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Figure 1: A summary of cross-section measurements in pp collisions at
p
s = 7, 8, 13TeV for

a variety of SM processes by the ATLAS collaboration [19]. The measurements are compared
to the respective SM theory predictions. A similar summary is available for results by the
CMS collaboration [20].

3 A broad overview of SM processes studied at the LHC

The diversity of processes and energy scales accessible at the LHC is exceptionally wide. A
very much simplified summary of cross-section measurements is given in Fig. 1, where each
measured point often stands for a complex, multi-di↵erential analysis and typically 10–1000
di↵erential measurements. The range of cross sections studied ranges from 100mb for the
total pp cross section to 1 fb for the rarest processes, thus spanning 14 orders of magnitude. 1

The theoretical predictions for the vast majority of the processes displayed in Fig. 1 use
the techniques of perturbative QCD. The necessary PDF information is largely derived from
deep-inelastic lepton–nucleon scattering (DIS), although more recently the information from
LHC measurements have started to become useful to constrain PDFs further. Fig. 2(left)
illustrates the relevant range of the Björken-x momentum fraction for LHC physics, which is
roughly from 10�4 to 1. Indeed DIS fixed-target experiments and the HERA ep collider cover
this range, however a significant evolution in energy scale is required to reach the LHC region.

1
In addition, this overview does not even attempt to capture many other important SM measurements per-

formed with LHC data, as for example the study of rare or CP-violating B-hadron decays with the LHCb [17],

CMS and ATLAS experiments or the study of Heavy Ion collisions and the quark–gluon plasma, where the

major contributions of the ALICE experiments lie [18].

3

• Remarkable agreement between experimental results and 
perturbative calculations.

Perturbative sector of EW theory is very well tested!
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s = 7, 8, 13TeV for

a variety of SM processes by the ATLAS collaboration [19]. The measurements are compared
to the respective SM theory predictions. A similar summary is available for results by the
CMS collaboration [20].

3 A broad overview of SM processes studied at the LHC

The diversity of processes and energy scales accessible at the LHC is exceptionally wide. A
very much simplified summary of cross-section measurements is given in Fig. 1, where each
measured point often stands for a complex, multi-di↵erential analysis and typically 10–1000
di↵erential measurements. The range of cross sections studied ranges from 100mb for the
total pp cross section to 1 fb for the rarest processes, thus spanning 14 orders of magnitude. 1

The theoretical predictions for the vast majority of the processes displayed in Fig. 1 use
the techniques of perturbative QCD. The necessary PDF information is largely derived from
deep-inelastic lepton–nucleon scattering (DIS), although more recently the information from
LHC measurements have started to become useful to constrain PDFs further. Fig. 2(left)
illustrates the relevant range of the Björken-x momentum fraction for LHC physics, which is
roughly from 10�4 to 1. Indeed DIS fixed-target experiments and the HERA ep collider cover
this range, however a significant evolution in energy scale is required to reach the LHC region.

1
In addition, this overview does not even attempt to capture many other important SM measurements per-

formed with LHC data, as for example the study of rare or CP-violating B-hadron decays with the LHCb [17],

CMS and ATLAS experiments or the study of Heavy Ion collisions and the quark–gluon plasma, where the

major contributions of the ALICE experiments lie [18].

3

Perturbative sector of EW theory is very well tested!

• Remarkable agreement between experimental results and 
perturbative calculations.

How about non-perturbative sector?



action:

a vacuum: Aµ = 0 ↔

gauge trans.:

Aµ = U †∂µU
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• There are as many vacua as            

Vacua of EW theory
SEW = −

1
2g2 ∫ d4x tr [FμνFμν] Fμν = ∂μAν − ∂νAμ − i[Aμ, Aν]

Aμ → U†[Aμ + i∂μ]U



Vacua of EW theory

U = a+ i(b · σ)

a2 + b2 = 1

Uij(x)
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<latexit sha1_base64="hBdNlshZI+oGtF/r+uXvkWAU2uk=">AAAB73icZVBNSwMxEJ3Ur1q/qh71ECwFT2XXix6LXjxWsB/QLiWbZtvQJLsmWaEs/RGeBAXx6u/x5L8x3Rax7YOBx3szzMwLE8GN9bwfVNjY3NreKe6W9vYPDo/KxyctE6easiaNRaw7ITFMcMWallvBOolmRIaCtcPx3cxvPzNteKwe7SRhgSRDxSNOiXVSu6clliTplytezcuB14m/IJX6OeRo9MvfvUFMU8mUpYIY0/W9xAYZ0ZZTwaalXmpYQuiYDFnXUUUkM0GWnzvFVacMcBRrV8riXP0/kRFpzESGrlMSOzKr3kz886pLq2x0E2RcJallis43RanANsaz5/GAa0atmDhCqObuWExHRBNqXUQll4K/+vM6aV3VfK/mP7g4budxQBHO4AIuwYdrqMM9NKAJFMbwAm/wjp7QK/pAn/PWAlrMnMIS0NcvAoiP3A==</latexit><latexit sha1_base64="hBdNlshZI+oGtF/r+uXvkWAU2uk=">AAAB73icZVBNSwMxEJ3Ur1q/qh71ECwFT2XXix6LXjxWsB/QLiWbZtvQJLsmWaEs/RGeBAXx6u/x5L8x3Rax7YOBx3szzMwLE8GN9bwfVNjY3NreKe6W9vYPDo/KxyctE6easiaNRaw7ITFMcMWallvBOolmRIaCtcPx3cxvPzNteKwe7SRhgSRDxSNOiXVSu6clliTplytezcuB14m/IJX6OeRo9MvfvUFMU8mUpYIY0/W9xAYZ0ZZTwaalXmpYQuiYDFnXUUUkM0GWnzvFVacMcBRrV8riXP0/kRFpzESGrlMSOzKr3kz886pLq2x0E2RcJallis43RanANsaz5/GAa0atmDhCqObuWExHRBNqXUQll4K/+vM6aV3VfK/mP7g4budxQBHO4AIuwYdrqMM9NKAJFMbwAm/wjp7QK/pAn/PWAlrMnMIS0NcvAoiP3A==</latexit><latexit sha1_base64="hBdNlshZI+oGtF/r+uXvkWAU2uk=">AAAB73icZVBNSwMxEJ3Ur1q/qh71ECwFT2XXix6LXjxWsB/QLiWbZtvQJLsmWaEs/RGeBAXx6u/x5L8x3Rax7YOBx3szzMwLE8GN9bwfVNjY3NreKe6W9vYPDo/KxyctE6easiaNRaw7ITFMcMWallvBOolmRIaCtcPx3cxvPzNteKwe7SRhgSRDxSNOiXVSu6clliTplytezcuB14m/IJX6OeRo9MvfvUFMU8mUpYIY0/W9xAYZ0ZZTwaalXmpYQuiYDFnXUUUkM0GWnzvFVacMcBRrV8riXP0/kRFpzESGrlMSOzKr3kz886pLq2x0E2RcJallis43RanANsaz5/GAa0atmDhCqObuWExHRBNqXUQll4K/+vM6aV3VfK/mP7g4budxQBHO4AIuwYdrqMM9NKAJFMbwAm/wjp7QK/pAn/PWAlrMnMIS0NcvAoiP3A==</latexit><latexit sha1_base64="hBdNlshZI+oGtF/r+uXvkWAU2uk=">AAAB73icZVBNSwMxEJ3Ur1q/qh71ECwFT2XXix6LXjxWsB/QLiWbZtvQJLsmWaEs/RGeBAXx6u/x5L8x3Rax7YOBx3szzMwLE8GN9bwfVNjY3NreKe6W9vYPDo/KxyctE6easiaNRaw7ITFMcMWallvBOolmRIaCtcPx3cxvPzNteKwe7SRhgSRDxSNOiXVSu6clliTplytezcuB14m/IJX6OeRo9MvfvUFMU8mUpYIY0/W9xAYZ0ZZTwaalXmpYQuiYDFnXUUUkM0GWnzvFVacMcBRrV8riXP0/kRFpzESGrlMSOzKr3kz886pLq2x0E2RcJallis43RanANsaz5/GAa0atmDhCqObuWExHRBNqXUQll4K/+vM6aV3VfK/mP7g4budxQBHO4AIuwYdrqMM9NKAJFMbwAm/wjp7QK/pAn/PWAlrMnMIS0NcvAoiP3A==</latexit><latexit sha1_base64="YZB7GzavOfoGcVQvCm2hBr3u+Cs=">AAAB73icZVBNSwMxEJ2tX7V+VT3qIVgKnsquB/VY9OKxgv2AdinZNNuGJtk1yQpl6Y/wJCiIV3+PJ/+N6W4rtj4YeLw3w8y8IOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvp357SeqNIvkg5nE1Bd4KFnICDZWaveUQALH/XLFrbkZ0H/izUmlfgoZGv3yV28QkURQaQjHWnc9NzZ+ipVhhNNpqZdoGmMyxkPatVRiQbWfZudOUdUqAxRGypY0KFP/TqRYaD0Rge0U2Iz0qjcTf73q0ioTXvspk3FiqCT5pjDhyERo9jwaMEWJ4RNLMFHMHovICCtMjI2olKVwuXh+lSxSaF3UPLfm3ds4bvI4oAgncAbn4MEV1OEOGtAEAmN4hld4cx6dF+fd+chbC8585hiW4Hz+AAkSj+s=</latexit><latexit sha1_base64="3teZbPx2Qnz4MIcCXYzN6GO7KVc=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0WvXisYD+gXUo2zbahSXabZIWy9Ed4EhTEq7/Hk//GdLsVWx8MPN6bYWZeEHOmjet+O4WNza3tneJuaW//4PCofHzS0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsY38399hNVmkXy0Uxj6gs8lCxkBBsrtXtKIIHjfrni1twM6D/xclKBHI1++as3iEgiqDSEY627nhsbP8XKMMLprNRLNI0xGeMh7VoqsaDaT7NzZ6hqlQEKI2VLGpSpfydSLLSeisB2CmxGet2bi79edWWVCW/8lMk4MVSSxaYw4chEaP48GjBFieFTSzBRzB6LyAgrTIyNqJSlcLV8fp0sU2hd1jy35j24lfptnkcRzuAcLsCDa6jDPTSgCQTG8Ayv8OZMnBfn3flYtBacfOYUVuB8/gCLs4+P</latexit>

U(∞) → 1
<latexit sha1_base64="rsN3dO8v+N0SDr2i4G9bBuMFtd0=">AAAB/3icZVBNS8NAEJ3Ur1q/ouLJy9JSqJeSeNFj0YvHCqYtNKVstpt26WYTdjdCCD34T/QkKIhXf4cn/43bD8S2DwYe780wMy9IOFPacX6swsbm1vZOcbe0t39weGQfn7RUnEpCPRLzWHYCrChngnqaaU47iaQ4CjhtB+Pbqd9+pFKxWDzoLKG9CA8FCxnB2kh9+8yr+UyEOrtAvo5R7gchcid9u+LUnRnQOnEXpNIoQ+EZAJp9+9sfxCSNqNCEY6W6rpPoXo6lZoTTSclPFU0wGeMh7RoqcERVL5+dP0FVowxQGEtTQqOZ+n8ix5FSWRSYzgjrkVr1puKfV11apcPrXs5EkmoqyHxTmHJkPp2GgQZMUqJ5ZggmkpljERlhiYk2kZVMCu7qz+ukdVl3nbp7b+K4gTmKcA5lqIELV9CAO2iCBwRyeIE3eLeerFfrw/qctxasxcwpLMH6+gV445XA</latexit><latexit sha1_base64="UuBO8EVW8t/++59hJv9Au73pc5w=">AAAB/3icZVBNS8NAEJ3Ur1q/qqIXPSwthXopiRc9Fr14rGBboQlls920SzebsLsRQujBXyKeBAXRo7/Dk//G7Qdi2wcDj/dmmJnnx5wpbds/Vm5ldW19I79Z2Nre2d0r7h+0VJRIQpsk4pG897GinAna1Exzeh9LikOf07Y/vB777QcqFYvEnU5j6oW4L1jACNZG6haPmlWXiUCnZ8jVEcpcP0DOqFss2zV7ArRMnBkp10uQezr+PG10i99uLyJJSIUmHCvVcexYexmWmhFORwU3UTTGZIj7tGOowCFVXjY5f4QqRumhIJKmhEYT9f9EhkOl0tA3nSHWA7XojcU/rzK3SgeXXsZEnGgqyHRTkHBkPh2HgXpMUqJ5aggmkpljERlgiYk2kRVMCs7iz8ukdV5z7Jpza+K4ginycAIlqIIDF1CHG2hAEwhk8Ayv8GY9Wi/Wu/Uxbc1Zs5lDmIP19QunuJai</latexit><latexit sha1_base64="UuBO8EVW8t/++59hJv9Au73pc5w=">AAAB/3icZVBNS8NAEJ3Ur1q/qqIXPSwthXopiRc9Fr14rGBboQlls920SzebsLsRQujBXyKeBAXRo7/Dk//G7Qdi2wcDj/dmmJnnx5wpbds/Vm5ldW19I79Z2Nre2d0r7h+0VJRIQpsk4pG897GinAna1Exzeh9LikOf07Y/vB777QcqFYvEnU5j6oW4L1jACNZG6haPmlWXiUCnZ8jVEcpcP0DOqFss2zV7ArRMnBkp10uQezr+PG10i99uLyJJSIUmHCvVcexYexmWmhFORwU3UTTGZIj7tGOowCFVXjY5f4QqRumhIJKmhEYT9f9EhkOl0tA3nSHWA7XojcU/rzK3SgeXXsZEnGgqyHRTkHBkPh2HgXpMUqJ5aggmkpljERlgiYk2kRVMCs7iz8ukdV5z7Jpza+K4ginycAIlqIIDF1CHG2hAEwhk8Ayv8GY9Wi/Wu/Uxbc1Zs5lDmIP19QunuJai</latexit><latexit sha1_base64="UuBO8EVW8t/++59hJv9Au73pc5w=">AAAB/3icZVBNS8NAEJ3Ur1q/qqIXPSwthXopiRc9Fr14rGBboQlls920SzebsLsRQujBXyKeBAXRo7/Dk//G7Qdi2wcDj/dmmJnnx5wpbds/Vm5ldW19I79Z2Nre2d0r7h+0VJRIQpsk4pG897GinAna1Exzeh9LikOf07Y/vB777QcqFYvEnU5j6oW4L1jACNZG6haPmlWXiUCnZ8jVEcpcP0DOqFss2zV7ArRMnBkp10uQezr+PG10i99uLyJJSIUmHCvVcexYexmWmhFORwU3UTTGZIj7tGOowCFVXjY5f4QqRumhIJKmhEYT9f9EhkOl0tA3nSHWA7XojcU/rzK3SgeXXsZEnGgqyHRTkHBkPh2HgXpMUqJ5aggmkpljERlgiYk2kRVMCs7iz8ukdV5z7Jpza+K4ginycAIlqIIDF1CHG2hAEwhk8Ayv8GY9Wi/Wu/Uxbc1Zs5lDmIP19QunuJai</latexit><latexit sha1_base64="lZ+dYV75sge0JA03KGRJ/skBqyE=">AAAB/3icZVDLSgNBEOyNrxhfq6IXPQwJgXgJux7UY9CLxwjmAdkQZiezyeDs7DIzK4QlB79EPAkKoke/w5N/4+QlJhY0FFXddHf5MWdKO863lVlaXlldy67nNja3tnfs3b26ihJJaI1EPJJNHyvKmaA1zTSnzVhSHPqcNvy7q5HfuKdSsUjc6kFM2yHuCRYwgrWROvZBreQxEejBCfJ0hFLPD5A77NgFp+yMgf4Td0oKlTxkHg8/jqsd+8vrRiQJqdCEY6VarhPrdoqlZoTTYc5LFI0xucM92jJU4JCqdjo+f4iKRumiIJKmhEZj9e9EikOlBqFvOkOs+2rRG4m/XnFulQ4u2ikTcaKpIJNNQcKR+XQUBuoySYnmA0Mwkcwci0gfS0y0iSw3TuFs9vwimaVQPy27Ttm9MXFcwgRZOII8lMCFc6jANVShBgRSeIIXeLUerGfrzXqftGas6cw+zMH6/AGuQpax</latexit><latexit sha1_base64="J10CVrOIEnAv53LwEdDPR6aoboQ=">AAAB/3icZVBNS8NAEJ3Ur1q/ouLJy2Ip1EtJPKjHohePFUxbaELZbDft0s0m7G6EEnrwp3gSFMSrv8OT/8btl9j6YODx3gwz88KUM6Ud59sqrK1vbG4Vt0s7u3v7B/bhUVMlmSTUIwlPZDvEinImqKeZ5rSdSorjkNNWOLyd+K1HKhVLxIMepTSIcV+wiBGsjdS1T7yqz0SkR+fI1wnK/TBC7rhrl52aMwX6T9w5KcMcja795fcSksVUaMKxUh3XSXWQY6kZ4XRc8jNFU0yGuE87hgocUxXk0/PHqGKUHooSaUpoNFX/TuQ4VmoUh6YzxnqgVr2J+OtVllbp6DrImUgzTQWZbYoyjsynkzBQj0lKNB8Zgolk5lhEBlhiok1kpWkKl4vnV8kiheZFzXVq7r1Trt/M8yjCKZxBFVy4gjrcQQM8IJDDM7zCm/VkvVjv1sestWDNZ45hCdbnDx+SlMs=</latexit>

