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clog

Push harder to make it flow… 
(Yield stress fluid?)



Colloidal dynamics
Micro-scale

constitutive eq.

time scale ∼ 1 s

Macro-scale
fluid mechanics

Flow of colloidal suspension (non-Newtonian)
also SLOW

ρ{ ∂u
∂t

+ (u ⋅ ∇)u} = ∇ ⋅ σ with ∇ ⋅ u = 0

SLOW
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Steady shear rheology of suspensions
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Shear-induced microstructures in suspensions

Pair correlation



Shear band 

Jamming



Critical-load friction model
frictionless

frictional



stress-induced solidification?

Push softer to make it flow!?
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FIG. 11: Shear jamming phase diagram for frictional granular ma-
terials, after Bi et al.[38]. The dark gray region indicates states,
characterized by t and f for which frictionless materials would be
jammed. Frictional systems jam at lower f, and in particular, there is
a reentrant region. In fS < f < fJ , systems with the same f can be
unjammed, fragile in the sense of Cates et al.[7], or shear jammed.
Fragile states are highly anisotropic, and only stable to one direc-
tion of shear strain. Shear jammed states are also anisotropic, but
can resist both forward and reverse shear. For large enough t, shear
jammed states reach the yield stress curve, where the material will
begin to flow.

Fig. 11 shows the shear jamming phase diagram of Bi et
al.[38, 39, 82]. This figure is a sketch based on the experi-
mental results shown in Fig. 13, as well as more recent data.
It is slightly modified from the sketch of the original paper[38]
to more accurately represent these experiments. The relevant
theoretical framework has now been further developed[61, 64]
to provide a quantitative characterization of shear jamming.
Systems with packing fractions in the range fS < f < fJ
where shear jamming occurs, can, for a given f, have stress
magnitudes ranging from zero to large values. Associated
stresses and contact networks are often highly anisotropic and
the force response of these states depends sensitively on the
as-created, protocol dependent, force network. Two classes,
depicted in the experimental images of Fig. 5, of states can
be broadly identified in this packing fraction regime. Fragile
states are created at low imposed stresses, have force-chains
that percolate in the compressive direction[38] defined by the
imposed shear stress, and can only resist compression along
this direction. At higher stresses, there is a continuous transi-
tion to shear-jammed states characterized by force chains that
percolate both in the compressive and dilational direction, and
can support shear in both directions.

Several results from Bi et al. [38] are key to character-
izing shear jamming. These include identifying the forma-
tion of fragile and shear jammed states from the strong force
networks, the identification of a clear onset of shear jammed
states for a value of Z that is slightly above 3.0, and the ob-
servation that pressure, shear stress and Z all collapse onto

FIG. 12: Fragile and percolating networks as seen in the pure shear
experiments of Bi et al. The compressive direction corresponds to
y, and the dilation direction to x. In the fragile states of part (a), the
strong force network percolates in the compressive direction, but not
in the dilation direction. In the shear jammed states (SJ), right part
of (a), the strong force network percolates in all direction. Part (b)
shows the ratio of the largest cluster for the indicated sets of particles
to the lengths, Ly and Lx of the system in the compressive and dilation
directions, as functions of fNR.

common scaling curves, irrespective of the value of f in the
range fS < f < fc when expressed in terms of the non-rattler
fraction, i.e. the fraction of particles that have at least two
contacts. We show some of these results below. In Fig. 12,
we show data for the length of the networks in the compres-
sion and dilation directions. The onset of fragile states oc-
curs when the strong network first percolates in the compres-
sion direction. The system is shear jammed, i.e. able to re-
sist strains in both compression and shear directions when the
strong networks percolate in all directions. The results from
many experiments to determine the onset of fragile and shear
jammed states, Fig. 13, show several key features. As might
be expected, there is a lowest f = fS below which shear jam-
ming is not observed. But, more remarkably, there is a ‘nose’,
i.e. a re-entrant part of the jamming diagram, indicating that
there is a regime where unjammed, fragile and shear jammed
states can all occur for the same f. These data form the basis
for the schematic jamming diagram, including shear jamming,
in Fig. 11. fNR is a monotonic but f-dependent function of g,
as shown below.

