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the Standard Model / SO(10) chiral gauge theory
SU(3)xSU(2)xU(1) xU(1)s-L

(3,2) 16 (1,2) -1

3*1) 23 35Dz A1) U,1)o
SO(10)

16

Complex, but free from gauge anomalies, both local and global ones

_ _i[ra 1b a —
Tr{P+Ea1b1 [Eazbzza'g,b?, +Ea3b32a2b2]} =0 Ziah = 4 [F T ] {F ‘a’ =12, ’10}

1 Fll
P, — ‘|‘2 | 1l — _pip2...plo

Qsping(BSpin(10)) = 0
Qs(Spin(5)xSpin(10)/Z2) = Z, [Garcia-Etxebarria-Montero, Wang-Wen-Witten (2018)]

U(1) fermion symmetry broken by chiral anomaly
=> zero modes (4 x m /SU(2) instanton)
=> <0| ’t Hooft vertex |0>

't Hooft vertexfor 16 : 16 x16x16x16 => 1




A Non-Perturbative Definition of the Standard Model
J-Wang and X.-G.Wen, arXiv:1809.11171v2 [hep-th]

A gauge-invarinat path-integral measure
for the overlap Weyl fermions in 16 of SO(10)
Y. K., arXiv:1710.11618 [hep-lat]

A lattice non-perturbative definition of an SO(10) chiral
gauge theory and its induced standard model
X.-G.Wen, arXiv:1305.1045 [hep-lat]



Plan
L BRFT7 LI AVEEICET 5 0FDOHRRE
Doubling, NNTE I, GWEI{R T\, Domain-wall fermion, overlap fermion
free & interacting SPT phases of matter, gapped boundary phase/Kitaev-Went1&

the Standard Model / SO(10) chiral gauge theory
old & new approaches:
® FEichten-Preskill model
® DW model with EP boundary int. (Creutz, Rebbi)
® Mirror Overalp fermion model (Poppitz et al.)
e 4D TSC with Gapped Boundary Phase (Wen, Wang)

. FSRBEANDF7 7O—F cf CLTNRG, etc
Lefschetz-Thimble;Z(LTM)
—MALIE(GLTM), RIBE>V T HI)LA - T2/NU VJ5E(TLTM)

=DE=A
. & - B
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Dirac AIEX DBEEE

H = Zak——Jrﬁm — Hiat —Z&k%&. (&—@1) +5m

1 0x
k k—1

Oib(,t) = (w(m 4 ka,t) — o(a, t)) /a
Hiat DEIEE

5 1 . 5 T T 27
Z _2 p/ﬂa’ —I_m P1,D2,P3 S [__7 _i|
a a

k=1

species doublers

pr=m/a+qr, |gx| < 7/a

ay sin(pra) ~ (—ag)qk

v = (—1)agaoas = (—1)" X (—i)ajasas

)
5|8



Wilson 7 LAY
S —a4zw <yu2 (V.= V) + (VMVL)erO) ()

2 ’ 2
doublerDEE: o+ Z (— sin ) ~ mg + — n = numbers of 7

a

Nielsen-Ninomiya(No-Go)EE

_ m/a g4l _ .
§=a' Y0 v = [ o vk DY)

. ( ) is a periodic and analytic function of momentum ku

. D(k) iy, k, for |k,| < 7/a

~

l
2
3. D(k) is invertible for all &, except k;, = 0
4. sD(k) + D(k)ys =0

_ 0! i
BRI & R P %D(k) Zem(w)ll)(a;)<oo — |D(2)| < Ce

x



Ginsparg-Wilson B8R\  Ginsparg-Wilson(1982)

Block-spinZift @EI B Q

IR fixed point:

§*=a')y Y(z)D*P(z) (RFRAET RV X —B1ER)

N . 2
VD + DY g = — Y50y
%)

Chiral XRfE  (cf. NNEE) Luscher (1999)

5a¢($) = 10 V5(1 R QCLDW(QU)» 5a¢(fﬁ) — 730410(37)75



Domain-wall fermion Kaplan(1992)  Shamir(1993)

Mo Vi (x) —mo (+myp) Uy () —my Ur(x) (+myg)
«\0\* CS current
o
%00%6
P - x5 = tas — P - s = tas
Zpw = det(Dgf) — moe(ts)/a) Zhw = det(DS’) — mop/a)
Dir.
~ (V4 [V=) = det(vlv_) — det Do x det(D®) — my /a)(A
p
Hoi|VE) = Eo|VE) . _ 1 H,
NP = o \ M

N

Overlap Dirac operator : 7 —IHZIZGW rel. D  Neuberger(1998)

1
VXTX

1
D:—(l—I—X
2a

) , X =aDy —my, X1 = Y5 X5
1 1 a
u=1

BRFMET RILX —FB%{EA -> Dirac operator w/ GW rel. & gauge covariance



Index theorem Eigenvalue distribution:

D 1 m H,, e

= 5 V5 e p

Im(™) o (
Zero modes : "
“o.
Dipg =0 590 = £ '
© Dystbo = (=D + 2aDvysD)ho = 0 O Re() |
Eigenvalue flow :