topological gauge
<latexit sha1_base64="4c4fnyeb85e47i8ujtriYLvZjLo=">AAAB/3icZVBNSwMxEJ2tX7V+rYonPQRLwVPZ9aLHohePFewHtEvJpuk2NMkuSVYoSwV/iidBQbz6Ozz5b0y3RWz7YODx3gwz88KEM20878cprK1vbG4Vt0s7u3v7B+7hUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ79VuPVGkWywczTmggcCTZgBFsrNRzT7pKIBMntjGyIn+KcBrRnlv2ql4OtEr8OSnXziBHved+d/sxSQWVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjHNGOpRILqoMsP3+CKlbpo0GsbEmDcvX/RIaF1mMR2k6BzVAve1Pxz6ssrDKD6yBjMkkNlWS2aZBy+zCahoH6TFFi+NgSTBSzxyIyxAoTYyMr2RT85Z9XSfOy6ntV/97GcTOLA4pwCudwAT5cQQ3uoA4NIJDBC7zBu/PsvDofzuesteDMZ45hAc7XL8O5ln8=</latexit><latexit sha1_base64="4c4fnyeb85e47i8ujtriYLvZjLo=">AAAB/3icZVBNSwMxEJ2tX7V+rYonPQRLwVPZ9aLHohePFewHtEvJpuk2NMkuSVYoSwV/iidBQbz6Ozz5b0y3RWz7YODx3gwz88KEM20878cprK1vbG4Vt0s7u3v7B+7hUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ79VuPVGkWywczTmggcCTZgBFsrNRzT7pKIBMntjGyIn+KcBrRnlv2ql4OtEr8OSnXziBHved+d/sxSQWVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjHNGOpRILqoMsP3+CKlbpo0GsbEmDcvX/RIaF1mMR2k6BzVAve1Pxz6ssrDKD6yBjMkkNlWS2aZBy+zCahoH6TFFi+NgSTBSzxyIyxAoTYyMr2RT85Z9XSfOy6ntV/97GcTOLA4pwCudwAT5cQQ3uoA4NIJDBC7zBu/PsvDofzuesteDMZ45hAc7XL8O5ln8=</latexit><latexit sha1_base64="4c4fnyeb85e47i8ujtriYLvZjLo=">AAAB/3icZVBNSwMxEJ2tX7V+rYonPQRLwVPZ9aLHohePFewHtEvJpuk2NMkuSVYoSwV/iidBQbz6Ozz5b0y3RWz7YODx3gwz88KEM20878cprK1vbG4Vt0s7u3v7B+7hUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ79VuPVGkWywczTmggcCTZgBFsrNRzT7pKIBMntjGyIn+KcBrRnlv2ql4OtEr8OSnXziBHved+d/sxSQWVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjHNGOpRILqoMsP3+CKlbpo0GsbEmDcvX/RIaF1mMR2k6BzVAve1Pxz6ssrDKD6yBjMkkNlWS2aZBy+zCahoH6TFFi+NgSTBSzxyIyxAoTYyMr2RT85Z9XSfOy6ntV/97GcTOLA4pwCudwAT5cQQ3uoA4NIJDBC7zBu/PsvDofzuesteDMZ45hAc7XL8O5ln8=</latexit><latexit sha1_base64="4c4fnyeb85e47i8ujtriYLvZjLo=">AAAB/3icZVBNSwMxEJ2tX7V+rYonPQRLwVPZ9aLHohePFewHtEvJpuk2NMkuSVYoSwV/iidBQbz6Ozz5b0y3RWz7YODx3gwz88KEM20878cprK1vbG4Vt0s7u3v7B+7hUVPHqSK0QWIeq3aINeVM0oZhhtN2oigWIaetcHQ79VuPVGkWywczTmggcCTZgBFsrNRzT7pKIBMntjGyIn+KcBrRnlv2ql4OtEr8OSnXziBHved+d/sxSQWVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjHNGOpRILqoMsP3+CKlbpo0GsbEmDcvX/RIaF1mMR2k6BzVAve1Pxz6ssrDKD6yBjMkkNlWS2aZBy+zCahoH6TFFi+NgSTBSzxyIyxAoTYyMr2RT85Z9XSfOy6ntV/97GcTOLA4pwCudwAT5cQQ3uoA4NIJDBC7zBu/PsvDofzuesteDMZ45hAc7XL8O5ln8=</latexit><latexit sha1_base64="Yw4vlUbULgGeAeKeHmAVEXwDB/4=">AAAB/3icZVBNS8NAEJ3Ur1q/ouJJD8FS8FQSD+qx6MVjBfsBbSib7SZdursJuxuhhAr+FE+Cgnj1d3jy37hNW7H1wcDjvRlm5gUJo0q77rdVWFldW98obpa2tnd29+z9g6aKU4lJA8cslu0AKcKoIA1NNSPtRBLEA0ZawfBm4rceiFQ0Fvd6lBCfo0jQkGKkjdSzj7qSOzpOTGNkRPYYoTQiPbvsVt0czn/izUi5dgI56j37q9uPccqJ0JghpTqem2g/Q1JTzMi41E0VSRAeooh0DBWIE+Vn+fljp2KUvhPG0pTQTq7+ncgQV2rEA9PJkR6oZW8i/nqVhVU6vPIzKpJUE4Gnm8KUmYedSRhOn0qCNRsZgrCk5lgHD5BEWJvISnkKF/Pnl8k8heZ51XOr3p2J43oaBxThGE7hDDy4hBrcQh0agCGDZ3iFN+vJerHerY9pa8GazRzCAqzPH8pDlo4=</latexit><latexit sha1_base64="J+tH0g69F9MUoe4YnvahTWwgtPI=">AAAB/3icZVBNS8NAEN34WetXVDx5CZaCp5J4UI9FLx4r2A9oQ9lsJ+nS3U3Y3QglVPCneBIUxKu/w5P/xm2aiq0PBh7vzTAzL0gYVdp1v62V1bX1jc3SVnl7Z3dv3z44bKk4lQSaJGax7ARYAaMCmppqBp1EAuYBg3Ywupn67QeQisbiXo8T8DmOBA0pwdpIffu4J7mj48Q0RkZkjxFOI+jbFbfm5nD+E68gFVSg0be/eoOYpByEJgwr1fXcRPsZlpoSBpNyL1WQYDLCEXQNFZiD8rP8/IlTNcrACWNpSmgnV/9OZJgrNeaB6eRYD9WyNxV/verCKh1e+RkVSapBkNmmMGXmYWcahjOgEohmY0MwkdQc65AhlphoE1k5T+Fi/vwymafQOq95bs27cyv16yKPEjpBp+gMeegS1dEtaqAmIihDz+gVvVlP1ov1bn3MWlesYuYILcD6/AFM85Yy</latexit>

π3(S3) = Z

SU(2)
<latexit sha1_base64="i/DAXhvi6kjEo8l5y2T3yrM7JJ4=">AAACAXicZVDLSgMxFL1TX7W+Rl24cBNaCnVTZrrRZdGNy4r2AZ2hZNJMG5p5kGSEMszKHxFcCQri1s9w5d+YTovY9kDgcM69OcnxYs6ksqwfo7CxubW9U9wt7e0fHB6ZxycdGSWC0DaJeCR6HpaUs5C2FVOc9mJBceBx2vUmNzO/+0iFZFH4oKYxdQM8CpnPCFZaGphnqZNfkgo6zJAjAnTfrjUusoFZsepWDrRO7AWpNMtQeAaA1sD8doYRSQIaKsKxlH3bipWbYqEY4TQrOYmkMSYTPKJ9TUMcUOmmeXaGqloZIj8S+oQK5er/jRQHUk4DT08GWI3lqjcT/7zqUpTyr9yUhXGiaEjmSX7CkYrQrA40ZIISxaeaYCKYfiwiYywwUbq0km7BXv3zOuk06rZVt+90HdcwRxHOoQw1sOESmnALLWgDgQxe4A3ejSfj1fgwPuejBWOxcwpLML5+AbRglwg=</latexit><latexit sha1_base64="LgcY9Ymj3umdXfpkbTJI1AObeRM=">AAACAXicZVDLSgMxFL1TX7W+qoIudBFaCnVTZrrRZdGNy4pOW+gMJZNm2mDmQZIRyjArP8SFK0FB3foZrvwb0wdi2wOBwzn35iTHizmTyjR/jNzK6tr6Rn6zsLW9s7tX3D9oySgRhNok4pHoeFhSzkJqK6Y47cSC4sDjtO3dX4399gMVkkXhnRrF1A3wIGQ+I1hpqVc8Tp3JJamg/Qw5IkC3drV+lvWKZbNmToCWiTUj5UYJck9HH6fNXvHb6UckCWioCMdSdi0zVm6KhWKE06zgJJLGmNzjAe1qGuKASjedZGeoopU+8iOhT6jQRP2/keJAylHg6ckAq6Fc9Mbin1eZi1L+hZuyME4UDck0yU84UhEa14H6TFCi+EgTTATTj0VkiAUmSpdW0C1Yi39eJq16zTJr1o2u4xKmyMMJlKAKFpxDA66hCTYQyOAZXuHNeDRejHfjczqaM2Y7hzAH4+sX4zWX6g==</latexit><latexit sha1_base64="LgcY9Ymj3umdXfpkbTJI1AObeRM=">AAACAXicZVDLSgMxFL1TX7W+qoIudBFaCnVTZrrRZdGNy4pOW+gMJZNm2mDmQZIRyjArP8SFK0FB3foZrvwb0wdi2wOBwzn35iTHizmTyjR/jNzK6tr6Rn6zsLW9s7tX3D9oySgRhNok4pHoeFhSzkJqK6Y47cSC4sDjtO3dX4399gMVkkXhnRrF1A3wIGQ+I1hpqVc8Tp3JJamg/Qw5IkC3drV+lvWKZbNmToCWiTUj5UYJck9HH6fNXvHb6UckCWioCMdSdi0zVm6KhWKE06zgJJLGmNzjAe1qGuKASjedZGeoopU+8iOhT6jQRP2/keJAylHg6ckAq6Fc9Mbin1eZi1L+hZuyME4UDck0yU84UhEa14H6TFCi+EgTTATTj0VkiAUmSpdW0C1Yi39eJq16zTJr1o2u4xKmyMMJlKAKFpxDA66hCTYQyOAZXuHNeDRejHfjczqaM2Y7hzAH4+sX4zWX6g==</latexit><latexit sha1_base64="LgcY9Ymj3umdXfpkbTJI1AObeRM=">AAACAXicZVDLSgMxFL1TX7W+qoIudBFaCnVTZrrRZdGNy4pOW+gMJZNm2mDmQZIRyjArP8SFK0FB3foZrvwb0wdi2wOBwzn35iTHizmTyjR/jNzK6tr6Rn6zsLW9s7tX3D9oySgRhNok4pHoeFhSzkJqK6Y47cSC4sDjtO3dX4399gMVkkXhnRrF1A3wIGQ+I1hpqVc8Tp3JJamg/Qw5IkC3drV+lvWKZbNmToCWiTUj5UYJck9HH6fNXvHb6UckCWioCMdSdi0zVm6KhWKE06zgJJLGmNzjAe1qGuKASjedZGeoopU+8iOhT6jQRP2/keJAylHg6ckAq6Fc9Mbin1eZi1L+hZuyME4UDck0yU84UhEa14H6TFCi+EgTTATTj0VkiAUmSpdW0C1Yi39eJq16zTJr1o2u4xKmyMMJlKAKFpxDA66hCTYQyOAZXuHNeDRejHfjczqaM2Y7hzAH4+sX4zWX6g==</latexit><latexit sha1_base64="TY+FXtqjzuHvE4Nu8/bgH1ZQNro=">AAACAXicZVDLSgMxFL1TX7W+qoIudBFaCnVTZrpQl0U3LivaB3SGkknTNph5kGSEMszKD3HhSlBQt36GK//GdNqKrQcCh3PuzUmOG3ImlWl+G5ml5ZXVtex6bmNza3snv7vXlEEkCG2QgAei7WJJOfNpQzHFaTsUFHsupy337nLst+6pkCzwb9UopI6HBz7rM4KVlrr5w9hOL4kF7SXIFh66aZSrJ0k3XzQrZgr0n1hTUqwVIPN48H5c7+a/7F5AIo/6inAsZccyQ+XEWChGOE1ydiRpiMkdHtCOpj72qHTiNDtBJa30UD8Q+vgKperfjRh7Uo48V096WA3lojcWf73SXJTqnzsx88NIUZ9MkvoRRypA4zpQjwlKFB9pgolg+rGIDLHAROnScmkLp7PPL5JZC81qxTIr1rWu4wImyMIRFKAMFpxBDa6gDg0gkMATvMCr8WA8G2/Gx2Q0Y0x39mEOxucP6b+X+Q==</latexit><latexit sha1_base64="g0DhUefArJGpvl00S15W09O9U6s=">AAACAXicZVBPS8MwHE3nvzn/VT148BIcg3kZ7Q7qcejF40S7DdYy0jTbwpK2JKkwSk9+FE+Cgnj1Y3jy25h1nbj5IPB47/fLS54fMyqVZX0bpbX1jc2t8nZlZ3dv/8A8POrIKBGYODhikej5SBJGQ+IoqhjpxYIg7jPS9Sc3M7/7SISkUfigpjHxOBqFdEgxUloamCepm1+SChJk0BUc3jv15nk2MKtWw8oB/xO7IFVQoD0wv9wgwgknocIMSdm3rVh5KRKKYkayiptIEiM8QSPS1zREnEgvzbMzWNNKAIeR0CdUMFf/bqSISznlvp7kSI3lqjcTf73aUpQaXnkpDeNEkRDPk4YJgyqCszpgQAXBik01QVhQ/ViIx0ggrHRplbyFi8XnV8mihU6zYVsN+86qtq6LPsrgFJyBOrDBJWiBW9AGDsAgA8/gFbwZT8aL8W58zEdLRrFzDJZgfP4AWw+WEw==</latexit>

The map has distinctive sectors classified by the winding number!

SU(2) !

