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降着円盤における重力不安定
• 回転と自己重力を考慮した音波の分散関係式 (Toomre 1964)
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• 線形不安定条件 (Q < 1)を、円盤と中心星の質量比を用いて表すと
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Figure 6. Comparison of the minimum mass solar nebula (MMSN) and
‘minimum mass exoplanet nebulae’ (MMEN) with the mass distributions
of protoplanetary discs. The orange bar indicates the mass range for the
MMSN and MMEN. Solid lines plot the mass distributions of the discs in
class I protostars (‘And I’, upper violet curve), class II sources (‘And IIs’,
middle cyan curve), and class II+III sources (‘And IIw’, lower red curve).
The MMSN and MMEN lie well above the median disc mass of the class II
and class II+III distributions.

in solids contained in the planets is roughly 25–45 M⊕. Recent
numerical simulations require an additional 30 M⊕ of solids to
stabilize the orbits of the gas giants in their current architecture
(e.g. Morbidelli 2013, and references therein). This Nice model
therefore requires a minimum initial solid disc mass of roughly
55–75 M⊕ (see also Desch 2007; Dawson & Murray-Clay 2012) –
about twice the mass of the planets – to produce what we think of
as a ‘typical’ planetary system without a substantial debris disc.

Fig. 6 illustrates the impact of inefficient planet formation. More
than 40 per cent of the class II discs (30 per cent of class II+III
discs) have masses larger than the most minimal MMSN (25 M⊕).
This minimal MMSN is therefore fairly typical. However, allowing
for the maximum core masses of the gas giants and the inefficiency
of the Nice model, fewer than 15 per cent of the class II discs have
sufficient mass (75 M⊕) to produce the planets in the Solar system.
The Solar system is then very atypical.

A similar picture arises in models for the formation of the known
exoplanets (e.g. Ida & Lin 2008a,b). In their studies of exoplanets
within 1 au of their host stars, Hansen & Murray (2012, 2013) and
Chiang & Laughlin (2013) explore the disc surface density distri-
butions required to build the known exoplanet populations in situ.
Raymond & Cossou (2014) consider whether the exoplanet popu-
lations form at larger distances and then migrate inwards to their
current locations. In either approach, the masses required for these
‘minimum mass exosolar nebulae’ are within the range outlined for
the MMSN in Fig. 6. The large masses invoked in these scenarios
draw from the upper 10–15 per cent (Hansen & Murray 2012, 2013;
Raymond & Cossou 2014) or upper 35 per cent (Chiang & Laughlin
2013) of class II disc masses.

5.3 When does planet formation begin?

One way to resolve the discrepancy between the solid masses in
planetary systems and single-star class II discs is to consider the
possibility that the submillimetre disc masses are not ‘primordial’
(e.g. Greaves & Rice 2010; Vorobyov 2011; Williams 2012). If

the dust distribution evolves significantly on time-scales of a few
Myr, current measurements underestimate the true solid reservoirs
available for planet formation. Because the inner disc is optically
thick, concentrating mm–cm-sized solids in the inner disc hides
them from submillimetre telescopes. Alternatively, growing solids
to km or larger sizes throughout the disc prevents detection. Either
explanation implies that more than 50 per cent of the solids in class
II discs are already locked up in large particles or are sequestered
at small disc radii (or both).

Current data allow either possibility. If small solids are se-
questered inside a few au, then the disc has a steep surface density
distribution, ! ∝ a−p, with large p. Gas drag and other physical pro-
cesses naturally concentrate grains in the disc (Nakagawa, Sekiya
& Hayashi 1986; Youdin & Chiang 2004; Brauer, Dullemond &
Henning 2008; Birnstiel et al. 2010; Birnstiel, Andrews & Ercolano
2012; Laibe, Gonzalez & Maddison 2012; Pinte & Laibe 2014),
leading to configurations with p ≥ 1.5 (Birnstiel & Andrews 2014;
Laibe 2014). Observationally, the value of p is not well constrained.
Although initial interferometric observations were interpreted as
evidence for p ≈ 1 for some T Tauri discs (Andrews et al. 2010),
subsequent multiwavelength studies (Pérez et al. 2012) demonstrate
real variations in the grain size distribution with radius that make it
difficult to constrain p with existing observations (Andrews, private
communication).