Index :

3

Index(D) =ny —n_

2

Bl o

IndeX(D) — TI"}/5(]_ — CLD) (: Q) . N
N

Topological charge = chiral anomaly

1 H,, ;
Q=—-Tr — S
2 H‘% BEB/INSA—4% ma

cf. Iwasaki, Yoshie, Ito (1987)



Overlap Weyl fermion Narayanan-Neuberger  Luscher

a 2, 2 A 1+
5 = v5(1 — 2aD) 57 =1 Pi:( 2%

Sy =a’ Zzﬁ_(x)D _

Path Integral measure

) 1+
P, =
) = (57)

Duly-1Puly-] = ] [des ] | e V(@)= Y vy, V(@)=Y e

wilt] = / Dl D[] e=Sw -]
= det( UDU)

(8D)g; (k=1 ,n/2%i=1,--- n/2+8Q)

(matrix shape is variable, can be rectangular)

the chiral determinant as vacuum overlap

zero-modes
VEV of ’t Hooft vertex.

vi(z) = 0;(z) = u(2)Qy;'[U]
[[de; = [ dé; =[] de; x det QU]

“determinant line bundle”

Luscher’s approach: reconstruct the chiral basis
locality
lattice symmetries
gauge-invariance
successful for the U(1), SU(2).x U(I)y cases,
but not yet for non-Abelian cases.




Topological Insulators/Superconductors
Symmetry Protected Topological (SPT) Phases of Matter

D=4 IQHE w/ TRS [Creutz, Horvath(1994)] [Qi, Hughes, Zhang(2008)]
Zhw = det(D®) — mg/a) N
v 4 4
Hipri = » Y dz‘(p)T{ > agsin(pg) + 5([2 cos(px) — 4] + m) }dz‘(p) T =K (il®02)
i=1 p k=1 k=1

ﬁ(bd Z/d%% 232 0531}% T = K (io3)

l:l

“Periodic table” for Tl, TSC / Effect of interaction [Kitaev (2009) ][Morimoto et al (2015)]
Class T C Ty V, d=1 d=2 d=3 d=14 d=2>5 d=26 d="17 d=38
A 0 0 0 Cypy O Z Z 0 Z 0 Z

(IQHE)
AIIT 0 0 1 Cig Z4 0 o 0 Zie 0 Tso 0
Al 41 0 0 Ry_; O 0 0 y/ 0 7 7 7
BDI +1 +1 1 R, 0 0 0 Z16, Zs 0 7 7
(l\/f3 orana chain %
D 0 41 0 Ry, 79 0 0 0 Z 0 Z,
DHI —1 +1 1 Ry, Zs Zo,  Tispyerm O 0 0 A 0
AL =1 0 0 Ryy O Zo 25 Diows O 0 0 y/
Cl -1 -1 1 Re_y 7o, 7 0 7o Ty Zug,Zws O 0 0
C 0 -1 0 Rgy O 7 0 Z, Z, 7/ 0 0
cI +1 -1 1 R-._4 0 0 Ly 0 Lo Lo ZLigo 0




“Periodic table” for Tl, TSC / Effect of interaction [Kitaev (2009) ][Morimoto et al (2015)]

Class T C T'5 Vjy d=1 d=2 d=3 d=1414 d=2>5 d=206 d=17 d=38
A 0O O 0 Co+d 0 7 7 0 7 0 7
(IQHE)
AIITl 0O 0 1 Cl—l—d Z4 0 8 0 Z16 0 Zgg 0
AT 41 0 0 Ry, O 0 0 7 0 . s 7
pinn BDI +1 +1 1 R, , Zs&Zs O 0 0  Zi6,Zs O Z, 7
. (M%orana chami
spin D 0 +1 0 Ry g4 2 0 0 0 Z 0 Zo
. + - .
pin DAII%II”R 1 41 1 Ry y 7 Zo,  Taspyyp O 0 0 Lo 0
HHR—l 0 0 Ry g4 0 Zio 2 7, Z(I QHE) 0 0 0 7
CIl —1 -1 1 Rs_y 7y, 7 0 7 T T, Z1e O 0 0
C 0 —1 0 Rg_g4 0 7 0 Zig Do, 7 0 0
CcI +1 -1 1 R._4 0 0 Ly 0 Zig Zig Zi39 0
Table 2: Interacting Fermionic SPT Phases [Kapustm et al (20I5) ]
d= D + 1 | no symmetry T? =1 T? = (—=1)F unitary Zs Table 1: Spin and Pin® Bordism Groups
1 Z, Z, 0 72 d=D+1| Q") QP () Qb (pr) QSP"(BLy)
2 Zs Zs Zo 73 1 Zo Zs 0 73
3 7 0 Lo Zig X 1 2 Lo Zsg Lo 73
4 0 0 Z1 0 3 0 0 Zs Zs
5 0 0 0 0 4 Z 0 VAL Z
) 0 0 0 0
6 02 L 0 0 , 6 0 VAL 0 0
7 Z 0 0 Ly X 7 7 0 0 0 A
8 0 Z% ZQ X Z32 O 8 ZQ Z% ZQ X Zgz ZQ
9 73 73 0 75 9 z z 0 Z,
10 Z% Doy X Tg X Dyog Zg ZZQL 10 Z3 X7  Zo X Zg X Log 73 Z3 X7