<latexit sha1_base64="TxgwrMNkG6Y3ZW4Gh+OKvKtYw1o=">AAAB8XicZVBNS0JBFL3Pvsy+rKBNLQZFsI28J9HHTmrT0ig/Qh8ybxx1cN68x8y8QMRf0Sooirat+i2t+jeNT420AxcO59zLvfd4IWdK2/a3lVhaXlldS66nNja3tnfSu3tVFUSS0AoJeCDrHlaUM0ErmmlO66Gk2Pc4rXn9q7Ffe6BSsUDc6UFIXR93BeswgrWR7m8r+eIxagrWSmftgh0D/SfOlGRLGUi8HnwelVvpr2Y7IJFPhSYcK9Vw7FC7Qyw1I5yOUs1I0RCTPu7ShqEC+1S5w/jgEcoZpY06gTQlNIrVvxND7Cs18D3T6WPdU4veWPz1cnOrdOfcHTIRRpoKMtnUiTjSARq/j9pMUqL5wBBMJDPHItLDEhNtQkrFKZzOnl8ksxSqxYJzUri4MXFcwgRJOIQM5MGBMyjBNZShAgR8eIRneLGU9WS9We+T1oQ1ndmHOVgfP0B9kXo=</latexit>

SU(2) ≅ S3 S3 ≅ R3 ∪ {∞}

action:

a vacuum: Aµ = 0 ↔

gauge trans.:

Aµ = U †∂µU

<latexit sha1_base64="9dzSsahhxEL8PEAD40nZYyHvqqM=">AAACCnicZVC7SgNBFJ2Nrxhfq5Y2gzFgFXZFfBRC1MYygpsEsjHMzs5uhsw+mJkVQkxrpR+g32ClKIitrZWVf+Nkk4iJBwYO59zH3OPEjAppGN9aZmp6ZnYuO59bWFxaXtFX1yoiSjgmFo5YxGsOEoTRkFiSSkZqMScocBipOu3Tvl+9IlzQKLyQnZg0AuSH1KMYSSU1dXjctIMEHkHr0naR7xMO7RhxSRFLDaup542ikQL+J+aQ5Etb93efz9cP5ab+ZbsRTgISSsyQEHXTiGWj25+JGenl7ESQGOE28kld0RAFRDS66SU9WFCKC72IqxdKmKp/O7ooEKITOKoyQLIlJr2++OsVxlZJ76DRpWGcSBLiwSYvYVBGsJ8LdCknWLKOIghzqj4LcQtxhKVKL5emsDc6fpKMUqjsFM3d4uG5iuMEDJAFG2ATbAMT7IMSOANlYAEMbsAjeAGv2q32pL1p74PSjDbsWQdj0D5+ABYenZw=</latexit>

SEW = −
1

2g2 ∫ d4x tr [FμνFμν] Fμν = ∂μAν − ∂νAμ − i[Aμ, Aν]

Aμ → U†[Aμ + i∂μ]U



perturbative

An,µ(x) = Un(x)†∂µUn(x)

Un(x) = exp
(
inπ

x · σ√
x2 − ρ2

)



perturbative

instanton

sphaleron-induced

An,µ(x) = Un(x)†∂µUn(x)

Un(x) = exp
(
inπ

x · σ√
x2 − ρ2

)



Kµ =
1

8π2
εµνρσtrA

ν(∂ρAσ +
2

3
AρAσ)

• A “current” carrying the winding number:

∫
K0(An(x))d

3x = n
1

16π2
Fµν F̃

µν = ∂µKµ

• One can show

,

• This implies
∫

1

16π2
Fµν F̃

µνd4x =

∫
∂µKµd

3xdt =
h Z

K0(t,x)d
3x
it=1

t=�1
(1)

= , a (2)

1

= n(t = 1)� n(t = �1) (1)

= �n (2)

1

= n(t = 1)� n(t = �1) (1)

= �n (2)

1

How does it look like?



∆NCS =
g2

16π2

∫
Tr

[
Fµν F̃

µν
]
d4x

<latexit sha1_base64="HiUUt9anQT9u6b8OLojaGt6F4vA="></latexit><latexit sha1_base64="FThUEZZ4zTKK+LOPrt24IUua9ys="></latexit><latexit sha1_base64="FThUEZZ4zTKK+LOPrt24IUua9ys="></latexit><latexit sha1_base64="FThUEZZ4zTKK+LOPrt24IUua9ys="></latexit><latexit sha1_base64="MQAf3eMnnJ040vcFvm/95FJg85Y="></latexit><latexit sha1_base64="erEnSVUwLyAewBDVwn7GKvjHEek="></latexit>

<latexit sha1_base64="ISweYAzJdiKJL1F+EF12IZnfSak=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KomKeizqwWMF+wFtKJvtpF262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqDnUey1i3AmZACgV1FCihlWhgUSChGQxvJn7zCbQRsXrAUQJ+xPpKhIIztFKrcwsSGVXdUtmtuFPQReLlpExy1Lqlr04v5mkECrlkxrQ9N0E/YxoFlzAudlIDCeND1oe2pYpFYPxseu+YHlulR8NY21JIp+rviYxFxoyiwHZGDAdm3puI/3ntFMMrPxMqSREUny0KU0kxppPnaU9o4ChHljCuhb2V8gHTjKONqGhD8OZfXiSN04p3UTm7Py9Xr/M4CuSQHJET4pFLUiV3pEbqhBNJnskreXMenRfn3fmYtS45+cwB+QPn8weI+Y+m</latexit>

�n

How does it look like?



∆NCS =
g2

16π2

∫
Tr

[
Fµν F̃

µν
]
d4x

<latexit sha1_base64="HiUUt9anQT9u6b8OLojaGt6F4vA="></latexit><latexit sha1_base64="FThUEZZ4zTKK+LOPrt24IUua9ys="></latexit><latexit sha1_base64="FThUEZZ4zTKK+LOPrt24IUua9ys="></latexit><latexit sha1_base64="FThUEZZ4zTKK+LOPrt24IUua9ys="></latexit><latexit sha1_base64="MQAf3eMnnJ040vcFvm/95FJg85Y="></latexit><latexit sha1_base64="erEnSVUwLyAewBDVwn7GKvjHEek="></latexit>

=<latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="fIc9EIilQJw+V3DUx27rYWku9SU=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69BEvBU0k8qBeh6MVjC/YD2lA220m7dLMJuxuhhP4CT4KCePUnefLfuE1TsfXBwOO9GWbm+TFnSjvOt1XY2Nza3inulvb2Dw6PyscnbRUlkmKLRjySXZ8o5ExgSzPNsRtLJKHPseNP7ud+5wmlYpF41NMYvZCMBAsYJdpIzdtBueLUnAz2f+LmpAI5GoPyV38Y0SREoSknSvVcJ9ZeSqRmlOOs1E8UxoROyAh7hgoSovLS7NCZXTXK0A4iaUpoO1P/TqQkVGoa+qYzJHqs1r25+OtVV1bp4MZLmYgTjYIuNgUJt3Vkz9+2h0wi1XxqCKGSmWNtOiaSUG3CKWUpXC2fXyfLFNqXNdepuU2nUr/L8yjCGZzDBbhwDXV4gAa0gALCM7zCmzWxXqx362PRWrDymVNYgfX5AxB+jPc=</latexit><latexit sha1_base64="fIc9EIilQJw+V3DUx27rYWku9SU=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69BEvBU0k8qBeh6MVjC/YD2lA220m7dLMJuxuhhP4CT4KCePUnefLfuE1TsfXBwOO9GWbm+TFnSjvOt1XY2Nza3inulvb2Dw6PyscnbRUlkmKLRjySXZ8o5ExgSzPNsRtLJKHPseNP7ud+5wmlYpF41NMYvZCMBAsYJdpIzdtBueLUnAz2f+LmpAI5GoPyV38Y0SREoSknSvVcJ9ZeSqRmlOOs1E8UxoROyAh7hgoSovLS7NCZXTXK0A4iaUpoO1P/TqQkVGoa+qYzJHqs1r25+OtVV1bp4MZLmYgTjYIuNgUJt3Vkz9+2h0wi1XxqCKGSmWNtOiaSUG3CKWUpXC2fXyfLFNqXNdepuU2nUr/L8yjCGZzDBbhwDXV4gAa0gALCM7zCmzWxXqx362PRWrDymVNYgfX5AxB+jPc=</latexit>

anomaly
<latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="cKOnnc9uhs+J13Uf50OHZcnTBbQ=">AAAB9XicZZDLSgMxFIbPeK31VnWpi2ApuCozLtRl0Y3LCvYC7VAyaaYNTTJjklGGoc/hSlAQtz6MK9/GdNqKrT8Efv5zDufkC2LOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjeTeuuRKs0ieW/SmPoCDyQLGcHGRn7WVQJhGQnM03GvVHarbi7033gzU66dQK56r/TV7UckEVQawrHWHc+NjZ9hZRjhdFzsJprGmIzwgHaslVhQ7Wf50WNUsUkfhZGyTxqUp38nMiy0TkVgOwU2Q71cm4S/tcrCKhNe+RmTcWKoJNNNYcKRidAEAeozRYnhqTWYKGaPRWSIFSbGgirmFC7mn182cwrN86rnVr07i+N6igMKcAyncAYeXEINbqEODSDwAM/wCm/Ok/PivDsf09YVZzZzBAtyPn8AC9aS0g==</latexit><latexit sha1_base64="w0fw65p6hitbuDWJvYFLEVTAZjk=">AAAB9XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1oB6DXjxGMA9IljA7mSRD5rHOzCrLku/wJCiIVz/Gk3/jZrMREwsaiqpuuruCkDNjXffbKaytb2xuFbdLO7t7+wflw6OWUZEmtEkUV7oTYEM5k7RpmeW0E2qKRcBpO5jczPz2I9WGKXlv45D6Ao8kGzKCbSr5SU8LhKUSmMfTfrni1twM6D/xclKBHI1++as3UCQSVFrCsTFdzw2tn2BtGeF0WupFhoaYTPCIdlMqsaDGT7Kjp6iaKgM0VDotaVGm/p1IsDAmFkHaKbAdm1VvJv561aVVdnjlJ0yGkaWSzDcNI46sQrMI0IBpSiyPU4KJZumxiIyxxsSmQZWyFC4Wz6+SRQqt85rn1rw7t1K/zvMowgmcwhl4cAl1uIUGNIHAAzzDK7w5T86L8+58zFsLTj5zDEtwPn8AjneSdg==</latexit>

∆NF
<latexit sha1_base64="WfMbtMwJY9eEacQ6wXtkrEqb7d4=">AAAB8nicZVDLSgNBEOyNrxhfUfHkZTAEPIVdL3oMKuJJIpgHJkuYnUySIbOzy0yvEELAD/DoRUFBvPo3nvwbJw/EJAUNRVU33V1BLIVB1/1xUkvLK6tr6fXMxubW9k52d69iokQzXmaRjHQtoIZLoXgZBUpeizWnYSB5NehdjPzqA9dGROoO+zH3Q9pRoi0YRSvdNy65REpumlfNbM4tuGOQReJNSa548PL0CAClZva70YpYEnKFTFJj6p4boz+gGgWTfJhpJIbHlPVoh9ctVTTkxh+MLx6SvFVapB1pWwrJWP0/MaChMf0wsJ0hxa6Z90bin5efWYXtM38gVJwgV2yyqZ1IghEZ/U9aQnOGsm8JZVrYYwnrUk0Z2pQyNgVv/udFUjkpeG7Bu7VxnMMEaTiEIzgGD06hCNdQgjIwUPAMb/DuoPPqfDifk9aUM53Zhxk4X7/M/pJY</latexit><latexit sha1_base64="d+mqtW8gy2uYc26lqBdnhsRX684=">AAAB8nicZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoCKeJIJ5YBLC7GSSDJmdXWZ6hRDiF3j0oqAgXv0bT/6NkwdiYkFDUdVNd5cfSWHQdb+dxNLyyupacj2V3tjc2s7s7FZMGGvGyyyUoa751HApFC+jQMlrkeY08CWv+v3zsV+959qIUN3iIOLNgHaV6AhG0Up3jQsukZLr1mUrk3UL7gTkP/FmJFvcf358yB+lS63MV6MdsjjgCpmkxtQ9N8LmkGoUTPJRqhEbHlHWp11et1TRgJvmcHLxiOSs0iadUNtSSCbq34khDYwZBL7tDCj2zKI3Fn+93Nwq7Jw2h0JFMXLFpps6sSQYkvH/pC00ZygHllCmhT2WsB7VlKFNKWVT8BZ//k8qxwXPLXg3No4zmCIJB3AIefDgBIpwBSUoAwMFT/AKbw46L8678zFtTTizmT2Yg/P5Az8Jkq0=</latexit><latexit sha1_base64="d+mqtW8gy2uYc26lqBdnhsRX684=">AAAB8nicZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoCKeJIJ5YBLC7GSSDJmdXWZ6hRDiF3j0oqAgXv0bT/6NkwdiYkFDUdVNd5cfSWHQdb+dxNLyyupacj2V3tjc2s7s7FZMGGvGyyyUoa751HApFC+jQMlrkeY08CWv+v3zsV+959qIUN3iIOLNgHaV6AhG0Up3jQsukZLr1mUrk3UL7gTkP/FmJFvcf358yB+lS63MV6MdsjjgCpmkxtQ9N8LmkGoUTPJRqhEbHlHWp11et1TRgJvmcHLxiOSs0iadUNtSSCbq34khDYwZBL7tDCj2zKI3Fn+93Nwq7Jw2h0JFMXLFpps6sSQYkvH/pC00ZygHllCmhT2WsB7VlKFNKWVT8BZ//k8qxwXPLXg3No4zmCIJB3AIefDgBIpwBSUoAwMFT/AKbw46L8678zFtTTizmT2Yg/P5Az8Jkq0=</latexit><latexit sha1_base64="d+mqtW8gy2uYc26lqBdnhsRX684=">AAAB8nicZVDLSgNBEOyNr5j4iIonL4MxkFPY9aLHoCKeJIJ5YBLC7GSSDJmdXWZ6hRDiF3j0oqAgXv0bT/6NkwdiYkFDUdVNd5cfSWHQdb+dxNLyyupacj2V3tjc2s7s7FZMGGvGyyyUoa751HApFC+jQMlrkeY08CWv+v3zsV+959qIUN3iIOLNgHaV6AhG0Up3jQsukZLr1mUrk3UL7gTkP/FmJFvcf358yB+lS63MV6MdsjjgCpmkxtQ9N8LmkGoUTPJRqhEbHlHWp11et1TRgJvmcHLxiOSs0iadUNtSSCbq34khDYwZBL7tDCj2zKI3Fn+93Nwq7Jw2h0JFMXLFpps6sSQYkvH/pC00ZygHllCmhT2WsB7VlKFNKWVT8BZ//k8qxwXPLXg3No4zmCIJB3AIefDgBIpwBSUoAwMFT/AKbw46L8678zFtTTizmT2Yg/P5Az8Jkq0=</latexit><latexit sha1_base64="kKEnyCyx0iupiSp+P/0PH5wNsyw=">AAAB8nicZVDLSgNBEJyNr5j4iIonL4MayCnselCPQUU8SQTzwGQJs5NJMmR2dpnpFcISv8CjFwUF8erfePJvnGwSMbGgoajqprvLCwXXYNvfVmphcWl5Jb2aya6tb2zmtrarOogUZRUaiEDVPaKZ4JJVgINg9VAx4nuC1bz++civ3TOleSBvYRAy1yddyTucEjDSXfOCCSD4unXZyh3YRTsB/k+cCTko7T4/PhQOs+VW7qvZDmjkMwlUEK0bjh2CGxMFnAo2zDQjzUJC+6TLGoZK4jPtxsnFQ5w3Sht3AmVKAk7UvxMx8bUe+J7p9An09Lw3En+9/Mwq6Jy6MZdhBEzS8aZOJDAEePQ/bnPFKIiBIYQqbo7FtEcUoWBSyiQpHE+fnyfTFKpHRccuOjcmjjM0RhrtoX1UQA46QSV0hcqogiiS6Am9ojcLrBfr3foYt6asycwOmoH1+QNFk5K8</latexit><latexit sha1_base64="7fwLhOhsn20UVfntvaTn62WFcdY=">AAAB8nicZVBNS8NAEN3Ur1q/qh69LJaCp5J4UI9FRTxJBfuBbSib7aRdutmE3YlQSv+FJ0FBvPpvPPlvTNNUbH0w8Hhvhpl5XiSFQdv+tnIrq2vrG/nNwtb2zu5ecf+gYcJYc6jzUIa65TEDUiioo0AJrUgDCzwJTW94NfWbT6CNCNUDjiJwA9ZXwhecYSI9dq5BIqN33ZtusWRX7BT0P3EyUiIZat3iV6cX8jgAhVwyY9qOHaE7ZhoFlzApdGIDEeND1od2QhULwLjj9OIJLSdKj/qhTkohTdW/E2MWGDMKvKQzYDgwy95U/PXKC6vQv3DHQkUxguKzTX4sKYZ0+j/tCQ0c5SghjGuRHEv5gGnGMUmpkKZwNn9+mcxTaJxWHLvi3Nul6mWWR54ckWNyQhxyTqrkltRInXCiyDN5JW8WWi/Wu/Uxa81Z2cwhWYD1+QMmg5Bt</latexit>

