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宇宙論的揺らぎの距離・時間依存性
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WMAP 7yrs

将来観測で
到達可能な
スケール

宇宙の脱結合期: 揺らぎ~10^-5小スケール大スケール

バリオン音響振動

線形理論の予言

小スケールから順次非線形段階へ 

ギガパーセククラスの巨大な観測が
進行・計画中 

BAOのスケールは線形から非線形段
階への過渡期→摂動論の有効性？ 

より小さいスケールに行くと、摂動
展開やsingle stream近似がいよいよ
破綻してくる

線形理論OKなはず

摂動の高次を考
えればいけるかも

破綻!?シミュレー
ションに頼るか？

後半の話題

前半の話題

揺らぎ << 1

h�~k�~k0i = (2⇡)3�D(~k + ~k0)P (k)

�2(k) =
k3P (k)

2⇡2



シミュレーションで探る摂動論的ア
プローチの可能性と限界



非線形構造進化 = 異なるスケール間のモード結合
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WMAP 7yrs
宇宙の脱結合期: 揺らぎ~10^-5

揺らぎが大きい → 非線形性が大きい 
異なる波数のモードはもはや独立でなくなる 
小スケールではsingle-streamの流体近似で
はダメだろうし、重力以外の様々な物理が
入ってくるはず (ex. cooling, feedback,…） 
もっとも単純かつ強力な摂動論的アプローチ
がどこでどのように破綻するのか理解するこ
とは極めて大切 

Q: 大スケールの揺らぎは忠実に“宇宙論”を反
映？ (初期条件+構成要素+重力法則) 
次世代観測で統計誤差>系統誤差を保証する解
析法を確立する

simulation result

linear theory

Valageas,TN, Taruya ‘13

危険安全?



摂動論の限界!?
これまでの摂動計算は 1- または 

2-loop(揺らぎの4次ないし6次)の
結果であった 

単純には次数↑で精度↑ 

通常の摂動計算@3-loop(8次!!)が
最近やられたが、、、 

高次項が大きすぎる！！！！ 

2-loopの”良い”結果は偶然と言わざ
るをえない 

もはや摂動計算は諦めるべき？ 

摂動論大ピンチ！？

1-loop

2-loop

3-loop

Blas, Garny & Konstandin ‘14

1-loop

2-loop

3-loop

1-loop

2-loop

3-loop

1-loop
2-loop

3-loop

N-bodyN-body

N-body

N-body



応答関数：何がどのようにまずいのか？

RegGp−loop
aþ ðkÞ ¼

Z
dq
q
Kp−loop

aþ ðk; qÞP0ðqÞ: (76)

We then have, for instance,

K1-loop
1þ ðk; qÞ ¼ 4πq3

!
fðq; kÞ þ 1

6

k2

q2

"
; (77)

K2−loop
1þ ðk;qÞ ¼−ð4πÞ2q3

Z
dq1

q21k
2

q21þq2
αf

!
q1
k
;
q
k

"
P0ðq1Þ:

(78)

Note that the kernel functions depend themselves a priori
on the initial power spectrum: K1−loop

aþ ðk; qÞ is a tree-order
object,K2-loop

aþ ðk; qÞ a one-loop order object (and therefore a
linear function of P0ðqÞ), etc. These functions give, for
each order, the impact of a linear mode q on the amplitude
of the late-time mode k we are interested in. In particular it
tells how the small-scale modes affect the large-scale
modes under consideration. In the following we will focus
our interest in understanding the high-q behavior of the ker-
nel functions Kðk; qÞ.
In Fig. 11 we show the shape of the kernel functions at

one, two-loop and three-loop order for k ¼ 0.1 h=Mpc.
The dashed line corresponds to the one-loop expression.
As can be seen it is rather peaked at q ≈ k and we have

K1-loop
1þ ðk; qÞP0ðqÞ ¼

464π
315

q3P0ðqÞ for q ≪ k (79)

K1-loop
1þ ðk; qÞP0ðqÞ ¼

176π
315

k2qPðqÞ for q ≫ k (80)

At two-loop order, the behaviors are qualitatively different.
The function peaks rather for q ¼ 0.5 h=Mpc, irrespective
of the value for k (when k < 0.5 h=Mpc). We note that