D=1 Majorana Chain (v=8)

i n n—1 62' —i( )

~ j

_ A A O AN

H, = 5 UZ¢21—1C21 +v E 581 . i
=1 ' - (aj + aj)

=1

e = (65,65 )7 v =2z uf/v=1+my

o = D2 {0 (V = V1) + B39V + Bmo J i

=1

A A

Wy =W

V= Z (W2l—1 + sz)

=1

pte AOL
c*—CQ,

: 1
W _Z( aTyaa Ty%e—~16)  SO(7)

{,.ya|a/:1,.“,7} ,.yaT:_,ya

7

Z{Z B Py +Z (9 P_y24y)* — 32}

=1 a=1

[Fidkowski, Kitaev (2009) ]

Wit = W+ W'

T = Zz’

H = thot+tT

FIG. 1: Eigenvalues of H = tT + (1 —t) Wit as a function of
t. The system remains gapped throughout the path.



Edge modes of D=1 Majorana Chain (V) [Morimoto et al (2015)]
HI (7, 2) := [0, T3 + m(x) 7o) © 1+ V(7, 2)

V(T? :U) =T ® 7,(7_7 SC), /7/(7_7 :I?) = iM(Ta QZ) M<T7ZE> = M*(Tv 33)7 M(Tv 33) = _MT(Tv ZU)

M<7_7 x) — _M(_Tv x)
D=0 Edge modes (V)

HDD (7) = /() == IM(7)

D=0+1 NLO model

Vu _ O(V)/U(I//Q) D 7p(Ry) v Topologlcal'obstructlon
0 Zig 2 Domain wall
1 0
2 Z 4 WZ term
3 0 (Haldane phase of spin-I chain, ©=T1T)
4 0
5 0
6 7 8 None
7 Z

V=8 : No Topological obstruction in “dynamical mass matrix”

Disorderd and Gapped phase
Kitaev-Went1E



d=1+1 Euclidean formulation of Majorana Chain (v=8, SO(7))

Suc = Z {§¢M($)TCDC(D$3) — mo) Y () — )\(@DM(I')T?;’Y3CDCFG¢M($)>2}

xT

Sic = Y {5 (@) enC(DP —mo)ibn(a) = A (@) i9senCln(2) ) E*(2) | Bo(e)Bo(x) = 1

x

A=>00, Z=I, gapped completely
path-integralld:four-fermi (yukawa) operator Csaturate

parity-flavor sym. DI (E#2 = %4 L) order parameter 7 U, Aoki phase [F7F7E L &L

edge modeld 0+1 MW fermion
SO(7) > SO(6), 0+Id overlap D = Dw, path-integralld:four-fermi(yukawa) op. Csaturate

A=00

A

Ty = tCL5

t=—N+1 t=N

mo

Q<

O Sl
(- o
v



d=0+1 Edge modes (v=8, SO(7) > SO(6); 8 (M])= 4 + 4* (Dirac) )

~A(2) iy3epCTY ()] ’bd_ —A[W(z) iy5epCT ()] ‘bd+
+mg W (z) —my (+myo) Uy (x) —Myg Vp(r) (+mo)
x5 = tas t=_-N+1 t— N > 5 = tas

pf{cDC(Dt(Uz) —mg)} = pf{cD(D,EUQ) — mo)}8 = det(D,fUQ) — m0)4

pf{cpC(DP) —myg) — )\i’y3CDCFa/Ea/’bd+} ~  det(sDWv)* (pf(uTiyzepCT B* ) 5/so(s)

Apay — o0 1
DW= 2Dl A=l - 2D)
Gapped boundary phase (Kitaev-Wen##1&) <=> Path Integral measure @ saturation

Gapless boundary phase <=> Well-defined Path Integral by Dai-Free theorem



Topological Insulators/Superconductors
Symmetry Protected Topological (SPT) Phases of Matter

D=4 IQHE w/ TRS [Creutz, Horvath(1994)] [Qi, Hughes, Zhang(2008)]
Zhw = det(D®) — mg/a) N
v 4 4
Hipri = » Y dz‘(p)T{ > agsin(pg) + 5([2 cos(px) — 4] + m) }dz‘(p) T =K (il®02)
i=1 p k=1 k=1

ﬁ(bd E:/d?’mbZ 233 0531}% T = K (io3)

l:l

“Periodic table” for Tl, TSC / Effect of interaction [Kitaev (2009) ][Morimoto et al (2015)]
Class T C Ty V, d=1 d=2 d=3 d=14 d=2>5 d=26 d="17 d=38
A 0 0 0 Cuiqg 0 % 0 7 0 7 0 7
AIIT 0 0 1 Cig Z4 0 T 0 Zie 0 Z.a 0
Al 41 0 0 Ry_; O 0 0 y/ 0 7 7 7
BDI +1 +1 1 R,y Zs.Z4 O 0 0 Zie, Zs 0 Zs Z

