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αsの重要性	

LQCD = �
1
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F a
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<latexit sha1_base64="fb68wnxyiCRh8USbfl9+QFfTVQk="></latexit><latexit sha1_base64="fb68wnxyiCRh8USbfl9+QFfTVQk="></latexit><latexit sha1_base64="fb68wnxyiCRh8USbfl9+QFfTVQk="></latexit><latexit sha1_base64="fb68wnxyiCRh8USbfl9+QFfTVQk="></latexit>
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<latexit sha1_base64="nz7PnjS0gepJ6ER1L43Cm9LG/+U="></latexit><latexit sha1_base64="nz7PnjS0gepJ6ER1L43Cm9LG/+U="></latexit><latexit sha1_base64="nz7PnjS0gepJ6ER1L43Cm9LG/+U="></latexit><latexit sha1_base64="nz7PnjS0gepJ6ER1L43Cm9LG/+U="></latexit>

Top	  mass	  determina)on	  	 Vacuum	  stability	  	

Chigusa,	  Morio,	  Shoji	



How	  is	  αs	  determined?	

Opert.(E) = c0↵s(µ) + c1(E,µ)↵s(µ)
2 + ...

<latexit sha1_base64="qCBHDsEFwcZyRsuPljNird1S0H8="></latexit><latexit sha1_base64="qCBHDsEFwcZyRsuPljNird1S0H8="></latexit><latexit sha1_base64="qCBHDsEFwcZyRsuPljNird1S0H8="></latexit><latexit sha1_base64="qCBHDsEFwcZyRsuPljNird1S0H8="></latexit>

Strong	  interac)onに関係したobservable	  Oを考える	

O
obs.(E)

<latexit sha1_base64="pqr0pybHWcAuB6UhSjWLYrPGW0c="></latexit><latexit sha1_base64="pqr0pybHWcAuB6UhSjWLYrPGW0c="></latexit><latexit sha1_base64="pqr0pybHWcAuB6UhSjWLYrPGW0c="></latexit><latexit sha1_base64="pqr0pybHWcAuB6UhSjWLYrPGW0c="></latexit>

Calculated	

↵s(µ)
<latexit sha1_base64="oYkENChNgrcZJAWfKYclA0EBS/I="></latexit><latexit sha1_base64="oYkENChNgrcZJAWfKYclA0EBS/I="></latexit><latexit sha1_base64="oYkENChNgrcZJAWfKYclA0EBS/I="></latexit><latexit sha1_base64="oYkENChNgrcZJAWfKYclA0EBS/I="></latexit>

をunknown	  parameterとして扱い、決定	

Matching	

くりこみ群improveした予言は　　　　　　の関数	E/⇤MS
<latexit sha1_base64="iPJnTNyOVw3c4zULTv3rdFfn/uQ="></latexit><latexit sha1_base64="iPJnTNyOVw3c4zULTv3rdFfn/uQ="></latexit><latexit sha1_base64="iPJnTNyOVw3c4zULTv3rdFfn/uQ="></latexit><latexit sha1_base64="iPJnTNyOVw3c4zULTv3rdFfn/uQ="></latexit>

⇤MS
<latexit sha1_base64="qHVI8qfIzV9IgkUXzORL51sri54="></latexit><latexit sha1_base64="qHVI8qfIzV9IgkUXzORL51sri54="></latexit><latexit sha1_base64="qHVI8qfIzV9IgkUXzORL51sri54="></latexit><latexit sha1_base64="qHVI8qfIzV9IgkUXzORL51sri54="></latexit>

をunknown	  parameterとして決定	

Unknown	



LaSce	  QCDの決定	

他の決定に比べて小さい誤差	



Window問題	

a�1 = 2� 4.5GeV
<latexit sha1_base64="lXcOiSm/8NJZxAa933/cvT2XaCE="></latexit><latexit sha1_base64="lXcOiSm/8NJZxAa933/cvT2XaCE="></latexit><latexit sha1_base64="lXcOiSm/8NJZxAa933/cvT2XaCE="></latexit><latexit sha1_base64="lXcOiSm/8NJZxAa933/cvT2XaCE="></latexit>

E ... 1� 2GeV
<latexit sha1_base64="mN05SmMLdy+0cxR+qRVgh0PBh1o="></latexit><latexit sha1_base64="mN05SmMLdy+0cxR+qRVgh0PBh1o="></latexit><latexit sha1_base64="mN05SmMLdy+0cxR+qRVgh0PBh1o="></latexit><latexit sha1_base64="mN05SmMLdy+0cxR+qRVgh0PBh1o="></latexit>

LaSce	  QCD	

摂動論	

αsのblowing	  up	  scale	

E &&& 1� 2GeV
<latexit sha1_base64="0W+fbvHOP1nVL9HdSARAF4097fo="></latexit><latexit sha1_base64="0W+fbvHOP1nVL9HdSARAF4097fo="></latexit><latexit sha1_base64="0W+fbvHOP1nVL9HdSARAF4097fo="></latexit><latexit sha1_base64="0W+fbvHOP1nVL9HdSARAF4097fo="></latexit>

