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Our aim is to provide an answer to the frequently
posed question “What is currently the best
lattice value for a particular quantity?” in a way
that is readily accessible to nonlattice—experts.
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1. 708 as DSE ) ?

PDG value oMS = 0.1181 + 0.0011

(PDG 2016 rev.: Bethke, Dissertori, Salam)
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3. B0 T oaMS () BUTE T D037

a. Natve method and window problem

1. A short distance quantityg(y) from lattice QCD, which is
finite (i.e. renormalized or divergence free).
(ex: static quark potential, Adler function) 1 : some momentum scale

Q) = gloigo Q" ({1, go, m(90)) \ﬂ:a(go)u

2. Compute () using perturbative QCD with aMS (1) .
(2,3,4-loops depending on quantities)

Q1) = co + 10 () + e (on—S(u))2 + -

3. Require that these two are equal - determination of o5 (u)

Continuum quantity Q(,u)

Lattice simulation <=2 Continuum perturbation
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Examples of Q(u)

1. Tri—gluon coupling at some momentum point

(3) abc k,v,b
(FR ),ul/p (P, &, q) |p2:q2zu2,k2=0

abc
3
= Q(,LL) X (F%r)ee)'u,yp (p7k7Q) |p2:q2:u2,k2:0

. . p7 M?a Q7 p7c
2. Force of static quark potential

Voo
Qp) = r? 8672(02 ‘u=% , (Voo : static potential)
1
ct. Vg ~ —aV(T) +or

.
3. Adler function of vacuum polarization

Q) = -2 1) Vi W

dq2 2=p2

where /d4xeiqx<Vu(:1:)Vy(0)> = (q25W — quy>H(q2)



R

When Q(u) can be written as

Q(p) = c1a™>(p) + co (onS(M))2 I
(i.e., cg = 0)

One can define a running couplingaig (1)
with the renormalization condition

Q) = crag(p)

Previous examples
1. Momentum scheme ‘o (1)
2. Static potential scheme : an; (1)
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Window problem

Naive method seems so simple.

However, lattice setup has to satisfy 4 conditions.

l. L>3fm to kill finite size effect for the nucleon.
2. N=LJ/a=3248,64 for reasonable computational cost.

3. ¢, p<al to control the lattice artifact.

4. ¢,pn>1~2GeV  for pert. QCD to be valid.

1.&2. 2a ' <2~4 GeV
) 3.&4. 2 1~2GeV<qu<2~4GeV

Hard to find a window for @,
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b. How to solve the window problem

e Stick to the naive method

— Finer lattice or improved lattice action

— improvement in pert. theory,

* New method my — output 1 EiA output 2 — on—S(,u)
— Finite box scheme

— Nonperturbative running(=step scaling)

o Cutoff scale quantity without cutoff effect (!?)



i) Improvements in the naive method

Reduce the computational cost
- Larger g1

Eﬁﬁgﬁ@iﬁiﬁi%% ) F'Eﬁ U)/r\/7o“/]\ GCT%FD}

> smaller box size > Larger g~ !

Use improved action
— Reduction of discretization error

Improved perturbation theory
- Better convergence



ii) Finite box scheme & step scaling

A finite physical quantity in finite box |
Q(w), in finite box(L*), where p = 7

Q) = c1a™P (1) + ¢ (cvMS(M))2 4

Let us define a renormalized coupling a.o ()
(finite box scheme) for the coupling with
renormalization condition

Q(p) = crag(p)



Step scaling (=nonperturbative running)
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Step scaling gives RG running of (xg

ag(po) — ag(2po) — -+ — ag(2"uo)
with reasonable computational cost at each step.

Taking sufficient n, perturbative expansion

MS MS 2
O‘Q(Qn,u()) = C1 (Qn,uo) + Co (a (Q”MO)) 4.
becomes highly reliable.

mm) Solution to the window problem
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iii) Wilson loop

Wilson loop Z##& 1 &85 CHRER
(Wom) =14+ "g5 + ey ™ g+ -

RF LT N AF—LERE g5 LREDOIT S,
gy (1) = g5 + bi(ap)gy + - -

Wilson loops®D kb % v (1s), s o % TEXET

(<I</[Ijl/?;;7>lm) = dy""ay () + dy " ay () -

Lattice 2l — g TROTZIMICEIREOR A
AL T gv (1) ZWfiRET D,
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i) VNI — 7 D2 B@%x(HPQCD 2010, JLQCD 2017)
G(l‘o) — a° Z JT LI? where J(2) = imoph(z)vsh(z)

me < mp < my

@Eﬁ%ﬁ@%ﬁk HE B DT — A
Glwg) "0 3 Gn = a3 (t/a)"G(1)

