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One-dimensional lattice model describing fractional
quantum Hall states and matrix-product state
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Fractional quantum Hall effect

v. Klitzing, Dorda, and Pepper, Phys. Rev. Lett. 45, 494 (1980)
Willett, Eisenstein, Stomer, Tsui, Gossard, English, Phys. Rev. Lett. 59, 1776 (1987)
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Drude theory:
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Resistivity — pze = W/I
Hall resistivity Py = Vi /I

" *p,y Shows plateax when v Is an

Integer or a rational number.
*py Vanishes at plateax of p,,

Integer QHE (v=1,2,3,...)
Anderson localization

82

Fractional QHE (v=1/3,1/5,...)
Electron-electron correlation

von Klitzing constant:

h
— = 25812.807449(86)) o5
e



Recent topics on FQHE

e Suspended graphene « Rotating bosons

in or valley

Du, et. al, nature 462, 192 (2009) FQHE

Bolotin, et. al, nature 462, 196 (2009)

Sinova, Hanna, and MacDonald, PRL 90, 120401 (2003)

-

 Flat band Chern insulator « Topological quantum
Kagtgane lattice fermions (n n. hoppmg + s-0 interaction) Computation

LN

Nayak, et. al, Rev. Mod. Phys. 80, 1083 (2008)

Tang, Mei, and Wen, PRL 106, 236802 (2011)
Neupert, Santos, Chamon, and Mudry, PRL 106, 236804 (2011)

Sun, Gu, Katsura, and Das Sarma, PRL 106, 236803 (2011)

k FQHE at B=0 r

=
-




Laughlin wave function

N

H(Zz — zj)%e

@'<j (antisymmetric) ( odd
Filling factor: v =1/q

qg —

v

[ 1
B p= 11 ¥, |? = exp 2quog|z@-—zj|—§Z|z@-|2
. 2ml? g ( - i< i=1
[}
Partition function of — ol PE |3
y 2D plasma on disk 2= Z exp | 4 Qe Lt 2| Ae Z |2l )]
zeQ - <9 1—1

Finite energy gap: —
Excitation with fractional charge:

T + 1y
[

h
eB

l =

Laughlin, PRL 50,1395 (1983)

interaction potential

Incompressible liquid

e* =e/q

Laughlin wave function well describes v=1/q FQH states

but is given in a first-quantized form, so that it is inconvenient to calculate physical quantities.

Pseudo potential
VTK 'r‘ — ’I‘

Z C V2A52

2_Q
B

Laughlin w.f. is the
exact ground state.

Vik |¥y) =0

Trugman and Kivelson, PRB 31, 5280 (1985)

—r')
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Note:

pseudopotential g—1
Vik(r —r') = Z V362 (r —r')
A=0

arbitral functions

Vi(ry—mra) /

, , , [ O .
<1[r) = fdjzlfdzz;g.../d"ZN‘I'*(Zl,Zg,“' ,Zp.,r)—f (;—]i) 07 (21 —:;-_;)'I’(ZhZQ,"' :ZN)

-

172>
(integration by parts) = /d? /dzzm( 1) I’* 0_ (21,22, ,2N) >0
Laughlin w.f.
12
\Ifq: II (Z’L_Z‘]) 422—1|ZZ| — A<q

1<J
(Justrow factor remains and gives 0)
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1D “lattice” model for FQH system

* Wave function on Torus (Landau gauge)

,,,,,
-~ o

i 2me —(y—k2E2)2/2 @ . ® &l kK
fu(r) ~ T remWTHED 2 L@ ITTTIp, 4

=4/ —
eB
Location of guiding center = momentum of x-direction X

e Second guantization

N, ~, . ¢electrostatic hopping
. P\t _ o
H = Z Z VimCiymSirkCivmnCi| = [Z Vi,0ninitr + Z VimCitmCivkCivmakCi
i=1 k>|m| i=1 (ﬁ k>|m|>1
0 ™~
No kinetic energy! _ LiLy |Q(P) oo le-0--0---1--)
° T 2ni2 — h ~ d
M k+1 k+m+1
]
omentum N, v" Center of mass denotes momentum along x-direction.
. AT oen N v" g-fold topological degeneracy for v=1/q.
trans. op. Cionky o [ 2T \ q polog g y q
a _ LI (I\\V > km) ’ v 2D wave numbers even in a 1D lattice system.
[Tl T ] = 0 J & 4 S
- \\f‘:-l-——’/ i+m i+ k