The final feature of shear jamming from Bi et al., that we
reproduce here in Fig. 15, is data for the amount of shear strain
needed to reach a shear jammed state. This quantity becomes
large as f ! fS from above. The apparent limiting value of
0.79 suggested by this figure is likely larger than the true fS
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Fragile jamming (Isotropic) jamming
= Flow again by reversing the stress

“Jamming, Force Chians, and Fragile Matter” 

cf. Behringer et al. 

Fragile = percolation in one direction
SJ = percolation in two directions

Cates et al. 1998
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FIG. 11: Shear jamming phase diagram for frictional granular ma-
terials, after Bi et al.[38]. The dark gray region indicates states,
characterized by t and f for which frictionless materials would be
jammed. Frictional systems jam at lower f, and in particular, there is
a reentrant region. In fS < f < fJ , systems with the same f can be
unjammed, fragile in the sense of Cates et al.[7], or shear jammed.
Fragile states are highly anisotropic, and only stable to one direc-
tion of shear strain. Shear jammed states are also anisotropic, but
can resist both forward and reverse shear. For large enough t, shear
jammed states reach the yield stress curve, where the material will
begin to flow.

Fig. 11 shows the shear jamming phase diagram of Bi et
al.[38, 39, 82]. This figure is a sketch based on the experi-
mental results shown in Fig. 13, as well as more recent data.
It is slightly modified from the sketch of the original paper[38]
to more accurately represent these experiments. The relevant
theoretical framework has now been further developed[61, 64]
to provide a quantitative characterization of shear jamming.
Systems with packing fractions in the range fS < f < fJ
where shear jamming occurs, can, for a given f, have stress
magnitudes ranging from zero to large values. Associated
stresses and contact networks are often highly anisotropic and
the force response of these states depends sensitively on the
as-created, protocol dependent, force network. Two classes,
depicted in the experimental images of Fig. 5, of states can
be broadly identified in this packing fraction regime. Fragile
states are created at low imposed stresses, have force-chains
that percolate in the compressive direction[38] defined by the
imposed shear stress, and can only resist compression along
this direction. At higher stresses, there is a continuous transi-
tion to shear-jammed states characterized by force chains that
percolate both in the compressive and dilational direction, and
can support shear in both directions.

Several results from Bi et al. [38] are key to character-
izing shear jamming. These include identifying the forma-
tion of fragile and shear jammed states from the strong force
networks, the identification of a clear onset of shear jammed
states for a value of Z that is slightly above 3.0, and the ob-
servation that pressure, shear stress and Z all collapse onto

FIG. 12: Fragile and percolating networks as seen in the pure shear
experiments of Bi et al. The compressive direction corresponds to
y, and the dilation direction to x. In the fragile states of part (a), the
strong force network percolates in the compressive direction, but not
in the dilation direction. In the shear jammed states (SJ), right part
of (a), the strong force network percolates in all direction. Part (b)
shows the ratio of the largest cluster for the indicated sets of particles
to the lengths, Ly and Lx of the system in the compressive and dilation
directions, as functions of fNR.

common scaling curves, irrespective of the value of f in the
range fS < f < fc when expressed in terms of the non-rattler
fraction, i.e. the fraction of particles that have at least two
contacts. We show some of these results below. In Fig. 12,
we show data for the length of the networks in the compres-
sion and dilation directions. The onset of fragile states oc-
curs when the strong network first percolates in the compres-
sion direction. The system is shear jammed, i.e. able to re-
sist strains in both compression and shear directions when the
strong networks percolate in all directions. The results from
many experiments to determine the onset of fragile and shear
jammed states, Fig. 13, show several key features. As might
be expected, there is a lowest f = fS below which shear jam-
ming is not observed. But, more remarkably, there is a ‘nose’,
i.e. a re-entrant part of the jamming diagram, indicating that
there is a regime where unjammed, fragile and shear jammed
states can all occur for the same f. These data form the basis
for the schematic jamming diagram, including shear jamming,
in Fig. 11. fNR is a monotonic but f-dependent function of g,
as shown below.

