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Chap-1:

Intro: quantum process of particles i

(Sarticles) )
I Quantum process of (scalar){particles|: (l_‘nomentum eigenstates

A\l

—

Ay I(externals: also mass eigenstates;

Ei? = pi2 + mi?)

— )
p1 p1
/ o ol y, P1
P q
@ or p1\ FRrs
ime ' S/ d
me PX4 QSQ ¢2 p2 time > \p??
[1—2 decay process] [2—1—2 resonant process]

= Estimating frequencies of such processes is a very basic issue in Physics.
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Intro: S-matrix in plane-wave basis 217

[QFT textbooks]

[4] Plane wave — the standard tool for describing particles:

¢ Basis (@ Schrodinger Pic.): [6721)-:13]

(plane wave: the eigenstate of P) |« I completely undetermined
(non-normalisable mode)
__

€ Expansion of Scalar operator (in Int. Pic.):

i [t e

Wave function of plane wave . Annihilation op. for momentum p

o |p) = ap|0)

the one-particle state

(ignoring the overall factor &)
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Intro: S-matrix in plane-wave basis 37

[QFT textbooks]

e'\N a\,e 8 freg—glt.ate freei_gtate )
plan —i [Tous g (D (4)
Tln int ‘PO >

Spw = (p1,p2|Te
M S-matrix (1—2) def.:
= (2m)*6*(Pout — Pn) X (iMpw)

manifest energy-momentum  (factorised)

wel conservation amplitude
ver (due to translation invariance)
knoW .
As WE g

o In the case of Flint(t) = /dgw g (Aﬁg
)

S->
~_

o iMpw(® — ¢pp) = =i---- S =ik,




A.1 Feynman Rules [Peskin, Schroeder]

In all theories it is understood that momentum is conserved at each vertex, and
that undetermined loop momenta are integrated over: [d*p/(2m)*. Fermion
(including ghost) loops receive an additional factor of (—1), as explained on
page 120. Finally, each diagram can potentially have a symmetry factor, as
explained on page 93.

1 A

- Chap-1:

'e basis T
[QFT textbooks]

f i_n’[ t A

Tou ~ (1) ree state
Tin tdt Hint (t) ‘PO>

P Pm) X (ZMPW)

¢? theory: L = %(8“d>)2 = §m2gf>2 - a([)"
i | :
Scalar propagator: —p+ = P —m? e (A.1) ntum (g?:]zlg?rg a%(é)
lance)
¢* vertex: = —IA\ (A.2) /
Lplane-wave amplitude;
faking a simple form,
External scalar: > =1 (A.3) |derived via Feynman rules
> I 4
o tMpw(® — ¢p) = ------el. = —1IK,
W P(=p1+p2) I}“ q5
IN’( P
ar =4 k? dmg
—> [(P — ¢pop) = 1 5
32TMe ms



Intro: S-matrix in plane-wave basis “**%;
[QFT textbooks]
ANV f‘ out in_
\a“e free state _; (Tout (1) free state
¥ Spw = (p1,p2|Te St Hi (t)|P0>
M S-matrix (1—2) def.:

= (2m)*6*(Pout — Pn) X (iMpw)

nd . .
er N2 manifest energy-momentum  (factorised)
onhe o’me\Na\,e > conse%)latipn . amplitude
~ o pla=—"rple.. (due to translation invariance)
SINC="" nallS N y
“0“'“ ﬁ [(Volume) (Time) — o]

!

€ |Spw/|? is ill-defined due to [64(Pou-Pin)|? = 64(Pou-Pin) X 64(0).

= Only the averaged (per V and T) frequencies of events is calculable.
t decay widths {I'} & cross sections {07}

(Tin (= Tinitial) — =00, Tout (= Tﬁnal) — +OO)
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Intro: Gaussian basis 517

[Ishikawa, Shimomura (0508303), Ishikawa, Oda (1809.04285)]
4 Key: Fields can be expanded in any complete sets of bases.

— Perturbations under normalised bases are possible. =» Gaussian!

IZ Gaussian basis normalisable!
Rlane-wave limit: = x)

¢ Form (@ Schrodinger Pic.):

a 2\
: x—X
SiP-(z—X)— 25

Y

L (a coherent state)
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Intro: Gaussian basis 577

[Ishikawa, Shimomura (0508303), Ishikawa, Oda (1809.04285)]
4 Key: Fields can be expanded in any complete sets of bases.