The growth of solids throughout class II discs is also plausi-
ble. Inside 30 au, the time-scale for the growth and radial drift of
cm-sized particles is short (Rafikov 2003; Rice et al. 2004, 2006;
Youdin & Chiang 2004; Clarke & Lodato 2009; Birnstiel et al.
2010, 2012; Windmark et al. 2012; Garaud et al. 2013; Laibe 2014).
Some ∼90 per cent of the small solid particles in the inner 30 au
can be converted into cm-sized or larger pebbles on time-scales of
1–3 × 104 yr (Birnstiel et al. 2010, 2012). Although agglomera-
tion into larger and larger objects may be possible (see Rice et al.
2006; Clarke & Lodato 2009; Windmark et al. 2012; Garaud et al.
2013, and references therein), recent studies focus on models where
small solid particles drift radially inward and concentrate in local
pressure maxima (e.g. Dittrich, Klahr & Johansen 2013, and ref-
erences therein). When the local gas-to-dust ratio reaches values
above unity, streaming instabilities concentrate pebbles into aggre-
gates which collapse gravitationally into much larger planetesimals
(e.g. Youdin & Goodman 2005; Johansen et al. 2007; Johansen,
Youdin & Mac Low 2009; Youdin 2011a). These planetesimals
rapidly accrete the pebbles, evolving into 1–10 M⊕ protoplanets
on time-scales ≤1–3 Myr, comparable to the ages of Taurus–Auriga
T Tauri stars (e.g. Rafikov 2005; Ormel & Klahr 2010; Bromley &
Kenyon 2011; Lambrechts & Johansen 2012; Chambers 2014).

There is independent evidence for rapid planetesimal formation in
the Solar system, based on radiometric analyses of meteorites (e.g.
Bizzarro et al. 2005; Kleine et al. 2009; Schulz et al. 2009; Dauphas
& Chaussidon 2011; Dauphas & Pourmand 2011; Sugiura & Fu-
jiya 2014). The elemental abundances of the oldest Solar system
objects – the mm–cm-sized calcium aluminum inclusions (CAIs) –
indicate that these objects formed on time-scales ≤0.1 Myr during
a period when the Sun emitted copious high-energy particles and
X-rays. Studies place the epoch of CAI formation during the late
class I or early class II phase (Dauphas & Chaussidon 2011), with
CAIs accumulating into differentiated planetesimals in the next ∼1–
10 Myr (Kleine et al. 2009; Dauphas & Chaussidon 2011). Thus,
the meteoritic record implies that planetesimal formation was well
underway at the onset of the class II phase of Solar system history.

Our conclusions expand on previous results derived from com-
parisons of the disc and exoplanet mass distributions (Greaves &

MNRAS 445, 3315–3329 (2014)
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原始惑星系円盤質量の時間進化
• 初期段階では、ある程度の割合の原始惑星系円盤が、自己重力の影響が
無視できない質量を持つことが推定される
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Figure 1
(a) A 3D isothermal simulation from the parameter studies of Kratter et al. (2010a), where Md/M∗ ≈ 0.5.
The strong left-right asymmetry is evidence of a dominant m = 1 mode. (b) A 3D simulation from Cossins
et al. (2009) with slow cooling, where Md/M∗ ≈ 0.1. Note the dominance of high m spiral structure.
Reproduced by permission of the AAS.

unstable modes is never initiated on scales ≪H . These results imply that gravito-turbulence
extends over a very small range of length scales. Additionally, there is no obvious indication of
an energy cascade with dissipation occurring on the smallest scales. On the contrary, in global,
thin-disk simulations, Cossins et al. (2009) find that mode dissipation occurs through large-scale,
almost sonic shocks. In this respect, the dynamics introduced by local GI is not akin to what one
usually calls turbulence. Morphologically, structures in shearing box simulations look more like
turbulence than the high m, tightly wound spirals seen in global simulations. This might be an
artifact of the shearing sheet/box approximation but merits further investigation. Whether gravito-
turbulence shares properties with isotropic, isothermal turbulence has important implications for
fragmentation, as we discuss in Section 3.8.