K2-loop
1þ ðk; qÞP0ðqÞ ∼ k2q2P0ðqÞ for q ≫ k (81)

so that the convergence is obtained for a spectral index
smaller than −2. This corresponds to the result mentioned
in the beginning of Sec. III D. These trends are amplified
for the three-loop results shown with a dot-dashed line for
which an even lower power law index is required for con-
vergence. In general the convergence properties of the mul-
tiloop kernel are determined by the properties of the
functions FnðqiÞ and GnðqiÞ and how they behave when
one of their argument is, in norm, much larger than the
sum of the wave modes. As mentioned in [36] it is to
be noted that the Galilean invariance of the motion equation
implies that

Fnðq1;…;qnÞ ∼
j
P

jqjj2

q2i
when qi ≫

####
X

j

qj

####; (82)

whenever one of the qi is much larger than the sum. This
can be seen at an elementary level on the properties of
the vertex function αðk1;k2Þ and βðk1;k2Þ: they both van-
ish when the sum of the argument goes to 0. The property
(82) has direct consequences on the properties of the loop
corrections. As a result, the p-loop correction takes indeed
the form

FIG. 10 (color online). Regular parts of the density propagator
RegGp−loop

1þ ðkÞ at one-, two-, and three-loop order with, respec-
tively, solid, dashed, and dotted lines. The calculations are done
for z ¼ 0.5. Note that each of this contribution scales with the
redshift like DþðzÞ2p where p is the number of loops. The light
yellow regions show the parameter space where the induced cor-
rections to the power spectrum are less than 1 percent.

FIG. 11 (color online). The shape of the kernel functions
P0ðqÞK1-loopðk; qÞ (blue solid line), P0ðqÞK2-loopðk; qÞ (green
dashed line) for k ¼ 0.1 h=Mpc and P0ðqÞK3-loopðk; qÞ (red dot-
ted line) as a function of q for z ¼ 0.5.

COSMIC PROPAGATORS AT TWO-LOOP ORDER PHYSICAL REVIEW D 89, 023502 (2014)

023502-15

z = 0.5

異なるスケール間のモード結合の構造に
立ち返ってみる 

2点の伝播関数のモード結合の構造を汎
関数微分で定式化 

波数 k (@ 時刻 t) の波は波数 q (@ 時刻 t0)
の波にどれだけ影響されるか? 

高次の寄与ほど大きい@ high q 

あらゆるスケールで3-loop > 2-loop!?  

小スケール → 大スケールの結合に何か
あるに違いない

Bernardeau, Taruya, TN ’14

KX(k, q) = q
�X(k)

�P0(q)

波数qの波が波数kの波に与える影響

k = 0.1 h/Mpc

終条件

初期条件

極めて大きなスケール

終条件の波数 k

初期条件の波数



モード結合を直接測る
2

linear power spectrum over a finite interval of wavenum-
ber q, evolve them to a late time, and take the difference
between the power spectra measured from the two. That
is

K̂i,jP
lin
j ≡

P nl
i [P lin

+,j ] − P nl
i [P lin

−,j ]
∆ ln P lin∆ ln q

, (3)

where the two perturbed linear spectra are given by

ln

[
P lin
±,j(q)

ln P lin(q)

]
=

{
±1

2
∆ ln P lin if q ∈ [qj , qj+1),

0 otherwise,
(4)

In the above, the index j runs over the wavenumber bins
for the linear power spectrum and we set a log-equal bin-
ning, ln qj+1 − ln qj = ∆ ln q. The other index i is used
for the wavenumber bin of the nonlinear power spectrum,
which we set identically to that of the linear counter-
part. It is straightforward to show that the estimator K̂
approaches to the kernel function K defined in Eq. (1)
when the bin width and the variation in the input linear
spectra are small. The definition (1) is advantageous in
that it allows the measurement in this way at the fully
nonlinear level [16].