— Perturbations under normalised bases are possible. =» Gaussian!

(Z Gaussian basis normalisable!
Rlane-wave limit: = x)

€ Form (@ Schrodinger Pic.):

i (x—X)2
~ iP-(x—X) 5
L (a coherent state) (when T=0))

Centre Position
at a certain time T

¢ Expansion of Scalar operator
(in Int. Pic.):

; d° X d?’P
O¢($):/ [faxp J[( XPB—FhC} \
(2 T
Wave function of Gaussnan wave |oa(:ket—T Annihilation op.
(X is defined @ T) for the corresponding wave- Da@
P) = A1(P)|0), |P={0.X"(=7).X.P}

H/_/
—: X

the one-particle state




Intro: S-matrix in Gaussian basis = %7
- out in )
free state . qz;zm dt I:Ii( r_lrt) ( t>fr7e) ;[z;te

o S-matrix 1=2) def.: | S := (P, Ps|Te ™"

[Note: as in the plane-wave basis, D,
but by the creation/annihilation [
operators for wave packets]

-

This describes the amplitude for the finite probability/frequency

of the event with fully-described initial & final particle states! :

“additional” ~=""""N ormalisability of Gaussian

can makes S finite!

information




S . . Chap-1:
Intro: S-matrix in Gaussian basis “er7
8 free st sz‘;(ate out g 77D (4) freelrs]’[atej
M S-matrix (122)def.: | S := <7317 PZ‘TQ_ZIT int () ‘7) >
e eln e plne-aae bt Pi = {00, X (= T}), X, Pi}
operators for wave packets] —
- =X y

This describes the amplitude for the finite probability/frequency
of the event with fully-described initial & final particle states!

_ Normalisability of Gaussian
....... & 25 < AR can makes S finite!

o First proposal by coherent state:
[Ishikawa, Shimomura (0508303)]

all possible configurations

(up to an order) o Claims on various phenomena

by Ishikawa-san et. al.

e.q. [Ishikawa, Jinnouchi, Kubota,
Sloan, Tatsuishi (1901.03019)]

Experiment by the same group — (1907.01264)
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Very Short Summary of Intro. 777

(for the same focused physical process)

a8 out in )

free state 1), lree state

. _; (Tout 4 £l
* plane-wave S-matrix: SPW — <p1’p2‘T€ ZfT]m b (t)|P()>

o with partial information

— (27T>454(Pout — Pl ) X (ZMpw)

,

o not suitably normalised

more
| informative

not equal 3

i out N
. . " free state - rTout ~ (I) ,,\free state
3K Gaussian S-matrix: S := (P, Psy|Te™" Jpttdt Hif () Po)

o with full information

o normalised appropriately

“additional” 2
information ™ '




Contents

1. (Intro.) Gaussian S-matrix with full information

X
2. Basic properties of Gaussian S-matrix (“1—2”)
[Ishikawa, Oda (1809.04285)]

3. Structure of S-matrix of “2—2” lIshiwaka, KN, Oda
(2006.14159,2102.12032

+0ngoing)]



Chap-2:

S-matrix of the simplest 122: ® > bd 1

[Ishikawa, Oda (1809.04285)]
M When H;.(t) = /d% - (Ci)g%) , for finite Tin & Tour, S becomes

free out-state f Tt » H( I t free in-state
S = <7D1,772‘T6 vy, int ‘73()>

s th l o 7;/4/ Tout W

Wick’s theorem | “'V dt | &3¢ £ | o) . | .

for A and At (@LO) \/5 T / f¢,01,H1( ) f¢,02,H2( ) fq’,Uo,Ho( )
- y




Chap -2:

S-matrix of the simplest 122: ® > b 1

[Ishikawa, Oda (1809.04285)]
M When H;.(t) = /d% - (i)g%) , for finite Tin & Tour, S becomes

free out-state f Tt » H( T) t free in-state
S = <7>1,772‘T6 vy, int ( ‘73()>

(H — {X’L?PZ})
Wick’s th I o ZK/ 1out 3 r W
ick’s theorem |_ "'V dt Pr T x - .
fOI‘A and At (@LO) \/5 /1—1 / f¢7017H1( ) f 70-271_[2( ) fq)70-07H0 )
t - — Y
P1 A A P
N e J v
TOUE ----- R~ A0,