Difficult	  to	  find	  a	  region	  where	  both	  are	  accurate.	

a
<latexit sha1_base64="2kj2RPi934+5eZc/+8zY5xVaE24="></latexit><latexit sha1_base64="2kj2RPi934+5eZc/+8zY5xVaE24="></latexit><latexit sha1_base64="2kj2RPi934+5eZc/+8zY5xVaE24="></latexit><latexit sha1_base64="2kj2RPi934+5eZc/+8zY5xVaE24="></latexit>k ... a�1

<latexit sha1_base64="b6e4UQdHFBlMQq7QlI9kWJvNFN0="></latexit><latexit sha1_base64="b6e4UQdHFBlMQq7QlI9kWJvNFN0="></latexit><latexit sha1_base64="b6e4UQdHFBlMQq7QlI9kWJvNFN0="></latexit><latexit sha1_base64="b6e4UQdHFBlMQq7QlI9kWJvNFN0="></latexit>

運動量:	

現在の格子間隔	

Accurate	  simula)on	  at	E ⌧ a�1
<latexit sha1_base64="0HSCztX8Hp0xL4meI8mKhH9TGrg="></latexit><latexit sha1_base64="0HSCztX8Hp0xL4meI8mKhH9TGrg="></latexit><latexit sha1_base64="0HSCztX8Hp0xL4meI8mKhH9TGrg="></latexit><latexit sha1_base64="0HSCztX8Hp0xL4meI8mKhH9TGrg="></latexit>

⇤QCD ⇠ 0.3GeV
<latexit sha1_base64="7S85rPDDcSFULuAx5gmzEk4Tehw="></latexit><latexit sha1_base64="7S85rPDDcSFULuAx5gmzEk4Tehw="></latexit><latexit sha1_base64="7S85rPDDcSFULuAx5gmzEk4Tehw="></latexit><latexit sha1_base64="7S85rPDDcSFULuAx5gmzEk4Tehw="></latexit>

Accurate	  predic)on	  at	  	E � ⇤QCD
<latexit sha1_base64="ubrJVPIRcI8INxvH5112J6MBKQk="></latexit><latexit sha1_base64="ubrJVPIRcI8INxvH5112J6MBKQk="></latexit><latexit sha1_base64="ubrJVPIRcI8INxvH5112J6MBKQk="></latexit><latexit sha1_base64="ubrJVPIRcI8INxvH5112J6MBKQk="></latexit>

Flavor	  LaSce	  Averaging	  Group	  (FLAG)	  2016	



Window問題へのアプローチ	

E ... 1� 2GeV
<latexit sha1_base64="mN05SmMLdy+0cxR+qRVgh0PBh1o="></latexit><latexit sha1_base64="mN05SmMLdy+0cxR+qRVgh0PBh1o="></latexit><latexit sha1_base64="mN05SmMLdy+0cxR+qRVgh0PBh1o="></latexit><latexit sha1_base64="mN05SmMLdy+0cxR+qRVgh0PBh1o="></latexit>

E &&& 1� 2GeV
<latexit sha1_base64="0W+fbvHOP1nVL9HdSARAF4097fo="></latexit><latexit sha1_base64="0W+fbvHOP1nVL9HdSARAF4097fo="></latexit><latexit sha1_base64="0W+fbvHOP1nVL9HdSARAF4097fo="></latexit><latexit sha1_base64="0W+fbvHOP1nVL9HdSARAF4097fo="></latexit>

LaSce	  QCD	

摂動論	

(i)	  LaSceの適用可能エネルギーを高エネルギーまで広げる 	

Step-‐scaling	  method:	  LaSceでrunningを計算	

2017	  Alpha	  Collabora)onによる高精度決定	



Window問題へのアプローチ	

E ... 1� 2GeV
<latexit sha1_base64="mN05SmMLdy+0cxR+qRVgh0PBh1o="></latexit><latexit sha1_base64="mN05SmMLdy+0cxR+qRVgh0PBh1o="></latexit><latexit sha1_base64="mN05SmMLdy+0cxR+qRVgh0PBh1o="></latexit><latexit sha1_base64="mN05SmMLdy+0cxR+qRVgh0PBh1o="></latexit>

E &&& 1� 2GeV
<latexit sha1_base64="0W+fbvHOP1nVL9HdSARAF4097fo="></latexit><latexit sha1_base64="0W+fbvHOP1nVL9HdSARAF4097fo="></latexit><latexit sha1_base64="0W+fbvHOP1nVL9HdSARAF4097fo="></latexit><latexit sha1_base64="0W+fbvHOP1nVL9HdSARAF4097fo="></latexit>