The final feature of shear jamming from Bi et al., that we
reproduce here in Fig. 15, is data for the amount of shear strain
needed to reach a shear jammed state. This quantity becomes
large as f ! fS from above. The apparent limiting value of
0.79 suggested by this figure is likely larger than the true fS
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What is shear jamming?
What does “fragile” mean?

Yield stress



How about shear jamming and fragility 

in the hard-sphere limit? 

We want to determine a phase diagram 
which survives in the hard-sphere limit.

Zero-inertia dynamics

Stress-controlled rheology

“Hard-sphere” spirit 

Three simulation strategies



Inertia-free hydrodynamics, Stokes flows

ρ { ∂ ⃗u
∂t

+ ( ⃗u ⋅ ∇) ⃗u } = − ∇p + η0 ∇2 ⃗u

Zero-inertia dynamics

Re { ∂ ⃗ũ
∂t̃

+ ( ⃗ũ ⋅ ∇̃) ⃗ũ } = − ∇̃p̃ + ∇̃2 ⃗ũ

⃗0 = − ∇̃p̃ + ∇̃2 ⃗ũ

Re ≡
𝒰ℒ
η0/ρ

→ 0 (ℒ → 0)



m
dU
dt

= FC + FH
�̃� ≡

𝖱
6πη0a

St ≡
m

6πη0a
=

2ρpa2

9η0
→ 0 (a → 0)

Inertia-free particle dynamics

St
dŨ
dt

= F̃C + F̃H

F̃C ≡
FC

6πη0aU0
=

FC

F0

Ũ ≡
U
U0

0 = F̃C + F̃H

F̃H =
−𝖱U

6πη0aU0
= − �̃�Ũ

FH = − 𝖱U

Zero-inertia dynamics



σ ≡
σxx σxy σxz

σxy σyy σyz

σxz σyz σzz σxx, σyy, σzz : unknown normal stresses

σxy : given constant shear stress

σxz, σyz : unknown insignificant elements

∇u∞ =
0 ·γ 0
0 0 0
0 0 0

= 𝖤∞ + 𝖶∞

Restrict only one degree of freedom in the deformable periodic boundary condition.

symmetric + antisymmetric
simple shear flow

(This is a reasonable approximation for sufficiently large systems)

·γ(t) : fluctuating shear rate to find

Other elements of ∇u∞ can be nonzero, but should be small.

Stress-controlled rheology



Velocity decomposition U − u∞ = UC + UE

𝖱FU ⋅ (U − u∞) = FC + 𝖱FE : 𝖤∞

𝖱FU ⋅ (UC + UE) = FC + 𝖱FE : 𝖤∞

{
UC = 𝖱−1

FU ⋅ FC

UE = 𝖱−1
FU ⋅ 𝖱FE : 𝖤∞

FH + FC = 0
FH = − 𝖱FU ⋅ (U − u∞) + 𝖱FE : 𝖤∞

Force balance eq.

trivial  ·γ dependence

We determine velocity components without the shear rate.

UE = ·γÛE with ÛE = 𝖱−1
FU ⋅ 𝖱FE : �̂�∞

Stress-controlled rheology

FCcontact

hydrodynamic 

fN
C = knhn, fT

C = ktξ (only springs)



σC = V−1(XFC − 𝖱SU ⋅ UC)

σxx − σxx
C σxy − σxy

C −σxz
C

σxy − σxy
C σyy − σyy

C −σyz
C

−σxz
C −σyz

C σzz − σzz
C

= ·γV−1 (𝖱SE − 𝖱SU ⋅ 𝖱−1
FU ⋅ 𝖱FE) : (

0 1/2 0
1/2 0 0
0 0 0)