SU(2) charged fermion

<latexit sha1_base64="ISweYAzJdiKJL1F+EF12IZnfSak=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KomKeizqwWMF+wFtKJvtpF262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqDnUey1i3AmZACgV1FCihlWhgUSChGQxvJn7zCbQRsXrAUQJ+xPpKhIIztFKrcwsSGVXdUtmtuFPQReLlpExy1Lqlr04v5mkECrlkxrQ9N0E/YxoFlzAudlIDCeND1oe2pYpFYPxseu+YHlulR8NY21JIp+rviYxFxoyiwHZGDAdm3puI/3ntFMMrPxMqSREUny0KU0kxppPnaU9o4ChHljCuhb2V8gHTjKONqGhD8OZfXiSN04p3UTm7Py9Xr/M4CuSQHJET4pFLUiV3pEbqhBNJnskreXMenRfn3fmYtS45+cwB+QPn8weI+Y+m</latexit>

�n

How does it look like?
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<latexit sha1_base64="HiUUt9anQT9u6b8OLojaGt6F4vA="></latexit><latexit sha1_base64="FThUEZZ4zTKK+LOPrt24IUua9ys="></latexit><latexit sha1_base64="FThUEZZ4zTKK+LOPrt24IUua9ys="></latexit><latexit sha1_base64="FThUEZZ4zTKK+LOPrt24IUua9ys="></latexit><latexit sha1_base64="MQAf3eMnnJ040vcFvm/95FJg85Y="></latexit><latexit sha1_base64="erEnSVUwLyAewBDVwn7GKvjHEek="></latexit>

=<latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="fIc9EIilQJw+V3DUx27rYWku9SU=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69BEvBU0k8qBeh6MVjC/YD2lA220m7dLMJuxuhhP4CT4KCePUnefLfuE1TsfXBwOO9GWbm+TFnSjvOt1XY2Nza3inulvb2Dw6PyscnbRUlkmKLRjySXZ8o5ExgSzPNsRtLJKHPseNP7ud+5wmlYpF41NMYvZCMBAsYJdpIzdtBueLUnAz2f+LmpAI5GoPyV38Y0SREoSknSvVcJ9ZeSqRmlOOs1E8UxoROyAh7hgoSovLS7NCZXTXK0A4iaUpoO1P/TqQkVGoa+qYzJHqs1r25+OtVV1bp4MZLmYgTjYIuNgUJt3Vkz9+2h0wi1XxqCKGSmWNtOiaSUG3CKWUpXC2fXyfLFNqXNdepuU2nUr/L8yjCGZzDBbhwDXV4gAa0gALCM7zCmzWxXqx362PRWrDymVNYgfX5AxB+jPc=</latexit><latexit sha1_base64="fIc9EIilQJw+V3DUx27rYWku9SU=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69BEvBU0k8qBeh6MVjC/YD2lA220m7dLMJuxuhhP4CT4KCePUnefLfuE1TsfXBwOO9GWbm+TFnSjvOt1XY2Nza3inulvb2Dw6PyscnbRUlkmKLRjySXZ8o5ExgSzPNsRtLJKHPseNP7ud+5wmlYpF41NMYvZCMBAsYJdpIzdtBueLUnAz2f+LmpAI5GoPyV38Y0SREoSknSvVcJ9ZeSqRmlOOs1E8UxoROyAh7hgoSovLS7NCZXTXK0A4iaUpoO1P/TqQkVGoa+qYzJHqs1r25+OtVV1bp4MZLmYgTjYIuNgUJt3Vkz9+2h0wi1XxqCKGSmWNtOiaSUG3CKWUpXC2fXyfLFNqXNdepuU2nUr/L8yjCGZzDBbhwDXV4gAa0gALCM7zCmzWxXqx362PRWrDymVNYgfX5AxB+jPc=</latexit> {
<latexit sha1_base64="6e2obH3e6t4WYAFI0fs2MSj6YB8=">AAAB6nicZVDLSgNBEOyNrxhfUY9ehoSAp7DrxRyDXjxGMQ9IljA7mU2GzM4uM71CWPIHngQF8eLBP/Lk3zh5ICYpaCiquunuChIpDLruj5Pb2t7Z3cvvFw4Oj45PiqdnLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWjzhJuB/RoRKhYBSt9NDL+sWyW3XnIJvEW5JyvQS5TwBo9IvfvUHM0ogrZJIa0/XcBP2MahRM8mmhlxqeUDamQ961VNGIGz+bXzolFasMSBhrWwrJXP0/kdHImEkU2M6I4sisezPxz6usrMKw5mdCJSlyxRabwlQSjMnsbzIQmjOUE0so08IeS9iIasrQplOwKXjrP2+S1lXVc6vevY3jBhbIwwWU4BI8uIY63EEDmsAghGd4hTdHOi/Ou/OxaM05y5lzWIHz9Qt5IY6Q</latexit><latexit sha1_base64="i0I5vH+xOCpnkn63EZNsV8argyg=">AAAB6nicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eo5gHJCHMTmaTIbOzy0yvEJb8gSdBQTx48Qf8Fk/+jZMHYpKChqKqm+4uP5bCoOv+OJm19Y3Nrex2bmd3b/8gf3hUN1GiGa+xSEa66VPDpVC8hgIlb8aa09CXvOEPbyZ+45FrIyL1gKOYd0LaVyIQjKKV7ttpN190y+4UZJV4c1KsFCDzcfJ1Vu3mv9u9iCUhV8gkNabluTF2UqpRMMnHuXZieEzZkPZ5y1JFQ2466fTSMSlZpUeCSNtSSKbq/4mUhsaMQt92hhQHZtmbiH9eaWEVBledVKg4Qa7YbFOQSIIRmfxNekJzhnJkCWVa2GMJG1BNGdp0cjYFb/nnVVK/KHtu2buzcVzDDFk4hQKcgweXUIFbqEINGATwBC/w6kjn2Xlz3metGWc+cwwLcD5/Aaf2j3I=</latexit><latexit sha1_base64="i0I5vH+xOCpnkn63EZNsV8argyg=">AAAB6nicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eo5gHJCHMTmaTIbOzy0yvEJb8gSdBQTx48Qf8Fk/+jZMHYpKChqKqm+4uP5bCoOv+OJm19Y3Nrex2bmd3b/8gf3hUN1GiGa+xSEa66VPDpVC8hgIlb8aa09CXvOEPbyZ+45FrIyL1gKOYd0LaVyIQjKKV7ttpN190y+4UZJV4c1KsFCDzcfJ1Vu3mv9u9iCUhV8gkNabluTF2UqpRMMnHuXZieEzZkPZ5y1JFQ2466fTSMSlZpUeCSNtSSKbq/4mUhsaMQt92hhQHZtmbiH9eaWEVBledVKg4Qa7YbFOQSIIRmfxNekJzhnJkCWVa2GMJG1BNGdp0cjYFb/nnVVK/KHtu2buzcVzDDFk4hQKcgweXUIFbqEINGATwBC/w6kjn2Xlz3metGWc+cwwLcD5/Aaf2j3I=</latexit><latexit sha1_base64="i0I5vH+xOCpnkn63EZNsV8argyg=">AAAB6nicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eo5gHJCHMTmaTIbOzy0yvEJb8gSdBQTx48Qf8Fk/+jZMHYpKChqKqm+4uP5bCoOv+OJm19Y3Nrex2bmd3b/8gf3hUN1GiGa+xSEa66VPDpVC8hgIlb8aa09CXvOEPbyZ+45FrIyL1gKOYd0LaVyIQjKKV7ttpN190y+4UZJV4c1KsFCDzcfJ1Vu3mv9u9iCUhV8gkNabluTF2UqpRMMnHuXZieEzZkPZ5y1JFQ2466fTSMSlZpUeCSNtSSKbq/4mUhsaMQt92hhQHZtmbiH9eaWEVBledVKg4Qa7YbFOQSIIRmfxNekJzhnJkCWVa2GMJG1BNGdp0cjYFb/nnVVK/KHtu2buzcVzDDFk4hQKcgweXUIFbqEINGATwBC/w6kjn2Xlz3metGWc+cwwLcD5/Aaf2j3I=</latexit><latexit sha1_base64="boikjOBqQGR40ZxvJfoFmFuQ77A=">AAAB6nicZVDLSsNAFL2pr1pfVcGNLoaWgquSuFCXRTcuq9gHtKFMppN26GQSZiZCCf0DV4KCuHDjD/gtrvwbp0krth64cDjnXu69x4s4U9q2v63cyura+kZ+s7C1vbO7V9w/aKowloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG11P/dYDlYqF4l6PI+oGeCCYzwjWRrrrJr1i2a7aKdB/4sxIuVaC3PvR50m9V/zq9kMSB1RowrFSHceOtJtgqRnhdFLoxopGmIzwgHYMFTigyk3SSyeoYpQ+8kNpSmiUqn8nEhwoNQ480xlgPVTL3lT89SoLq7R/6SZMRLGmgmSb/JgjHaLp36jPJCWajw3BRDJzLCJDLDHRJp1CmsL5/PllMk+heVZ17Kpza+K4ggx5OIYSnIIDF1CDG6hDAwj48AjP8GJx68l6td6y1pw1mzmEBVgfP66Aj4E=</latexit><latexit sha1_base64="vuUsa68+mVVlLIgSUfrRUxea/k0=">AAAB6nicZVBNS8NAEJ34WetX1aOXxVLwVBIP6rHoxWMV+wFtKJvtpl262YTdiVBC/4EnQUG8+o88+W/ctqnY+mDg8d4MM/OCRAqDrvvtrK1vbG5tF3aKu3v7B4elo+OmiVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0O/VbT1wbEatHHCfcj+hAiVAwilZ66Ga9UtmtujOQ/8TLSRly1Hulr24/ZmnEFTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWKpoxI2fzS6dkIpV+iSMtS2FZKb+nchoZMw4CmxnRHFoVr2p+OtVllZheO1nQiUpcsXmm8JUEozJ9G/SF5ozlGNLKNPCHkvYkGrK0KZTnKVwuXh+lSxSaF5UPbfq3bvl2k2eRwFO4QzOwYMrqMEd1KEBDEJ4hld4c6Tz4rw7H/PWNSefOYElOJ8/H9CNmw==</latexit>

∆Nqb1
<latexit sha1_base64="bwbrxMbM6qAehvy/KbDzAQC1Qbg="></latexit><latexit sha1_base64="eu/WTw1bUjUqetMfYPjJwXjRBAw="></latexit><latexit sha1_base64="eu/WTw1bUjUqetMfYPjJwXjRBAw="></latexit><latexit sha1_base64="eu/WTw1bUjUqetMfYPjJwXjRBAw="></latexit><latexit sha1_base64="R4EFP95Z3sSRb/yz+yJNdT4v/Yo="></latexit><latexit sha1_base64="9zUrjkCIs8HNjozd8yxIJaY1zgM="></latexit>

∆Nqg1
<latexit sha1_base64="Y1Fv16f4Q+JTPgU2f6Ugc8K2rgE=">AAAB+nicdVBNSwMxEJ31s9avVY9egqXgaUmKqz0W9eBJFKwKdl2yaVqD2Q+TbKGs/SeeBAURPPlPPPlvTFsVFXww8Hhvhpl5USaFNhi/OxOTU9Mzs6W58vzC4tKyu7J6qtNcMd5kqUzVeUQ1lyLhTSOM5OeZ4jSOJD+LrveG/lmPKy3S5MT0Mx7EtJuIjmDUWCl03dY+l4aiw7C4CclldxC6FezhbX+L1BH2fEzqxLek5hOMa4h4eIRKA/svDQA4Ct23VjtlecwTwyTV+oLgzAQFVUYwyQflVq55Rtk17fILSxMacx0Uo8sHqGqVNuqkylZi0Ej9OVHQWOt+HNnOmJor/dcbit9e9dcq06kHhUiy3PCEjTd1colMioY5oLZQnBnZt4QyJeyxiF1RRZmxaZVtCl+vov/Jac0j2CPHNo5dGKME67ABm0BgBxpwAEfQBAY9uIMHeHRunXvnyXket044nzNr8AvO6wfB5ZUM</latexit><latexit sha1_base64="egg/yLL4tzrDNw8SQ4npC/QIQGo=">AAAB+nicdVDLSgMxFM34rPU16tJNsAiuhqQ42pUUdeFCpIKtSjsOmTRtQzMPk0yhjP0TV4KCCK78E1f+jWmrYgUPXDiccy/33hMkgiuN0Ic1NT0zOzefW8gvLi2vrNpr6zUVp5KyKo1FLK8CopjgEatqrgW7SiQjYSDYZdA9GvqXPSYVj6ML3U+YF5J2xFucEm0k37Ybx0xoAs/87NbHN+2BbxeQg/bcXVyCyHERLmHXkKKLESpC7KARCmXkvh6I0+uKb783mjFNQxZpKohSdYwS7WVEak4FG+QbqWIJoV3SZnVDIxIy5WWjywdw2yhN2IqlqUjDkfp7IiOhUv0wMJ0h0R311xuKP972xCrdKnkZj5JUs4iON7VSAXUMhznAJpeMatE3hFDJzbGQdogkVJu08iaF71fh/6RWdDBy8LmJ4xCMkQObYAvsAAz2QRmcgAqoAgp64B48gifrznqwnq2XceuU9TWzASZgvX0CLSuWGw==</latexit><latexit sha1_base64="egg/yLL4tzrDNw8SQ4npC/QIQGo=">AAAB+nicdVDLSgMxFM34rPU16tJNsAiuhqQ42pUUdeFCpIKtSjsOmTRtQzMPk0yhjP0TV4KCCK78E1f+jWmrYgUPXDiccy/33hMkgiuN0Ic1NT0zOzefW8gvLi2vrNpr6zUVp5KyKo1FLK8CopjgEatqrgW7SiQjYSDYZdA9GvqXPSYVj6ML3U+YF5J2xFucEm0k37Ybx0xoAs/87NbHN+2BbxeQg/bcXVyCyHERLmHXkKKLESpC7KARCmXkvh6I0+uKb783mjFNQxZpKohSdYwS7WVEak4FG+QbqWIJoV3SZnVDIxIy5WWjywdw2yhN2IqlqUjDkfp7IiOhUv0wMJ0h0R311xuKP972xCrdKnkZj5JUs4iON7VSAXUMhznAJpeMatE3hFDJzbGQdogkVJu08iaF71fh/6RWdDBy8LmJ4xCMkQObYAvsAAz2QRmcgAqoAgp64B48gifrznqwnq2XceuU9TWzASZgvX0CLSuWGw==</latexit><latexit sha1_base64="egg/yLL4tzrDNw8SQ4npC/QIQGo=">AAAB+nicdVDLSgMxFM34rPU16tJNsAiuhqQ42pUUdeFCpIKtSjsOmTRtQzMPk0yhjP0TV4KCCK78E1f+jWmrYgUPXDiccy/33hMkgiuN0Ic1NT0zOzefW8gvLi2vrNpr6zUVp5KyKo1FLK8CopjgEatqrgW7SiQjYSDYZdA9GvqXPSYVj6ML3U+YF5J2xFucEm0k37Ybx0xoAs/87NbHN+2BbxeQg/bcXVyCyHERLmHXkKKLESpC7KARCmXkvh6I0+uKb783mjFNQxZpKohSdYwS7WVEak4FG+QbqWIJoV3SZnVDIxIy5WWjywdw2yhN2IqlqUjDkfp7IiOhUv0wMJ0h0R311xuKP972xCrdKnkZj5JUs4iON7VSAXUMhznAJpeMatE3hFDJzbGQdogkVJu08iaF71fh/6RWdDBy8LmJ4xCMkQObYAvsAAz2QRmcgAqoAgp64B48gifrznqwnq2XceuU9TWzASZgvX0CLSuWGw==</latexit><latexit sha1_base64="cgY//rScT8vilBvlFX5xyJFbzuY=">AAAB+nicZVDLSgMxFM34rPU16tJNUAquhqQ4tSsp6sKFSAXbKm0dMmlag5mHSaZQxv6JK0FBBFf+iSv/xnSqYvXAhcM593LvPX4suNIIfVhT0zOzc/O5hfzi0vLKqr22XldRIimr0UhE8sInigkesprmWrCLWDIS+II1/JvDkd/oM6l4FJ7rQczaAemFvMsp0UbybLt1xIQm8NRLbz181Rt69jZyUMndxWWIHBfhMnYNKboYoSLEDsqwXUHu6744uax69nurE9EkYKGmgijVxCjW7ZRIzalgw3wrUSwm9Ib0WNPQkARMtdPs8iEsGKUDu5E0FWqYqb8nUhIoNQh80xkQfa3+eiPxxytMrNLdcjvlYZxoFtLxpm4ioI7gKAfY4ZJRLQaGECq5ORbSayIJ1SatfJZCKXsV/iffKdSLDkYOPjNxHIAxcmATbIEdgMEeqIBjUAU1QEEf3INH8GTdWQ/Ws/Uybp2yvmY2wASst08ztZYq</latexit><latexit sha1_base64="mngcSICyculzKXJTBEY1UlAFRBw=">AAAB+nicZVDLSgMxFM3UV62vUZdugqXgakiKrV0WdeFKKtgHtHXIpGkbmnmYZApl7J+4EhTErX/iyr8xnVaxeuDC4Zx7ufceLxJcaYQ+rczK6tr6RnYzt7W9s7tn7x80VBhLyuo0FKFseUQxwQNW11wL1ookI74nWNMbXcz85phJxcPgVk8i1vXJIOB9Tok2kmvbnUsmNIHXbnLv4rvB1LXzyEHl0imuQOSUEK7gkiHFEkaoCLGDUuTBAjXX/uj0Qhr7LNBUEKXaGEW6mxCpORVsmuvEikWEjsiAtQ0NiM9UN0kvn8KCUXqwH0pTgYap+nsiIb5SE98znT7RQ/XXm4k/XmFple5XugkPolizgM439WMBdQhnOcAel4xqMTGEUMnNsZAOiSRUm7RyaQrl9FX4n3yn0Cg6GDn4BuWr54s8suAIHIMTgMEZqIIrUAN1QMEYPIJn8GI9WE/Wq/U2b81Yi5lDsATr/QumjpOI</latexit>

