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フレーバー物理とハドロンの不定性 
　～格子QCDでは何ができて何ができないのか

橋本省二（KEK, 総研大） 
@ 基研研究会　素粒子物理学の進展２０２１



格子QCD：量子色力学の「第一原理計算」

usqcd.org

さまざまな系統誤差を制御した精密計算が可能になった。実験値を再現。

ハドロン質量

http://usqcd.org


13 12. CKM Quark-Mixing Matrix
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Figure 12.2: Constraints on the fl̄, ÷̄ plane. The shaded areas have 99% CL.

fl̄ and ÷̄) and the individual constraints shown in the plot. The shaded 99% CL regions all overlap
consistently around the global fit region.

If one uses only tree-level inputs (magnitudes of CKM elements not coupling to the top quark
and the angle “), the resulting fit is almost identical for ⁄ in Eq. (12.26), while the other parameters’
central values can change by about a sigma and their uncertainties double, yielding ⁄ = 0.22653 ±
0.00048, A = 0.799+0.027

≠0.028, fl̄ = 0.123+0.032
≠0.028, and ÷̄ = 0.382+0.029

≠0.028. This illustrates how the constraints
can be less tight in the presence of BSM physics.

12.5 Implications beyond the SM
The e�ects in B, Bs, K, and D decays and mixings due to high-scale physics (W , Z, t, H in

the SM, and unknown heavier particles) can be parameterized by operators composed of SM fields,
obeying the SU(3) ◊ SU(2) ◊ U(1) gauge symmetry. Flavor-changing neutral currents, suppressed
in the SM, are especially sensitive to beyond SM contributions. Processes studied in great detail,
both experimentally and theoretically, include neutral meson mixings, B(s) æ X“, X¸

+
¸

≠, ¸
+

¸
≠,

K æ fi‹‹̄, etc. The BSM contributions to these operators are suppressed by powers of the scale at
which they are generated. Already at lowest order, there are many dimension-6 operators, and the
observable e�ects of BSM interactions are encoded in their coe�cients. In the SM, these coe�cients
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ハドロンの測定
→

　　　クォークの反応　　　

格子QCD の役割＝（精密な）翻訳 

フレーバー物理での要求：



ハドロンの不定性：あらゆるところにある。

格子QCDでは何ができて何ができないのか

目次
1. ミューオン g−2
2. K中間子崩壊 ε’/ε
3. 符号問題 or スペクトル関数
4. 包括的過程

レビューではありません。
最新の数値等のレビューはこちら
• FLAG 2019: http://flag.unibe.ch/2019/

アップデート (2021) 作業中

http://flag.unibe.ch/2019/


ミューオン g−2



Muon g-2@ Fermilab

2021年4月
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Muon g-2 Theory Initiative: 2006.04822
（分散関係を用いた評価）

ミューオン g−2
2021年4月

BMW (2021) 初めて 1% を切った格子QCD計算

e+e−衝突のデータ：



真空偏極

⇧µ⌫(x) = h0|T{Jµ(x)J⌫(0)}|0i

格子QCD計算は難しくない。（g-2 で必要なのは「空間的」に離れた相関）

ただし、精密計算のためには
• 十分小さな格子間隔
• 十分大きな格子体積
• QED 効果 , アイソスピンの破れ
• すべてのダイアグラム
が必要。



BMW collab., 2002.12347
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Figure 41: The integrand of Eq. (3.22) for the evaluation of the light-quark contribution to aHVP, LO
µ in the time-momentum representation on

N f = 2 + 1 lattice ensembles with pion masses of M⇡ = 280 MeV (left panel) and M⇡ = 200 MeV (right panel). Also shown are the results
from reconstructing the correlator using nmax = 1, . . . , 4 states in Eq. (3.25) and the reconstruction of the long-time tail using a single-exponential
extension. Left panel from Ref. [382], right panel adapted from Ref. [383].

leading finite-size e↵ects by calculating the vector correlator in infinite volume from the timelike pion form factor and
calculating aHVP, LO

µ from there [377, 380, 381]. Future studies, however, should perform a dedicated spectroscopic
companion study.

A third possibility is to implement rigorous upper and lower bounds on the correlation function [10, 11]. These
can then be used to replace the correlation function, at large x0 where noise takes over, by a statistically more precise
representation in terms of these bounds (see below).

