Computer simulations create the future
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DMRG method (1)

Superblock

« DMRG algorithm

added s|tes Environment

| |
i CQQC :
. - D superblock
| I | I
: ‘ ‘:‘ ‘:‘ ‘ ' 2. Make the reduced density
:' """"""""""""""" D matrix

' QQQCCQQQ:

1. Calculate the ground state of

- SRR D 3. Diagonalize the density matrix
| .
] using Lanczos et al.
,QQQCQQOQOOD
P
| : 1 : 4. Keep only m basis states to
| P : describe the system
| J \ J :
Il i 9. Go back to 1 until the system
m states 2 9 m states size reaches to N 3

states .
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DMRG method (2)

Superblock
_________________________ « DMRG algorithm

added S|tes Environment l

‘ ‘ ‘ ' . ‘ ‘ ‘ ‘ ‘ 1. Calculate the ground state of

-------------------------------- superblock

—————

2. Make the reduced density

00000000005 matrh

————— 3. Diagonalize the density matrix
‘ ‘ ‘ ‘I_.___‘_ ‘ ‘ ‘ ‘ using Lanczos et al.
: ‘ ‘ ‘ ‘ ‘r_‘_ _’_ ' ‘ ' 4. Keep only m basis states to
1

N - - - - —— - - - :) describe the system
¢ |
|
|

9. Go back to 1 until the
convergence is achieved




DMRG in 2-D

o DMRG method can be applied to 2-D systems

PR PR S PR PR S PR PR S

DMRG

- 1D system

—— : long—range
interactions

Introducing long—range
interactions to an 1D
system.

added site . p .
environment rt
® 3
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DMRG in 2-D

e Sweeping process

@ = ||/ 1/ :triangular lattice

added sites (described by complete basis set)

However, 2D DMRG method requires large m calculation. p é
S
® 3
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Why we need large m for 2-D ?

» 1D system (Hubbard model)

L 4
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e Parallelization of matrix*vector product in the ground state

calculation of the superblock

‘\IJSB Z w ‘Z(sys) (env)>

superblock

X

\

Fgd

""’i’

system

environment

* real-space parallelization for finite algorithm of DMRG
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Ground state calculation

* matrix*vector product

H- V—= H,S'_\'.S' . V,s’.rs ’ H i ’ H(‘lda’ : V(J(]d

env env

V' (vector) ™ Vsys’ Ve Vadd (matrix)

added sites + environment block - ‘ ‘ -

system added environment

(Vl,l e Vo A P
g matrix *vector product
Vsys = %
3 $
Kvam,l Vam,am/ matrix *matrix product

R%.
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MPI communications

* matrix"matrix product (matrix=vector product)

row direction (all reduce) vector direction (all gatherv)
7\ N
( H Y A
1 21 31 11 21 31 41
column o| [Hoo ||| F 32 _)ﬁ Vi, szh V32 Vi
direction N N
(bcast) i3] || H 2 33 D Vis | Vs V Vas | |Vas
i [\Fod [ \Hgy| \Hi DWWV Voo Vi Vi
N\ \\4

all to all communication — separated communication

communication as local as possible 10

R%.
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Performance

— —¢,
K computer
60 | I I I ] ]
Heisenberg model
. N=32, m=500
N
~ 40
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1-D  1-D honeycomb square triangle J1-J2
(MV) (MM)

11

R%.

RIKEN ADVANCED INSTITUTE FOR COMPUTATIONAL SCIENCE RIKEN  « computer



Real—-space parallelization

| E. M. Stoudenmire & S. R. White,
Sweep PRB 87, 155137 (2013)
direction
Many “warms” of a couple of added
acilded < sites optimize simultaneously the
sites

separate parts of the system.

r— ———

S — —  <tff—
direction of sweep '
— . — —— . | ——
update the information of operators update
by MPI communications. ‘
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Skipping target state calculation

Most of elapsed time is for the ground

state calculation for the superblock

Skipping the ground state calculation in the finite

algorithm to expand the system size

Super block ,
el ettt « DMRG algorithm
added site gpyironmeht S

, ‘:‘ ‘.‘ , 1. Calculate the ground state of

T . L e D superblock

2. Make the reduced density
matrix

using Lanczos et al.