�̂�∞ = (
0 1/2 0

1/2 0 0
0 0 0)𝖤∞ ≡ ·γ�̂�∞

σ = σC + σE

σE = V−1 (𝖱SE : 𝖤∞ + 𝖱SU ⋅ UE)
= ·γV−1 (𝖱SE : �̂�∞ + 𝖱SU ⋅ ÛE)

contact stress

strain stress

UC = 𝖱−1
FU ⋅ FC

ÛE = 𝖱−1
FU ⋅ 𝖱FE : �̂�∞

σxx σxy σxz

σxy σyy σyz

σxz σyz σzz
= σC + ·γ V−1 (𝖱SE : �̂�∞ + 𝖱SU ⋅ ÛE)

Total stress

Constructing the total stress tensor with available components

unknown

Stress-controlled rheology



·γ =
σxy − V−1(XFC − 𝖱SU ⋅ UC)xy

V−1 (𝖱SE : �̂�∞ + 𝖱SU ⋅ ÛE)
xy

Determine the rate by solving the xy element of the balance eq.

Calculate other stress elements

N1 = σxx − σyy

N2 = σyy − σzz

p = − (σxx + σyy + σzz)/3

⟨σxz⟩ = 0
⟨σyz⟩ = 0 due to geometric symmetry 

σxx = V−1(XFC − 𝖱SU ⋅ UC)xx + ·γV−1 (𝖱SE : �̂�∞ + 𝖱SU ⋅ ÛE)
xx

σyy = ⋯

σzz = ⋯

we now know

Stress-controlled rheology

UC = 𝖱−1
FU ⋅ FC



σxy

 soft spheres
k = constant

 hard spheres
k = ∞

soft spheres with 
scaled springs

k ∝ |σxy |

yield 

never yield 

never yield 

“Hard-sphere” spirit 



“Hard-sphere” spirit 

The simulation results under low stress and high stress are 
essentially equivalent. 
Spring constants are just penalty parameter in inertialess dynamics

soft spheres with 
scaled springs

k ∝ |σxy |

never yield 

·γ =
σxy − V−1(XFC−𝖱SU ⋅ 𝖱−1

FU ⋅ FC)xy

V−1 (𝖱SE : �̂�∞ + 𝖱SU ⋅ ÛE)
xy

= σxy 1 − V−1(XF̂C − 𝖱SU ⋅ 𝖱−1
FU ⋅ ̂FC)xy

V−1 (𝖱SE : �̂�∞ + 𝖱SU ⋅ ÛE)
xy



How about shear jamming and fragility 

in the hard-sphere limit?

Zero-inertia dynamics

Stress-controlled rheology

“Hard-sphere” spirit 

Three simulation strategies
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Shear jamming under a constant stress
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Flow again under the opposite shear stress
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Repeat this…
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area fraction ϕ = 0.78
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ϕ = 0.82

ϕ = 0.84
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Δγ = 0 in the hard sphere limit

Interpretation

Δγ = ∞ :  fluid (unjammed) 

Δγ ≡ γ(i)
Jam − γ(i−1)

Jam

Soft sphere simulation 

Δγ < ∞ & irreversibility :  shear jamming 

small Δγ & reversibility :  isotropic jamming 

Finite Δγ represents fragility
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every cycle.
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Simulation results of the critical-load friction model

���� ���� � �� ��� ����
��-�

�����

�����

�����

�

time t

strain γ
stress σ

���� ���� ��� ���� ���� ����
���

���
�
�

�
��
��

��
���
���

<latexit sha1_base64="3KerTKAkoZL/2z3XnH6I0160dxY="></latexit>

ϕ

σ

ϕ = 0.81

Critical-load friction model
frictionless

frictional

shear jammed

unjammed



���� ���� ��� ���� ���� ����
���

���
�
�

�
��
��

��
���
���

ϕ

σ

|Fnor
C | < F*

|Fnor
C | ≥ F*

frictionless

frictional

Stopping the flow by a high stress



Fluid
Shear  

jamming
(fragile)

Jammingσ

ϕ

Conclusion
We determined a shear jamming phase diagram  

for frictional hard-sphere suspension 
based on mechanical procedure 

with a stress-controlled rheology simulation.
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(shear thickening suspension)