We note that the coordinate space representation described in this section is related to the method of time moments
(cf. Sec. 3.1.3) in that the Taylor expansion of f̃ (x0) in the integrand of Eq. (3.22) yields the sum over time moments
that gives aHVP, LO

µ in that method. For a discussion of other related methods see Ref. [384].

3.1.5. Windows in Euclidean time
In the aµ integral in Eq. (3.22), it is useful to consider di↵erent time regions in order to separate the short- and long-

distance systematic lattice e↵ects (discretization, finite volume, etc.). To this end, the RBC/UKQCD collaboration has
proposed the window method [11], which breaks the time integral into three parts:

aHVP, LO
µ = aSD

µ + aW
µ + aLD

µ ,

aSD
µ =

✓↵
⇡

◆2 Z 1

0
dx0 C(x0)ef (x0)[1 � ⇥(x0, t0,�)] ,

aW
µ =
✓↵
⇡

◆2 Z 1

0
dx0 C(x0)ef (x0)[⇥(x0, t0,�) � ⇥(x0, t1,�)] ,

aLD
µ =

✓↵
⇡

◆2 Z 1

0
dx0 C(x0)ef (x0)⇥(x0, t1,�) , (3.26)

where ⇥(t, t0,�) = [1 + tanh[(t � t0)/�]]/2 defines the window as a smooth function in Euclidean time with width
parameter � that smoothes the window on both sides of the interval. A convenient choice is � = 0.15 fm. The
parameters t0 and t1 are chosen to separate short- and long-distance e↵ects, typically t0 ⇠ 0.4 fm and t1 ⇠ 1.0 fm.
Corrections due to systematic e↵ects or subleading contributions can be applied to each window separately, and each
window can also be separately extrapolated to the continuum and infinite-volume limits. In particular, the intermediate
window aW

µ is, by design, expected to be less sensitive to discretization errors than the short-distance window aSD
µ . It

is also designed to be less sensitive to long-distance e↵ects than aLD
µ and much less a↵ected by the StN problems at

67

座標空間表示

Mainz (2008)
mπ ~ 200 MeV

• 最大の寄与は 1 fm 近辺から。
• 対応する状態は ππ

最大の問題は、有限体積効果。 
ただし、離散化誤差と絡まる。

（ある体積で ππ 状態を下から積み上げると）



交互 (staggered) フェルミオンの問題
• １つのフレーバーに対して４つの「テイスト」。15 個の π 中間子。
• 離散化誤差があると縮退しない。mπ = 135 MeV のはずが …
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A. El-Khadra Lattice 2021, 26-30 July 2021

HVP: Comparison
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数年で他グループも追いつく見込み



K中間子崩壊 ε’/ε



K中間子崩壊における CP の破れ

8/31/04 Owen Long, UCR 19

The kaon system
Indirect (or mixing) CP violation:

Direct CP violation (in decay):

Discovered ~1964.  Cronin & Fitch

Established ~1999-2001.  KTeV & NA48

interference

interference

on-shell 
intermediate 

states

virtual

tree penguin

8/31/04 Owen Long, UCR 19

The kaon system
Indirect (or mixing) CP violation:

Direct CP violation (in decay):

Discovered ~1964.  Cronin & Fitch

Established ~1999-2001.  KTeV & NA48

interference

interference

on-shell 
intermediate 

states

virtual

tree penguin

間接的 : ε

8/31/04 Owen Long, UCR 19

The kaon system
Indirect (or mixing) CP violation:

Direct CP violation (in decay):

Discovered ~1964.  Cronin & Fitch

Established ~1999-2001.  KTeV & NA48

interference

interference

on-shell 
intermediate 

states

virtual

tree penguin

8/31/04 Owen Long, UCR 19

The kaon system
Indirect (or mixing) CP violation:

Direct CP violation (in decay):

Discovered ~1964.  Cronin & Fitch

Established ~1999-2001.  KTeV & NA48

interference

interference

on-shell 
intermediate 

states

virtual

tree penguin

直接的 : ε’/ε

干渉
干渉

複素位相：
1. 弱い相互作用

• 小林益川行列

2. 強い相互作用
• 散乱位相差

BK



ππ 状態 (CP=+)