4. Keep only m basis statesto  *°

|
1
__________I::;'::I __________ describe the sysem .
o J°

)
|
|
o D 3. Diagonalize the density matrix
.D
1
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energy convergence

* triangular Hubbard model (3 x 8)

ground state energy

50

N
o

w
o

N
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[HEN
o
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|
skipping
n
" Both procedures get
o same value.
non—skipping
A /

-

A A A
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number of sweeping
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Performance

— d
K computer, 3 X 8 triangular Hubbard model
~ 3000 ‘ ‘ ‘
S 2500 . E

elapsed time
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Performance

K computer, 3 X 8 triangular Hubbard model
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< 40
! I e [
< 30
L
a2
2 10
O
B ‘ |
- 10 15 20
—~ 1500 | region number
o
f,,i g - -
® 1000
E III
D 500
(7]
=
(1}
T 0
10 15
region number T
All most perfect road balance p Z
® 3

RIKEN ADVANCED INSTITUTE FOR COMPUTATIONAL SCIENCE RIMEN i comporter



B LRt DL
Q © Q 000006 O

o*1s o*2s  oO2p, m2p, 7m2p, 7*2p, 7W*2p, O*2p,

Hamiltonian:| H :Z hp,q Zcq +E Z(pq | rs)|: C C.Cyq
P9

x 2 R4S

parameters H ‘W> _ E‘l//>

parameters of Hamiltonian

NTchem DMRG

(Yunoki team)

(Nakajima team) energy, density matrix == *

R
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1. DMRG infinite algorithm

system block
(# of basis<m)

emvironment block

ols o*1s T* 2p, O*2p,

o <D ® @

w*2p, 7*2p, O*2p,

@ <[1> ® 00

o*2s 7 2p, 7z*2p T*2p, O*2p,
O'prl 7 2p,

2. DMRG finite algorithm

< >
sweeping




Problem

TAT
How to preserve C,C. C.C. 2 (memory or HDD usage)

DMRG steps:

1. calculating target state

2. making reduced density matrix

3. diagonalization of reduced density matrix
4. transformation operators

‘ We need to preserve all of operators during DMRG calculation.

For example, CTC

We cannot treat C and c qindependently in DMRG method.
(DRMG method cannot guarantee the accuracy C C )



Preservation of transformation matrix

(transformation matrix: eigenstates of reduced density matrix)

In the case of preserving operators,

(memory usage) o< (# of sites)’

# of indexes (C:;C;rCSCq ) + # of DMRG steps

In the case of preserving transformation matrix,

(memory usage) o< (# of sites)

added sites

< >




TR0k T)
o T

Exact diagonalization -85.047924
DMRG(m=10) -85.0470785
DMRG(m=30) -85.0479241
DMRG(m=50) -85.0479241
DMRG(m=100) -85.0479241
* mdependence * sweep dependence
-84.6 T T -85.0470
) HO m=30 | " H,0
~ 84rr . -85.0472 |
\é -84.8 |- g -85.0474
§ -84.9 - g -85.0476 |
> -85.0 | : 5 -85.0478 |
-85.1 e — -85.0480 L———— PR
1 2 3 4 5 0 20 40 60 80 100
number of sweeping DMRG truncation number m

R%.
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Arbitrary dynamical correlation function at zero temperature,

1 1

S — NOY (A arbi
)(A() 2N H o—H +¢,—iy H (AAarbltraryoperator)
H|0)=£,|0)

In low-dimensional systemes,

Dynamical DMRG method

Target states
. 1 .

‘0>, A‘O>’ O> Multi target procedure

w—-H+e,—iy

R%.
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Kernel Polynomial Method (KPM)

S(X' = X) =W)X W () ()

N T
G(a)_|7/)=a)_|:|_i7/—gol W o (o—1y)p (H)
7 (o—iy)= [ dx—2) g (x)
2 w—X—Iiy
egendre - R (w+iy) =2Q (@) Fir R (w)
= = -3 w{2Q (@) +iR (@)}R(H)

C{)—H—lj/ =0



Kernel function
D(w)= Z 5(w—¢,) (DOS)

‘ -6 (w—¢,) = ZW{lP(a))P(g )
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Ex.: Simple cubic lattice dynamics (193atoms)

I
Im
|
1 NM"[ m m u Jh ”WW



Regulated Polynomial Expansion (RPE)

eRegulation = Smearing an oscillating function by Gaussian distribution

Regulated function

—




Smoothing Kernel polynomial

S (@—£,) =S W'B ()R (s,)

l Regulation

_______________________

L

1 5 i
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Regulated Polynomial Expansion (RPE) of Green function