Numerical analysis: We adopt a flat-ΛCDM cosmol-
ogy consistent with the 5yr observation by the WMAP
satellite [6] with parameters (Ωm, Ωb/Ωm, h, As, ns) =
(0.279, 0.165, 0.701, 2.49× 10−9, 0.96), which are the cur-
rent matter density parameter, baryon fraction, the Hub-
ble constant in units of 100km/s/Mpc, the scalar am-
plitude normalized at k0 = 0.002Mpc−1 and its index,
respectively. The matter transfer function is computed
with these parameters using the CAMB code [7].

We run three sets of simulations with different volume
and number of particles as listed in Table I. They are in-
tended to confirm the convergence of the measurements
of the kernel function. Initial conditions are created using
a parallel code developed in [8, 9] based on the second-
order Lagrangian PT (e.g., [10, 11]). The starting red-
shifts shown in the table are determined to minimize the
sum of the transient effect caused by the imperfect ini-
tial condition and the error in the tree-force calculation,
which is problematic when particles are very close to the
pre-initial grid points [12]. We follow the time evolu-
tion of the matter distribution using Gadget2 [13] with
the tree-PM calculation. We finally measure the power
spectrum by fast Fourier transform of the Cloud-in-Cell
(CIC) density estimates on 10243 grid points. We reduce
the smoothing effect by simply dividing the density field
by the CIC kernel in Fourier space.

For each set of simulations, we prepare multiple ini-
tial conditions with linear power spectra perturbed by
±1% (i.e., ∆ ln P lin = ln(1.01) − ln(0.99) ≃ 0.02) over
qj ≤ q < qj+1. The q-bin starts at q1 = 0.006h Mpc−1

(0.012h Mpc−1) for L10-N9 (L9-N9 and L9-N8) and we
set the bin width as ∆ ln q = ln(

√
2). We consider 15 or

13 bins depending on the simulation set as listed in“bins”
column of Table I. We run four random realizations for

the L9-N9 and L9-N8 to estimate the statistical scatter,
and the initial conditions with perturbed spectra at dif-
ferent bins are created with exactly the same random
phases for every realization of every set. The total num-
bers of runs used in this analysis are also shown in Ta-
ble I.

TABLE I: Simulation parameters. Box sizes are in unit of
h−1Mpc.

name box particles start-z bins runs total

L9-N9 512 5123 31 15 4 120

L9-N8 512 2563 15 13 4 104

L10-N9 1024 5123 31 15 1 30

Shape of the kernel function and comparison with PT
results.— We are now in position to present the kernel
function measured from N -body simulations. The com-
bination K(k, q)P lin(q) is plotted at three fixed k as a
function of q in Fig. 1. This combination is such that it
contributes with uniform weights per decade in integral
(2). We show by vertical arrows the position of the k-
bin (the bin center in log) for the kernel presented in each
panel. We show the three simulation results by filled sym-
bols (L9-N9), lines (L9-N8) and open symbols (L10-N9).
Positive (negative) values of K(k, q) are shown by upper
triangles or solid lines (lower triangles or dashed lines).
The vertical error bars of filled triangles depict the sta-
tistical error estimated from the scatter among different
realizations. The heavy overlap among three simulations
ensures that the result is converged against the resolution
and volume of the simulations. We hereafter discuss the
results of L9-N9, which has the best spatial resolution.

FIG. 1: Kernel function measured from simulations. We plot
|K(k, q)|Plin(q) as a function of initial wavenumber q for a
fixed value of final wavenumber k indicated by the vertical
arrow in the panels. Filled (open) symbols show the measure-
ment from L9-N9 (L10-N9), while lines depict L9-N8. Positive
values are shown by upper triangle or solid line, while lower
triangles and dashed line show negative contribution.

At low redshift, we can see a strong peak at k = q aris-
ing from the trivial linear calculation. Nonlinear coupling
then gradually grows with time and the peak feature gets