• アイソスピン I = 0, 2 の重ね合わせ

• 強い相互作用に起因する位相差 δ0, δ2

• 再散乱の効果も含む。

格子計算への要求

• I=0, 2 の状態両方について、tree, 
penguin など、HW のすべての項の
寄与を含むこと。

• 散乱位相差 δ0, δ2  を計算できるこ
と。

結果的に、ΔI = 1/2 則  (|A0/A2| >> 1) 
も再現できるはず。



散乱位相差の格子計算？

• そもそも有限体積格子では漸近状態を
作れないが …

相互作用 相互作用

Lüscher の方法
位相のずれ：周期的境界条件を満たすに
は、波長がずれる必要がある。エネルギ
ーの変化から位相差を読み取る。

？



立入禁止定理 (Maiani-Testa)

虚時間の格子計算

とはならない。他に運動量の小さい
（したがってエネルギーの小さい）
状態が多数あるから。

Maiani-Testa no-go theorem

• Scattering and decays are real-time processes

• How can Euclidean space (imaginary time) calculations address generic Minkowski 
space correlations?

• Maiani & Testa [91]: Euclidean correlators with initial/final states at kinematic 
thresholds allow access to physical information (matrix elements, weak decays)

• In infinite volume away from kinematic thresholds, scattering continuum masks 
the physically interesting information 

• Example: K → π π weak decay

• Consider

Take large |t1,2| to get single state

[see also Michael 89]

π(p)

π(-p)

K(p=0)

C(t1, t2) = hOK(t1)Oweak(0)O⇡⇡(t2)i

?�! hK|Oweak|⇡(p̂)⇡(�p̂)i+ . . .
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2mπ
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ππ state

Scattering
continuum

Maiani-Testa no-go theorem

• Scattering and decays are real-time processes

• How can Euclidean space (imaginary time) calculations address generic Minkowski 
space correlations?

• Maiani & Testa [91]: Euclidean correlators with initial/final states at kinematic 
thresholds allow access to physical information (matrix elements, weak decays)

• In infinite volume away from kinematic thresholds, scattering continuum masks 
the physically interesting information 

• Example: K → π π weak decay

• Consider

Take large |t1,2| to get single state

[see also Michael 89]

π(p)

π(-p)

K(p=0)

C(t1, t2) = hOK(t1)Oweak(0)O⇡⇡(t2)i

?�! hK|Oweak|⇡(p̂)⇡(�p̂)i+ . . .

mK

E

2mπ

Physical 
kinematics

FV scattering
states

有限体積で、始状態のエネルギー mK に
合わせるには、
• 体積を調節する。
• 境界条件を工夫して、運動量の小さい
状態が出ないようにする。



RBC-UKQCD collab.  (2004.09440)

• u, d, s クォークを含む
• 一辺 4.6 fm の格子
• Gパリティ境界条件 (mK = Eππ) 
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Overview of calculation

● Hadronic energy scale << M
W
 – use weak effective theory (3 flavors)

perturbative Wilson coeffs.

Imaginary part solely responsible for CPV 
(everything else is pure-real)

10 effective four-quark operators

renormalization 
matrix (mixing)
Use RI-SMOM 
convert to MSbar 
perturbatively

LL finite-volume correction

(lattice)

ππ phase shifts

I=2 decay I=0 decay

Kelley @ Lattice 2021

I = 0 にのみ寄与



I = 0 の問題：統計誤差が大きい
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The “ππ puzzle”

● Essential to understand ππ system:

– Energy needed to extract ground-state matrix element

– Energy also needed to compute phase-shift (Luscher)

– Derivative of phase-shift w.r.t. energy is required for Lellouch-Luscher finite-
volume correction (F)

● 2015 calculation phase shift
substantially smaller than prediction obtained by combining 
dispersion theory with experimental input,       .

● Result was very stable under 
varying fit range and also with 2-
state fits.

● Increasing statistics by almost 7x 
did not resolve (                       )  

● Nevertheless, most likely 
explanation is excited-state 
contamination hidden by rapid 
reduction in signal/noise.   

rapid error growth

散乱位相差の実験値と合わない (2015)
t
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Resolving the ππ puzzle

● To better resolve the ground-state we have introduced 2 more ππ 
operators: 

● Obtain parameters by simultaneous fitting to matrix of correlation 
functions, eg for pipi 2pt Green’s function:

● A far more powerful technique than just increasing statistics alone.