G(2) =Y w'R(@)(R(H)) [ et p o)dx
1=0

Coalitional 3-term recursive formula

(RuF)), =2 AR - (RL() + T

o 141

<p|f+1(|3|)> =(2n +1)<P, (I:|)>0 +<P|'_1(|‘A|)>G

___________________________________________________________________________________________________________

|3|+1(|:|) HP(H) |3|_1(|:|) | simultaneous recursive
1+1 -1 » equations of Legendre

R (H)=(@+DR(H)+PR(H) | polynomial

For an arbitrary vector] ¢ ), <R(H)> &) can be calculated recursively!

CPU time practically unchanged!



Example 1. Eigenvalue spectrum of simple cubic lattice dynamics
- Convergence result(N=5 X 10°, 19%atoms )

40 —— . —
| (up 1o six digits)

220 eigenvalues

*height ocdegeneracy

diagonalization

0 III 5 10
- Comparison to bulk spectrum with a larger matrix (1512 atoms) 1

]|| : Accuracy comparable to

— RPE
— Exact

-0.05




Eigenvector calculation

Arbitrary vector g — Zﬂ Cﬂ gﬂ (Hgﬂ :Eﬂgﬂ)

(Su(e —H)) =D WP, ()P, (H)),

&

Serving as a filter,
nearest eigenvector picked up!
|

(6u(s —H)) =" (6:(¢ —2,)) CE,
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6x6 hole-doped Hubbard cylinder
2 U/t=8, t'/t=-0.3
Tperiodic g S g———y;
10l g=(n/7,w/3)
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AIREEDMRG

- —

& > = i e M2 E) =" e/l%g |n)| : Target state
n=1 n

N
|§> = Z a. |n> : Arbitrary vector H n) =&, ‘ n)
n=1 I
a, = <n|§> : coefficient
In the case of al2 = a22 = 6132 == aN2 =1
the linear product of‘ 5 > gives
< 5‘ 3 >: Ze_ﬂgn =Z(B) : Partition function
n
Q-3
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Kernel polynomial method

——J

i e‘/’gn/zan ‘n> (definition)
n=1

e N
_dé e Y 5(e'-¢,)a,|n)

oo ) Aln =gl 18
| dé e " 125(e'-H)|€&)

N

2, &)

n=1

1 Se2 1 L . R > Kernel polynomial method
[ de e lim > w R ()R (H,)|¢)

Pl(g) Legendre polynomial, I-AIs = (I:I —b)/d (d, b: rescaling parametar)

‘ & > oC Il_i_r)DoZL:V\ﬁlh (_'8/2)<P'(I:IS)>J| §> <~ Recursive calculation
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R EFEDMRG
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Two-dimensional density matrix renormalization group method

+

Adaptive time-dependent density matrix renormalization
group method

+

Kernel polynomial method

» 2D time dependent DMRG
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Kernel polynomial method

e Calculation of target states

—IHAT
e

t)= [dwe ™" 5(w—H)|t)

] . N
= |dwe™™ lim2>. W.'P,(@)P,(H)|[t)

N —o n=0

=lim>. (-)"2n+1)j,(A7)P,(H)|t)

N—ow n=0

Pn (X) : Legendre polynomial, )5 (X) : spherical Bessel function

\/

3-term recursive formula
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Demonstration
B _J

Initial state : ground state of square lattice

@

triangular lattice

* 6x12 Heisenberg model (cylinder boundary condition)
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Summary

——J

- Qﬁﬂ faﬁbx&ﬁﬁ&@;fkn;ﬁ ~ODEHIT!
7SR e L B S B

o BEELTRIRRDIAATEED K BRRGEH R T, %L
FEﬁ]]ﬁﬁ'Jﬂﬁ%@]fﬁun1‘%$/£}:)‘%')4ifﬁil.@ﬁ“{ﬂz
ZODWTHIr LTz,

o BEELTHIFRIAABEED _IRICRANDILHDS
f’éOD% BELT, 8y, BRRIBEE, RefRFEE
FIREDIAAREE DI HIZOWTHE T Lz,

33
RIKEN ADVANCED INSTITUTE FOR COMPUTATIONAL SCIENCE RIKEN  « computer



