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Introduction : Flavor Symmetry

Flavor Symmetry
Non-Abelian Discrete Groups

(e.g.) 𝑆4(≃ Δ(24))

• Origin of 3 generation
• Origin of mass hierarchy
• Origin of flavor mixing
・・・

4D Standard Model
Mysteries of Flavor Structure
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Introduction : Modular Flavor Symmetry

Modular Flavor Symmetry
Finite Modular Subgroups
Γ𝑁 (e.g.) Γ4 ≅ 𝑆4(≃ Δ(24))

Geometrical Structure 
(e.g.) Modular symmetry

+ Compact space
(e.g.) 𝑇2 ≃ 𝑪/Λ

𝑑𝐷𝑋𝑔Ψ 𝑋 Ψ 𝑋 Ψ 𝑋 = 𝑑4𝑥 𝑌𝑖𝑗𝑘 𝜏 𝜓𝑖 𝑥 𝜓𝑗 𝑥 𝜓𝑘 𝑥

= 𝑑4𝑥 𝑔 𝑑𝑑𝑦𝜓𝑖
′ (𝑦)𝜓𝑗

′ (𝑦)𝜓𝑘
′ (𝑦) 𝜓𝑖 𝑥 𝜓𝑗 𝑥 𝜓𝑘 𝑥 =

Ψ 𝑋𝐷 = 𝜓𝑖 𝑥4 ⨂𝜓𝑖
′ (𝑦𝑑)

Complex Structure Modulus: 𝜏 =
𝛼2

𝛼1

𝛼1

𝛼2

𝜏



Introduction : Modular Flavor Symmetry

+ Compact space
(e.g.) 𝑇2 ≃ 𝑪/Λ

𝑎𝑑 − 𝑏𝑐 = 1
(𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑍)

Modular Transformation: 𝛾: 𝜏 →
𝑎𝜏+𝑏

𝑐𝜏+𝑑

𝛾: 𝑌 𝜏 → 𝑌
𝑎𝜏+𝑏

𝑐𝜏+𝑑
= 𝑐𝜏 + 𝑑 k𝜌 𝛾 𝑌 𝜏

𝛾: 𝜓𝐼 𝑥4 → 𝑐𝜏 + 𝑑 −𝑘𝐼𝜌(𝛾)𝜓𝐼 𝑥4

• Origin of 3 generation
• Origin of mass hierarchy
• Origin of flavor mixing
・・・

4D Standard Model
Mysteries of Flavor Structure

Complex Structure Modulus: 𝜏 =
𝛼2

𝛼1
Modular Forms of Weight k (∈2Z): 𝑌(𝜏)

Modular Flavor Symmetry
Finite Modular Subgroups
Γ𝑁 (e.g.) Γ4 ≅ 𝑆4(≃ Δ(24))

Geometrical Structure 
(e.g.) Modular symmetry

𝑑𝐷𝑋𝑔Ψ 𝑋 Ψ 𝑋 Ψ 𝑋 = 𝑑4𝑥 𝑌𝑖𝑗𝑘 𝜏 𝜓𝑖 𝑥 𝜓𝑗 𝑥 𝜓𝑘 𝑥

= 𝑑4𝑥 𝑔 𝑑𝑑𝑦𝜓𝑖
′ (𝑦)𝜓𝑗

′ (𝑦)𝜓𝑘
′ (𝑦) 𝜓𝑖 𝑥 𝜓𝑗 𝑥 𝜓𝑘 𝑥 =

Ψ 𝑋𝐷 = 𝜓𝑖 𝑥4 ⨂𝜓𝑖
′ (𝑦𝑑)

𝜌: representation of

(e.g.)
𝛾: 𝜏 → 𝜏 + 1

𝛼′1

𝛼′2

𝜏′ = 𝜏 + 1

(k = σ𝐼 𝑘𝐼)



Modular Flavor Symmetry
Finite Modular Subgroups
Γ′𝑁 (e.g.) Γ′4 ≅ 𝑆′4(≃ Δ′(24))
(double covering group of Γ𝑁)
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+ Compact space
(e.g.) 𝑇2 ≃ 𝑪/Λ

• Origin of 3 generation
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4D Standard Model
Mysteries of Flavor Structure