LaSce	  QCD	

摂動論	

(i)	  LaSceの適用可能エネルギーを高エネルギーまで広げる 	

Step-‐scaling	  method:	  LaSceでrunningを計算	

2017	  Alpha	  Collabora)onによる高精度決定	

(ii)	  理論計算の適用可能エネルギーを低エネルギーまで広げる	

摂動論を超える枠組み(OPE)を用いる	

今回の我々の決定	



摂動論とOPE	

n-‐
th
	  o
rd
er
	  te

rm
	摂動論は予言精度に限界がある	

Renormalon	  uncertainty	

Heavy	  quark	  an)	  quark間の	  
ポテンシャルエネルギー	

VQCD(r)
<latexit sha1_base64="6VA4mM6nsZFQ6gta+4g+tOkehIE="></latexit><latexit sha1_base64="6VA4mM6nsZFQ6gta+4g+tOkehIE="></latexit><latexit sha1_base64="6VA4mM6nsZFQ6gta+4g+tOkehIE="></latexit><latexit sha1_base64="6VA4mM6nsZFQ6gta+4g+tOkehIE="></latexit>

摂動評価の誤差	O(⇤3
QCDr2)

<latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit>

Renormalon	  uncertainty	
IRのdynamicsに由来	



摂動論とOPE	

VQCD(r) = VS(r) + �EUS(r) + ...
<latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit><latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit><latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit><latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit>

OPE	  for	  the	  QCD	  poten)al	  (Small	  r	  expansion)	

O(1/r)
<latexit sha1_base64="4jL8noCpNY3eC/6Y68dLyd6QGz0="></latexit><latexit sha1_base64="4jL8noCpNY3eC/6Y68dLyd6QGz0="></latexit><latexit sha1_base64="4jL8noCpNY3eC/6Y68dLyd6QGz0="></latexit><latexit sha1_base64="4jL8noCpNY3eC/6Y68dLyd6QGz0="></latexit>

O(r2)
<latexit sha1_base64="5jtPFLqwy8LetGEgyPvmqisrNDs="></latexit><latexit sha1_base64="5jtPFLqwy8LetGEgyPvmqisrNDs="></latexit><latexit sha1_base64="5jtPFLqwy8LetGEgyPvmqisrNDs="></latexit><latexit sha1_base64="5jtPFLqwy8LetGEgyPvmqisrNDs="></latexit>

VS(r)
<latexit sha1_base64="wBl8P4TM8jhVA0COCFTL9AMyNJg="></latexit><latexit sha1_base64="wBl8P4TM8jhVA0COCFTL9AMyNJg="></latexit><latexit sha1_base64="wBl8P4TM8jhVA0COCFTL9AMyNJg="></latexit><latexit sha1_base64="wBl8P4TM8jhVA0COCFTL9AMyNJg="></latexit>

:	  摂動論で計算	 O(⇤3
QCDr2)

<latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit>

renormalon	

Q
<latexit sha1_base64="lXH3RuLlD1Z+UrBTzBlYcICNQ1A="></latexit><latexit sha1_base64="lXH3RuLlD1Z+UrBTzBlYcICNQ1A="></latexit><latexit sha1_base64="lXH3RuLlD1Z+UrBTzBlYcICNQ1A="></latexit><latexit sha1_base64="lXH3RuLlD1Z+UrBTzBlYcICNQ1A="></latexit>

Q̄
<latexit sha1_base64="SMqTK9OpcimR2cwvBQ/x5AhZfY0="></latexit><latexit sha1_base64="SMqTK9OpcimR2cwvBQ/x5AhZfY0="></latexit><latexit sha1_base64="SMqTK9OpcimR2cwvBQ/x5AhZfY0="></latexit><latexit sha1_base64="SMqTK9OpcimR2cwvBQ/x5AhZfY0="></latexit>r	

1999	  Brambilla,	  et	  al.	



摂動論とOPE	

VQCD(r) = VS(r) + �EUS(r) + ...
<latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit><latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit><latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit><latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit>

OPE	  for	  the	  QCD	  poten)al	  (Small	  r	  expansion)	

O(1/r)
<latexit sha1_base64="4jL8noCpNY3eC/6Y68dLyd6QGz0="></latexit><latexit sha1_base64="4jL8noCpNY3eC/6Y68dLyd6QGz0="></latexit><latexit sha1_base64="4jL8noCpNY3eC/6Y68dLyd6QGz0="></latexit><latexit sha1_base64="4jL8noCpNY3eC/6Y68dLyd6QGz0="></latexit>

O(r2)
<latexit sha1_base64="5jtPFLqwy8LetGEgyPvmqisrNDs="></latexit><latexit sha1_base64="5jtPFLqwy8LetGEgyPvmqisrNDs="></latexit><latexit sha1_base64="5jtPFLqwy8LetGEgyPvmqisrNDs="></latexit><latexit sha1_base64="5jtPFLqwy8LetGEgyPvmqisrNDs="></latexit>