(NF& orana chai
D 0 41 0 Ry, 79 ‘@ 0 0 0 Z 0 Z,
DHI —1 +1 1 Ry, Zs Z2 L1 ppiey O 0 0 A 0
AL =10 0 Ry O 7 Lo, 0 0 0 v/
Cl -1 -1 1 Re_y 7o, 7 0 7o Ty Zug.Zes O 0 0
C 0 -1 0 Rgy O 7 0 Z, Z, 7/ 0 0
cI +1 -1 1 R-._4 0 0 Ly 0 Lo Lo ZLigo 0




the Standard Model / SO(10) chiral gauge theory
SU(3)xSU(2)xU(1) xU(1)s-L

(3,2) 16 (1,2) -i12
@D 23 Gz LD A,1)o
SO(10)
16 Complex, but free from gauge anomalies, both local and global ones
TI{P—I-ECUM [Ea2b22a3b3 +Ea3b32a2b2]} =0 Zab = _% [Fa’ Fb] ir*la=1,2,.--,10}
. P, — 1+ 'l — _,pir2...plo
QsPins(BSpin(10)) = 0 - 2

Qs(Spin(5)xSpin(10)/Z;) = Z2 | [Garcia-Etxebarria-Montero, Wang-Wen-Witten (2018)]

oim Jags w2 (TM)ws(TM) _ q
U(I) fermion symmetry broken by chiral anomaly
=> zero modes (4 x m /SU(2) instanton)
=> <0| ’t Hooft vertex |0>

’t Hooft vertexfor 16 : 16 x 16 x 16 x 16 => 1|

(16 x 16 => 10)
w_ (x)Ti/YSCDTa"p— (:U) T® — CT'@ TaT — 7@

T () = =V 2)Vi%x) Vix)

T_(z) = - VA(2)Vix) V(x)=¢(2)iysCpT ¢ (a)"



Eichten-Preskill model [ Eichten-Preskill(1986)] [ Golterman-Petcher-Rivas(1986)]

Sep = Z{ V = Vi)¥(z) 't Hooft vertex terms
) A :
51 [¥-@ 0T - @) = T2 [ (@)insCo T (@)
A 2 A

_EAW—(SC)TZ%CDTW—({E)] - ZSAW—(ZC)Z%CDT%—@)T]z }

aeneralized Wilson-term

A{A(z)B ( )C(z)D(z)}
S Z{ V,.ViA(2))B(2)C(z)D(x) + A(x)(V, V! B(2))C(z)D(x)

+A(2)B(2) (V,V1C(2)) D(x) + A(x) B(x)C(z) (V. V!, D(x)) }

resolve the degenerated physical and species-doubling modes
{(16)- + (16)+ } x8 —> light (16)- + heavy {(16)-x7 + (16)+ x 8}

fine-tune to the massless limit within a SO(10)-symmetric phase

Sep/wy = Z {&(aj)%P_%(VM - VL)¢(5’7)

—y [ (2) ivsCpT_(x) + ¢ (2)insCp T (2)" | B ()
—wA [ () insCpT_(x) + b (2)irsCpT0_(z) "] E*(x) }



The saturation of lattice fermion measures due to 't Hooft vertices

for the naive Weyl fermion with species doublers [Eichten-Preskill(1986)]

by () = Pyp(x) ()

T 8
/ [T ITIT 20neto 1 53 151 {3 VEIPsCT ) WalPinCoT @) | 2 g

rzeEN a=1 s=1

Y(x)P- in 16

8
/ H H H d¢as H 8i2' { P 2’75CDT @b( ) ¢($)PiVSCDTa1;($)T} =1

rEA =3 s=1 rEA

32-components at a site !

v g@l_(sc)(:cﬂ =nua,n, €Z) in16

- Uu(=)

/




Mirror DW(TSC)/Overlap fermion models

[Creutz et al (1997)]
[Wen(2013), You-BenTov-Xu(2014),
You-Xu (2015)]
Cmo) ¥, () e T ole) (4mo) [Poppitz et al (2006)]
¢(z) = ¢—(x,1) + Y4(z, Ls)
e =N St () = (@, 1) + Oy (x, L)
Ls )
S]/:)W/Ml = Z Z w(x t){[l + CL5(D4W mo)]5tt/ — P 5t—f—1 t P—I—(St t/—|—1}¢ x,t
t=1 x€A
= {yX“(2)q{ (2)insCpT*Prqy(z) + § X*(2) @4 (x) P-iysCp T qu (2)"}
TrEA

— S {y X @) (@)insCpT P ()

+§ X(2)¢4 (x) P_insCp Ty (2)T}



Topological Insulators/Superconductors
Symmetry Protected Topological (SPT) Phases of Matter