3.3.2. Large H/r. As the mass of the disk is increased, the disk becomes unstable at larger values
of H/r and higher values of Q, as predicted from the Lau & Bertin (1978) dispersion relation. Once
the disk-star mass ratio increases above ≈0.1, the evolution of the instability changes character
somewhat, transitioning from quasi-stationary spiral structures to recurrent strong episodes of
spiral activity, followed by brief quiescent phases. This behavior has been observed in a range of
simulations including isolated disks with adiabatic equations of state with and without optically
thin cooling (Laughlin et al. 1997, Tsuribe & Inutsuka 1999, Matsumoto & Hanawa 2003, Lodato
& Rice 2005, Mejia et al. 2005), isothermal and irradiated embedded disks (Krumholz et al. 2007,
Kratter et al. 2010a), and even 2D, embedded disks with radiative heating and cooling (Zhu et al.
2012). A similar, recurrent behavior has also been identified in N-body galaxy simulations, where
dynamical cooling occurs via the injection of low-velocity dispersion, or “cold” particles (Sellwood
& Carlberg 1984).

The episodic behavior observed in global simulations is likely due to one of two phenomena.
The first is the growth of the m = 1 mode, as the disk mass becomes comparable with the
stellar mass [Md ≥ 0.3M∗, in analytic estimates from Adams et al. (1989)]. Nonaxisymmetric
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β = 10 (冷却が弱いとき)β = 2 (冷却が強いとき)

Kratter and Lodato (2016)

重力不安定の非線形発展: 重力乱流 vs. 分裂
• Gammie (2001)は、簡単化した冷却関数

�e

�t
= � e

���1 ,

を用いた局所数値計算を行い、冷却時間と力学時間の比 �によって、非
線形発展が異なることを見出した:

�
� > 3 重力乱流 (Q � 1)�シアストレス起源
� < 3 分裂�伴星・惑星形成.

β cooling 
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本研究の目的と手法
• 現実的な熱力学（輻射冷却・状態方程式・中心星からの可視光輻射）を
基づいて、原始惑星系円盤における重力不安定の非線形発展を調べる

• シアリングボックスを用いて 3次元輻射流体力学計算を行う
– 初期に成層した層流に、擾乱を与えてその非線形発展を追う
– 計算パラメータは、中心星からの距離 rと、面密度 �（あるいは
換算してMdisk/Mú = fir2�/Mú）のみ

– 面密度 �は、0.06 < Mdisk/Mú < 0.25の範囲を考える
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Figure 1
(a) A 3D isothermal simulation from the parameter studies of Kratter et al. (2010a), where Md/M∗ ≈ 0.5.
The strong left-right asymmetry is evidence of a dominant m = 1 mode. (b) A 3D simulation from Cossins
et al. (2009) with slow cooling, where Md/M∗ ≈ 0.1. Note the dominance of high m spiral structure.
Reproduced by permission of the AAS.

unstable modes is never initiated on scales ≪H . These results imply that gravito-turbulence
extends over a very small range of length scales. Additionally, there is no obvious indication of
an energy cascade with dissipation occurring on the smallest scales. On the contrary, in global,
thin-disk simulations, Cossins et al. (2009) find that mode dissipation occurs through large-scale,
almost sonic shocks. In this respect, the dynamics introduced by local GI is not akin to what one
usually calls turbulence. Morphologically, structures in shearing box simulations look more like
turbulence than the high m, tightly wound spirals seen in global simulations. This might be an
artifact of the shearing sheet/box approximation but merits further investigation. Whether gravito-
turbulence shares properties with isotropic, isothermal turbulence has important implications for
fragmentation, as we discuss in Section 3.8.