VS(r)
<latexit sha1_base64="wBl8P4TM8jhVA0COCFTL9AMyNJg="></latexit><latexit sha1_base64="wBl8P4TM8jhVA0COCFTL9AMyNJg="></latexit><latexit sha1_base64="wBl8P4TM8jhVA0COCFTL9AMyNJg="></latexit><latexit sha1_base64="wBl8P4TM8jhVA0COCFTL9AMyNJg="></latexit>

:	  摂動論で計算	 O(⇤3
QCDr2)

<latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit>

�EUS(r)
<latexit sha1_base64="s9v7vZNMCRUP44JPEfWD7kpaywI="></latexit><latexit sha1_base64="s9v7vZNMCRUP44JPEfWD7kpaywI="></latexit><latexit sha1_base64="s9v7vZNMCRUP44JPEfWD7kpaywI="></latexit><latexit sha1_base64="s9v7vZNMCRUP44JPEfWD7kpaywI="></latexit>

:	  IRの非摂動的寄与	 renormalonを相殺	

1999	  Brambilla,	  et	  al.	

OPEではrenormalon相殺のため	  
より低エネルギー側まで信頼出来る予言が得られる	

Q
<latexit sha1_base64="lXH3RuLlD1Z+UrBTzBlYcICNQ1A="></latexit><latexit sha1_base64="lXH3RuLlD1Z+UrBTzBlYcICNQ1A="></latexit><latexit sha1_base64="lXH3RuLlD1Z+UrBTzBlYcICNQ1A="></latexit><latexit sha1_base64="lXH3RuLlD1Z+UrBTzBlYcICNQ1A="></latexit>

Q̄
<latexit sha1_base64="SMqTK9OpcimR2cwvBQ/x5AhZfY0="></latexit><latexit sha1_base64="SMqTK9OpcimR2cwvBQ/x5AhZfY0="></latexit><latexit sha1_base64="SMqTK9OpcimR2cwvBQ/x5AhZfY0="></latexit><latexit sha1_base64="SMqTK9OpcimR2cwvBQ/x5AhZfY0="></latexit>r	

renormalon	

1999	  Brambilla,	  et	  al.	



OPEの困難	

非摂動的寄与の理解が十分でない	

先行研究ではrenormalon相殺を取り入れた計算はできていない	

素朴に摂動論でVsを計算する限り	

・低エネルギーで誤差が　　　　　　　　で膨らむ	O(⇤3
QCDr2)

<latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit>

・非摂動効果と摂動誤差の両者が区別できない	



Our	  study	

2005	  Y.	  Sumino	

(Generaliza)on	  within	  a	  certain	  approxima)on	  
	  2016	  Mishima,	  Sumino,	  Takaura	  )	

低エネルギーまでreliableな予言を使うことで	

LaSce	  QCD	摂動論	

Window問題	

1� 2 GeV ... E ... 1� 2 GeV
<latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="ZcQWKVWRIpTNwc1G9kYgtZ3U5gY="></latexit><latexit sha1_base64="s1p8x7EkfZrzb4XvBjoXseeCwaQ="></latexit><latexit sha1_base64="s1p8x7EkfZrzb4XvBjoXseeCwaQ="></latexit><latexit sha1_base64="baGvkFtuMhMOTfrwEWOdaMSejME="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit>

OPE+renormalon	  subtrac)onの手法を用いる	



Our	  study	

2005	  Y.	  Sumino	

低エネルギーまでreliableな予言を使うことで	

LaSce	  QCD	摂動論	

Window問題	

1� 2 GeV ... E ... 1� 2 GeV
<latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="ZcQWKVWRIpTNwc1G9kYgtZ3U5gY="></latexit><latexit sha1_base64="s1p8x7EkfZrzb4XvBjoXseeCwaQ="></latexit><latexit sha1_base64="s1p8x7EkfZrzb4XvBjoXseeCwaQ="></latexit><latexit sha1_base64="baGvkFtuMhMOTfrwEWOdaMSejME="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit>

Our	  determina)on	

LaSce	  QCD	  (JLQCD	  collabora)on)	OPE+renormalon	  sub.	
(離散化誤差を十分削って)	0.5 GeV ... E ... 2 GeV

<latexit sha1_base64="hXENlG1+HAKpx+meqLXecpzWIKE="></latexit><latexit sha1_base64="hXENlG1+HAKpx+meqLXecpzWIKE="></latexit><latexit sha1_base64="hXENlG1+HAKpx+meqLXecpzWIKE="></latexit><latexit sha1_base64="hXENlG1+HAKpx+meqLXecpzWIKE="></latexit>

(Generaliza)on	  within	  a	  certain	  approxima)on	  
	  2016	  Mishima,	  Sumino,	  Takaura	  )	