Complex Structure Modulus: 𝜏 =
𝛼2

𝛼1
Modular Forms of Weight k (∈Z): 𝑌(𝜏)

Modular Flavor Symmetry
Finite Modular Subgroups
Γ′𝑁 (e.g.) Γ′4 ≅ 𝑆′4(≃ Δ′(24))
(double covering group of Γ𝑁)

Geometrical Structure 
(e.g.) Modular symmetry

𝜌: representation of

𝑎𝑑 − 𝑏𝑐 = 1
(𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑍)

Modular Transformation: 𝛾: 𝜏 →
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= 𝑐𝜏 + 𝑑 k𝜌 𝛾 𝑌 𝜏
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Assumption:
Flavor group, Representation, Weight

How can they be determined?

(e.g.)
𝛾: 𝜏 → 𝜏 + 1

𝛼′1

𝛼′2

𝜏′ = 𝜏 + 1

(k = σ𝐼 𝑘𝐼)



Introduction : Magnetized T2 model

+ Compact space
(e.g.) 𝑇2 ≃ 𝑪/Λ

𝛼1

𝛼2

𝑧~𝑧 + 1~𝑧 + 𝜏

(Coordinate,Modulus) : (z, 𝜏)

Geometrical Structure 
(e.g.) Modular symmetryMagnetic Flux: (2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 𝑍with

𝑧

• Origin of 3 generation
• Origin of mass hierarchy
• Origin of flavor mixing
・・・

4D Standard Model
Mysteries of Flavor Structure

0 1

𝜏
Magnetic Flux

(e.g.) 𝑀 = 4

Assumption:
Flavor group, Representation, Weight

How can they be determined?



Introduction : Magnetized T2 model

+ Compact space
(e.g.) 𝑇2 ≃ 𝑪/Λ

𝛼1

𝛼2

𝑧~𝑧 + 1~𝑧 + 𝜏

Wavefunctions : 𝜓(𝑧, 𝜏)

(Coordinate,Modulus) : (z, 𝜏)

Geometrical Structure 
(e.g.) Modular symmetryMagnetic Flux: (2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 𝑍with

𝑧

• Origin of 3 generation
• Origin of mass hierarchy
• Origin of flavor mixing
・・・

4D Standard Model
Mysteries of Flavor Structure (e.g.)

M generation chiral fermions on magnetized 𝑇2

0 1

𝜏

(e.g.) 𝑀 = 4

Assumption:
Flavor group, Representation, Weight

How can they be determined?

Ψ 𝑋𝐷 = 𝜓𝑖 𝑥4 ⨂𝜓𝑖
′ (𝑧, 𝜏)



Modular Flavor Symmetry in Magnetized T2 model

+ Compact space
(e.g.) 𝑇2 ≃ 𝑪/Λ

𝛼′1

𝛼′2

𝑧~𝑧 + 1~𝑧 + 𝜏

(e.g.)
M generation chiral fermions on magnetized 𝑇2

(Coordinate,Modulus) : (z, 𝜏)

Geometrical Structure 
(e.g.) Modular symmetryMagnetic Flux: (2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 2𝑍with

𝑧′

• Origin of 3 generation
• Origin of mass hierarchy
• Origin of flavor mixing
・・・

4D Standard Model
Mysteries of Flavor Structure

Wavefunctions : 𝜓(𝑧, 𝜏)

Ψ 𝑋𝐷 = 𝜓𝑖 𝑥4 ⨂𝜓𝑖
′ (𝑧, 𝜏)

Modular Flavor Symmetry
Finite Modular Subgroups
෨Γ2𝑀 (e.g.) ෨Γ4 ≅ ሚ𝑆4(≃ ෩Δ(24))

(quadruple covering group of Γ2𝑀)

Modular Transformation: 𝛾: (𝑧, 𝜏) →
𝑧

𝑐𝜏+𝑑
,
𝑎𝜏+𝑏

𝑐𝜏+𝑑

𝛾: 𝜓(𝑧, 𝜏) → 𝜓(
𝑧

𝑐𝜏+𝑑
,
𝑎𝜏+𝑏

𝑐𝜏+𝑑
) = 𝑐𝜏 + 𝑑 1/2𝜌 𝛾 𝜓(𝑧, 𝜏)

𝛾: 𝜓𝐼 𝑥4 → 𝑐𝜏 + 𝑑 −1/2𝜌(𝛾)−1𝜓𝐼 𝑥4

𝜌: representation of

Assumption:
Flavor group, Representation, Weight

How can they be determined !