TN, Bernardeau, Taruya ‘14
逐次的な議論から、full orderの議論へ 

微分をシミュレーションの差分で評価

波数 k非
線

形
パ

ワ
ー 終条件

波数 q

線
形

パ
ワ

ー 初期条件

K < 0
K > 0

終条件の波数 k

初期条件の波数

N体シミュレーション



小スケールからのモード輸送の減衰

Gravitational screening of short-wave modes in cosmological fluids

Takahiro Nishimichi,1 Francis Bernardeau,1 and Atsushi Taruya2

1Institut d’Astrophysique de Paris
2Yukawa Institute for Theoretical Physics

We present the first measurement of the mode coupling structure of the cosmological large-scale
structure of the standard cosmological model at the level of the nonlinear power spectrum. More
specifically, we measure the response of the nonlinear matter power spectrum at wavenumber k
with respect to weakly perturbed linear power spectra at wavenumber q employing a large set of
cosmological N -body simulations. While the overall structure of the mode coupling can be accounted
for with standard perturbation theory results, our results show that the short wave modes are
strongly screened out as soon as q > k and contribute only weakly to the growth of the long-wave
modes. This is the first time such an effect is measured. Its origin is yet unclear but it is of crucial
importance for the use of large-scale cosmological data to infer fundamental cosmological of physical
parameters.

PACS numbers:
Keywords:

Wide field galaxy surveys are widely considered for un-
veiling the detailed geometrical properties or energy con-
tent of the universe [1]. Large-scale projects, such as the
EUCLID mission[14], are planned in the coming decade,
aiming at the determination of these properties with an
unprecedented accuracy. Such measurements rely to a
large extent on the use of the statistical properties of the
large-scale cosmic structures up to scales entering the
weakly non-linear regime, that is to scales where the sole
linear theory cannot be used. But such a scientific pro-
gram could then only be achieved if the properties of the
large-scale cosmological structure can be safely predicted
either from numerical simulations or from analytical in-
vestigations for any given cosmological model. In partic-
ular it is important such observables are shielded from
the details of small scale astrophysics and gas physics at
galactic or sub-galactic scales.

One way to reformulate this question is to quantify
how small scale structures can impact the growth of large
scale structure as soon as modes are entering the nonlin-
ear regime. Perturbation theory (PT) of the structure
formation is a powerful framework to precisely predict
the nonlinear gravitational dynamics of the cosmic fluid
from the first principle at least when gravity only is at
play. The importance of such methods has been height-
ened after the detection of the baryon acoustic oscilla-
tions (BAOs) in the clustering of galaxies at late times
(e.g., [2]), making precise predictions of the nonlinear
matter power spectrum crucially important.

PT calculations show precisely that mode couplings be-
tween different scales is unavoidable. It makes PT results
in general difficult to develop in a controlled manner. We
propose here to quantify such couplings with the use of
a two-variable kernel function[15], defined as the linear
response at wave-mode k with respect to initial pertur-
bation of the linear power spectrum at wave-mode q. In
the context of PT calculations Ref. [3] showed progres-
sive broadening of the kernel function as increasing the
PT order, and speculated that a regularization scheme

in the UV domain is required to give a realistic estimate
of the high-order perturbative contributions. The recent
paper by [4] also pointed out the unsuccessful conver-
gence of PT series at late times and proposed a simple
ansatz based on the Padé approximation to suppress the
strong UV sensitivity seen in the standard PT (SPT).

If the broadness of the kernel at late times suggested
from PT calculations is true, physics at very small scale
can influence significantly the matter distribution on
large scales where the acoustic feature is prominent. It
also poses a question to the reliability of simulations, with
which we can follow the evolution of Fourier modes only
in finite dynamic range. We here present a first direct
measurement of the kernel structure from cosmological
N -body simulations. We show that this allows a di-
rect test of regularization schemes employed in analytical
models.

Definition and methodology.— What is the response
of the nonlinear power spectrum at wavenumber k to
the linear power spectrum at wavenumber q? At linear
level, it is simply a Dirac-delta function since each Fourier
mode evolves independently in standard cosmological
scenarios. Here we wish to introduce a well-defined kernel
function and investigate it at fully nonlinear level. We
consider the nonlinear power spectrum as a functional
of the linear power spectrum, i.e., P nl = P nl[P lin], and
define the kernel function as its functional derivative:

K(k, q; z) = q
δP nl(k; z)
δP lin(q; z)

. (1)

We omit the explicit dependence on z from the arguments
in what follows. The normalization for K is chosen such
that a small variation in P nl is related to that of P lin as

δP nl(k) =
∫

d ln q K(k, q)δP lin(q). (2)

This relation provides us a simple way to measure the ker-
nel function from simulations. In order to do so, we pre-
pare two initial conditions with small modulations in the

initial wavenumber

high qで摂動論 >> シミュレーション 

ここがまさに摂動論計算が真っ先に破れる所 

単純なローレンツ型の関数でよく説明できる 

大スケールは何らかの機構で守られている？ 

shell crossing? → Effective Field Theory? 