Tg . Ci?quszs

= Ha” CO”dUCthlty Given by Chern number :

Tao and Haldane, PRB 33, 3844 (1986)

. 9 1 '
o=t [aaj=PE i (wlv.i
o h 4n2q¢? |. q h

2 i+ k+m
Momentum conservation e 10
for x-direction



Note:

shift operation for g sites

2 2
T3 exp (IF Zjnj) T, ¢ = exp (1E Z jnjq)

J=1

- [Tl,Tzq] — O

P cf. extension of Lieb-Schultz-Mattis theorem : Oshikawa, Yamanaka, and Affleck, PRL 78, 1984 (1997)



Deformation of torus
2m2m?2 X — Ly Bergholtz and Karlhede, PRL 94, 026802 (2005)
e L—z V ‘\/ Seidel, Fu, Lee, Leinaas, and Moore, PRL 95, 266405 (2005)
Vim~e "1 Vi -/
/\/\ (v L,~L, realistic b
y L . ]
4 i s LM 2 Long-range interactions

[ vV L <L, \

Thin, but finite torus

ﬂ L;~0 thin-torus
(Tao-Thouless, TT) limit

H=> Vio -

Only static terms remain ‘ | , ,

CDW states with an energy gap -

v=1/3>]+010 010 > Short-range

v = 1/2 - |01 0101 > Interactions .

3 ~\ CDW state + perturbation/ 307
3sf
No level-crossing occurs in FQH states. w40 /’i ]
Rezayi and Haldane, Phys. Rev. B50, 17199 (1994) .. .____?j;f’ v ?E 1_3
= 03
* Truncated model is justified for thin torus. sl ke,



Deformation of torus

Lg/’ﬂ'

Bergholtz and Karlhede, PRL 94, 026802 (2005); JSM L04001 (2006)

MN, Wang and Bergholtz, JPCS 302, 012020 (2011)

e v=1/2 (non FQHE)

3.0
35t
w 40|

45|

sol

Ly < Lo Ly =L
N, =
(0,5) (5.0) (2,5) (2.0)
Ny = 20
5.94 R64 10.72 Ly
0,0) (6,3) (0,0) (1,4) (4.5)
=% so1 g0 iier
(0,6) (6.6) (1,2) (0,6) (6.6)
N, — 24

B

b.24

8.58 9.6711.47

L

LiL-

2l

o Gapful-gapless transition
occurs at L;=5.2

e Many level-crossings occur

and “Fermi surface” is
deformed

* No phase transition occurs
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Exactly solvable model at v=1/3 ..

MN, Wang, and Bergholtz, Phys. Rev. Lett. 109, 016401 (2012) H= ) Vkach el xc ,+m+kc\
e Truncated model including up to third nearest intera€tion:
k—|—m<3 Vgl—\/Vngo, V20>0 O:,B’YER -~
H = Z o ﬂkﬂk—i-l + 5 nkﬂkz+2 + ’Y ?’lknk+3 @’}’(CkCHgCHngH ‘*"H = )]
k N v g i
Vio Vao Vo V21
electrostatic hopping nNn
e Factorization: |---100147) + 0110
H = Z[QLQk + Pyzpk] spectpum is positive semi-definite
k
Qr = QCry1Cr+2 + YCrCr3, Pr = Berey (H) 20

___________
- ~

2 |1001) — v |0110)

h -
—————————————

(W1y3) = H(a 'Y(Ck+1c};+2ck+sck\” 001 0100 )
k

Trial wave function (3-fold degenera

- _—

Qk|‘1’1/3>:PIc|‘I’1/3>:03 Vk (H):O
e Uniqueness of ground state: Perron-Frobenious theorem



Few Remarks

« Condition of parameters are satisfied for TK potential in the
L,—o0 limit.

V212 = VioVao, Vag >0 “ Vier, X (kQ - m2) e_(kz—l—m?)Qw?/Lf

- o~
w

Vor o< 3X°, Vig oc A, Voo ox 4A*, Vg ox 9N?

 Structure of the ground-state w.f. is very similar to BCS w.f.