OPE+renormalon	  subtrac)onの手法を用いる	
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IR	  subtrac)on	

q
<latexit sha1_base64="7zx/M0IuVfaen7lN43j4vMVjuaE="></latexit><latexit sha1_base64="7zx/M0IuVfaen7lN43j4vMVjuaE="></latexit><latexit sha1_base64="7zx/M0IuVfaen7lN43j4vMVjuaE="></latexit><latexit sha1_base64="7zx/M0IuVfaen7lN43j4vMVjuaE="></latexit>

VS(r;µf) = �4⇡CF

ZZZ

|~q|>µf

d3q

(2⇡)3
ei~q·~r

↵V (q)

q2
<latexit sha1_base64="CWUUX6L2KIZxo49gLbxEBX1kaBE="></latexit><latexit sha1_base64="CWUUX6L2KIZxo49gLbxEBX1kaBE="></latexit><latexit sha1_base64="CWUUX6L2KIZxo49gLbxEBX1kaBE="></latexit><latexit sha1_base64="CWUUX6L2KIZxo49gLbxEBX1kaBE="></latexit>

q>μf:	  IR	  cutoff	

元々物理量はcutoffに依らない…	

Cutoff	  dependent	  part	  	 Renormalon	  uncertainty	

Cutoff	  independent	  part	  	 Renormalon	  free	

VQCD(r) = VS(r) + �EUS(r) + ...
<latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit><latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit><latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit><latexit sha1_base64="5bHyp3u7WqjD5KdRXG2kTOOA99Q="></latexit>

↵V (q)
<latexit sha1_base64="9Hku13nXKBCfa3oRUKSlQazW8d8="></latexit><latexit sha1_base64="9Hku13nXKBCfa3oRUKSlQazW8d8="></latexit><latexit sha1_base64="9Hku13nXKBCfa3oRUKSlQazW8d8="></latexit><latexit sha1_base64="9Hku13nXKBCfa3oRUKSlQazW8d8="></latexit>

:	  O(αs
4)	  perturba)ve	  calcula)on	

2009	  Anzai,	  Kiyo,	  Sumino	  
	  	  	  	  	  	  	  	  	  Sumirnov,	  Sumirnov,	  Steinhauser	



Renormalonの分離	

VS(r;µf) = V RF
S (r) +O(µ3

fr
2)

<latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit>

クーロン+linear	



	  	  	  	  	  	  	  	  	  	  	  	  	  	  の特徴	

・	  Next-‐to-‐next-‐to-‐next-‐to-leading	  log	  (NNNLL)のaccuracy	

O(↵4
s)

<latexit sha1_base64="XaLX1GpJlRfEZhgC15epFklrrK0="></latexit><latexit sha1_base64="XaLX1GpJlRfEZhgC15epFklrrK0="></latexit><latexit sha1_base64="XaLX1GpJlRfEZhgC15epFklrrK0="></latexit><latexit sha1_base64="XaLX1GpJlRfEZhgC15epFklrrK0="></latexit>

の摂動予言のくりこみ群improve	

O(⇤3
QCDr2)

<latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit><latexit sha1_base64="2OU+UzwvINeRewuks2JR8tCaJEk="></latexit>

・通常の摂動計算に含まれる誤差　　　　　　　　を持たない	  

・ 非物理的な特異点を持たない	  

(→ふつうは非物理的な特異点が生じてしまう)	

誤差の抑えられたreliableな予言が広い範囲で得られると期待	

V RF
S (r)

<latexit sha1_base64="E75En5ioGbcAJzzXT/zW19w28qA="></latexit><latexit sha1_base64="E75En5ioGbcAJzzXT/zW19w28qA="></latexit><latexit sha1_base64="E75En5ioGbcAJzzXT/zW19w28qA="></latexit><latexit sha1_base64="E75En5ioGbcAJzzXT/zW19w28qA="></latexit>



OPE	  predic)on	

VQCD(r) = VS(r;µf) + �EUS(r;µf) + ...
<latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit><latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit><latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit><latexit sha1_base64="n1cOIbtMuYtv+bE348bYdSPCD+c="></latexit>

VS(r;µf) = V RF
S (r) +O(µ3

fr
2)

<latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit><latexit sha1_base64="49c/TUR4Ml+prQavyM6kKCQ8cr4="></latexit>

Renormalon	  separa)on	

VQCD(r) = V RF
S (r) + �ERF

US (r) + ...
<latexit sha1_base64="4ggyBPPddEBWGZ3zuPNI1wcfz10="></latexit><latexit sha1_base64="4ggyBPPddEBWGZ3zuPNI1wcfz10="></latexit><latexit sha1_base64="4ggyBPPddEBWGZ3zuPNI1wcfz10="></latexit><latexit sha1_base64="4ggyBPPddEBWGZ3zuPNI1wcfz10="></latexit>