∆Nqr1
<latexit sha1_base64="JM+W8S+LjWcmbPNrPa/REp4WR8k=">AAAB+nicdVDLSgNBEOz1GeNr1aOXwSDkIGE3hiTegnrwJBHMA8y6zE4mOmT24cxsIKz5E0+Cgnj1H/wAT978FGcTFSNY0FBUddPd5UWcSWVZ78bM7Nz8wmJmKbu8srq2bm5sNmUYC0IbJOShaHtYUs4C2lBMcdqOBMW+x2nL6x+lfmtAhWRhcK6GEXV8fBWwHiNYack1zc4x5QqjUze5ce1LMXLNnFU4qJaLpTKyCpZVsYt2SoqV0n4J2VpJkavt5V8/AKDumm+dbkhinwaKcCzlhW1FykmwUIxwOsp2YkkjTPr4il5oGmCfSicZXz5Cu1rpol4odAUKjdXfEwn2pRz6nu70sbqWf71U/PF2p1apXtVJWBDFigZksqkXc6RClOaAukxQovhQE0wE08cico0FJkqnldUpfL+K/ifNYsG2CvaZjuMQJsjANuxAHmyoQA1OoA4NIDCAO3iAR+PWuDeejOdJ64zxNbMFUzBePgHGkJXL</latexit><latexit sha1_base64="8cXhCFRkg6n5ozWAbZf6JSTGB9c="></latexit><latexit sha1_base64="8cXhCFRkg6n5ozWAbZf6JSTGB9c="></latexit><latexit sha1_base64="8cXhCFRkg6n5ozWAbZf6JSTGB9c="></latexit><latexit sha1_base64="2PyQFnN5iWTwsQNe/LGyKZaWwX4="></latexit><latexit sha1_base64="OQcoPpxlQjnT31YX7L+ovc7kN7U=">AAAB+nicZVDLSgMxFM3UV62vUZdugqXgqmRqaeuuqAtXUsE+oB2HTJq2oZmHSaZQxv6JK0FB3PonrvwbM9MqVg9cOJxzL/fe44acSYXQp5FZWV1b38hu5ra2d3b3zP2DlgwiQWiTBDwQHRdLyplPm4opTjuhoNhzOW2744vEb0+okCzwb9U0pLaHhz4bMIKVlhzT7F1SrjC8duJ7x7oTM8fMo+JZrVIqVyAqIlS1SlZCStXyaRlaWkmQBws0HPOj1w9I5FFfEY6l7FooVHaMhWKE01muF0kaYjLGQ9rV1McelXacXj6DBa304SAQunwFU/X3RIw9Kaeeqzs9rEbyr5eIP15haZUa1OyY+WGkqE/mmwYRhyqASQ6wzwQlik81wUQwfSwkIywwUTqtXJpCJX0V/iffKbRKRQsVrRuUr58v8siCI3AMToAFqqAOrkADNAEBE/AInsGL8WA8Ga/G27w1YyxmDsESjPcvyM+Tnw==</latexit>

∆N!1<latexit sha1_base64="A0ocvvDjb3HdTK4ozX8pKpYcz8c=">AAAB+3icZVDJSgNBEK2JW4zbRI9eWkPAU5jxosegHjxJBLNAEoaeTiVp0rPQ3aOEIeCPeBIUxKtf4slP8aSdBTHJg4LHe1VU1fNjwZV2nC8rs7K6tr6R3cxtbe/s7tn5/ZqKEsmwyiIRyYZPFQoeYlVzLbARS6SBL7DuDy7Hfv0epeJReKeHMbYD2gt5lzOqjeTZ+dYVCk3JjZe2UAjPHXl2wSk5E5Bl4s5IoXz08/0IABXP/mx1IpYEGGomqFJN14l1O6VScyZwlGslCmPKBrSHTUNDGqBqp5PTR6RolA7pRtJUqMlE/T+R0kCpYeCbzoDqvlr0xuKfV5xbpbvn7ZSHcaIxZNNN3UQQHZFxEKTDJTIthoZQJrk5lrA+lZRpE1fOpOAu/rxMaqcl1ym5tyaOC5giC4dwDCfgwhmU4RoqUAUGD/AEL/Bqjaxn6816n7ZmrNnMAczB+vgF7fWWiQ==</latexit><latexit sha1_base64="7D7+jAaeizY8LZkNUdgbGPtFw0E=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jxot6CC3qSCGaBzDD0dCpJk56F7h4lDPMpngQF8eqXePJTPGlnQUzyoODxXhVV9fyYM6ks68vILS2vrK7l1wsbm1vbO2ZxtyGjRFCo04hHouUTCZyFUFdMcWjFAkjgc2j6g4uR33wAIVkU3qthDG5AeiHrMkqUljyz6FwCVwTfeqkDnHt25pklq2KNgReJPSWl6sHPt7i+Oqt55qfTiWgSQKgoJ1K2bStWbkqEYpRDVnASCTGhA9KDtqYhCUC66fj0DJe10sHdSOgKFR6r/ydSEkg5DHzdGRDVl/PeSPzzyjOrVPfUTVkYJwpCOtnUTThWER4FgTtMAFV8qAmhguljMe0TQajScRV0Cvb8z4ukcVyxrYp9p+M4RxPk0T46REfIRieoim5QDdURRY/oCb2gVyMzno03433SmjOmM3toBsbHL+Mnl0A=</latexit><latexit sha1_base64="7D7+jAaeizY8LZkNUdgbGPtFw0E=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jxot6CC3qSCGaBzDD0dCpJk56F7h4lDPMpngQF8eqXePJTPGlnQUzyoODxXhVV9fyYM6ks68vILS2vrK7l1wsbm1vbO2ZxtyGjRFCo04hHouUTCZyFUFdMcWjFAkjgc2j6g4uR33wAIVkU3qthDG5AeiHrMkqUljyz6FwCVwTfeqkDnHt25pklq2KNgReJPSWl6sHPt7i+Oqt55qfTiWgSQKgoJ1K2bStWbkqEYpRDVnASCTGhA9KDtqYhCUC66fj0DJe10sHdSOgKFR6r/ydSEkg5DHzdGRDVl/PeSPzzyjOrVPfUTVkYJwpCOtnUTThWER4FgTtMAFV8qAmhguljMe0TQajScRV0Cvb8z4ukcVyxrYp9p+M4RxPk0T46REfIRieoim5QDdURRY/oCb2gVyMzno03433SmjOmM3toBsbHL+Mnl0A=</latexit><latexit sha1_base64="7D7+jAaeizY8LZkNUdgbGPtFw0E=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jxot6CC3qSCGaBzDD0dCpJk56F7h4lDPMpngQF8eqXePJTPGlnQUzyoODxXhVV9fyYM6ks68vILS2vrK7l1wsbm1vbO2ZxtyGjRFCo04hHouUTCZyFUFdMcWjFAkjgc2j6g4uR33wAIVkU3qthDG5AeiHrMkqUljyz6FwCVwTfeqkDnHt25pklq2KNgReJPSWl6sHPt7i+Oqt55qfTiWgSQKgoJ1K2bStWbkqEYpRDVnASCTGhA9KDtqYhCUC66fj0DJe10sHdSOgKFR6r/ydSEkg5DHzdGRDVl/PeSPzzyjOrVPfUTVkYJwpCOtnUTThWER4FgTtMAFV8qAmhguljMe0TQajScRV0Cvb8z4ukcVyxrYp9p+M4RxPk0T46REfIRieoim5QDdURRY/oCb2gVyMzno03433SmjOmM3toBsbHL+Mnl0A=</latexit><latexit sha1_base64="fPTtwzdiaWOko7xwjri6hrhycO4=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jx4HILLuhJIpgFMsPQ06kkTXoWunuUMORTPAkK4tUv8eSneNLOJiY+KHi8V0VVPT/mTCrL+jQyC4tLyyvZ1dza+sbmlpnfrskoERSqNOKRaPhEAmchVBVTHBqxABL4HOp+73zo1+9BSBaFd6ofgxuQTsjajBKlJc/MOxfAFcE3XuoA55498MyCVbJGwP+JPSGF8t73l7i6PK145ofTimgSQKgoJ1I2bStWbkqEYpTDIOckEmJCe6QDTU1DEoB009HpA1zUSgu3I6ErVHik/p1ISSBlP/B1Z0BUV857Q/HXK86sUu0TN2VhnCgI6XhTO+FYRXgYBG4xAVTxviaECqaPxbRLBKFKx5UbpXA0fX6eTFOoHZZsq2Tf6jjO0BhZtIv20QGy0TEqo2tUQVVE0QN6RM/oxRgYT8ar8TZuzRiTmR00A+P9B+mxl08=</latexit><latexit sha1_base64="exXUMb/aF8wzK0wsKgo9KFKe1so=">AAAB+3icZVBNS8NAEN3Ur1q/Uj16WSwFTyXxoB6LevAkFewHNCFstpN26WYTdjdKCf0pngQF8eov8eS/MU1TsfXBwOO9GWbm+TFnSlvWt1FaW9/Y3CpvV3Z29/YPzOphR0WJpNCmEY9kzycKOBPQ1kxz6MUSSOhz6Prj65nffQSpWCQe9CQGNyRDwQJGic4kz6w6N8A1wXde6gDnnj31zJrVsHLg/8QuSA0VaHnmlzOIaBKC0JQTpfq2FWs3JVIzymFacRIFMaFjMoR+RgUJQblpfvoU1zNlgINIZiU0ztW/EykJlZqEftYZEj1Sq95M/PXqS6t0cOmmTMSJBkHnm4KEYx3hWRB4wCRQzScZIVSy7FhMR0QSqrO4KnkK54vnV8kihc5Zw7Ya9r1Va14VeZTRMTpBp8hGF6iJblELtRFFT+gZvaI3Y2q8GO/Gx7y1ZBQzR2gJxucPGYeTvw==</latexit>