3.3.2. Large H/r. As the mass of the disk is increased, the disk becomes unstable at larger values
of H/r and higher values of Q, as predicted from the Lau & Bertin (1978) dispersion relation. Once
the disk-star mass ratio increases above ≈0.1, the evolution of the instability changes character
somewhat, transitioning from quasi-stationary spiral structures to recurrent strong episodes of
spiral activity, followed by brief quiescent phases. This behavior has been observed in a range of
simulations including isolated disks with adiabatic equations of state with and without optically
thin cooling (Laughlin et al. 1997, Tsuribe & Inutsuka 1999, Matsumoto & Hanawa 2003, Lodato
& Rice 2005, Mejia et al. 2005), isothermal and irradiated embedded disks (Krumholz et al. 2007,
Kratter et al. 2010a), and even 2D, embedded disks with radiative heating and cooling (Zhu et al.
2012). A similar, recurrent behavior has also been identified in N-body galaxy simulations, where
dynamical cooling occurs via the injection of low-velocity dispersion, or “cold” particles (Sellwood
& Carlberg 1984).

The episodic behavior observed in global simulations is likely due to one of two phenomena.
The first is the growth of the m = 1 mode, as the disk mass becomes comparable with the
stellar mass [Md ≥ 0.3M∗, in analytic estimates from Adams et al. (1989)]. Nonaxisymmetric
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Kratter and Lodato (2016)

Locality of transport depends on Mdisk / Mstar

tightly-wound spiral waves 
“gravito-turbulence”low m spiral waves

Mdisk / Mstar large small

energy transport non-local local

Mdisk / Mstar ~ 0.5 Mdisk / Mstar ~ 0.1

Caveat: c.f. Tsukamoto et al. (2015), Takahashi et al. (2016) 



原始惑星系円盤

中心星

照射角度
θ = 0.02 (固定)

T ⇤
eff = 4000 K

M⇤ = 1M�

z

x

Lx = 24H (128 cells)

L z
 =

 1
2H

 (6
4 

ce
lls

)

面密度 Σ

中心星からの距離 r

本研究の目的と手法
• 現実的な熱力学（輻射冷却・状態方程式・中心星からの可視光輻射）を
基づいて、原始惑星系円盤における重力不安定の非線形発展を調べる
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– 初期に成層した層流に、擾乱を与えてその非線形発展を追う
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laminar
gravito-turbulence
clumping

collapse



10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

10 100 1000 10000
Σ0 [gcm−2]

10

100

r 
[A

U
]

laminar
gravito-turbulence
clumping

collapse

r = 50 AU, Σ = 100 gcm-2 の場合：gravito-turbulence
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r = 50 AU, Σ = 100 gcm-2 の場合：gravito-turbulence

T ~ 60K

T ~ 15K



r = 50 AU, Σ = 100 gcm-2 の場合：gravito-turbulence
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r = 50 AU, Σ = 300 gcm-3 の場合：runaway collapse
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r = 50 AU, Σ = 300 gcm-3 の場合：runaway collapse
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rが大きい側（r > 75AU）でclumpingが見られる
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Effective cooling time β as a function of Σ and r
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Nonlinear outcomes of GI in disks: phase diagram



まとめ
1. 原始惑星系円盤における重力不安定の非線形発展を、現実的な熱力学に
基づいた 3次元局所輻射流体力学計算を用いて調べた

2. 中心星からの距離 rと面密度�への依存性は以下のようにまとめられる
(a) （irradiationの平衡温度で定義した）Toomre Q > 1の場合に重力
不安定の非線形発展が見られる

(b) effective — Æ 2 程度となる半径 r が大きい側（r Ø 75AU）で、
clumpingが見られる

(c) 面密度 �が十分大きい側では T
max

> T
opacity gap

となり、runaway

collapseが見られる
(d) それ以外では、重力乱流状態が維持される