VQCD(r) = V RF
S (r) +A2r

2 + ...
<latexit sha1_base64="O8vKg7nxjKumw3NimsSPTciE6Lc="></latexit><latexit sha1_base64="O8vKg7nxjKumw3NimsSPTciE6Lc="></latexit><latexit sha1_base64="O8vKg7nxjKumw3NimsSPTciE6Lc="></latexit><latexit sha1_base64="O8vKg7nxjKumw3NimsSPTciE6Lc="></latexit>

We	  use	  the	  following	  form	

1999	  Brambilla,	  et	  al.	
2017	  Takaura	

IR	  cutoff	 UV	  cutoff	
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格子QCD計算	

格子サイズ	

Fermion	  	  	  	  	  	  2(u,d)+1(s)	  	  Domain-‐wall	  fermion	

323x64,483x96,643x128	

作用	 O(a)-‐improved	  ac)on：	

JLQCD	

M⇡ ⇠ 300MeV
MK ⇠ 550MeV

T.	  Kaneko	  

Discre)za)on	  error	  is	  O(a2)	

a
<latexit sha1_base64="2kj2RPi934+5eZc/+8zY5xVaE24="></latexit><latexit sha1_base64="2kj2RPi934+5eZc/+8zY5xVaE24="></latexit><latexit sha1_base64="2kj2RPi934+5eZc/+8zY5xVaE24="></latexit><latexit sha1_base64="2kj2RPi934+5eZc/+8zY5xVaE24="></latexit>

a�1 = 2.5,3.6,4.5GeV
<latexit sha1_base64="tmkiTtWKCsRAvhV80VuE5Oa+Gik="></latexit><latexit sha1_base64="tmkiTtWKCsRAvhV80VuE5Oa+Gik="></latexit><latexit sha1_base64="tmkiTtWKCsRAvhV80VuE5Oa+Gik="></latexit><latexit sha1_base64="tmkiTtWKCsRAvhV80VuE5Oa+Gik="></latexit>

(140MeV)
<latexit sha1_base64="+4RCymekMOFZ4FAe7eXO9UIqHY4="></latexit><latexit sha1_base64="+4RCymekMOFZ4FAe7eXO9UIqHY4="></latexit><latexit sha1_base64="+4RCymekMOFZ4FAe7eXO9UIqHY4="></latexit><latexit sha1_base64="+4RCymekMOFZ4FAe7eXO9UIqHY4="></latexit>

(500MeV)
<latexit sha1_base64="5Tqn2QJlktQ0tlo7V8T7pVNAUQM="></latexit><latexit sha1_base64="5Tqn2QJlktQ0tlo7V8T7pVNAUQM="></latexit><latexit sha1_base64="5Tqn2QJlktQ0tlo7V8T7pVNAUQM="></latexit><latexit sha1_base64="5Tqn2QJlktQ0tlo7V8T7pVNAUQM="></latexit>



解析方法	

・	  Analysis	  (I)	

LaSce	  dataの連続極限がきちんと取れるか	  
　	  can	  explain	  laSce	  result	  up	  to	  O(r2)	  nonperturba)ve	  correc)on	  

First-‐principle	  analysis	

(i)	  laSce	  dataの連続極限(a-‐>0)を取る	  

Check	  if	

	  Global	  fitにより(i)	  と(ii)をいっぺんに行う	

我々のαsの結果	

(ii)	  OPEとmatchingを行い、αsを決定	  

V RF
S (r)

<latexit sha1_base64="E75En5ioGbcAJzzXT/zW19w28qA="></latexit><latexit sha1_base64="E75En5ioGbcAJzzXT/zW19w28qA="></latexit><latexit sha1_base64="E75En5ioGbcAJzzXT/zW19w28qA="></latexit><latexit sha1_base64="E75En5ioGbcAJzzXT/zW19w28qA="></latexit>

・	  Analysis	  (II)	



解析方法	

・	  Analysis	  (I)	

LaSce	  dataの連続極限がきちんと取れるか	  
　	  can	  explain	  laSce	  result	  up	  to	  O(r2)	  nonperturba)ve	  correc)on	  

First-‐principle	  analysis	

(i)	  laSce	  dataの連続極限(a-‐>0)を取る	  

Check	  if	

	  Global	  fitにより(i)	  と(ii)をいっぺんに行う	

我々のαsの結果	

(ii)	  OPEとmatchingを行い、αsを決定	  

V RF
S (r)

<latexit sha1_base64="E75En5ioGbcAJzzXT/zW19w28qA="></latexit><latexit sha1_base64="E75En5ioGbcAJzzXT/zW19w28qA="></latexit><latexit sha1_base64="E75En5ioGbcAJzzXT/zW19w28qA="></latexit><latexit sha1_base64="E75En5ioGbcAJzzXT/zW19w28qA="></latexit>

・	  Analysis	  (II)	



Consistency	  check	

VQCD(r) = V RF
S (r) +O(r2)