× 3 flavour
<latexit sha1_base64="73vafpkBaaMcdgnpqSwr8pu1nqc=">AAACA3icZVDLSgMxFL3jq7W+Rl2Jm2ApuChlRhe6LLpxWcE+oFNKJs20oZnMkGQKZSi68VNcCQri1q9w5Ye41vSB2PZC4HDOvffkHj/mTGnH+bJWVtfWNzLZzdzW9s7unr1/UFNRIgmtkohHsuFjRTkTtKqZ5rQRS4pDn9O6378e6/UBlYpF4k4PY9oKcVewgBGsDdW2jzzNQqqQVzz3iqknQxRwPDDbR20775ScSaFl4M5Avpz5+X4AgErb/vQ6EUlCKjThWKmm68S6lWKpGeF0lPMSRWNM+rhLmwYKbHxb6eSEESoYpoOCSJonNJqw/ydSHCo1DH3TGWLdU4vamPzTCnNWOrhspUzEiaaCTJ2ChCMdoXEgqMMkJZoPDcBEMvNZRHpYYqJNbDmTgrt48zKonZVcp+TemjiuYFpZOIYTOAUXLqAMN1CBKhC4hyd4gVfr0Xq23qz3aeuKNZs5hLmyPn4BtTiZug==</latexit><latexit sha1_base64="+UHlZTMXqpL+CQWPx10Bc8Kew7w=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjC4U3BTduKxgH9ApJZNm2tAkMySZQhmKC3HrX3QlKIhbv8KVH+Ja0wdi2wuBwzn33pN7/IhRpR3ny0qtrK6tpzMb2c2t7Z1de2+/qsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfux7rtT6RiobiTg8i0uSoI2hAMdKGatmHnqacKOgVzrxC4kkOA4b6ZvuwZeecojMpuAzcGciV0j/fD6PLp3LL/vTaIY45ERozpFTDdSLdTJDUFDMyzHqxIhHCPdQhDQMFMr7NZHLCEOYN04ZBKM0TGk7Y/xMJ4koNuG86OdJdtaiNyT8tP2elg4tmQkUUayLw1CmIGdQhHAcC21QSrNnAAIQlNZ+FuIskwtrEljUpuIs3L4PqadF1iu6tieMKTCsDjsAxOAEuOAclcAPKoAIwuAcj8AJerUfr2Xqz3qetKWs2cwDmyvr4BaPamys=</latexit><latexit sha1_base64="+UHlZTMXqpL+CQWPx10Bc8Kew7w=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjC4U3BTduKxgH9ApJZNm2tAkMySZQhmKC3HrX3QlKIhbv8KVH+Ja0wdi2wuBwzn33pN7/IhRpR3ny0qtrK6tpzMb2c2t7Z1de2+/qsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfux7rtT6RiobiTg8i0uSoI2hAMdKGatmHnqacKOgVzrxC4kkOA4b6ZvuwZeecojMpuAzcGciV0j/fD6PLp3LL/vTaIY45ERozpFTDdSLdTJDUFDMyzHqxIhHCPdQhDQMFMr7NZHLCEOYN04ZBKM0TGk7Y/xMJ4koNuG86OdJdtaiNyT8tP2elg4tmQkUUayLw1CmIGdQhHAcC21QSrNnAAIQlNZ+FuIskwtrEljUpuIs3L4PqadF1iu6tieMKTCsDjsAxOAEuOAclcAPKoAIwuAcj8AJerUfr2Xqz3qetKWs2cwDmyvr4BaPamys=</latexit><latexit sha1_base64="+UHlZTMXqpL+CQWPx10Bc8Kew7w=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjC4U3BTduKxgH9ApJZNm2tAkMySZQhmKC3HrX3QlKIhbv8KVH+Ja0wdi2wuBwzn33pN7/IhRpR3ny0qtrK6tpzMb2c2t7Z1de2+/qsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfux7rtT6RiobiTg8i0uSoI2hAMdKGatmHnqacKOgVzrxC4kkOA4b6ZvuwZeecojMpuAzcGciV0j/fD6PLp3LL/vTaIY45ERozpFTDdSLdTJDUFDMyzHqxIhHCPdQhDQMFMr7NZHLCEOYN04ZBKM0TGk7Y/xMJ4koNuG86OdJdtaiNyT8tP2elg4tmQkUUayLw1CmIGdQhHAcC21QSrNnAAIQlNZ+FuIskwtrEljUpuIs3L4PqadF1iu6tieMKTCsDjsAxOAEuOAclcAPKoAIwuAcj8AJerUfr2Xqz3qetKWs2cwDmyvr4BaPamys=</latexit><latexit sha1_base64="12b1VIrr2SxiDuuc8kxCX3d3W6Q=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjIIKbopuXFawD+iUkkkzbWgyMySZQhmKC3HrX3QlKIhbv8KVH+Ja02krtl4IHM65957c44aMSmVZn0ZqaXllNZ1Zy65vbG5tmzu7VRlEApMKDlgg6i6ShFGfVBRVjNRDQRB3Gam5vauxXusTIWng36pBSJocdXzqUYyUplrmvqMoJxI6hROnEDuCQ4+hvt4+bJk5q2glBf8DewpypfT31/3o4rHcMj+cdoAjTnyFGZKyYVuhasZIKIoZGWadSJIQ4R7qkIaGPtK+zTg5YQjzmmlDLxD6+Qom7N+JGHEpB9zVnRyprlzUxuSvlp+zUt55M6Z+GCni44mTFzGoAjgOBLapIFixgQYIC6o/C3EXCYSVji2bpHA6O34RzFKoHhdtq2jf6DguwaQy4AAcgiNggzNQAtegDCoAgzswAs/gxXgwnoxX423SmjKmM3tgroz3H6pkmzo=</latexit><latexit sha1_base64="sm6pS37f/wSVeCVNll9KMr77e7E=">AAACA3icZVDLSgMxFM3UV62vUVfiJlgKLkqZUVCXRTcuK9gHOEPJpJk2NMkMSaZQhuLKT3ElKIhbv8KVf2M6nYqtFwKHc+69J/cEMaNKO863VVhZXVvfKG6WtrZ3dvfs/YOWihKJSRNHLJKdACnCqCBNTTUjnVgSxANG2sHwZqq3R0QqGol7PY6Jz1Ff0JBipA3VtY88TTlR0Kuee9XUkxyGDI3M9knXLjs1Jyv4H7g5KIO8Gl37y+tFOOFEaMyQUg+uE2s/RVJTzMik5CWKxAgPUZ88GCiQ8fXT7IQJrBimB8NImic0zNi/EyniSo15YDo50gO1rE3JX62yYKXDKz+lIk40EXjmFCYM6ghOA4E9KgnWbGwAwpKaz0I8QBJhbWIrZSlczI9fBvMUWmc116m5d065fp3nUQTH4AScAhdcgjq4BQ3QBBg8gmfwCt6sJ+vFerc+Zq0FK585BAtlff4ACYqXDg==</latexit>

anomaly
<latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="cKOnnc9uhs+J13Uf50OHZcnTBbQ=">AAAB9XicZZDLSgMxFIbPeK31VnWpi2ApuCozLtRl0Y3LCvYC7VAyaaYNTTJjklGGoc/hSlAQtz6MK9/GdNqKrT8Efv5zDufkC2LOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjeTeuuRKs0ieW/SmPoCDyQLGcHGRn7WVQJhGQnM03GvVHarbi7033gzU66dQK56r/TV7UckEVQawrHWHc+NjZ9hZRjhdFzsJprGmIzwgHaslVhQ7Wf50WNUsUkfhZGyTxqUp38nMiy0TkVgOwU2Q71cm4S/tcrCKhNe+RmTcWKoJNNNYcKRidAEAeozRYnhqTWYKGaPRWSIFSbGgirmFC7mn182cwrN86rnVr07i+N6igMKcAyncAYeXEINbqEODSDwAM/wCm/Ok/PivDsf09YVZzZzBAtyPn8AC9aS0g==</latexit><latexit sha1_base64="w0fw65p6hitbuDWJvYFLEVTAZjk=">AAAB9XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1oB6DXjxGMA9IljA7mSRD5rHOzCrLku/wJCiIVz/Gk3/jZrMREwsaiqpuuruCkDNjXffbKaytb2xuFbdLO7t7+wflw6OWUZEmtEkUV7oTYEM5k7RpmeW0E2qKRcBpO5jczPz2I9WGKXlv45D6Ao8kGzKCbSr5SU8LhKUSmMfTfrni1twM6D/xclKBHI1++as3UCQSVFrCsTFdzw2tn2BtGeF0WupFhoaYTPCIdlMqsaDGT7Kjp6iaKgM0VDotaVGm/p1IsDAmFkHaKbAdm1VvJv561aVVdnjlJ0yGkaWSzDcNI46sQrMI0IBpSiyPU4KJZumxiIyxxsSmQZWyFC4Wz6+SRQqt85rn1rw7t1K/zvMowgmcwhl4cAl1uIUGNIHAAzzDK7w5T86L8+58zFsLTj5zDEtwPn8AjneSdg==</latexit>

<latexit sha1_base64="ISweYAzJdiKJL1F+EF12IZnfSak=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KomKeizqwWMF+wFtKJvtpF262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqDnUey1i3AmZACgV1FCihlWhgUSChGQxvJn7zCbQRsXrAUQJ+xPpKhIIztFKrcwsSGVXdUtmtuFPQReLlpExy1Lqlr04v5mkECrlkxrQ9N0E/YxoFlzAudlIDCeND1oe2pYpFYPxseu+YHlulR8NY21JIp+rviYxFxoyiwHZGDAdm3puI/3ntFMMrPxMqSREUny0KU0kxppPnaU9o4ChHljCuhb2V8gHTjKONqGhD8OZfXiSN04p3UTm7Py9Xr/M4CuSQHJET4pFLUiV3pEbqhBNJnskreXMenRfn3fmYtS45+cwB+QPn8weI+Y+m</latexit>

�n

How does it look like?
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<latexit sha1_base64="HiUUt9anQT9u6b8OLojaGt6F4vA="></latexit><latexit sha1_base64="FThUEZZ4zTKK+LOPrt24IUua9ys="></latexit><latexit sha1_base64="FThUEZZ4zTKK+LOPrt24IUua9ys="></latexit><latexit sha1_base64="FThUEZZ4zTKK+LOPrt24IUua9ys="></latexit><latexit sha1_base64="MQAf3eMnnJ040vcFvm/95FJg85Y="></latexit><latexit sha1_base64="erEnSVUwLyAewBDVwn7GKvjHEek="></latexit>

=<latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="fIc9EIilQJw+V3DUx27rYWku9SU=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69BEvBU0k8qBeh6MVjC/YD2lA220m7dLMJuxuhhP4CT4KCePUnefLfuE1TsfXBwOO9GWbm+TFnSjvOt1XY2Nza3inulvb2Dw6PyscnbRUlkmKLRjySXZ8o5ExgSzPNsRtLJKHPseNP7ud+5wmlYpF41NMYvZCMBAsYJdpIzdtBueLUnAz2f+LmpAI5GoPyV38Y0SREoSknSvVcJ9ZeSqRmlOOs1E8UxoROyAh7hgoSovLS7NCZXTXK0A4iaUpoO1P/TqQkVGoa+qYzJHqs1r25+OtVV1bp4MZLmYgTjYIuNgUJt3Vkz9+2h0wi1XxqCKGSmWNtOiaSUG3CKWUpXC2fXyfLFNqXNdepuU2nUr/L8yjCGZzDBbhwDXV4gAa0gALCM7zCmzWxXqx362PRWrDymVNYgfX5AxB+jPc=</latexit><latexit sha1_base64="fIc9EIilQJw+V3DUx27rYWku9SU=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69BEvBU0k8qBeh6MVjC/YD2lA220m7dLMJuxuhhP4CT4KCePUnefLfuE1TsfXBwOO9GWbm+TFnSjvOt1XY2Nza3inulvb2Dw6PyscnbRUlkmKLRjySXZ8o5ExgSzPNsRtLJKHPseNP7ud+5wmlYpF41NMYvZCMBAsYJdpIzdtBueLUnAz2f+LmpAI5GoPyV38Y0SREoSknSvVcJ9ZeSqRmlOOs1E8UxoROyAh7hgoSovLS7NCZXTXK0A4iaUpoO1P/TqQkVGoa+qYzJHqs1r25+OtVV1bp4MZLmYgTjYIuNgUJt3Vkz9+2h0wi1XxqCKGSmWNtOiaSUG3CKWUpXC2fXyfLFNqXNdepuU2nUr/L8yjCGZzDBbhwDXV4gAa0gALCM7zCmzWxXqx362PRWrDymVNYgfX5AxB+jPc=</latexit> {
<latexit sha1_base64="6e2obH3e6t4WYAFI0fs2MSj6YB8=">AAAB6nicZVDLSgNBEOyNrxhfUY9ehoSAp7DrxRyDXjxGMQ9IljA7mU2GzM4uM71CWPIHngQF8eLBP/Lk3zh5ICYpaCiquunuChIpDLruj5Pb2t7Z3cvvFw4Oj45PiqdnLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWjzhJuB/RoRKhYBSt9NDL+sWyW3XnIJvEW5JyvQS5TwBo9IvfvUHM0ogrZJIa0/XcBP2MahRM8mmhlxqeUDamQ961VNGIGz+bXzolFasMSBhrWwrJXP0/kdHImEkU2M6I4sisezPxz6usrMKw5mdCJSlyxRabwlQSjMnsbzIQmjOUE0so08IeS9iIasrQplOwKXjrP2+S1lXVc6vevY3jBhbIwwWU4BI8uIY63EEDmsAghGd4hTdHOi/Ou/OxaM05y5lzWIHz9Qt5IY6Q</latexit><latexit sha1_base64="i0I5vH+xOCpnkn63EZNsV8argyg=">AAAB6nicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eo5gHJCHMTmaTIbOzy0yvEJb8gSdBQTx48Qf8Fk/+jZMHYpKChqKqm+4uP5bCoOv+OJm19Y3Nrex2bmd3b/8gf3hUN1GiGa+xSEa66VPDpVC8hgIlb8aa09CXvOEPbyZ+45FrIyL1gKOYd0LaVyIQjKKV7ttpN190y+4UZJV4c1KsFCDzcfJ1Vu3mv9u9iCUhV8gkNabluTF2UqpRMMnHuXZieEzZkPZ5y1JFQ2466fTSMSlZpUeCSNtSSKbq/4mUhsaMQt92hhQHZtmbiH9eaWEVBledVKg4Qa7YbFOQSIIRmfxNekJzhnJkCWVa2GMJG1BNGdp0cjYFb/nnVVK/KHtu2buzcVzDDFk4hQKcgweXUIFbqEINGATwBC/w6kjn2Xlz3metGWc+cwwLcD5/Aaf2j3I=</latexit><latexit sha1_base64="i0I5vH+xOCpnkn63EZNsV8argyg=">AAAB6nicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eo5gHJCHMTmaTIbOzy0yvEJb8gSdBQTx48Qf8Fk/+jZMHYpKChqKqm+4uP5bCoOv+OJm19Y3Nrex2bmd3b/8gf3hUN1GiGa+xSEa66VPDpVC8hgIlb8aa09CXvOEPbyZ+45FrIyL1gKOYd0LaVyIQjKKV7ttpN190y+4UZJV4c1KsFCDzcfJ1Vu3mv9u9iCUhV8gkNabluTF2UqpRMMnHuXZieEzZkPZ5y1JFQ2466fTSMSlZpUeCSNtSSKbq/4mUhsaMQt92hhQHZtmbiH9eaWEVBledVKg4Qa7YbFOQSIIRmfxNekJzhnJkCWVa2GMJG1BNGdp0cjYFb/nnVVK/KHtu2buzcVzDDFk4hQKcgweXUIFbqEINGATwBC/w6kjn2Xlz3metGWc+cwwLcD5/Aaf2j3I=</latexit><latexit sha1_base64="i0I5vH+xOCpnkn63EZNsV8argyg=">AAAB6nicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eo5gHJCHMTmaTIbOzy0yvEJb8gSdBQTx48Qf8Fk/+jZMHYpKChqKqm+4uP5bCoOv+OJm19Y3Nrex2bmd3b/8gf3hUN1GiGa+xSEa66VPDpVC8hgIlb8aa09CXvOEPbyZ+45FrIyL1gKOYd0LaVyIQjKKV7ttpN190y+4UZJV4c1KsFCDzcfJ1Vu3mv9u9iCUhV8gkNabluTF2UqpRMMnHuXZieEzZkPZ5y1JFQ2466fTSMSlZpUeCSNtSSKbq/4mUhsaMQt92hhQHZtmbiH9eaWEVBledVKg4Qa7YbFOQSIIRmfxNekJzhnJkCWVa2GMJG1BNGdp0cjYFb/nnVVK/KHtu2buzcVzDDFk4hQKcgweXUIFbqEINGATwBC/w6kjn2Xlz3metGWc+cwwLcD5/Aaf2j3I=</latexit><latexit sha1_base64="boikjOBqQGR40ZxvJfoFmFuQ77A=">AAAB6nicZVDLSsNAFL2pr1pfVcGNLoaWgquSuFCXRTcuq9gHtKFMppN26GQSZiZCCf0DV4KCuHDjD/gtrvwbp0krth64cDjnXu69x4s4U9q2v63cyura+kZ+s7C1vbO7V9w/aKowloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG11P/dYDlYqF4l6PI+oGeCCYzwjWRrrrJr1i2a7aKdB/4sxIuVaC3PvR50m9V/zq9kMSB1RowrFSHceOtJtgqRnhdFLoxopGmIzwgHYMFTigyk3SSyeoYpQ+8kNpSmiUqn8nEhwoNQ480xlgPVTL3lT89SoLq7R/6SZMRLGmgmSb/JgjHaLp36jPJCWajw3BRDJzLCJDLDHRJp1CmsL5/PllMk+heVZ17Kpza+K4ggx5OIYSnIIDF1CDG6hDAwj48AjP8GJx68l6td6y1pw1mzmEBVgfP66Aj4E=</latexit><latexit sha1_base64="vuUsa68+mVVlLIgSUfrRUxea/k0=">AAAB6nicZVBNS8NAEJ34WetX1aOXxVLwVBIP6rHoxWMV+wFtKJvtpl262YTdiVBC/4EnQUG8+o88+W/ctqnY+mDg8d4MM/OCRAqDrvvtrK1vbG5tF3aKu3v7B4elo+OmiVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0O/VbT1wbEatHHCfcj+hAiVAwilZ66Ga9UtmtujOQ/8TLSRly1Hulr24/ZmnEFTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWKpoxI2fzS6dkIpV+iSMtS2FZKb+nchoZMw4CmxnRHFoVr2p+OtVllZheO1nQiUpcsXmm8JUEozJ9G/SF5ozlGNLKNPCHkvYkGrK0KZTnKVwuXh+lSxSaF5UPbfq3bvl2k2eRwFO4QzOwYMrqMEd1KEBDEJ4hld4c6Tz4rw7H/PWNSefOYElOJ8/H9CNmw==</latexit>

