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DMRG method (1) 
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

System Environment added sites 

Superblock 
• DMRG algorithm 

1. Calculate the ground state of 
superblock 

 
2. Make the reduced density 
matrix 

 
3. Diagonalize the density matrix 
using Lanczos et al.  

 
4. Keep only m basis states to 
describe the system 
 
5. Go back to 1 until the system 
size reaches to N m states m states 2 2 

states 
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DMRG method (2) 
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• DMRG algorithm 

1. Calculate the ground state of 
superblock 

 
2. Make the reduced density 
matrix 

 
3. Diagonalize the density matrix 
using Lanczos et al.  

 
4. Keep only m basis states to 
describe the system 
 
5. Go back to 1 until the 
convergence is achieved 

DMRG procedure is suitable for 1D systems 

System 

Environment added sites 

Superblock 
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DMRG in 2-D 
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Introducing long-range 
interactions to an 1D 
system. 

periodic boundary conditions 

system environment 
x 

y 

added site 

: 1D system 

: long-range  
  interactions 

DMRG 

DMRG method can be applied to 2-D systems 
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DMRG in 2-D  
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added sites (described by complete basis set) 

• Sweeping process 

＝ ：triangular lattice 

However, 2D DMRG method requires large m calculation. 
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Why we need large m for 2-D ?  
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 1D system (Hubbard model) 

 2D system (triangular Hubbard model) 
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密度行列繰り込み群法の大規模並列化 
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• Parallelization of matrix・vector product in the ground state 
calculation of the superblock 
 
 
 
 

 
• real-space parallelization for finite algorithm of DMRG  

system environment 

superblock 
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Ground state calculation 
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MPI communications 
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• matrix・matrix product (matrix・vector product) 

all to all communication  → separated communication 
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Performance 
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K computer  
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Real-space parallelization 
E. M. Stoudenmire & S. R. White, 
PRB 87, 155137 (2013) 

Many “warms” of a couple of added 
sites optimize simultaneously the  
separate parts of the system. 

added 
sites 

Sweep 
direction 

direction of sweep 

update update the information of operators 
by MPI communications. 
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Skipping target state calculation 
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

System Environment added site 
Super block 

• DMRG algorithm 

Most of elapsed time is for the ground 
state calculation for the superblock 

Skipping the ground state calculation in the finite 
algorithm to expand the system size 

1. Calculate the ground state of 
superblock 

 
2. Make the reduced density 
matrix 

 
3. Diagonalize the density matrix 
using Lanczos et al.  

 
4. Keep only m basis states to 
describe the sysem 
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energy convergence 
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• triangular Hubbard model (3 x 8) 

non-skipping 

skipping 

Both procedures get 
same value. 
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Performance 
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K computer, 3×8 triangular Hubbard model  
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Performance 
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K computer, 3×8 triangular Hubbard model  

5 10 15 20
0

500

1000

1500

 

 

F
L

O
P

S
/P

E
A

K
 (

%
)

region number

5 10 15 20
0

10

20

30

40

50

 

 
el

ap
ls

ed
 t

im
e 

(s
ec

.)

region number

All most perfect road balance 



RIKEN ADVANCED INSTITUTE FOR COMPUTATIONAL SCIENCE 

量子化学計算への応用 

Hamiltonian: 
qsrp

srqp

qpqp

qp

ccccrspqcchH †††  
,,,

,

,

)|(
2

1

NTchem DMRG 
(Yunoki team) 

parameters of Hamiltonian 

energy, density matrix ・・・ (Nakajima team) 

s 1s s* 1s s 2s s* 2s s 2px p 2py p 2pz p* 2py p* 2pz s* 2px 

 EH 
parameters 



s 1s s* 1s s 2s s* 2s s 2px p 2py p 2pz p* 2py p* 2pz s* 2px 

s 1s s* 1s p* 2pz s* 2px 

s 1s s* 1s s 2s p* 2py p* 2pz s* 2px 

s 1s s* 1s s 2s s* 2s p 2pz p* 2py p* 2pz s* 2px 

added sites 1. DMRG infinite algorithm 

2. DMRG finite algorithm 

sweeping 

system block 
(# of basis         ) 

emvironment block 
m



Problem 

qsrp cccc ††
？（memory or HDD usage） 

ＤＭＲＧ steps: 