. | “classical) trajectories” {
>3 = charactering the S-matrix |

g—- = (
Secoﬂda /"
a \O\e

A overlap domain of

yar! |

/7 — the wave packets”

= depending on the trajectories




a
normalisation factors overlaps of the wave packets

of Gaussians (including approximated
Energy-Momentum conservation)




Chap-2:

Bulk & Boundary terms 33

(H (o)~ ) e~ 7O =FOPY =5 (976,)%% \/2ma, G (E))

A(=0,1,2) 2F 4

- determined by the trajectories
(configurations of
external particles)




Chap-2:

Bulk & Boundary terms 33

(H (7TO'A)_3/4 ) 6_775(500)2_?(5P)2_% (27'('0'3)3/2 \/Fa't )

A(=0,1,2) 2F 4

‘ﬁ— Tout + 1010w

V20, )] : U\’

<
_@rn)? | o (6w)?—i6w(T—Tim) Thaary  Ton
e 20¢ 2 «“ (‘“\ bO : E
iV 2moy [0w — 1(8)— Tin) /0] 5 -
T, Tou

o @*27;0;1’5)2 | azt (5w)2_i5w(S—Tout) éouﬂda"y?a/\
1y/2m0y [dw — 1({Y — 2" E ~T




Chap-2:

Bulk & Boundary terms 3773

. 1 - o s '»
S = _Z_/{ (H (WOA)_3/4 ) 6_%(500)2_T(5P)2_§ (27T(73)3/2 \ /27T0't

A(=0,1,2) 2F 4

® Significant Feature: Terms are classified into “bulk” and “boundar

% time of overlap (around which three wave packets overlap).
)i~ — [sgn —sgn | ¥
- 2 © V204 5 /20

[in the causality point of view]

. 9
e @;Z;n) - Jzt (5w)2—i5w(‘Z—Tin]

i/ 210y [ow — i (Y

' 2
@m <5w>z_i5w@_n¥>

e 20¢
|

i 2m0y [0w — i (@) — Tous) /oe)\

=




Contents

1. (Intro.) Gaussian S-matrix with full information

2. Basic properties of Gaussian S-matrix (“1—2%)

[Ishikawa, Oda (1809.04285)]
NEXD

3. Structure of S-matrix of “2—2” lIshiwaka, KN, Oda
(2006.14159,2102.12032

KA —tv>a¥ 9H8H(K)10:10-1230 [Adv. for the related session] +ongoing)]

1. 8H 1A (KEK) Sphaleron and deformed sphaleron in SU(2)xU(1) electroweak theory

2. IHEZEXER (RRK) A complete set of Lorentz-invariant wave packets and modified uncertainty relation

3. BAIRE (FHFX) SITIDIZF ) —MCE DL, ABS—HFORT VY v IINOEFENNHIR
4 |IAR=E (REEK) ETSHETHCIB3RRIRTODHE

5. E#MFSh (BHPRHEA) (g-2)u Versus K—1+Emiss Induced by the (B-L) {23} Boson

6. BRI (RK) rl:‘%zselzllty of multi-step electroweak phase transition in the two Higgs doublet
7. BB KT (OIST) R-parity conserving U(1)x extended MSSM and its phenomenological aspects




222" S(bdb > © > bd) structure "4

~

S: 27-(-4_. ’ 1 O-‘SO_Stinout
8 = (m)" (=in (H _QEG(WMW 303 46in

‘ X / d'p ! _ P (P"p) F(p’;p) = Fu(p) — % (p° —pg(p))Q
g (

[quadratic for p9, (p%+ is a saddle point]

after the
Integrations

Even after taking the limit,
Tin = -00, Tout = ©,

(for simplicity),
!

remains finite.