<latexit sha1_base64="zvZjFxzOYVYd2HHYqWAVQHC/21E="></latexit><latexit sha1_base64="zvZjFxzOYVYd2HHYqWAVQHC/21E="></latexit><latexit sha1_base64="zvZjFxzOYVYd2HHYqWAVQHC/21E="></latexit><latexit sha1_base64="zvZjFxzOYVYd2HHYqWAVQHC/21E="></latexit>

理論計算の有効領域 	

ふつうの摂動計算の有効領域                	⇤QCDr ... 0.3
<latexit sha1_base64="0IBHy/XiFFW78gEazQY0xC/ZcTg="></latexit><latexit sha1_base64="0IBHy/XiFFW78gEazQY0xC/ZcTg="></latexit><latexit sha1_base64="0IBHy/XiFFW78gEazQY0xC/ZcTg="></latexit><latexit sha1_base64="0IBHy/XiFFW78gEazQY0xC/ZcTg="></latexit>

⇤QCDr ... 0.8
<latexit sha1_base64="3mDatbKaeurbLer2WqKu44wXm+I="></latexit><latexit sha1_base64="3mDatbKaeurbLer2WqKu44wXm+I="></latexit><latexit sha1_base64="3mDatbKaeurbLer2WqKu44wXm+I="></latexit><latexit sha1_base64="3mDatbKaeurbLer2WqKu44wXm+I="></latexit>

(r ... 0.5 fm)
<latexit sha1_base64="3t8n0MYELwAoduP/oHSWOayfma8="></latexit><latexit sha1_base64="3t8n0MYELwAoduP/oHSWOayfma8="></latexit><latexit sha1_base64="3t8n0MYELwAoduP/oHSWOayfma8="></latexit><latexit sha1_base64="3t8n0MYELwAoduP/oHSWOayfma8="></latexit>

(r ... 0.2 fm)
<latexit sha1_base64="X23Z79znN0b5MHEfwczRiFE2ZJA="></latexit><latexit sha1_base64="X23Z79znN0b5MHEfwczRiFE2ZJA="></latexit><latexit sha1_base64="X23Z79znN0b5MHEfwczRiFE2ZJA="></latexit><latexit sha1_base64="X23Z79znN0b5MHEfwczRiFE2ZJA="></latexit>

摂動部分 v.s.	  格子QCDの連続極限	 (Assuming	  PDG	  value)	



αs決定	

→	  Global	  fit	  	

Matching	

(z = ⇤MS [GeV])
<latexit sha1_base64="GqcbF2sRj2TvIf92X4+er6yKrqA="></latexit><latexit sha1_base64="GqcbF2sRj2TvIf92X4+er6yKrqA="></latexit><latexit sha1_base64="GqcbF2sRj2TvIf92X4+er6yKrqA="></latexit><latexit sha1_base64="GqcbF2sRj2TvIf92X4+er6yKrqA="></latexit>

FiSng	  parameters:	  	{z = ⇤MS,A2,d,i, fd, c0,d,i}
<latexit sha1_base64="HIGIKxoLQ13fTgTRoDyI0zTOkTA="></latexit><latexit sha1_base64="HIGIKxoLQ13fTgTRoDyI0zTOkTA="></latexit><latexit sha1_base64="HIGIKxoLQ13fTgTRoDyI0zTOkTA="></latexit><latexit sha1_base64="HIGIKxoLQ13fTgTRoDyI0zTOkTA="></latexit>

i = 1,2,3 : lattice setup
<latexit sha1_base64="iNdZCfjSCq8ZmdGV+dxpcvFRvkk="></latexit><latexit sha1_base64="iNdZCfjSCq8ZmdGV+dxpcvFRvkk="></latexit><latexit sha1_base64="iNdZCfjSCq8ZmdGV+dxpcvFRvkk="></latexit><latexit sha1_base64="iNdZCfjSCq8ZmdGV+dxpcvFRvkk="></latexit>

d = 1,2 : direction

<latexit sha1_base64="s6y6miz8ECzHBFTCLunS8CXYCw0="></latexit><latexit sha1_base64="s6y6miz8ECzHBFTCLunS8CXYCw0="></latexit><latexit sha1_base64="s6y6miz8ECzHBFTCLunS8CXYCw0="></latexit><latexit sha1_base64="s6y6miz8ECzHBFTCLunS8CXYCw0="></latexit>

(i)	  laSce	  dataの連続極限(a-‐>0)を取る	  

(ii)	  OPEとmatchingを行い、αsを決定	  

V cont

latt

(r) = V
latt,d,i(r)� d,i

 
1

r
�

1

r

�

d,i

!
+ fd

a2

i

r3
� c

0,d,i

<latexit sha1_base64="CxqEQVoNL56Qhb2/eUPh9AdAyi0="></latexit><latexit sha1_base64="CxqEQVoNL56Qhb2/eUPh9AdAyi0="></latexit><latexit sha1_base64="CxqEQVoNL56Qhb2/eUPh9AdAyi0="></latexit><latexit sha1_base64="CxqEQVoNL56Qhb2/eUPh9AdAyi0="></latexit>