D=4 IQHE w/ TRS [Wen(2013), You-BenTov-Xu(2014),
You-Xu (2015)]
v 4 4
Hyprr = Z Z di(p)T{ Z ag sin(pg) + 5([2 cos(py) — 4] + m) }di(p)
i=1 p k=1 k=1 T =K (il®0os)
3
ALY = Z / & ifi(x Z alaz}wz T = K (i0s)

l 1

Fyao = [ d {d(@)TiosT"6" ) @
() tioy Tl (@)id(2)! + H[g"(2)] |

T4(S°) =0 (d=0,...,9)
No topological obstructions/singularity
No massless excitations around topol. singularity

[Wen(2013), Furusaki et al (2015)]



A gauge invariant path-integral measure for

the overlap Weyl fermions in 16 of SO(10) YK (2017)
Dlp_1D[Y-] = DD || F(Ty(z) [] F(T
xeA xEA
~ 4 16 4 16 ~
= H H H d)os(T) H H H dtpas () N N _
e a=1s=1 €N a=1s=1 / Yy(x) = Pup(z) Y(x)y =(x)P-

1 a a a T, a
T, (x) = 5 Vix)Vi(z), Vi) =1v(x) ivsCpT % (2) T® = CI'®
T.(2) = 3 VE@VEG), VE@) = by (@)insCpT (@)’ 17 =T

cf. [PTiysCpPLT*E*(2)Py = (1 — D) insCpPLT*E*(z)(1 — D)

F(w) = 4! (2/2)"414(2)

4!
(z/2 2:w Z ]C' k -+ 4

5 a b _
F(w)‘w:(m)uw /12)" / Hde 5(Vebeb — 1) e



The saturation of the “right-handed” measures due to ’t Hooft vertices

JTwlll = / D HFT+ HFT+ ¢ Swlv- vl
= [ DD oS / D) [] FITe(o) % [ D] [[FIZ. @)
Vi(2) =) u(a)by, Pi(2) =) brap(z) Duv+l = Hdbﬂ' D)= [fdbe = [ [ ]] [ ] d¥as(2)
J k J k T a= 38 1
/D*[@M HF[T+(x)] = /D[Ea] pf(u"ivsCpT*E*u)  (#0) /D*WJr] HF[T+( )] =

(B*(2) E*(z) = 1)

16 has 32-components at a site !
v @/L(a:) (x, =nya,n, € 7Z)

4 8
[T I @i T . {%&(w)P_z‘%ODT%(:c)Tz%(x)P_mcDT%(:c)T} =1

e a=3 s=1 zeA T U (ZC)
=g

[Eichten-Preskill( 1 986)] T | 1]




More on the saturation of the Right-handed measures
due to 't Hooft vertices (cont’d)

the trivial link field (in the weak gauge-coupling limit)
U(x,pu) =1
the SU(2) link fields representing the topological sectors ()]

Uz, p) = e@2@mE" i Q] with Q@ = 2moimaz (mor, ma3 € Z):

where




More on the saturation of the Right-handed measures
due to 't Hooft vertices

as long as the link field U(z, 1) is in SO(9) subgroup

uj(a:)Ti%CD CI'Y = Cj wp ()T

(ul iysCpT E%) = C x (u/ T T E%)
= (u'TIT*E)T x C
(i, =X li=1,-,n/a—4QY [, M) |i=1,- ,n/d—4Q}

n/4—4Q
pf(ul ivsCp T E%) = pf(ul ivsCp CTPU) x H i
i=1

—~

real &
positive semi-definite




More on the saturation of the Right-handed measures [ 1
due to 't Hooft vertices (cont’d) (2, 1) =

0.5

0.5

-0.5

-0.5

Figure 2. The eigenvalue spectra of the matrices (uT ify5CDT“E“u) and (uTFloF“E“u) with a
randomly generated spin-field configuration for the case of the trivial link field. The lattice size is
L = 4 and the boundary condition for the fermion field is periodic. For reference, the eigenvalue
spectrum of the matrix (5 Dv;) is also shown with green x symbol for the same boundary condition.

cf. {AA N AT}



More on the saturation of the Right-handed measures
due to 't Hooft vertices (cont’d) Uz, p) = efr2(@m)="

0.5

-0.5

| -
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 5. The eigenvalue spectra of the matrices (uT 7:’}/5CDTaEa’LL) and (uTI’loFaEau) with a
randomly generated spin-field configuration for the case of the representative SU(2) link field of

the topological sector with () = —2. The lattice size is L = 4 and the boundary condition for the
fermion field is periodic.

cf.  {A AN}



More on the saturation of the Right-handed measures

due to 't Hooft vertices (cont’d) mo — +0; +0 — —0; —0 — —o0
| L — | e — Uz, 1) = 1
+h¥+ + #+**
d
0 0 .
-0.5 #;Jr -0.5 N
" X #*4# ﬂ#h.. ..g*#
71 kMM ) *MM
*,m ‘*,M“m* | ———
o - e, *
e ,w“f ea, T .x*‘{ T +.¢“3

Figure 6. The eigenvalue spectra of (uTFloFaEau) in the limit mg — F0 with a randomly
generated spin configuration for the trivial link field. The interpolation parameter 6, is chosen as
0o = 0,37/12,47 /12,57 /12, 7/2 for the top-left, bottom-left, bottom-middle, bottom-right, top-
right figures, respectively. The lattice size is L. = 4 and the boundary condition for the fermion
field is periodic.