22" S(bd = ® > dd) structure %5

~ N 1 )
S = (27T) (—ilﬁl) (H (T‘-O- )3/4> \/O?HU(?utﬁnCout

F(o:p) = Fulp) = 5 (0~ p(p)’

[quadratic for p9, (p%+ is a saddle point]
_/




‘222" S(dd = © = ddd) structure

Chap-3:

2’/3
~ ] f[ ) h
S = 2m)" (—in) V73,03 s Sinout
g, o0 =1 V2Eq (n0,)""
us) P o S, C 2
m&/sy%ﬂ/e%\  F(p"p) = Fp) - (0° —pl(p)
. ’ [quadratic for p9, (p%+ is a saddle point]
L _/
nl _ — /2 2
\e-pOlf (B» = B0) = Vo* +217)
M
W ' Key: Treatment of the fm p°
depends on the Im[p::2(p)]
S ———— 7 pg (p)
= X
vt or

/4
7
7 Ik

(deformed contour)

(original Contour)

Py (p)




292" S(bd = ® > dd) structure "5

a8 4 1 )
S = (27’(‘)4 (—ilﬁl)Z (H ) \/J?HOg’thnCout
O

G+ 2
F(p’;ip) = F.(p) — - (0” — pi(p))
[quadratic for p9, (p9%- is a saddle point]

y
~ p2(p)
X
or
3 (p)
0

positive real

(deformed contour)




‘222" S(dd = © = ddd) structure

Chap-3:

2”,/3
(t 4 2 - 1 )
S = (21)* (—ir) V72,03 Sinout
g O cn V2L, (77'0'a)3/4 t
usl comm e ——r— e ————n——e, S+ 2
mc-//%“/%\ ' F(po;p) :F*(p)—?(po—pg(p))
| [quadratic for p9, (p9)+ is a saddle point]
W,

positive real

(deformed contour)

/4
7
7 Ik




(Inter) “Bulk” & “Boundary” in “2—2" "%

ol 2 T ad
e T (we(p) — VE(p) — i — i’ X2
< 0%
+ 0 (— + SV E2(p) — ie)
2/ E2%(p) — ic S+
% (wip) + VE(p) — i€ — %) s
- 0 (%\/Ez(p) — e — —>
2 .
1 4 ) at
e ddePe oy
Qﬂ-g . 2 . S .mate
. +_(wg(p)_z<§_f) —|—E2(p)—Z€JW




Chap-3:

(Inter.) “Bulk” & “Boundary” in “2—2" 33

This is because...

® The causal structure is the same with
that of the (plane-wave) Feynman Propagator.

® \We can check that the energy-momentum
conservation is recovered in the limit
(€ 2 0, Oin = ©0 & Oogut = ©). (e~ MT)
[0in/Oout = Spacial-averaged sizes of in-/out-wave packets]

e Note: naively Lorentzian = Gaussian resonance,

further deformati in [d3p. W&“ﬁ
urtner derormations comes in p @@E&“M\




(Inter) “Bulk” & “Boundary” in “2—2" "%
T () VB e i) (.

2y E%(p) — ic

3V E2(p) - ie)

This is because... (as observed in “1—22")

® Compared with the “bulk”, (e\a’(\\le\

S+ B 2
(1) absent of the energy-suppression factor: ———=pp xet2 (wa(p)—E(p))

1 2
(2) absent of the “dT”-enhancement factor: =—@ o 21 (0%)
€

\
AR
® Note: (¢ = 0, Ojn = © & Oyt —* ®©) @@EL\M
E— (wg( *) — iy = Eouta E( >|<) — E(Pm) — E(Pout))

® Deformed pole structure is observed.




Chap-3:

(Inter.) “Bulk” & “Boundary” in “2—22" 3%
€ Liot(p) = (WC__AZE_Q_;% :_zz—i)

(§+ + 3V E(p) - ie)

2/ E2%(p) — ic
2
% + v/ E2(p) — ie — %%
_I_ (........%......... — I) 9(%\/E2(p)_i€_5;z>
2\/E2 _ZE §_|_d s

This is because...

0T can be small e.g.,
in the configuration of

the in- & out-states:
=

We will find deviations
from the average (by PWs)
by focusing on specific
regions of kinematics!




Summary & PRiscussion

1. The S-matrix in Gaussian wave packet contains full information of

the quantum particles. <» More informative & regularised.

2. (Classical) trajectories of in-/out-states play significant roles.

=» Characterising S-matrix, in particular “bulk” and “boundary”.

