot+qdl ko—ql
~ki—q1 kit ~ki1—q? kit ki+4q' 1 ~ki—q?1 kit ~ki—¢1t —ki—q?
< ——T—— > >—T— > <«
: / : / !/ : /
o 1 g _ g —
q = A(l + q ﬁ A(1 q q ﬁ Aq q
1 1 1
1 1 1
1 1 1
~kytql kol —ktal  kl  k-dl -ktql kil  -kt+tdl -ktql
3
(@) Ising (b) ISing/
\ \
2 SS_—- - SS -1
1 oxy o . o Full problem
O | | | |
2.5 3 3.5 2.5 3 3.5
D D
10 E 3 T E i
- (©) - (d)
! P ~820yD=Dp _ oof| F S """""""""""""
20 S (b ~430VD-D,
T e
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DMRG on 6x6 triangular lattice

(b) £ =1.0
G
O
Gap crossing:
VC order via Ising transition
before
U(1) order via XY transition
1

Two-magnongap A, — Efs*lz):o _ Eg?zo = cy(D — D),
Ay =ES_ | —ES_, = cs(D — D)™,
VIsing — 063, UXy =— 067

Single magnon gap



Summary

<Sr> # 0 <Sr> =0 <Sr> =0
(Sr X Srie,) #0 (Sr X Srie,) #0 (Sr X Srie,) =0

QCQ QCQ Wel; W
CQCU

N v« vy 8 vy "Q +Q
L xy Y sz' CL Zz><. PM Zg/)
0 9e gg g

CM = Chiral Mott = Chiral Liquid = CL

i R
2T CM Chiral spin liquid

AN appears naturally
1 b XY PM in the vicinity of magnetic

quantum critical point!
Broken inversion, 1 1 1 ,
. .. 0O
Spontaneous vector chirality, 26 28 3 3.2

Gapped single particle excitations.



Conclusions

Paramagnet XY ordered

Mott -> superfluid transition on a frustrated lattice
requires U(1) x Z2 breaking.

This proceeds via intermediate spin-current
(chiral Mott) phase (breaking Z2only).

(War) ~ et 2 o(k)Sy Sy 0)

Spontaneously breaks spatial inversion.
o(k) = —¢(-k)

But preserves time-reversal u € R

All single particle excitations are gapped.

Thank you!



Summary
<Sr> =0
(Sr X Srye,) # 0
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(1) v U(1) v
= | XY Zip X CL Zo ¥ o PM Zo v >
0 g g

Chiral liquid can be detected via inverse Dzyaloshinskii-Moriya effect:
Leads to charge d.ensity wave czf O2 anions
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