T1/5) = [[ (@ = 7T) [To) pos) = [ [ (ur + vkalyal ) [0)
k k
Qr [Y1/3) = Py [¥1/3) =0 ak |¥ecs) = Br |¥Bcs) =0
A = UGt _rvkaf—ki,
e Spirit of the model is similar to AKLT model.  #-* = stk + vhaiy
N Affleck, Kennedy, Lieb, and Tasaki, PRL 59, 799 (1987)

Hakir =Y [Si- S +5(Si-Sin)] (5=1) —©--0—

=il



Extension to v=1/5 Laughlin state

Vkm

. . H= Viem CitmC t+k z+m+kc‘
Hamiltonian H = Hoaq + Heven k+m<s EEH. 2

Hodd = Z (QIQi "‘Q?Q;) Qi = Q1CiCiys + Q2Ci+1Cita + Q3C+2Ci43
Ve + Vo + Vio + Vag + Var + Vao Q; = Q| CiCiy5 + AsCit1Cita + A3Ci42Ci43
Heven = Z(P:Pi + P/'P)) P; = Biciciya + Baciyicivs
. > = ficiCita + Pcitici
Vo + Voo + Vs BiciCiva + PoCit1Ciy3
ion T e N~
Wave function /‘\a].p_ooom + 5 |010010> + 53001100}
r = B M ——
¥y /5) = Z sjU | ‘.1000010000100001 )
~ |lD1 5) ~ o
kUl =1, U2 — CZ+1CI+4 Civs C/.o, ) . = CL—Q CL_;; Cits Ci) 3 subspaces and 2 equations
o oy s1=1 /
B Y O P
We need extra degrees of freedoms for v=1/5 state.
°17



Exactly solvable model for v=1/q

Hamiltonian
(g—1)/2 terms
r——< % ~
prmse o fop (Nt AN L pVE p(Y)
IH% =l Z E[Q@ Q"+ B
\\{\.:1’/ i
(g—1)/2 B (g—3)/2
QY = > afﬁ?lciﬂciﬂ—jv P = > 5}?16e’+j0i+q—j—1-
=0 j=0
Wave function
(a=1)/2 4 a4
W) =]] > si+1Us-s@)]--10---010---0--)
) 3=0 N
%9,
Condition (orthogonality of vectors)
g.s:a(3).8:...:a(q).§:0 agﬂq))ﬁlgq)’gkeR

(g—1)/2

We need (g-1)/2 terms and (g+1)/2 subspace.



||—-

Summary of exactly solvable model

Structure of the exactly solvable model reflects those of
Laughlin wave function and pseudo potential.

o D u 7Y W S 3 A P
,'(q 1)/2, Vo= }iz% Zj) %

(Mt ~H(A) (M1 p(A) _ 1<J PEN
4 2 Do+ RVEY] 4

\,\1/?,

Wave function is given by CDW + squeezing term
(g—1)/2 : :

|lI’1/q H Z 33+1Uq Jj 106i06>

7 N

v,
Parameters of the model coincide with the matrlx elements of
pseudo potential.
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Matrix Product Method

Fannes, Nachtergale, and Werner, (1989);
Klumper, Schadschneider, and Zittartz, (1992)

e S=1 representation for v=1/3:
|010) — |o), |001) — |+),]100) — |—)

n N n n
1010 010 010} 1001 100 010) 1010 001 100)
O O O -+ — o) 0 e -
e Matrix product state for v=1/3 Ty s5) = N V240 [g1gs - g
g9i = [ 0); 1) ] glf”%?‘%';Jr'ﬂir"—'")'%'ﬂ"'#'—'i‘- j00-) + ¢+ — +)
R e T
t=-n/e [ 5=m spin representation:\
e Matrix product state for v=1/(2m+1) | o%0%9=Im
[ o), +1);  [+2); o |+m); ] 1001000+ -0) = |1)
s1|—1), 0 0 0 |0---00100- - -0) — |o)
P So |_2)i 0 0 0 |0---00010---0) — |+1)
| 9 |;m)¢ 0 0 0 ] . l%qf?;l’):_wm) Y
Matrix-product representation for GS is obtained
° e21

c.f. M. P. Zaletel and R. S. K. Mong, Phys. Rev. B 86, 245305 (2012)



Note: Construction of MP states

o v=1/3: Input-Output relation
|010) — |o),]001) — |+),]100) — |-)

n N
1010 010 010) 1001 100 010) 1010 001 1()0)
0 0 0 -+ — 0 0 | —
output
tl=) o) [|+)
t]—) 0 o) |+)
input o) | 0 o) |+) t= /e
|+) t|-y 0 0
e Reduction from 3x3 to 2x2 output
t|=)+lo) [+)
_ t|=)+ o)y | [o) |+)
ey +) [t|—> 0 ]



Density functions and Correlation lengths

Density Function

1 1 1
=-{1- , (ns;) =
3 (1- o) G =3

(Ngit1)

1.0

08 r

0.6 r

<nj>

04

02 r

0.0

CDW order:

Seidel and Lee, PRL 97, 056804 (2006) S'tel\\ \\

|‘1’1/3)—H(a ~Uy) |100100100...)