UV safeな理論構築に対する定量的な指針

q ≧ 2k are shown

TN, Bernardeau, Taruya ‘14
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繰込摂動論と応答関数
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3-loop摂動論が破綻する一方で、上手くいっ
ているように見える2-loop「繰込」摂動論 

計算の一部に「普通の」摂動論を利用 

high-qの本質的な解決になっていない!! 

3-loopの困難を知ってか知らずか伝播関数は
1-か2-loop計算で評価されていた 

応答関数レベルで見るとΓ展開はq~kの応答
を非常に効率良く拾ってきていた 

high-zで特に上手くいくのはまさにここが支配
的だから 

実はlow-qも並進対称性を破り少し問題 

欠点を補い合うことで広域をシームレスにカ
バーする模型を構築

data: 1400 sims.
Γ展開

SPT 
RegPT 
damped SPT
2-loop calculationcombined model

SPT

RegPT
damped 

SPT



応答関数の応用: 宇宙論パラメタに対する応答
宇宙論 
パラメタ 
空間

Taruya, Bernardeau, TN, Codis‘12

3つの模型につきスペクトルをあらかじめ計算 
宇宙論パラメタに対する応答関数を元に、別
の模型に対する予言を得る 
計算は1次元積分に落ちる ~2, 3秒で計算可能

RegPT-fast

高次項の計算には多重積分が入る 
摂動論の実用上のもう一つの欠点



ハイブリッド応答関数を用いた理論構築
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This model

RegPT

linear

�Pnl(k) =

Z
dq K(k, q)�Plin(q)

この関係式を用いて少しずつ時間
進化させることが可能 z = 0.35

KにはSPT (damped)とRegPTを
組み合わせたものを利用

RegPT+ (仮名) TN et al. in prep

線形パワーの変化を時間進化と解釈する

�Plin(q) = Plin(q; t+�t)� Plin(q; t)

汎関数微分の定義より
SPT



ハイブリッド応答関数を用いた理論構築
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�Pnl(k) =

Z
dq K(k, q)�Plin(q)

線形パワーの変化を宇宙論パラメタの変
化と解釈する

汎関数微分の定義より

RegPTfast+ (仮名)

WMAP5のシミュレーションデータ (点破線) 
→ PLANCK15の予言 (実線)

TN et al. in prep

�Plin(q) = Plin,target(q)� Plin,fiducial(q)

z = 0

z = 1.5



シミュレーションと機械学習を利用
したgalaxy-galaxy lensing signal高精
度理論テンプレートの作成



Simulation effort

Kavli IPMU  
Takahiro Nishimichi* 
Masahiro Takada 
Naoki Yoshida 

U. Tokyo 
Ken Osato*  
Masamune Oguri 

NAOJ 
Masato Shirasaki* 
Takashi Hamana 

Hirosaki U. 
Ryuichi Takahashi*

Simulations for Subaru HSC  

✓ 高精度理論テンプレートの構築 
✓ Galaxy (cluster)-galaxy lensing 
✓ Galaxy-3D spatial clustering 

BOSS CMASSなどとの共相関解析を念頭 

当面はダークマターハローで代用 

✓ 必要なスペック/カバーすべき領域 
✓ 赤方偏移: 0 < z < 1.5 
✓ 体積: 少なくとも 1 (Gpc/h)3 

✓ 質量: 1012 ~ 1015-16 Msolar/h 
✓ 6D 宇宙論パラメタ (標準 + ダークエナジー “w”)

こういうのを大量に作って 
“data driven”なサイエンスを追求



Stacked weak lensing signal
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© M. Takada

Oguri & Takada ‘11

€ 

γ+
obs(θi ) = γ+

cluster (θi ) + γ+
LSS(θi ) + ε+(θi )

 projection effect

 clusters



シミュレーションの詳細
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✓ 粒子数: 20483 
✓ ボックス長: 1h-1Gpc 