3. The “bulk”-“boundary” structure is also found in the intermediate
(off-shell) state of 2—2’. =» Appropriate time-ordering in bulk, also.

[discussion/what I would Like to do in fubture]

o full format for the Gaussian S—makrix
o general discussions on frequency/probability
o applications for (hew) physics systems

© SO O ...




Summary & PRiscussion

1. The S-matrix in Gaussian wave packet contains full information of

the quantum particles. =» More informative & regularised.

2. (Classical) trajectories of in-/out-states play significant roles.
=» Characterising S-matrix, in particular “bulk” and “boundary”.

3. The “bulk”-“boundary” structure is also found in the intermediate
(off-shell) state of "2—2’. =» Appropriate time-c

[discussion/what I would Llike to do in fu

o full format for the Gaussian S—makrix

o general discussions on frequency/probability
@ appi.&aa&ions for (new) physics svsfze?’

@ SO OM L N
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S-matrix of the simplest 122: ® = ¢

[Ishikawa, Oda (1809.04285)]
M When H;.(t) = /d% - (Ci)g%) , for finite Tin & Tour, S becomes

free out-state f Tt » H(I) t free in-state
S = <7D1, PQ‘TQ vy, int ( ‘73()>

. -—+ out W
Wick’s theorem / d¢ dgw f¢ o1 H1 ) f; o211 (w) f<I>,00;H0 ($)
for A and At (@LO) T, | »
r— R R w
1 - “Wave-packet Feynman Rule”
ST I = et

sdvy

Summing over
all the spacetime points here!

>» U




S-matrix of the simplest 122: ® = ¢

[Ishikawa, Oda (1809.04285)]
M When H;.(t) = /d% - (Ci)g%) , for finite Tin & Tour, S becomes

free out-state f Tt » H( I t free in-state
S = <7D1,772‘T6 vy, int ‘73()>

Wick’s th (in [T 3 K K A

ICK’s theorem * *

for A and At (@LO)| E/Tln dt/d Zqub,al;Hl (m) fgb,OQ;HQ ($) f@,ao,H0($)
~ y

[Details of Gaussian (on-shell) wave functions]

f\p,g;n(a?) _ <g)3/4 d3

T

(27) 3/2

2pY (

saddle-point approx. for a large @

o\3/4 [ 27\ /2 1
0" (7)) e




S-matrix of the simplest 122: ® = ¢

[Ishikawa, Oda (1809.04285)]
M When H;.(t) = /d% - (Ci)g%) for finite Tin & Tour, S becomes

free out-state f Tt » H( I t free in-state
S = <7D1,7)2‘T6 vy, int ( ‘730>

)
—> a Tout [ )

Wick’s th LR 3 * *
for /Al\cansd Ai?gf]@ - ﬁ T dt / d°x fqb o111 (x) fgb,o'z I15 (z) fo,00:11, ()
w

Uniform linear motion
_ 9
f\P,a;H(x) ~ of the centre (= Peak!)

o\3/4 [ 21\ 3/ 1
() Ama




Result of S(P = db)

(‘t
S
\

1K

V2

(

H(?TUA)_S/4 1 )6?(5w)2?(5p)2§(27ras)

A(=0,1,2)

2F 4

N

32\ foroy G(T)

This is the exact analytic form.




Result of S(P = db)

v (H (o) ¥4 )e Do Corr-Q o)

A(=0,1,2) 2EA

o ( & )
|||
\

Feature @ * Geometrical variables
characterise S.

(5CL) ~oF = Eout — Ein7 OP = Pout — Pin)




Feature @: Geometrical variables e Feature@ .
characterise S.

(0w ~ OF := Eoui — Ein, 6P := Pou; — Pin)
Recovery of the energy-momentum

The limit (0;— o and g2 x) =

v o P2 conservation
e Note:
: \N\/O-Z
‘ 3 0 —>00
X




Result of S(® = dP)

(H (o)~ ) e F O =FCPY~% (975,32 \amory G )

A(=0,1,2) 284




Result of S(® = dP)

(H (WOA)_3/4 ) 6_%(5w)2_7(5P)2_§ (271'(75)3/2 /—271'(775 . 4

A(=0,1,2) 284

@_ Tout + iUt(SUJ
AV 20't

N o o
6_@}22]&) - 02t (6w)? —i6w(T—Tin)

i /210y [ow — (8

$ 2 |

oo i

"~
=




Result of S(P = db)