Class All [Z] —> (BdG type) Class DIII? [none] (MZ/ with only trivial vac. ?!)



Right-handed sector is in PMS phase / a gapped boundary phase !?

Fermion two-point correlation functions: short-range in the right-handed sector!
(V- (@) 0-())p = P-DT'Py(2.9)(1) ;. 16. 164

(01 ) [9TinsCoT B P @) ) = 2Py 0)(1) 16,
([PLinsCoT B0 (@) 61 (1) | = —5 P-dy (1) 16.*

SO(10)-vector spin field dynamics: disordered (in a saddle point analysis)

(1), = /D[E] pf (u' ivsCpT*E )

/D A pf (ut iysCp T X u) e i3, M@) (X (2) X (2)—1)
X3 #0 X5X0—1—3%% !
20 —D(k)+2
9 1 4 )
=1-—=) — =
f(mo) = 2DV "Dk + 2 < 0 for mop < 2 )

k40

(%) = 0 (d=0, ...,9)

No topological obstructions/singularity

No massless excitations around topol. singularity

[Wen(2013), Furusaki et al (2015)]



E/D HFT+ HFT+ e Swlt— -]

Sovlv, ¥, B, E*] = Zzﬁ(m)D%(x)

TEA
— Y AE“@)¢ i (2)ivsCpT by (x) + E* ()i (2)ivsCp Ty ()"}
TEA
A z
y=9 —=—0,
Decoupling limit of the mirror ~ i R E*(z)E(x) =
(right-handed) Overlap Weyl fermions v=v=1 A=A —oq
k=F&—0. (PMS phase)
Sovmilt, 0, X4, X = > {d_(x ) + 24204 (x) Dy () }
TEA
— ) Ay X*(@)¢ (2)ivsCoTYy (x) + § X (@)1 (2)ivsCo Ty ()"}
TEA
+ Sx X7 of. [PTinsCio Py T*E*(2) Py = (1 — D) insCp Po T E*(z)(1 — D)

Spw/Mi = Z > (@, t){[1 + a5(Daw — mo)]o — P-dpy10 — Pyypi1 bt (,t)
t=1 zcA

+ Z(z+ — 1) 4(x, Ls) P-[1 + a5(Daw — mo)|eb(, Ls)
x€EA

— > {yX*x)¢" (2, Ls)ivsCpT*p(x, Ls)

+§ X9(2) bz, L) P_insCpT (x, Ls)Ty O 19@) = ¥, 1) + ¥+ (@, Ls)
+ Sx[X], q(x) = ¥_(x,1) + P, (x, Ls)




Overlap Weyl fermions in 16 and the Standard Model

Sw=a*y ¢_(x)Dy_(x)

V() = Py(x) ¢_(x) = P(x)Py

Yy () = Prp(e) oy (x) = P(x) P

Path Integral measure for the 16

4 16 4 16
D[Y]D[y] = H H dipas(x) H H H dipas ()
zeA a=1s=1 rzeA a=1s=1
Ty(r) = 5 VE@VE(), VE@) = s () insCoT 4 (2)
Ty(r) = 5 VE@VE(), Vi) = ¥4 (@)insCpT*ds (x)"

(z/2)2=w

:2a

[YK 2017 ]

1 1
- 1+X—>, X = aDy, — m
( VXTX ’

V5D + Dvys = 2aDvys D

§5 =75(1—2aD) F5” =1

16 x 3 (three families)
SO(10) —> SU(3)xSU(2)xU(I)
Higgs scalar (1,2)12 & Yukawa int.

Sy = Y [pd (@) (2) + i @ (1)6(2)q (=)

x

Fya g (@)0(@)d (2) + yj . (2)6(2)!g" ()
Tyl (@)o)es (z) + 7 e (@)o(@)(2)

Exact gauge inv. is manifest and
CP violations comes from KM, PMNS
matrixes and theta terms.

cf. [Ishibashi-Fujikawa-Suzuki(2002) ]




The SM / SO(10) chiral lattice gauge theory with 16s
in the framework of overlap fermion/the Ginsparg-Wilson rel.

manifestly gauge-invariant by using full Dirac-field measure,
but saturating the right-handed part with ’t Hooft vertices completely !

all possible topological sectors

zero modes, 't Hooft vertex VEV, fermion humber non-conservation
CP invariance 1[U°"] = 'y [U]
locality/smoothness Issues
Testable: To see if it works, examine (¢ (y) [¥TivsCpT*EP_(z)] ),
MC studies in weak gauge-coupling limit feasible without sign problem

Analytic studies desirable
>>> SU(5), SU4) x SU(2)L x SU(2)r, SU(3)c x SU2)Lx U(l)y (+ VRr)

Making the 't Hooft vertex terms well-defined in large coupling limit,
Established the relations with GW Mirror-fermion model

DW fermion with boundary EP terms

4D TI/TSC with Gapped boundary phase explicitly



gradient flow approach [cDWT [Kaplan-Graboska ]