Charge den3|ty shows a tendency
to become uniform (like a liquid).

Density Function
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Edge state of FQH system

e Chiral Tomonaga-Lgttinger liquid (FQH system)

“u

Conformal tower

“Topological state”

Angular momentum kr

e Tomonaga-Luttinger liquid (1D fermlonsj

Left |

n N n mover,
900000060

|
|
|
|
|
—kF kp k

. How are these edge states characterized in our 1D model? ,,,



Entanglement Spectrum
T1pg) = 3 e PP @ ¥7)

Schmidt decomposition z
Edge state

A | B = B
I ~
cut : H E
Reduced density matrix
_ ~ _ _—Hg
= e S Wl =
Entanglement Spectrum Entanglement Hamiltonian
H. Li & F. D. M. Haldane, PRL 101, 010504 (2008).
LI-HaIdane ConJeCture INumerics for nzn-zgzlian FQHE

The entanglement spectrum describe edge modes!



ES and Edge states of FQH Systems

N_l/QZ{ gL 13[9L+1 gN]l,j}

« ES of cylinder _ Ze_gé,2|¢4> o [5)
(a) ) - edge state of cylinder = £ t ¢ structure of low energy
N || B ces £ ! excitations
continuous </ o edge state of
transformation( - )FQH system
\ y
\\A"/

Angular momentum edge state 4K
= Center of mass of subsystem

e ES of torus

AK = N kay, (mod N,)




ES and Edge states of FQH Systems

o ES of cylinder  ES (by MPS)
(a) W"‘W edge state of cylinder
A | B cee 4 B . : . "] torus. eylinder
AR . * ] L e
~:\:/ e Jm— ——— - | _3
continuous edge state of 0 i - - -
transformation( - FQH system 2 4 0 1 2 4 0 1
/ 10 ° ' ) . " " T
\\ A 7 i
\_',/ 8
k _
Angular momentum edge state 4K N2 ] 6r -
= Center of mass of subsystem AK =) 21" kiu (mod N,) 41 ,
- x
 ES of torus 2
o LL7 S —
-3 2 -1 1 2 3

<

ES characterizes chiral TL liquids



Note: Matrix Product Method for VBS states

e Matrix product state is related to edge states:

Fannes, Nachtergale, and Werner, (1989);

1| [P Jp— e . _ Klumper, Schadschneider, and Zittartz, (1992);
[ ¥vBs)os = (9192 9; 1o K. Totsuka and M. Suzuki, (1995).

. - . = .= - . - . - . .- . . . . . . .
# . Fl * F L # . # % ] L # ® Fl % Fl ®
i ¥ # b ¥ % # ¥ i ¥ P ¥ [ ¥ # 4 ¥ %
i (] 1 i I 1 ' ] ] i I i ] L] (] 1 I 1
] I i L
1 i ! ¢ ] i 1 i L] r ] r 1 i . r ] '
» # % # % ] % # % ¢ % ¥ * # ® ¥ % r
% - [ ’ [ F % - [ - 5 - % - % # [ F
1. _e L e ® = - e D L L el

1 2 -1 1 2 Jj-1 j
(15— (T5Mj- D (1)
[u;wﬁ_l <¢;T>§_1]®f’f—[<¢;¢>j <m>§-]

S=1VBS (AKLT) state S=2 VBS state

1 —|O)i _\/§|+)i o - 2|O>i | 2:/§|1>.73 _2\/6|2)®
gi = [ \/§|_>z 0Y; ] gi = |: 2\/§| 1); 4|0); 2\/§|1>Z

2v6| —2); 23| — 1) 2|0);



Physical meaning of MPS for FQH states

e Matrix product state for v=1/(2m+1)

gi

|0
|0
|0

++-01000 - - -
+--00100 - - -
...00010- - -

[ 5=m spin representation
[1---00000---

0) = |-m)

0>'—> |—1)
0) = [o)
0) — |+1)

0---00000- - - 1) — |+m)

)

J

\_ 2m+1
|O>i
s1|—1); 0
S9 |_2>i 0
| |sm |—m), 0
—

+1);

+2);
0
0

®

g
7

AK: Center of mass of subsystem
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