(e.g.) 𝑀 = 4

𝜏′ = 𝜏 + 1

0 1 (e.g.)
𝛾: (z, 𝜏) → (𝑧, 𝜏 + 1)

𝑑𝐷𝑋𝑔Ψ 𝑋 Ψ 𝑋 Ψ 𝑋 = 𝑑4𝑥 𝑌𝑖𝑗𝑘 𝜏 𝜓𝑖 𝑥 𝜓𝑗 𝑥 𝜓𝑘 𝑥

= 𝑑4𝑥 𝑔 𝑑2𝑧 𝜓𝑖
′ (𝑧)𝜓𝑗

′ (𝑧)𝜓𝑘
′ (𝑧) 𝜓𝑖 𝑥 𝜓𝑗 𝑥 𝜓𝑘 𝑥 =

[1] S. Kikuchi, et al., Phys.Rev.D 102 (2020) 10, 105010

[2] K. Hoshiya, et al., PTEP 2021 (2021) 3, 033B05



M 2 4 6 8

T2/Z2 even 2 3 4 5

T2/Z2 odd 0 1 2 3

Modular Flavor Symmetry
Finite Modular Subgroups
෨Γ2𝑀 ⊃ ෩Δ 6𝑀2 (𝑀 = 4,8)

(quadruple covering group of Δ(6𝑀2))

Modular Flavor Symmetry in Magnetized T2/Z2 model

+ Compact space
(e.g.) 𝑇2/𝑍2

𝑧~𝑧 + 1~𝑧 + 𝜏

Geometrical Structure 
(e.g.) Modular symmetryMagnetic Flux: (2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 2𝑍with

𝑧

• Origin of 3 generation
• Origin of mass hierarchy
• Origin of flavor mixing
・・・

4D Standard Model
Mysteries of Flavor Structure (e.g.)

3 generation chiral fermions on magnetized 𝑇2/𝑍2

෩∆(96) ෩∆(384)෩Δ(6𝑀2)

Table.1: eigenmode [ 𝛼1, 𝛼𝜏 = 0,0 ]

𝑧~ − 𝑧 0 1

𝜏

𝛾:𝜓𝐼 𝑥4 → 𝑐𝜏 + 𝑑 −1/2𝜌(𝛾)−1𝜓𝐼 𝑥4

𝜌: representation of

Assumption:
Flavor group, Representation, Weight

How can they be determined !

(e.g.) 𝑀 = 4

𝑍2-even

[3] S. Kikuchi, et al., arXiv:2101.00826



Modular Flavor Symmetry
Finite Modular Subgroups

Γ𝑀 × 𝑍8 (𝑀 = 5,7)

Modular Flavor Symmetry in Magnetized T2/Z2 model

+ Compact space
(e.g.) 𝑇2/𝑍2

𝑧~𝑧 + 1~𝑧 + 𝜏

Geometrical Structure 
(e.g.) Modular symmetrywith

𝑧

• Origin of 3 generation
• Origin of mass hierarchy
• Origin of flavor mixing
・・・

4D Standard Model
Mysteries of Flavor Structure (e.g.)

3 generation chiral fermions on magnetized 𝑇2/𝑍2

𝑧~ − 𝑧 0 1

𝜏

𝛾:𝜓𝐼 𝑥4 → 𝑐𝜏 + 𝑑 −1/2𝜌(𝛾)−1𝜓𝐼 𝑥4

Magnetic Flux: (2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 2𝑍 + 1

𝐴5 × 𝑍8 𝑃𝑆𝐿(2, 𝑍7) × 𝑍8Γ𝑀 × 𝑍8

M 1 3 5 7

T2/Z2 even 0 1 2 3

T2/Z2 odd 1 2 3 4

Table.2: eigenmode [ 𝛼1, 𝛼𝜏 = 1/2,1/2 ]

𝜌: representation of

Assumption:
Flavor group, Representation, Weight

How can they be determined !