● 741 configurations measured with 3 operators. 

round-the-world single pion propagation
small compared to errors  - drop

“ππ(311)”:

[arXiv:2103.15131]

演算子を追加して状態の同定を改善 (2021)
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E)ect of multiple operators on ππ

Result compatible with dispersive value: 

fitted energy
(lattice units)

[for more details, cf. talk by T.Wang, today 9.15pm] 
大幅に改善 (2021)
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K→ππ +t results

● Examine many fit ranges, #states and #operators

exc. state contam. with 1op
(this was t’

min
 for 2015 work)

final fit
final fit

“bump” appears to be
statistical

little indication of exc. stat. cont. for Q
2

● Adopt uniform fit t’
min

=5 which is stable for all Q
i

● Evidence that excited state error was significantly underestimated
in 2015 work

Q
6

Q
2

2m

[arXiv:2004.09440]

行列要素
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Final result for ε’

● Combining our new result for Im(A
0
) and our 2015 result for 

Im(A
2
), and again using expt. for the real parts, we find

stat sys
IB + EM

Consistent with experimental result:
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符号問題 or スペクトル関数

5 52. Plots of Cross Sections and Related Quantities
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Figure 52.2: World data on the total cross section of e+e≠ æ hadrons and the ratio R(s) = ‡(e+e≠ æ
hadrons, s)/‡(e+e≠ æ µ+µ≠, s). ‡(e+e≠ æ hadrons, s) is the experimental cross section corrected for initial state
radiation and electron-positron vertex loops, ‡(e+e≠ æ µ+µ≠, s) = 4fi–2(s)/3s. Data errors are total below 2 GeV
and statistical above 2 GeV. The curves are an educative guide: the broken one (green) is a naive quark-parton model
prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of this
Review, Eq. (9.7) or, for more details [99], Breit-Wigner parameterizations of J/Â, Â(2S), and Ã (nS), n = 1, 2, 3, 4
are also shown. The full list of references to the original data and the details of the R ratio extraction from them can
be found in [100]. Corresponding computer-readable data files are available at http://pdg.lbl.gov/current/xsect/.
(Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, August 2019. Corrections by P. Janot
(CERN) and M. Schmitt (Northwestern U.))

21st May, 2020 7:49pm



有限密度QCDは難しい。なぜなら符号問題が …

• det D(A) が負、もしくは複素数になるこ
とがあると、確率分布とみなせなくな
り、モンテカルロ法が破綻する。有限化
学ポテンシャルがあるとそうなる。

• 実時間のシミュレーションも同様の問題
（より一般にはスペクトル関数の再構成
の問題）。

別の見方：粒子数一定

〈　　　　　　O 　〉

• N個のクォーク伝搬関数との相関を見よ。
これができるなら解決。ところが、

• 非常に強い相殺が起こるので、ノイズに
埋もれてしまう。

問題はノイズ



スペクトル関数の再構成

格子上の相関関数からスペクトルを読み取りたい。

⇧µ⌫(x) = h0|T{Jµ(x)J⌫(0)}|0i
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Figure 52.2: World data on the total cross section of e+e≠ æ hadrons and the ratio R(s) = ‡(e+e≠ æ
hadrons, s)/‡(e+e≠ æ µ+µ≠, s). ‡(e+e≠ æ hadrons, s) is the experimental cross section corrected for initial state
radiation and electron-positron vertex loops, ‡(e+e≠ æ µ+µ≠, s) = 4fi–2(s)/3s. Data errors are total below 2 GeV
and statistical above 2 GeV. The curves are an educative guide: the broken one (green) is a naive quark-parton model
prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of this
Review, Eq. (9.7) or, for more details [99], Breit-Wigner parameterizations of J/Â, Â(2S), and Ã (nS), n = 1, 2, 3, 4
are also shown. The full list of references to the original data and the details of the R ratio extraction from them can
be found in [100]. Corresponding computer-readable data files are available at http://pdg.lbl.gov/current/xsect/.
(Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, August 2019. Corrections by P. Janot
(CERN) and M. Schmitt (Northwestern U.))
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×  もっとよい統計精度があれば、あるいは…
○  無限によい精度が必要（10-30 とか）



Bailas, SH, Ishikawa, PTEP 2020, 4, 043B07 (2000); arXiv:2001.11779

相関関数:

スペクトル関数:

ぼかし:

ω
近似: by ?