∆Nqb1
<latexit sha1_base64="bwbrxMbM6qAehvy/KbDzAQC1Qbg="></latexit><latexit sha1_base64="eu/WTw1bUjUqetMfYPjJwXjRBAw="></latexit><latexit sha1_base64="eu/WTw1bUjUqetMfYPjJwXjRBAw="></latexit><latexit sha1_base64="eu/WTw1bUjUqetMfYPjJwXjRBAw="></latexit><latexit sha1_base64="R4EFP95Z3sSRb/yz+yJNdT4v/Yo="></latexit><latexit sha1_base64="9zUrjkCIs8HNjozd8yxIJaY1zgM="></latexit>

∆Nqg1
<latexit sha1_base64="Y1Fv16f4Q+JTPgU2f6Ugc8K2rgE=">AAAB+nicdVBNSwMxEJ31s9avVY9egqXgaUmKqz0W9eBJFKwKdl2yaVqD2Q+TbKGs/SeeBAURPPlPPPlvTFsVFXww8Hhvhpl5USaFNhi/OxOTU9Mzs6W58vzC4tKyu7J6qtNcMd5kqUzVeUQ1lyLhTSOM5OeZ4jSOJD+LrveG/lmPKy3S5MT0Mx7EtJuIjmDUWCl03dY+l4aiw7C4CclldxC6FezhbX+L1BH2fEzqxLek5hOMa4h4eIRKA/svDQA4Ct23VjtlecwTwyTV+oLgzAQFVUYwyQflVq55Rtk17fILSxMacx0Uo8sHqGqVNuqkylZi0Ej9OVHQWOt+HNnOmJor/dcbit9e9dcq06kHhUiy3PCEjTd1colMioY5oLZQnBnZt4QyJeyxiF1RRZmxaZVtCl+vov/Jac0j2CPHNo5dGKME67ABm0BgBxpwAEfQBAY9uIMHeHRunXvnyXket044nzNr8AvO6wfB5ZUM</latexit><latexit sha1_base64="egg/yLL4tzrDNw8SQ4npC/QIQGo=">AAAB+nicdVDLSgMxFM34rPU16tJNsAiuhqQ42pUUdeFCpIKtSjsOmTRtQzMPk0yhjP0TV4KCCK78E1f+jWmrYgUPXDiccy/33hMkgiuN0Ic1NT0zOzefW8gvLi2vrNpr6zUVp5KyKo1FLK8CopjgEatqrgW7SiQjYSDYZdA9GvqXPSYVj6ML3U+YF5J2xFucEm0k37Ybx0xoAs/87NbHN+2BbxeQg/bcXVyCyHERLmHXkKKLESpC7KARCmXkvh6I0+uKb783mjFNQxZpKohSdYwS7WVEak4FG+QbqWIJoV3SZnVDIxIy5WWjywdw2yhN2IqlqUjDkfp7IiOhUv0wMJ0h0R311xuKP972xCrdKnkZj5JUs4iON7VSAXUMhznAJpeMatE3hFDJzbGQdogkVJu08iaF71fh/6RWdDBy8LmJ4xCMkQObYAvsAAz2QRmcgAqoAgp64B48gifrznqwnq2XceuU9TWzASZgvX0CLSuWGw==</latexit><latexit sha1_base64="egg/yLL4tzrDNw8SQ4npC/QIQGo=">AAAB+nicdVDLSgMxFM34rPU16tJNsAiuhqQ42pUUdeFCpIKtSjsOmTRtQzMPk0yhjP0TV4KCCK78E1f+jWmrYgUPXDiccy/33hMkgiuN0Ic1NT0zOzefW8gvLi2vrNpr6zUVp5KyKo1FLK8CopjgEatqrgW7SiQjYSDYZdA9GvqXPSYVj6ML3U+YF5J2xFucEm0k37Ybx0xoAs/87NbHN+2BbxeQg/bcXVyCyHERLmHXkKKLESpC7KARCmXkvh6I0+uKb783mjFNQxZpKohSdYwS7WVEak4FG+QbqWIJoV3SZnVDIxIy5WWjywdw2yhN2IqlqUjDkfp7IiOhUv0wMJ0h0R311xuKP972xCrdKnkZj5JUs4iON7VSAXUMhznAJpeMatE3hFDJzbGQdogkVJu08iaF71fh/6RWdDBy8LmJ4xCMkQObYAvsAAz2QRmcgAqoAgp64B48gifrznqwnq2XceuU9TWzASZgvX0CLSuWGw==</latexit><latexit sha1_base64="egg/yLL4tzrDNw8SQ4npC/QIQGo=">AAAB+nicdVDLSgMxFM34rPU16tJNsAiuhqQ42pUUdeFCpIKtSjsOmTRtQzMPk0yhjP0TV4KCCK78E1f+jWmrYgUPXDiccy/33hMkgiuN0Ic1NT0zOzefW8gvLi2vrNpr6zUVp5KyKo1FLK8CopjgEatqrgW7SiQjYSDYZdA9GvqXPSYVj6ML3U+YF5J2xFucEm0k37Ybx0xoAs/87NbHN+2BbxeQg/bcXVyCyHERLmHXkKKLESpC7KARCmXkvh6I0+uKb783mjFNQxZpKohSdYwS7WVEak4FG+QbqWIJoV3SZnVDIxIy5WWjywdw2yhN2IqlqUjDkfp7IiOhUv0wMJ0h0R311xuKP972xCrdKnkZj5JUs4iON7VSAXUMhznAJpeMatE3hFDJzbGQdogkVJu08iaF71fh/6RWdDBy8LmJ4xCMkQObYAvsAAz2QRmcgAqoAgp64B48gifrznqwnq2XceuU9TWzASZgvX0CLSuWGw==</latexit><latexit sha1_base64="cgY//rScT8vilBvlFX5xyJFbzuY=">AAAB+nicZVDLSgMxFM34rPU16tJNUAquhqQ4tSsp6sKFSAXbKm0dMmlag5mHSaZQxv6JK0FBBFf+iSv/xnSqYvXAhcM593LvPX4suNIIfVhT0zOzc/O5hfzi0vLKqr22XldRIimr0UhE8sInigkesprmWrCLWDIS+II1/JvDkd/oM6l4FJ7rQczaAemFvMsp0UbybLt1xIQm8NRLbz181Rt69jZyUMndxWWIHBfhMnYNKboYoSLEDsqwXUHu6744uax69nurE9EkYKGmgijVxCjW7ZRIzalgw3wrUSwm9Ib0WNPQkARMtdPs8iEsGKUDu5E0FWqYqb8nUhIoNQh80xkQfa3+eiPxxytMrNLdcjvlYZxoFtLxpm4ioI7gKAfY4ZJRLQaGECq5ORbSayIJ1SatfJZCKXsV/iffKdSLDkYOPjNxHIAxcmATbIEdgMEeqIBjUAU1QEEf3INH8GTdWQ/Ws/Uybp2yvmY2wASst08ztZYq</latexit><latexit sha1_base64="mngcSICyculzKXJTBEY1UlAFRBw=">AAAB+nicZVDLSgMxFM3UV62vUZdugqXgakiKrV0WdeFKKtgHtHXIpGkbmnmYZApl7J+4EhTErX/iyr8xnVaxeuDC4Zx7ufceLxJcaYQ+rczK6tr6RnYzt7W9s7tn7x80VBhLyuo0FKFseUQxwQNW11wL1ookI74nWNMbXcz85phJxcPgVk8i1vXJIOB9Tok2kmvbnUsmNIHXbnLv4rvB1LXzyEHl0imuQOSUEK7gkiHFEkaoCLGDUuTBAjXX/uj0Qhr7LNBUEKXaGEW6mxCpORVsmuvEikWEjsiAtQ0NiM9UN0kvn8KCUXqwH0pTgYap+nsiIb5SE98znT7RQ/XXm4k/XmFple5XugkPolizgM439WMBdQhnOcAel4xqMTGEUMnNsZAOiSRUm7RyaQrl9FX4n3yn0Cg6GDn4BuWr54s8suAIHIMTgMEZqIIrUAN1QMEYPIJn8GI9WE/Wq/U2b81Yi5lDsATr/QumjpOI</latexit>

∆Nqr1
<latexit sha1_base64="JM+W8S+LjWcmbPNrPa/REp4WR8k=">AAAB+nicdVDLSgNBEOz1GeNr1aOXwSDkIGE3hiTegnrwJBHMA8y6zE4mOmT24cxsIKz5E0+Cgnj1H/wAT978FGcTFSNY0FBUddPd5UWcSWVZ78bM7Nz8wmJmKbu8srq2bm5sNmUYC0IbJOShaHtYUs4C2lBMcdqOBMW+x2nL6x+lfmtAhWRhcK6GEXV8fBWwHiNYack1zc4x5QqjUze5ce1LMXLNnFU4qJaLpTKyCpZVsYt2SoqV0n4J2VpJkavt5V8/AKDumm+dbkhinwaKcCzlhW1FykmwUIxwOsp2YkkjTPr4il5oGmCfSicZXz5Cu1rpol4odAUKjdXfEwn2pRz6nu70sbqWf71U/PF2p1apXtVJWBDFigZksqkXc6RClOaAukxQovhQE0wE08cico0FJkqnldUpfL+K/ifNYsG2CvaZjuMQJsjANuxAHmyoQA1OoA4NIDCAO3iAR+PWuDeejOdJ64zxNbMFUzBePgHGkJXL</latexit><latexit sha1_base64="8cXhCFRkg6n5ozWAbZf6JSTGB9c="></latexit><latexit sha1_base64="8cXhCFRkg6n5ozWAbZf6JSTGB9c="></latexit><latexit sha1_base64="8cXhCFRkg6n5ozWAbZf6JSTGB9c="></latexit><latexit sha1_base64="2PyQFnN5iWTwsQNe/LGyKZaWwX4="></latexit><latexit sha1_base64="OQcoPpxlQjnT31YX7L+ovc7kN7U=">AAAB+nicZVDLSgMxFM3UV62vUZdugqXgqmRqaeuuqAtXUsE+oB2HTJq2oZmHSaZQxv6JK0FB3PonrvwbM9MqVg9cOJxzL/fe44acSYXQp5FZWV1b38hu5ra2d3b3zP2DlgwiQWiTBDwQHRdLyplPm4opTjuhoNhzOW2744vEb0+okCzwb9U0pLaHhz4bMIKVlhzT7F1SrjC8duJ7x7oTM8fMo+JZrVIqVyAqIlS1SlZCStXyaRlaWkmQBws0HPOj1w9I5FFfEY6l7FooVHaMhWKE01muF0kaYjLGQ9rV1McelXacXj6DBa304SAQunwFU/X3RIw9Kaeeqzs9rEbyr5eIP15haZUa1OyY+WGkqE/mmwYRhyqASQ6wzwQlik81wUQwfSwkIywwUTqtXJpCJX0V/iffKbRKRQsVrRuUr58v8siCI3AMToAFqqAOrkADNAEBE/AInsGL8WA8Ga/G27w1YyxmDsESjPcvyM+Tnw==</latexit>

∆N!1<latexit sha1_base64="A0ocvvDjb3HdTK4ozX8pKpYcz8c=">AAAB+3icZVDJSgNBEK2JW4zbRI9eWkPAU5jxosegHjxJBLNAEoaeTiVp0rPQ3aOEIeCPeBIUxKtf4slP8aSdBTHJg4LHe1VU1fNjwZV2nC8rs7K6tr6R3cxtbe/s7tn5/ZqKEsmwyiIRyYZPFQoeYlVzLbARS6SBL7DuDy7Hfv0epeJReKeHMbYD2gt5lzOqjeTZ+dYVCk3JjZe2UAjPHXl2wSk5E5Bl4s5IoXz08/0IABXP/mx1IpYEGGomqFJN14l1O6VScyZwlGslCmPKBrSHTUNDGqBqp5PTR6RolA7pRtJUqMlE/T+R0kCpYeCbzoDqvlr0xuKfV5xbpbvn7ZSHcaIxZNNN3UQQHZFxEKTDJTIthoZQJrk5lrA+lZRpE1fOpOAu/rxMaqcl1ym5tyaOC5giC4dwDCfgwhmU4RoqUAUGD/AEL/Bqjaxn6816n7ZmrNnMAczB+vgF7fWWiQ==</latexit><latexit sha1_base64="7D7+jAaeizY8LZkNUdgbGPtFw0E=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jxot6CC3qSCGaBzDD0dCpJk56F7h4lDPMpngQF8eqXePJTPGlnQUzyoODxXhVV9fyYM6ks68vILS2vrK7l1wsbm1vbO2ZxtyGjRFCo04hHouUTCZyFUFdMcWjFAkjgc2j6g4uR33wAIVkU3qthDG5AeiHrMkqUljyz6FwCVwTfeqkDnHt25pklq2KNgReJPSWl6sHPt7i+Oqt55qfTiWgSQKgoJ1K2bStWbkqEYpRDVnASCTGhA9KDtqYhCUC66fj0DJe10sHdSOgKFR6r/ydSEkg5DHzdGRDVl/PeSPzzyjOrVPfUTVkYJwpCOtnUTThWER4FgTtMAFV8qAmhguljMe0TQajScRV0Cvb8z4ukcVyxrYp9p+M4RxPk0T46REfIRieoim5QDdURRY/oCb2gVyMzno03433SmjOmM3toBsbHL+Mnl0A=</latexit><latexit sha1_base64="7D7+jAaeizY8LZkNUdgbGPtFw0E=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jxot6CC3qSCGaBzDD0dCpJk56F7h4lDPMpngQF8eqXePJTPGlnQUzyoODxXhVV9fyYM6ks68vILS2vrK7l1wsbm1vbO2ZxtyGjRFCo04hHouUTCZyFUFdMcWjFAkjgc2j6g4uR33wAIVkU3qthDG5AeiHrMkqUljyz6FwCVwTfeqkDnHt25pklq2KNgReJPSWl6sHPt7i+Oqt55qfTiWgSQKgoJ1K2bStWbkqEYpRDVnASCTGhA9KDtqYhCUC66fj0DJe10sHdSOgKFR6r/ydSEkg5DHzdGRDVl/PeSPzzyjOrVPfUTVkYJwpCOtnUTThWER4FgTtMAFV8qAmhguljMe0TQajScRV0Cvb8z4ukcVyxrYp9p+M4RxPk0T46REfIRieoim5QDdURRY/oCb2gVyMzno03433SmjOmM3toBsbHL+Mnl0A=</latexit><latexit sha1_base64="7D7+jAaeizY8LZkNUdgbGPtFw0E=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jxot6CC3qSCGaBzDD0dCpJk56F7h4lDPMpngQF8eqXePJTPGlnQUzyoODxXhVV9fyYM6ks68vILS2vrK7l1wsbm1vbO2ZxtyGjRFCo04hHouUTCZyFUFdMcWjFAkjgc2j6g4uR33wAIVkU3qthDG5AeiHrMkqUljyz6FwCVwTfeqkDnHt25pklq2KNgReJPSWl6sHPt7i+Oqt55qfTiWgSQKgoJ1K2bStWbkqEYpRDVnASCTGhA9KDtqYhCUC66fj0DJe10sHdSOgKFR6r/ydSEkg5DHzdGRDVl/PeSPzzyjOrVPfUTVkYJwpCOtnUTThWER4FgTtMAFV8qAmhguljMe0TQajScRV0Cvb8z4ukcVyxrYp9p+M4RxPk0T46REfIRieoim5QDdURRY/oCb2gVyMzno03433SmjOmM3toBsbHL+Mnl0A=</latexit><latexit sha1_base64="fPTtwzdiaWOko7xwjri6hrhycO4=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jx4HILLuhJIpgFMsPQ06kkTXoWunuUMORTPAkK4tUv8eSneNLOJiY+KHi8V0VVPT/mTCrL+jQyC4tLyyvZ1dza+sbmlpnfrskoERSqNOKRaPhEAmchVBVTHBqxABL4HOp+73zo1+9BSBaFd6ofgxuQTsjajBKlJc/MOxfAFcE3XuoA55498MyCVbJGwP+JPSGF8t73l7i6PK145ofTimgSQKgoJ1I2bStWbkqEYpTDIOckEmJCe6QDTU1DEoB009HpA1zUSgu3I6ErVHik/p1ISSBlP/B1Z0BUV857Q/HXK86sUu0TN2VhnCgI6XhTO+FYRXgYBG4xAVTxviaECqaPxbRLBKFKx5UbpXA0fX6eTFOoHZZsq2Tf6jjO0BhZtIv20QGy0TEqo2tUQVVE0QN6RM/oxRgYT8ar8TZuzRiTmR00A+P9B+mxl08=</latexit><latexit sha1_base64="exXUMb/aF8wzK0wsKgo9KFKe1so=">AAAB+3icZVBNS8NAEN3Ur1q/Uj16WSwFTyXxoB6LevAkFewHNCFstpN26WYTdjdKCf0pngQF8eov8eS/MU1TsfXBwOO9GWbm+TFnSlvWt1FaW9/Y3CpvV3Z29/YPzOphR0WJpNCmEY9kzycKOBPQ1kxz6MUSSOhz6Prj65nffQSpWCQe9CQGNyRDwQJGic4kz6w6N8A1wXde6gDnnj31zJrVsHLg/8QuSA0VaHnmlzOIaBKC0JQTpfq2FWs3JVIzymFacRIFMaFjMoR+RgUJQblpfvoU1zNlgINIZiU0ztW/EykJlZqEftYZEj1Sq95M/PXqS6t0cOmmTMSJBkHnm4KEYx3hWRB4wCRQzScZIVSy7FhMR0QSqrO4KnkK54vnV8kihc5Zw7Ya9r1Va14VeZTRMTpBp8hGF6iJblELtRFFT+gZvaI3Y2q8GO/Gx7y1ZBQzR2gJxucPGYeTvw==</latexit>