(e.g.) 𝑀 = 5

𝑍2-even

[3] S. Kikuchi, et al., arXiv:2101.00826



Modular Flavor Symmetry
Finite Modular Subgroups

Γ𝑀 × 𝑍8 (𝑀 = 5,7)

Modular Flavor Symmetry in Magnetized T2/Z2 model

+ Compact space
(e.g.) 𝑇2/𝑍2

𝑧~𝑧 + 1~𝑧 + 𝜏

Geometrical Structure 
(e.g.) Modular symmetrywith

𝑧

• Origin of 3 generation
• Origin of mass hierarchy
• Origin of flavor mixing
・・・

4D Standard Model
Mysteries of Flavor Structure (e.g.)

3 generation chiral fermions on magnetized 𝑇2/𝑍2

𝑧~ − 𝑧 0 1

𝜏

𝛾:𝜓𝐼 𝑥4 → 𝑐𝜏 + 𝑑 −1/2𝜌(𝛾)−1𝜓𝐼 𝑥4

Magnetic Flux: (2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 2𝑍 + 1

𝐴5 × 𝑍8 𝑃𝑆𝐿(2, 𝑍7) × 𝑍8Γ𝑀 × 𝑍8

M 1 3 5 7

T2/Z2 even 0 1 2 3

T2/Z2 odd 1 2 3 4

Table.2: eigenmode [ 𝛼1, 𝛼𝜏 = 1/2,1/2 ]

Anomalous?

𝜌: representation of

Assumption:
Flavor group, Representation, Weight

How can they be determined !

(e.g.) 𝑀 = 5

𝑍2-even

[3] S. Kikuchi, et al., arXiv:2101.00826



𝛾:𝜓𝐼 𝑥4 → 𝑐𝜏 + 𝑑 −1/2𝜌(𝛾)−1𝜓𝐼 𝑥4

Identification of Anomalous/Anomaly Free Symmetry

𝜌 𝛾 ∈ Flavor Group 𝐺

𝜓 → 𝑈𝐴𝜓,   ത𝜓 → 𝑈𝐴 ത𝜓 ⇒ 𝐷 ത𝜓𝐷𝜓 → (det𝑈𝐴)
−2𝐷 ത𝜓𝐷𝜓

in Path Integral 𝑍 = න𝐷 ത𝜓𝐷𝜓 𝑒−𝑆[𝜓,
ഥ𝜓]

det𝜌 𝛾 = 1⇒ Anomaly Free

det𝜌 𝛾 ≠ 1⇒ Anomalous

Modular Transformation: 𝛾: 𝜏 →
𝑎𝜏+𝑏

𝑐𝜏+𝑑

[4] Y. Kariyazono, et al., Phys.Rev.D 100 (2019) 4, 045014 



Modular Transformation: 𝛾: 𝜏 →
𝑎𝜏+𝑏

𝑐𝜏+𝑑

𝜓 → 𝑈𝐴𝜓,   ത𝜓 → 𝑈𝐴 ത𝜓 ⇒ 𝐷 ത𝜓𝐷𝜓 → (det𝑈𝐴)
−2𝐷 ത𝜓𝐷𝜓

𝛾:𝜓𝐼 𝑥4 → 𝑐𝜏 + 𝑑 −1/2𝜌(𝛾)−1𝜓𝐼 𝑥4

𝐺

≃ 𝐺0 ⋊ 𝑍𝑁

det𝜌 𝛾 = 1⇒ Anomaly Free ⇒ 𝐺0 = 𝑔0 ∈ 𝐺|det𝑔0 = 1 is Normal Subgroup of 𝐺

𝜌 𝛾 ∈ Flavor Group 𝐺

(cf. Δ(6𝑀2) ≃ Δ(3𝑀2) ⋊ 𝑍2)𝑀 = 4,8

⇒ 𝐺/𝐺0 ≃ 𝑍𝑁

・・・

det𝜌 𝛾

= 𝑒2𝜋𝑖
1
𝑁

𝑔1

det𝜌 𝛾

= 𝑒2𝜋𝑖
𝑁−1
𝑁

(𝑔1)
𝑁−1

det𝜌 𝛾 = 1

𝐺0

𝑒

AnomalousAnomaly Free

det𝜌 𝑏 = 𝑒2𝜋𝑖
𝑘
8det𝜌 𝑎 = 1

∈

𝑎

∈𝑏

𝑍8

෩Δ(6𝑀2) ≃ Δ(3𝑀2) ⋊ 𝑍8

Γ𝑀 × 𝑍8
(e.g.)