=AM D) mﬂ“ﬁ“ PR T@T /N2

Ri=Cue? =1+ 31 e/ () (075()) 3-loop
n==

i G s 4
R, = M—Sn =1+ Z ’rn,k\:u/mhMS
my, > (1) k=1 \ 7

S k
) (W) 6,
Chetyrkin et al. 2006

b+ CHEL T, LoRANT as WS35,
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HPQCD 2010, ck B1EF
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J:D%ﬁbb \§+%‘<JLQCD 2016) Domain—-Wall 7 =L 4 1EH

a1 =205,3.6,4.5 GeV I —926 ~ 28 fm

STk EHEEEOWEE - th/? = 0.1465 fm

FEEjDtruncationff Z(missing 4-loop) 23t L SZELRY:
> ORKOGIDIZHNDEEDIATAH U %

n=2n~4 GeV
RO T- X DS B D22 b TR

aMS(My) = 0.1177 £ 0.0026  2%TT7—




ii) /INEVWWilson loop

* Small Wilson loop® B #ifbt S V78 F R (37R)
Q. Mason et al., Phys. Rev. Lett. 95,052002 (2005)
<Wm,n> =1+ Clg(% + 0293 + 6398
« Static potential D2/ — 7 F+HE
Y. Schroder, Phys. Lett. B 447, 321 (1999) - )
av (1) = (1) + a1a™ () + a3 (1))
e Bare coupling *MSbar coupling M2/L— 7 E+H.
[Luscher and Weisz, Nucl. Phys. B452 (1995) 234

oM (1) = ag + di(ap)o? + do(ap)ad oo = g3/ (47)

(Wa,m) =1+ biav(d/a) + bz (av(d/a))” + by (av(d/a))”

I
D) Rz ( W) ) — "y (dfa) + A2 (ay (dfa))? + & (ay (d/a))’

<14/i71>71n1
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HPQCD 2010, C. McNeile et al. Phys. Rev. D 82, 034512 (2010)

a1 =1.7,24,34,45 GeV & 1r; = 0.3133 fm
L =24~28fm FEIREEA T — L DAL Tk

WAATILIETTEIRE T R 288 T E T IV EEFHRETR D,

DS av(d/a) ZWifEEZT5H

ZDFR, B ER D4V — T HEVIA B REE WD LT, B DK TR
DT —ZEFRTZAYNTED 0 0

din(p?)

FEH)Dtruncationff =% RAEHAH7-0H 10k TEBAL

= —Boa — Baciy, — Bzay — Baady

an—dnm()év+dnm04%/+dnm 3 +Zdnm

AR LD S UG % o DR RS AR RED B LT Ao ks
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ay (7.5 GeV, nf — 3) = 0.2120 £ 0.0028
:> oM (1) = 0.1183 4 0.0008
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iii) A FBAFE AR — A EStep scaling
TEmG A (k) DLETOE M IEEENZ AT A ZMER

d*k 1 k)gd + -

(2m)4 # 298
'k 0 o\ e 1 T
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AIRERE T R A ERALOE RISERNL A%(t, ) = C* + Eft
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[Luscher , Sommer, Weisz, Wolff 1994
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o(r) Y ] Capitani et al ALPHA Collab. 1998
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SF A% —A #EETEL PACS-CS collaboration 2009

S. Aoki et al. JHEP 0910, 053 (2009)

3—flavor QCD (Wilson” =/L34>)

AT T A=) TAT T (F 0 ENTE R LT —TFT —H)
A7 NS [./a=8,12,16 .

TUNS YN L/a=4,6,8 DR

G2 (1) = 5.0 ~ 1.0 D] ZRG running (+ X E\EWWZ R /¥ —F —H)

2/5707\‘/?‘/7‘
oM (1) = asr(p) + c1adp () + coadp (1)

300

oM3(M) = 0.12047 £ 0.00081 £ 0.0004870-000%

WRMESE NE3D5 dEEHER o e T L
= B E,,/T"’(li ””””
il
L R SR CLlinear extrapolation® Az L5 & Fon ooy
o™ (Mz) = 0.118 4 0.003 Lo

150
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Lattice 2017 COmFHER o\ et !

Q1 v W DN +—

Bruno et al. (Alpha Collaboration) arXiv:1706.03821

Large Lattice

1
100GV 10°

10~1

AT wh: Ry T—F> TN vh: GEAF— ARG EE
AT« 24—V 7 (RG evolution) with GF

AT b GEAF—LFERER 2> TUNT YR SEAFT— LGB EE
AT 7« A —1 7 (RG evolution) with SF

SFAF — LGB T > Msbar A% —LfE &5 EE

17/08/09 40
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Final Result
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5. £
B QCDIZ L D3R M AAFEH O P E 1 TSN L S 7L 72 A Window
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j: f}hn+ﬂ/\%‘§ i+ /J é<(%67‘k_%90
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