VOPE(r) = z[V RF
S /⇤MS](zr) +A2r

2
<latexit sha1_base64="jHehYvSgjV/G5sPxz4EMqaLuZC8="></latexit><latexit sha1_base64="jHehYvSgjV/G5sPxz4EMqaLuZC8="></latexit><latexit sha1_base64="jHehYvSgjV/G5sPxz4EMqaLuZC8="></latexit><latexit sha1_base64="jHehYvSgjV/G5sPxz4EMqaLuZC8="></latexit>



結果	

⇤MS = 334± 10(stat) MeV
<latexit sha1_base64="0owUD9BQxTF5fK09erWOUoFPv5s="></latexit><latexit sha1_base64="0owUD9BQxTF5fK09erWOUoFPv5s="></latexit><latexit sha1_base64="0owUD9BQxTF5fK09erWOUoFPv5s="></latexit><latexit sha1_base64="0owUD9BQxTF5fK09erWOUoFPv5s="></latexit>

↵s(M
2
Z) = 0.1179± 0.0007(stat)

<latexit sha1_base64="uZS/LrlHHlUf0GyrsJKAT1rQd0U="></latexit><latexit sha1_base64="uZS/LrlHHlUf0GyrsJKAT1rQd0U="></latexit><latexit sha1_base64="uZS/LrlHHlUf0GyrsJKAT1rQd0U="></latexit><latexit sha1_base64="uZS/LrlHHlUf0GyrsJKAT1rQd0U="></latexit>

Including	  systema)c	  errors	

↵s(M
2
Z) = 0.1179± 0.0007(stat)+0.0013

�0.0012(sys)
<latexit sha1_base64="rpBbigsEhgxR5U0jgc3DNRCaaCw="></latexit><latexit sha1_base64="rpBbigsEhgxR5U0jgc3DNRCaaCw="></latexit><latexit sha1_base64="rpBbigsEhgxR5U0jgc3DNRCaaCw="></latexit><latexit sha1_base64="rpBbigsEhgxR5U0jgc3DNRCaaCw="></latexit>

Table	  of	  systema)c	  error	  (in	  10^-‐4	  units)	



Higher	  order	  uncertainty	
V RF
S ± �V RF

S (r)
<latexit sha1_base64="+ztSq1NLC83eXljRNbLXDPLfxZ8="></latexit><latexit sha1_base64="+ztSq1NLC83eXljRNbLXDPLfxZ8="></latexit><latexit sha1_base64="+ztSq1NLC83eXljRNbLXDPLfxZ8="></latexit><latexit sha1_base64="+ztSq1NLC83eXljRNbLXDPLfxZ8="></latexit>

�V RF
S (r) = V RF

S |N3LL � V RF
S |N2LL<latexit sha1_base64="iXcFhhA6j53EMdg9CYrHMMjLl3o="></latexit><latexit sha1_base64="iXcFhhA6j53EMdg9CYrHMMjLl3o="></latexit><latexit sha1_base64="iXcFhhA6j53EMdg9CYrHMMjLl3o="></latexit><latexit sha1_base64="iXcFhhA6j53EMdg9CYrHMMjLl3o="></latexit>

with	





結論	

・	  LaSce	  QCDを用いたαs決定では小さいエラーがついているが、	  
	  	  	  window問題を抱えているものが多い	

LaSce	  QCD	摂動論	

Window問題	 1� 2 GeV ... E ... 1� 2 GeV
<latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="ZcQWKVWRIpTNwc1G9kYgtZ3U5gY="></latexit><latexit sha1_base64="s1p8x7EkfZrzb4XvBjoXseeCwaQ="></latexit><latexit sha1_base64="s1p8x7EkfZrzb4XvBjoXseeCwaQ="></latexit><latexit sha1_base64="baGvkFtuMhMOTfrwEWOdaMSejME="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit><latexit sha1_base64="pqUWJOKOGfAmMZAWe9+7IGP0pXA="></latexit>

・OPE+renormalon	  subtrac)onの枠組みを用いることで、	  
　両者がaccurateな領域での決定を行った	

Our	  determina)on	

LaSce	  QCD	  	  OPE+renormalon	  sub.	

0.5 GeV ... E ... 2 GeV
<latexit sha1_base64="hXENlG1+HAKpx+meqLXecpzWIKE="></latexit><latexit sha1_base64="hXENlG1+HAKpx+meqLXecpzWIKE="></latexit><latexit sha1_base64="hXENlG1+HAKpx+meqLXecpzWIKE="></latexit><latexit sha1_base64="hXENlG1+HAKpx+meqLXecpzWIKE="></latexit>

・ 支配的なエラーは摂動の高次補正	

Finer	  laSce	  simula)on	  can	  reduce.	