𝑀 = 5,7

in Path Integral 𝑍 = න𝐷 ത𝜓𝐷𝜓 𝑒−𝑆[𝜓,
ഥ𝜓]

Identification of Anomalous/Anomaly Free Symmetry

∃𝑔1 which satisfies   det𝑔1 = 𝑒2𝜋𝑖
1

𝑁 is    𝑔1 ∈ 𝑍𝑁
If

det𝜌 𝛾 ≠ 1⇒ Anomalous

[5] in progress

[3] S. Kikuchi, et al., arXiv:2101.00826



𝛾:𝜓𝐼 𝑥4 → 𝑐𝜏 + 𝑑 −1/2𝜌(𝛾)−1𝜓𝐼 𝑥4

Modular Transformation: 𝛾: 𝜏 →
𝑎𝜏+𝑏

𝑐𝜏+𝑑

Broken Symmetry by Non-Perturbative Effect

Majorana mass term of 𝜈𝑅

from 𝑀 = 4 𝑍2-even modes 
⇒ triplet of ෩Δ(96)

(Assume)

𝜈𝑅
𝑎: 3-generation (𝑎 = 1,2,3) Right-Handed Neutrinos

𝛼𝑖 , 𝛽𝑗: zero-modes (𝑖, 𝑗 = 1,2) appeared 

by D-brane instanton effect
෩Δ(96)෩Δ(96)

(non-perturbative effect)
D-brane instanton effect

𝑒−𝑆𝑐𝑙 න𝑑2𝛼𝑑2𝛽 𝑒−𝑑(𝜏)𝑎
𝑖𝑗
𝛼𝑖𝛽𝑗𝜈𝑅

𝑎

𝑆′4 ≃ Δ′ 24 ≃ Δ 12 ⋊ 𝑍4 ≃ 𝐴4 ⋊ 𝑍4

෩Δ(96) ≃ Δ(48) ⋊ 𝑍8

𝛽𝛼
D-brane instanton

෩Δ 96 ⊃ 𝑆′4

= 𝑒−𝑆𝑐𝑙𝜀𝑖𝑘𝜀𝑗𝑙𝑑(𝜏)𝑎
𝑖𝑗
𝑑(𝜏)𝑏

𝑘𝑙 𝜈𝑅
𝑎𝜈𝑅

𝑏

= 𝑚(𝜏)𝑎𝑏𝜈𝑅
𝑎𝜈𝑅

𝑏

𝜈𝑅

(T-dual) Intersecting D-brane model

Compact space
∪ ∪ ∪
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𝛾:𝜓𝐼 𝑥4 → 𝑐𝜏 + 𝑑 −1/2𝜌(𝛾)−1𝜓𝐼 𝑥4

Modular Transformation: 𝛾: 𝜏 →
𝑎𝜏+𝑏

𝑐𝜏+𝑑

Broken Symmetry by Non-Perturbative Effect

Majorana mass term of 𝜈𝑅

from 𝑀 = 4 𝑍2-even modes 
⇒ triplet of ෩Δ(96)

(Assume)

𝜈𝑅
𝑎: 3-generation (𝑎 = 1,2,3) Right-Handed Neutrinos

𝛼𝑖 , 𝛽𝑗: zero-modes (𝑖, 𝑗 = 1,2) appeared 

by D-brane instanton effect
෩Δ(96)෩Δ(96)