1. calculating target state 
2. making reduced density matrix 
3. diagonalization of reduced density matrix 
4. transformation operators  

We need to preserve all of operators during DMRG calculation. 

qpcc†For example,  

qp cc and†We cannot treat independently in DMRG method. 

qpcc†（DRMG method cannot guarantee  the accuracy              .） 

How to preserve 



Preservation of transformation matrix 

In the case of preserving operators, 

In the case of preserving transformation matrix, 

(transformation matrix: eigenstates of reduced density matrix) 

(memory usage) ∝(# of sites)5 

added sites 

(memory usage) ∝(# of sites) 

qsrp cccc ††
# of indexes (                     ) + # of DMRG steps  
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テスト計算(水分子) 
H2O Ground energy(a.u.) 

Exact diagonalization               -85.047924 

DMRG(m=10) -85.0470785 

DMRG(m=30) -85.0479241 

DMRG(m=50) -85.0479241 

DMRG(m=100) -85.0479241 
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直交多項式展開法によるＤＭＲＧ 

二次元強相関系に対する動的ＤＭＲＧ、有限温度ＤＭＲＧ、時間依存ＤＭＲＧ 

• 動的密度行列繰り込み群法 

Multi target procedure 

ˆ( : arbitrary operator)A

Arbitrary dynamical correlation function at zero temperature, 

00ˆ 0H

In low-dimensional systems,  

Dynamical DMRG method 

Target states 

  0ˆ
ˆ

1ˆ0Im
2

1

0

A
iH

A
N s

A
p






0ˆ
ˆ

1
,0ˆ,0

0

A
iH

A
 








 
0

1 )()()()(
l

lll xxwxwxx 

Kernel Polynomial Method (KPM) 

)()(2)(
~

p lll PiQiP Legendre ： 

 


b

a
ll x

ix

xw
dxi )(

)(
)(~ 




)ˆ()(~
ˆ

1
)( 1

0

Hiw
iH

iG lll

l




 


 






)ˆ()}()(2{
ˆ

1 1

0

HPiPQw
iH

llll

l
















Kernel function 
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Ex.： Simple cubic lattice dynamics（193atoms） 
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Regulated Polynomial Expansion (RPE) 
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•Regulation ≡ Smearing an oscillating function by Gaussian distribution 

Regulated function 
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•220 eigenvalues 

•height ∝degeneracy 

Convergence result（N=5×105, 193atoms ） 

Accuracy comparable to  

diagonalization  

              (up to six digits) 
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Example 1. Eigenvalue spectrum of simple cubic lattice dynamics 



nearest eigenvector picked up! 

Eigenvector calculation 
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例：動的スピン‐スピン相関関数 

正方格子ハバード模型 
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有限温度ＤＭＲＧ 

ˆ 22
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Kernel polynomial method 
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時間依存ＤＭＲＧ 

34 

Two-dimensional density matrix renormalization group method 
 
 
 

Adaptive time-dependent density matrix renormalization  
group method 

 
 
 

Kernel polynomial method   

+ 

+ 

2D time dependent DMRG 
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Kernel polynomial method 
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3-term recursive formula 

• Calculation of target states 
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Demonstration 

36 
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triangular lattice 

• 6x12 Heisenberg model (cylinder boundary condition) 
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Summary 

• 密度行列繰り込み群法の二次元系への適用には
巨大な計算資源を必要とする。 

 

• 密度行列繰り込み群法の大規模計算として、実空
間並列化等の並列計算手法とメモリ使用量の削減
について紹介した。 

 

• 密度行列繰り込み群法の二次元系への応用の今
後の発展として、動的、有限温度、時間依存密度
行列繰り込み群法の応用について紹介した。 