「現実的に可能なこと」



チェビシェフ多項式近似 :

(shifted) Chebyshev polynomials

“Best” approximation can be obtained with 

“best” = maximal deviation is minimal

0.00.20.51.02.0
!

0.0 0.2 0.4 0.6 0.8 1.0
z = e�!

�1.0

�0.5

0.0

0.5

1.0

T
⇤ j
(z

)



チェビシェフ多項式近似 :
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十分に「ぼかし」ておけば、よい精度で近似できる。
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狭い 広い
Bailas, SH, Ishikawa, PTEP 2020, 4, 043B07 (2000); arXiv:2001.11779

十分に「ぼかし」ておけば、誤差も制御可能

ぼかしたスペクトル : チャーモニウムの場合



狭い 広い
Bailas, SH, Ishikawa, PTEP 2020, 4, 043B07 (2000); arXiv:2001.11779
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基底状態と第一励起状態の寄与（青）

ぼかしたスペクトル : チャーモニウムの場合



包括的過程



B 包括的:  終状態に関する和
                  摂動論で計算できる (or OPE)

限定的:  指定した終状態 (D, D*, …) 

Gambino and SH, arXiv:2005.13730 
格子計算の新手法：

すべての可能な終状態が現れる

Xc

B中間子のセミレプトニック崩壊



微分崩壊率:

構造関数:

Xc(ω)B

崩壊率:

既知の関数

B中間子のセミレプトニック崩壊



格子計算で求めたコンプトン振幅:

tsrc t1 t2 tsnk

J†
µ J⌫

BB

Fig. 4 Valence quark propagators and their truncations. The thin line connecting the

source tsrc and sink tsnk time slices represents the spectator strange quark propagator. A

smearing is introduced for the initial B meson interpolating operator at tsrc and tsnk. The

solid thick lines are the initial b and dashed line denotes the final c quark. The currents J†
µ

and J⌫ are inserted at t1 and t2, respectively.

see [24–26] for instance.) So far, in the literature, the moments of hadron energy and invari-

ant mass as well as the lepton energy have been considered; our proposal is to analyze the

inverse moments (12) and (13) at su�ciently small !, instead, to extract |Vcb| or |Vub|. To
actually extract the moments from the experimental data is beyond the scope of this work.

The structure functions Ti have been calculated within the heavy quark expansion

approach. At the tree-level, the explicit form is given in the appendix of [23]. One-loop

or even two-loop calculations have also been carried out [27–29], but they only concern the

di↵erential decay rates (or the imaginary part of the structure functions), and one needs to

perform the contour integral to relate them to the unphysical kinematical region.

4 Lattice calculation strategy

In this section, we describe the method to extract Ti’s from a four-point function calcu-

lated on the lattice. Although we take the B ! D(⇤)`⌫ channel to be specific, the extension

to other related channels is straightforward.

We consider the four-point function of the form

CSJJS
µ⌫ (tsnk, t1, t2, tsrc) =

X

x

D
PS(x, tsnk)J̃

†
µ(q, t1)J̃⌫(q, t2)P

S†(0, tsrc)
E
, (14)

where PS is a smeared pseudo-scalar density operator to create/annihilate the initial B

meson at rest. The inserted currents J̃µ are either vector or axial-vector b ! c current

and assumed to carry the spatial momentum projection
P

x1
eiq·x1J(x1, t1). Thus, the mass

dimension of J̃µ is zero. The quark-line diagram representing (14) is shown in Figure 4.

10

K(Ĥ) = k0 + k1e − Ĥ + k2e − 2Ĥ + ⋯ + kNe − kNĤ
近似 :

=

すべての状態の和 = エネルギー積分
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• テスト的な格子計算
• Bs → Xc
• ただし、ボトムクォークは現実よりも軽い。

• 成分ごとの微分崩壊確率 
• VV と AA
• 反跳運動量に「平行」と「垂直」
• 崩壊モードに限定した場合との比較

• VV|| はほとんど B→D 
• 他はすべて B→D*
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困っていること：やっぱりある　

✓ 大きな壁はノイズ
✓ D中間子混合、B → ππ が難しいのも同根

できること：いっぱいある 

✓ 精密計算：g-2 の進歩を見よ 
✓ 散乱、崩壊：K → ππ も計算できる  