(+mo) | Vi() —mo Ur(z) | (+mo)

t=—-N+1 =N - Z5 = tas

[Ago, YK. (2019)]



Applications of lattice Standard Model/ SO(10) CGTs

|)Phase transitions, Phase structures in EW theory & GUT theories

2)Realizations of gauge and flavors symmetries in EWV theory & GUT theories

3)Baryon & Lepton numbers generations [cf. 16 x 3 (three families)]

a. B symmetry violation/chiral anomaly, CP violation, non-equilibrium
process

b. Chern# diffusion process, Sphaleron process

4)Phase transitions in the early Universe, Dynamics of Inflation

and so on

Schwinger-Keldysh formalism for lattice gauge theories

real-time, non-equilibrium dynamics / finite-temperature * density

Lefschetz-Thimble methods
sign problem
generalized method(GLTM), tempered method(tLTM)
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Lefschetz thimble IT & % {2 I&ES F. Pham (1983);
E.Witten, arXiv:1001.2933;

L. Scorzato et al.
Z= | Dlalexp{=Sal} = /C Dlz]exp{~5[2]} Phys. Rev. D 86, 074506 (2012),
. arXiv:1205.3996

r€Cr(CR") —z+iy=2€C"
Sla] — Slw+iy) = Slz]  ( Dla]=d"z)

the contour of path-integration is selected based on
the result of Morse theory [ F.Pham (1983) ]

Cp = Z Ng T ne = (Cr, Ks)

oed
A h=—ReS[?] c"
h = —Re S|z]
d 057 d_,. 0S¢
%z(t) = 55 az(t) =5, €K
critical points z,: ag[z} —0
Z

Lefschetz thimble 7 (K,) (n-dim.real mfd.)
= the union of all down(up)ward flows which

trace back to zgin the limit t goes to -0 (T Cr)

= 0or (intersection numbers)



Lefschetz thimble IC & 2R IZED

7= [ Dia]exp{—S[a]} = /C DIz exp{—S]2]}

Cr
r€Cr(CR") —z+iy=2€C"

Slx] = Slz + iy] = S|%]

F. Pham (1983);
E.Witten, arXiv:1001.2933;
L. Scorzato et al.

Phys. Rev. D 86, 074506 (2012),
arXiv:1205.3996

( Dz] =d"z)

the contour of path-integration is selected based on

the result of Morse theory [ F.Pham (1983) ]

Cr=) 1oJos  no={Cr,Ko)
=
= _ReS[:]
%z(t) _ agf], jtz(t) _ agf], teR
fo- {28 20 5. )
Limslel = o { B Lo - B Lol o

<CR7 IC0'> =0

(T, Kr)

= 0or (intersection numbers)



Partition function

7 = Z ne exp{—>9S|z,]} Z,, ne = (Cr, Ko)
ocd
Ly = j D[z] exp{—Re(S[z] — S[z0]) }

Observables

OF) = 5 3 noexp{~Sz0]) Zs (Ol s,

ocd
1
Ol 7 = - j Dl[z] exp{—Re(S[z] — S[zo]) } O[]
Monte Carlo on Lefschetz Thimbles: generalized LTM:
no local’ sign-problem, but huge numerical cost GLTM(contraction algo.)
multiple Thimbles may contribute, tLTM (parallel tem eri.n )
then “global’ sign-problem may remains  ~ B P P &

[Alexandru et al.(2016)]
[Fukuma & Umeda(2017)]

one-site Hubbard, 0,1,2+1 massive Thirring, |+1| massive Schwinger model
0,1,3+1 Ap*, model, |+] massless Schwinger model



Algorithm of HMC on Lefschetz thimbles

the saddle-point structures !
a) To generate a thimble
use the parameterization zle,t'] : (e, 1) = 2z € T,
solve the flow egs. for both z[e,t’] & V:*[e,t’] by 4th-order RK

numerically very demanding !

b) To formulate / solve the molecular dynamics
introduce a dynamical system constrained to the thimble
use 2nd-order constraint-preserving symmetric integrator

c) To measure observables
try to reweight the residual sign factors

; Nconf
(€"=0[z])’;, : 1 (k)
<O Z _— . g where <0[Z]> = O[Z ]
[ ]>*7" (e’“bz)fja J Neont ;
: det V.
Z¢z p— p— Z
C det U, (et V.,

{(ei¢2>i70}(0 € Y) should not be vanishingly small

A possible sigh problem ! Need a careful and systematic study !