1012 h-1Msolar のハローを 約100粒子で解像 

✓ 2nd-order Lagrangian PT 初期条件 
@ zin=59  
(宇宙論を変えた際には変位のRMSを平均

粒子間距離の25%になるようzinを変更) 

✓ Gadget-2のTree-PMモード (w/ 40963 

PM mesh) 
✓ 0 ≦ z ≦ 1.5 の間で21出力 (線形成長因

子で等間隔) 

✓ ハロー及びサブハローカタログ  
✓ FOF + Subfind 
✓ Rockstar (+ merger tree by consistent-

trees) 

✓ データ圧縮 (スナップショット当たり

256GB -> 48GB) 
✓ 粒子位置 -> 変位ベクタに (1次元につき

16 bits; 精度 ~1h-1kpc程度を保持) 
✓ 速度: ハロー同定後に捨てる 
✓ ID: ID順に並び変えた後で捨てる
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多次元空間の効率的なサンプリング: 
超ラテン格子デザイン
どの１次元を見ても、興味のある区間を均
等なN個の区域に切ると、一回ずつサンプリ
ングされているようなN個の点の集合 

そのような点列自体は無数に存在 (ex. 対角線上
のデザイン) 

「最も近い点との距離が最大となる」など、条
件を課してデザインを決定する 

多数の実験を繰り返すことが難しい時に特
に有用
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多次元空間の効率的なサンプリング
ωb = Ωbh2: ±5% 
ωc = Ωch2: ±10% 
ΩΛ: ±20% 
ln(1010 As): ±20% 
ns: ±5% 
w: ±20%

varied cosmology 
✓ “sliced” LHデザイン (Ba, 

Brenneman & Myers ’15) 
✓ 100模型を発生 
✓ 20模型ごとにLHD (e.g., 

red points) 

✓ 2種類のシミュレーション 
✓ 初期条件の位相をそろえ

たもの(20模型 done) 
✓ 独立な位相(40模型 

done)

fiducial model 
✓ PLANCK15 flat ΛCDM模型 
✓ 24 試行が完了 
✓ 統計誤差の評価 
✓ “エミュレータ”の精度チェック

合計で現在84
試行が完了



g-g lensing シグナルの測定
Rockstarで同定したハロー 

ビリアル質量の区間 [1012,8x1015) h-1Msolar 

ファクター 2 毎に 12 の質量ビンに分類

フーリエ空間でcross spectrumを測定

Phm(~k) (on 10243 mesh by FFT)

逆FFTで実空間に戻し、角度平均

⇠hm(~r) ⇠hm(r)
spherical avg.

直接ペアカウントして小スケールの ξhm を測定

最後に2次元に射影して Σ(R) 更に  ΔΣ(R) を得る

softening 
scale

FFT grid

2次元に射影してから測定するよりも精度が出る



Products
Excess surface mass profile for the fiducial PLANCK15 model

24 realizations



Products
Fractional error on excess surface mass

24 realizations



Varied cosmology
20 cosmological models



Gaussian process
validation at the fiducial PLANCK15 cosmology

solid: sim @ fiducial model 
dotted: GP

random number fixed random number varied

first trial

solid: sim @ fiducial model 
dotted: GP



Gaussian process

fractional error

random number fixed random number varied

fractional error

first trial

validation at the fiducial PLANCK15 cosmology



まとめ
摂動論的に宇宙の大規模構造を記述する可能性 

どこでどのように破れるかを理解する (小スケールから大スケールへのモード結合) 

様々な模型のいいとこ取り＋シミュレーションの助けも借りて高精度を実現 

高次元宇宙論パラメタ空間で、シミュレーションから模型を作る可能性 
効率的なサンプリングと機械学習による“emulator”の構築 

Gaussian processを利用してgalaxy-galaxy lensing用の理論テンプレートを構築した 

データがどんどん出てきていて、まだまだできること/やるべきことが沢山ある 
高次統計, RSD, merger historyとassembly bias, haloのintrinsic alignment, etc., etc., … 

使っていただけると大変嬉しいです！