- | =
S= H (o 4) 3/ ! e~ 3 (0w)° =5 (0P ~3 (270,)%% V2moy G(T)
. A(=0,1,2) 284

_—

& In“1-2”,

® Bulk part is “time-universal”. As expected, we can show

R

[I\/Iarg;-iln—algg(;r_a;é j‘ [ fngO(:in) / H X ;d*P; _

per (Volume) & (Time), 1L (277)3 J\Sbu1k|2

L 4 Py—0

(O-S_’OO and (0 iam doo) ”planE'Wave Iimit”) F(plane_wave)

R e R

— Y (the decay width from Sjane.wave)
- . _ )
1 — Tin 040 — Tou 040 ”
G(‘Z) > . lsgn (‘Z \/%wt w) ~sem (3 \/%wt w>] l “b\)“‘ [
5

L Czjin Tout y




Result of S(® = <|><|>

™ In“1-2”,
® No counterpart of boundary terms exists in Splane-wave.
® Suppression via energy-non-conservation is relaxed as

“Exponential” = “Power” [..Enhancement].




Result of S(P = db)
. | =
P (H (7TO'A)_3/4 ! ) e~ 3 (0w) =5 (6P) —3 (27‘(’0’8)3/2 V2o G(T)
A
-

2K

A(=0,1,2)

-

™ In“1-2”,
® No counterpart of boundary terms exists in Splane-wave.
® Suppression via energy-non-conservation is relaxed as

“Exponential” = “Power” [..Enhancement].

® Suppression via distances between time domains is relaxed e.g., in
r:m I’q\\ ‘ PO, P1, II,'\\‘ | :

1
i /
|

-




Setup of S(ObD = D = dd) ———

(2006.14159,2102.12032

free out-state T ~ (1) free in-state +ongoing)]
T.OUt dt H: ' (t) (E - MF)

—» the intermediate part
= -5 described in simple
Wick’s theorem uage
for A and At (@LO)
m X
(over)completeness

of Gaussian basis 9 /




Setup of S(dP = D = dP) T———

(2006.14159,2102.12032

free out-state - rTout ~(I) ,,, ree in-state +ongoing)]
—1 Jpotdt HY /(1)
S = <7>3, 7)4|T6 me ¢ |771, 7)2> (e ~ MT)
> a1 the intermediate part

described in simple
plane-wave Language

—— (P )

Wick’s theorem

for A and At (@LO) /T - ] " l&kﬁ
m X . : .‘
(over)completeness 1
of Gaussian basis /
X
T:

A
AR\

f
[New feature in 2 = 2] {Zout} [ ey oy @ . The propagator emerges.
L P |
@ :(fouricharacteristic times

in the S-matrix

: two interaction points




Setup of S(dP = D = dP) T———

(2006.14159,2102.12032

free out-state - rTout ~(I) ,,, ree in-state +ongoing)]
—1 Jpotdt HY /(1)
S = <7>3, 7)4|T6 me ¢ ‘771, 7)2> (e ~ MT)
> a1 the intermediate part

described in simple
plane-wave Language

— (—in) (i)
Wick’s theorem
for A and At (@LO) 1
md
(over)completeness

two

@ : jeM characteristic times

in the S-matrix

We take the limit
(Tin=+° and Tout—-°) and

focus on the time boundaries
during the propagation.

: two interaction points




Detalls on S(CD — M [Ishikawa, Oda (1809.04285)]

~N
— ]. o Os
e S =— ( (ro4) 3/4 ) e~ 3 (0w =5 (P ~3 (27T03)3/2 V2mo; G(%)
- 2E,
2 ¥ 2
dt _ 1 1040w f — = —T
0 GE)i= | e T et(s) = 7z | e
erf<(z_crin —|—i0't($CU> B f<(z—Tout ‘I"iUt(SLU)]
\/20-75 - \/20',5
_J

5P::P1—|—P2—PO
SE := By + Ey — E,
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Cross check of S(2—2): thimble decomposition

iy [ ey = [ 42 F(0p)
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Cross check of S(2—2): thimble decomposition

Forward propagation (6 T>0)
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