Parametrization of points z
on Lefschetz thimbles

Constrained dynamical system

(CTL
| Zo
7 2(to)
t=t-to
Z(t) T

Asymptotic solutions of Flow equations

2(t) =~ z, +v*exp(k™t) e ; e

VX(t) ~ v¥exp(k®t),

zle, t'] : (e, t') = 2z € T,

Ve [6(7%) : t’(”)]

iV e™ /)]

z[e(”) : t/(")]
thimble J,

Equations of motion:

w; = —0;8[2] —iVIAX* M eR(a=1,--

Constraints:

7z = zile,t']  w; = Ve, t]w®, w*eR

A conserved Hamiltonian:

1_ 1 S
H = JWiwi + 5 {S[~] + S[z]}



Second-order constraint-preserving symmetric integrator

2 = 2™ /()]

w" — ‘/Za[e(n)7t/(n)] wa(n)’ wa(n) cR

1 __ 1
wn_|_1/2 — " L §A’T as[zn] — §AT Z‘/;a[e(n),t’(n)] ﬁi]v
L — oy Arntl2,

wtl = " t1/2 %AT ég[ZnH] — %AT i‘@a[e(nﬂ),t/(nﬂ)] i

[v]

)\Oé

i and \¢

) are fixed by

ATw"™ — %AT2 0S[z"]

Zn—i—l — Z[e(n—kl)’t/(n—i—l)]7

1
— A2V (M) A2
z > [7]
wn+1 _ sza [e(n+1)’ t/(n—l—l)] wa(n+1)7 wa(n+1) cR 2

Z[e(n+1)’ t/(n+1)}

ivzoz[e(n)’ t/(n)]

thimble 7,



Lefschetz thimble LMD (H)MCDEBUERI R & 1

Asymptotic solutions of Flow equations
2(t) ~ zy +vYexp(k™t)e”; e“e” =n

V(1) > o™ exp(k™1),

z(t) 79

{ V*} / Det[V%] DEtE D Metropolis update(MolecularDynamics step)fE [CIHE

Solving Gradient flow eq. for Tanget vectors

4(t) = 95|

N
VS

~
N—"
| I

x=12, .. fxL* AFHICETHREE
O(V2 X nLefs)

Computing V-, detV  (Momenta®tangent-spaceS 57, residual sign factor D5t &)

‘ 6(21) — det [‘/;a(,r)] O(V3)

a(&)




Sigh problem and Monte Carlo calculations beyond Lefschtez
thimbles

Alexandru, G. Basar, P. F. Bedaque, G.W. Ridgway, C.Warrington,
arXiv:1605.08764 [hep-lat], JHEP 1605(2016) 053

Parallel Tempering algorithm for the integration over
Lefschetz thimbles
M. Fukuma, N. Umeda, arXiv:1703.0086| [hep-lat]

Monte Carlo study of real time dynamics

Alexandru, G. Basar, P. F. Bedaque, S.Vartak, C.Warrington,
arXiv:1605.08040v2 [hep-lat], PRL 117(2016) 081602

Schwinger-Keldysh on the lattice: a faster algorithm and its
application to field theory

A.Alexandru, G. Basar, P. F Bedaque, S.Vartak, C.Warrington,
arXiv:1704.06404 [hep-lat]
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[M. Fukuma and N. Matsumoto]

/{/ .
H = 9 ; ClanyCya """"""" hopping term
—MZ (n;w — %) """"""" chemical potential term
xT,o . .
1 1 interaction term
+Uza; <an - 5) (nm - 5) """"""" (four-fermion interaction)
<n>

— exact

o TLTM
e GLTM
e reweighting




Real time dynamics / Schwinger-Keldysh oA\ D& FE

IR—XF% (A@* y model) in 0+1dim., |+1dim. ._._._._._.—T
[Alexandru, et al., arXiv:1605.08040] | a N
[Alexandru, et al., arXiv:1704.06404] l l

: T < 483
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~0.20+ O(A% x O@A") + O(2) ] :
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FIG. 5. Left: real part of the correlator for A = 1.0 for momentum p = 27 /N, as produced with the Grady and Jy algorithms,
compared to the perturbative calculation. The simulation points are offset horizontally for clarity. Right: the results for zero
distance correlator as a function of the coupling. The blue points are the results of Jy simulation and the curves correspond to
zeroth, first, and second order calculation.
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[Alexandru, et al., lattice2019]

Sampling method comparison

| 3t Metropolis: 7= 6730(1400) acc=70%
Step sizes are chosen to have the %2
acceptance rate broadly around 0.5 o ‘ ‘ | ‘
0 100 200 300 400
3 ! . date H
None of the implementations is FricH
optimized
3t Grady: Tim= 628(69) acc=50%
. ] < 2f
Run times per update are in the < 1-%%%
rough ratio 1:3:30 OL - - - -
0 100 200 300 400
update H
For larger N Metropolis and Grady
autocorrelation times are expected
to increase faster than for C SFHMC: Tome 142(10) ace=87% ' '
2.
1 -
. . Or, ; ; ) )
Even for this Nt HMC is about 40 : o - 00 -

times faster than Grady

Ne=12 Np=4 a=0.2 A=4! dof=28



Summary

> the Standard Model / SO(10) chiral gauge theory on the lattice

o Lefschetz-Thimble methods !?

to overcome the sign problem
generalized method(GLTM), tempered method(tLTM) / HMC

other methods ( Complex Lengevin, Tensor Network RG, ... )

> Schwinger-Keldysh formalism for lattice gauge theories !?

real-time, non-equilibrium dynamics / finite-temperature - density

[Fuji, Hoshina, YK (2019)]



What is the sound of
one hand clapping?
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