(non-perturbative effect)
D-brane instanton effect

⇒ 𝑑2𝛼𝑑2𝛽 → (𝑐𝜏 + 𝑑)2det𝜌𝑖𝑛𝑠𝑡 𝛾 𝑑2𝛼𝑑2𝛽

𝜌𝑖𝑛𝑠𝑡 𝛾 = 𝜌𝛼 𝛾 𝜌𝛽 𝛾

→ 𝑚(𝜏′)𝑎𝑏𝜈′𝑅
𝑎𝜈′𝑅

𝑏 = (𝑐𝜏 + 𝑑)2det𝜌𝑖𝑛𝑠𝑡 𝛾 𝑚(𝜏)𝑎′𝑏′𝜈𝑅
𝑎′𝜈𝑅

𝑏′𝛾: 𝑚(𝜏)𝑎𝑏𝜈𝑅
𝑎𝜈𝑅

𝑏

𝑒−𝑆𝑐𝑙 න𝑑2𝛼𝑑2𝛽 𝑒−𝑑(𝜏)𝑎
𝑖𝑗
𝛼𝑖𝛽𝑗𝜈𝑅

𝑎

𝑆′4 ≃ Δ′ 24 ≃ Δ 12 ⋊ 𝑍4 ≃ 𝐴4 ⋊ 𝑍4

෩Δ(96) ≃ Δ(48) ⋊ 𝑍8

෩Δ 96 ⊃ 𝑆′4

= 𝑒−𝑆𝑐𝑙𝜀𝑖𝑘𝜀𝑗𝑙𝑑(𝜏)𝑎
𝑖𝑗
𝑑(𝜏)𝑏

𝑘𝑙 𝜈𝑅
𝑎𝜈𝑅

𝑏

= 𝑚(𝜏)𝑎𝑏𝜈𝑅
𝑎𝜈𝑅

𝑏

∪ ∪ ∪
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𝛾:𝜓𝐼 𝑥4 → 𝑐𝜏 + 𝑑 −1/2𝜌(𝛾)−1𝜓𝐼 𝑥4

Modular Transformation: 𝛾: 𝜏 →
𝑎𝜏+𝑏

𝑐𝜏+𝑑

Broken Symmetry by Non-Perturbative Effect

Majorana mass term of 𝜈𝑅

from 𝑀 = 4 𝑍2-even modes 
⇒ triplet of ෩Δ(96)

(Assume)

𝜈𝑅
𝑎: 3-generation (𝑎 = 1,2,3) Right-Handed Neutrinos

𝛼𝑖 , 𝛽𝑗: zero-modes (𝑖, 𝑗 = 1,2) appeared 

by D-brane instanton effect
෩Δ(96)෩Δ(96)

(non-perturbative effect)
D-brane instanton effect

⇒ 𝑑2𝛼𝑑2𝛽 → (𝑐𝜏 + 𝑑)2det𝜌𝑖𝑛𝑠𝑡 𝛾 𝑑2𝛼𝑑2𝛽

𝜌𝑖𝑛𝑠𝑡 𝛾 = 𝜌𝛼 𝛾 𝜌𝛽 𝛾

→ 𝑚(𝜏′)𝑎𝑏𝜈′𝑅
𝑎𝜈′𝑅

𝑏 = (𝑐𝜏 + 𝑑)2det𝜌𝑖𝑛𝑠𝑡 𝛾 𝑚(𝜏)𝑎′𝑏′𝜈𝑅
𝑎′𝜈𝑅

𝑏′𝛾: 𝑚(𝜏)𝑎𝑏𝜈𝑅
𝑎𝜈𝑅

𝑏

𝑒−𝑆𝑐𝑙 න𝑑2𝛼𝑑2𝛽 𝑒−𝑑(𝜏)𝑎
𝑖𝑗
𝛼𝑖𝛽𝑗𝜈𝑅

𝑎

𝑆′4 ≃ Δ′ 24 ≃ Δ 12 ⋊ 𝑍4 ≃ 𝐴4 ⋊ 𝑍4

෩Δ(96) ≃ Δ(48) ⋊ 𝑍8

det𝜌𝑖𝑛𝑠𝑡 𝑏 = −1det𝜌𝑖𝑛𝑠𝑡 𝑎 = 1

∈𝑎 ∈𝑏

𝑍2 is broken

෩Δ 96 ⊃ 𝑆′4

= 𝑒−𝑆𝑐𝑙𝜀𝑖𝑘𝜀𝑗𝑙𝑑(𝜏)𝑎
𝑖𝑗
𝑑(𝜏)𝑏

𝑘𝑙 𝜈𝑅
𝑎𝜈𝑅

𝑏

= 𝑚(𝜏)𝑎𝑏𝜈𝑅
𝑎𝜈𝑅

𝑏
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𝑏2
det𝜌𝑖𝑛𝑠𝑡 𝑏

2 = 1

𝑆4 ≃ Δ 24 ≃ Δ 12 ⋊ 𝑍2 ≃ 𝐴4 ⋊ 𝑍2

Δ′(96) ≃ Δ(48) ⋊ 𝑍4

𝛾:𝜓𝐼 𝑥4 → 𝑐𝜏 + 𝑑 −1/2𝜌(𝛾)−1𝜓𝐼 𝑥4

Modular Transformation: 𝛾: 𝜏 →
𝑎𝜏+𝑏

𝑐𝜏+𝑑

Broken Symmetry by Non-Perturbative Effect

Majorana mass term of 𝜈𝑅

from 𝑀 = 4 𝑍2-even modes 
⇒ triplet of ෩Δ(96)

(Assume)

𝜈𝑅
𝑎: 3-generation (𝑎 = 1,2,3) Right-Handed Neutrinos

𝛼𝑖 , 𝛽𝑗: zero-modes (𝑖, 𝑗 = 1,2) appeared 

by D-brane instanton effect
෩Δ(96)෩Δ(96)

(non-perturbative effect)
D-brane instanton effect

⇒ 𝑑2𝛼𝑑2𝛽 → (𝑐𝜏 + 𝑑)2det𝜌𝑖𝑛𝑠𝑡 𝛾 𝑑2𝛼𝑑2𝛽

𝜌𝑖𝑛𝑠𝑡 𝛾 = 𝜌𝛼 𝛾 𝜌𝛽 𝛾

→ 𝑚(𝜏′)𝑎𝑏𝜈′𝑅
𝑎𝜈′𝑅

𝑏 = (𝑐𝜏 + 𝑑)2det𝜌𝑖𝑛𝑠𝑡 𝛾 𝑚(𝜏)𝑎′𝑏′𝜈𝑅
𝑎′𝜈𝑅

𝑏′𝛾: 𝑚(𝜏)𝑎𝑏𝜈𝑅
𝑎𝜈𝑅

𝑏

𝑒−𝑆𝑐𝑙 න𝑑2𝛼𝑑2𝛽 𝑒−𝑑(𝜏)𝑎
𝑖𝑗
𝛼𝑖𝛽𝑗𝜈𝑅

𝑎

det𝜌𝑖𝑛𝑠𝑡 𝑎 = 1

∈𝑎 ∈

Δ′(96)Δ′(96)

𝑍2 is broken
by anomaly

෩Δ 96 ⊃ 𝑆′4

Δ′ 96 ⊃ 𝑆4 Δ′(96) invariant

= 𝑒−𝑆𝑐𝑙𝜀𝑖𝑘𝜀𝑗𝑙𝑑(𝜏)𝑎
𝑖𝑗
𝑑(𝜏)𝑏

𝑘𝑙 𝜈𝑅
𝑎𝜈𝑅

𝑏

= 𝑚(𝜏)𝑎𝑏𝜈𝑅
𝑎𝜈𝑅

𝑏

∪ ∪ ∪
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We have studied modular symmetry in magnetized 𝑇2/𝑍2 orbifold models.

➢3 generation chiral fermions from magnetized 𝑇2/𝑍2 orbifold transform as 
modular ෩Δ 6𝑀2 ≃ Δ 3𝑀2 ⋊ 𝑍8 (𝑀 = 4,8) triplets or Γ𝑀 × 𝑍8 (𝑀 = 5,7)
triplets with modular weight -kI=-1/2.

Modular symmetry can be anomalous, in general.

➢Anomaly free transformation generate normal subgroup 𝐺0 of modular 
flavor group 𝐺 and the residue class group 𝐺/𝐺0 is isomorphic to 𝑍𝑁.

⇒ There are cases when 𝐺 can be decomposed as semidirect product of 
anomaly free 𝐺0 and anomalous 𝑍𝑁 (i.e.)

• A part of anomalous 𝑍𝑁 symmetry is actually broken by non-perturbative 
effect  (e.g.) Majorana mass term by D-brane instanton

AnomalousAnomaly Free

𝐺 ≃ 𝐺0 ⋊ 𝑍𝑁

Conclusion
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