× 3 flavour
<latexit sha1_base64="73vafpkBaaMcdgnpqSwr8pu1nqc=">AAACA3icZVDLSgMxFL3jq7W+Rl2Jm2ApuChlRhe6LLpxWcE+oFNKJs20oZnMkGQKZSi68VNcCQri1q9w5Ye41vSB2PZC4HDOvffkHj/mTGnH+bJWVtfWNzLZzdzW9s7unr1/UFNRIgmtkohHsuFjRTkTtKqZ5rQRS4pDn9O6378e6/UBlYpF4k4PY9oKcVewgBGsDdW2jzzNQqqQVzz3iqknQxRwPDDbR20775ScSaFl4M5Avpz5+X4AgErb/vQ6EUlCKjThWKmm68S6lWKpGeF0lPMSRWNM+rhLmwYKbHxb6eSEESoYpoOCSJonNJqw/ydSHCo1DH3TGWLdU4vamPzTCnNWOrhspUzEiaaCTJ2ChCMdoXEgqMMkJZoPDcBEMvNZRHpYYqJNbDmTgrt48zKonZVcp+TemjiuYFpZOIYTOAUXLqAMN1CBKhC4hyd4gVfr0Xq23qz3aeuKNZs5hLmyPn4BtTiZug==</latexit><latexit sha1_base64="+UHlZTMXqpL+CQWPx10Bc8Kew7w=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjC4U3BTduKxgH9ApJZNm2tAkMySZQhmKC3HrX3QlKIhbv8KVH+Ja0wdi2wuBwzn33pN7/IhRpR3ny0qtrK6tpzMb2c2t7Z1de2+/qsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfux7rtT6RiobiTg8i0uSoI2hAMdKGatmHnqacKOgVzrxC4kkOA4b6ZvuwZeecojMpuAzcGciV0j/fD6PLp3LL/vTaIY45ERozpFTDdSLdTJDUFDMyzHqxIhHCPdQhDQMFMr7NZHLCEOYN04ZBKM0TGk7Y/xMJ4koNuG86OdJdtaiNyT8tP2elg4tmQkUUayLw1CmIGdQhHAcC21QSrNnAAIQlNZ+FuIskwtrEljUpuIs3L4PqadF1iu6tieMKTCsDjsAxOAEuOAclcAPKoAIwuAcj8AJerUfr2Xqz3qetKWs2cwDmyvr4BaPamys=</latexit><latexit sha1_base64="+UHlZTMXqpL+CQWPx10Bc8Kew7w=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjC4U3BTduKxgH9ApJZNm2tAkMySZQhmKC3HrX3QlKIhbv8KVH+Ja0wdi2wuBwzn33pN7/IhRpR3ny0qtrK6tpzMb2c2t7Z1de2+/qsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfux7rtT6RiobiTg8i0uSoI2hAMdKGatmHnqacKOgVzrxC4kkOA4b6ZvuwZeecojMpuAzcGciV0j/fD6PLp3LL/vTaIY45ERozpFTDdSLdTJDUFDMyzHqxIhHCPdQhDQMFMr7NZHLCEOYN04ZBKM0TGk7Y/xMJ4koNuG86OdJdtaiNyT8tP2elg4tmQkUUayLw1CmIGdQhHAcC21QSrNnAAIQlNZ+FuIskwtrEljUpuIs3L4PqadF1iu6tieMKTCsDjsAxOAEuOAclcAPKoAIwuAcj8AJerUfr2Xqz3qetKWs2cwDmyvr4BaPamys=</latexit><latexit sha1_base64="+UHlZTMXqpL+CQWPx10Bc8Kew7w=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjC4U3BTduKxgH9ApJZNm2tAkMySZQhmKC3HrX3QlKIhbv8KVH+Ja0wdi2wuBwzn33pN7/IhRpR3ny0qtrK6tpzMb2c2t7Z1de2+/qsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfux7rtT6RiobiTg8i0uSoI2hAMdKGatmHnqacKOgVzrxC4kkOA4b6ZvuwZeecojMpuAzcGciV0j/fD6PLp3LL/vTaIY45ERozpFTDdSLdTJDUFDMyzHqxIhHCPdQhDQMFMr7NZHLCEOYN04ZBKM0TGk7Y/xMJ4koNuG86OdJdtaiNyT8tP2elg4tmQkUUayLw1CmIGdQhHAcC21QSrNnAAIQlNZ+FuIskwtrEljUpuIs3L4PqadF1iu6tieMKTCsDjsAxOAEuOAclcAPKoAIwuAcj8AJerUfr2Xqz3qetKWs2cwDmyvr4BaPamys=</latexit><latexit sha1_base64="12b1VIrr2SxiDuuc8kxCX3d3W6Q=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjIIKbopuXFawD+iUkkkzbWgyMySZQhmKC3HrX3QlKIhbv8KVH+Ja02krtl4IHM65957c44aMSmVZn0ZqaXllNZ1Zy65vbG5tmzu7VRlEApMKDlgg6i6ShFGfVBRVjNRDQRB3Gam5vauxXusTIWng36pBSJocdXzqUYyUplrmvqMoJxI6hROnEDuCQ4+hvt4+bJk5q2glBf8DewpypfT31/3o4rHcMj+cdoAjTnyFGZKyYVuhasZIKIoZGWadSJIQ4R7qkIaGPtK+zTg5YQjzmmlDLxD6+Qom7N+JGHEpB9zVnRyprlzUxuSvlp+zUt55M6Z+GCni44mTFzGoAjgOBLapIFixgQYIC6o/C3EXCYSVji2bpHA6O34RzFKoHhdtq2jf6DguwaQy4AAcgiNggzNQAtegDCoAgzswAs/gxXgwnoxX423SmjKmM3tgroz3H6pkmzo=</latexit><latexit sha1_base64="sm6pS37f/wSVeCVNll9KMr77e7E=">AAACA3icZVDLSgMxFM3UV62vUVfiJlgKLkqZUVCXRTcuK9gHOEPJpJk2NMkMSaZQhuLKT3ElKIhbv8KVf2M6nYqtFwKHc+69J/cEMaNKO863VVhZXVvfKG6WtrZ3dvfs/YOWihKJSRNHLJKdACnCqCBNTTUjnVgSxANG2sHwZqq3R0QqGol7PY6Jz1Ff0JBipA3VtY88TTlR0Kuee9XUkxyGDI3M9knXLjs1Jyv4H7g5KIO8Gl37y+tFOOFEaMyQUg+uE2s/RVJTzMik5CWKxAgPUZ88GCiQ8fXT7IQJrBimB8NImic0zNi/EyniSo15YDo50gO1rE3JX62yYKXDKz+lIk40EXjmFCYM6ghOA4E9KgnWbGwAwpKaz0I8QBJhbWIrZSlczI9fBvMUWmc116m5d065fp3nUQTH4AScAhdcgjq4BQ3QBBg8gmfwCt6sJ+vFerc+Zq0FK585BAtlff4ACYqXDg==</latexit>

• ΔNCS is related to the change of SU(2) charged fermion numbers. 

anomaly
<latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="cKOnnc9uhs+J13Uf50OHZcnTBbQ=">AAAB9XicZZDLSgMxFIbPeK31VnWpi2ApuCozLtRl0Y3LCvYC7VAyaaYNTTJjklGGoc/hSlAQtz6MK9/GdNqKrT8Efv5zDufkC2LOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjeTeuuRKs0ieW/SmPoCDyQLGcHGRn7WVQJhGQnM03GvVHarbi7033gzU66dQK56r/TV7UckEVQawrHWHc+NjZ9hZRjhdFzsJprGmIzwgHaslVhQ7Wf50WNUsUkfhZGyTxqUp38nMiy0TkVgOwU2Q71cm4S/tcrCKhNe+RmTcWKoJNNNYcKRidAEAeozRYnhqTWYKGaPRWSIFSbGgirmFC7mn182cwrN86rnVr07i+N6igMKcAyncAYeXEINbqEODSDwAM/wCm/Ok/PivDsf09YVZzZzBAtyPn8AC9aS0g==</latexit><latexit sha1_base64="w0fw65p6hitbuDWJvYFLEVTAZjk=">AAAB9XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1oB6DXjxGMA9IljA7mSRD5rHOzCrLku/wJCiIVz/Gk3/jZrMREwsaiqpuuruCkDNjXffbKaytb2xuFbdLO7t7+wflw6OWUZEmtEkUV7oTYEM5k7RpmeW0E2qKRcBpO5jczPz2I9WGKXlv45D6Ao8kGzKCbSr5SU8LhKUSmMfTfrni1twM6D/xclKBHI1++as3UCQSVFrCsTFdzw2tn2BtGeF0WupFhoaYTPCIdlMqsaDGT7Kjp6iaKgM0VDotaVGm/p1IsDAmFkHaKbAdm1VvJv561aVVdnjlJ0yGkaWSzDcNI46sQrMI0IBpSiyPU4KJZumxiIyxxsSmQZWyFC4Wz6+SRQqt85rn1rw7t1K/zvMowgmcwhl4cAl1uIUGNIHAAzzDK7w5T86L8+58zFsLTj5zDEtwPn8AjneSdg==</latexit>

ûL

ĉL

t̂L

!τ

!e

!µ

ûL

ĉL

t̂L

t̂L ĉL

ûL

∆n = 1

|Δn| = 1 transition 
creates 12 fermions 
altogether!

Party at collider!

∆B = ∆L = 3∆NCS
<latexit sha1_base64="2SMhhmOUn6NCG5hYhUJdz3mgAE4=">AAACD3icZZA7SwNBEMfnfMb4OhUrm8UQsAp3WmgjhMTCQiSieUByHHubTbJk78HunhCOgL02ln4MK0FBbK2t/DZuHopJBhZ+858ZZufvRZxJZVnfxtz8wuLScmolvbq2vrFpbm1XZBgLQssk5KGoeVhSzgJaVkxxWosExb7HadXrFgf16i0VkoXBjepF1PFxO2AtRrDSkmtmG2eUK4wK6BSN8ULj0W9y6SbF675rZqycNQw0C/YYMvndp4c7ACi55lejGZLYp4EiHEtZt61IOQkWihFO++lGLGmESRe3aV1jgH0qnWR4Th9ltdJErVDoFyg0VP9PJNiXsud7utPHqiOnawPxr5adWKVaJ07CgihWNCCjTa2YIxWigTmoyQQlivc0YCKY/iwiHSwwUdrCtHbBnr55FiqHOVvzlbajAKNIwR7swwHYcAx5OIcSlIHAPTzDK7wZj8aL8W58jFrnjPHMDkyE8fkD9fGbhg==</latexit><latexit sha1_base64="1eeJpa4UiMhKPoPuqCGLO6L09bo=">AAACD3icZZBLSwMxEMez9VVbH6viyUuwFnoqu3rQi1BaDx5EKtoHtMuSTdM2NJtdkqxQlvoF9OLRj+FJUBCvnj35bUwfim0HAr/5zwyT+Xsho1JZ1reRWFhcWl5JrqbSa+sbm+bWdlUGkcCkggMWiLqHJGGUk4qiipF6KAjyPUZqXq80rNduiZA04DeqHxLHRx1O2xQjpSXXzDbPCFMIFuEpnOCFxqPf5NKNS9cD18xYeWsUcB7sCWQKu08Pd7mDdNk1v5qtAEc+4QozJGXDtkLlxEgoihkZpJqRJCHCPdQhDY0c+UQ68eicAcxqpQXbgdCPKzhS/0/EyJey73u600eqK2drQ/Gvlp1apdonTkx5GCnC8XhTO2JQBXBoDmxRQbBifQ0IC6o/C3EXCYSVtjClXbBnb56H6mHe1nyl7SiCcSTBHtgHOWCDY1AA56AMKgCDe/AMXsGb8Wi8GO/Gx7g1YUxmdsBUGJ8/Z/yb2w==</latexit><latexit sha1_base64="1eeJpa4UiMhKPoPuqCGLO6L09bo=">AAACD3icZZBLSwMxEMez9VVbH6viyUuwFnoqu3rQi1BaDx5EKtoHtMuSTdM2NJtdkqxQlvoF9OLRj+FJUBCvnj35bUwfim0HAr/5zwyT+Xsho1JZ1reRWFhcWl5JrqbSa+sbm+bWdlUGkcCkggMWiLqHJGGUk4qiipF6KAjyPUZqXq80rNduiZA04DeqHxLHRx1O2xQjpSXXzDbPCFMIFuEpnOCFxqPf5NKNS9cD18xYeWsUcB7sCWQKu08Pd7mDdNk1v5qtAEc+4QozJGXDtkLlxEgoihkZpJqRJCHCPdQhDY0c+UQ68eicAcxqpQXbgdCPKzhS/0/EyJey73u600eqK2drQ/Gvlp1apdonTkx5GCnC8XhTO2JQBXBoDmxRQbBifQ0IC6o/C3EXCYSVtjClXbBnb56H6mHe1nyl7SiCcSTBHtgHOWCDY1AA56AMKgCDe/AMXsGb8Wi8GO/Gx7g1YUxmdsBUGJ8/Z/yb2w==</latexit><latexit sha1_base64="1eeJpa4UiMhKPoPuqCGLO6L09bo=">AAACD3icZZBLSwMxEMez9VVbH6viyUuwFnoqu3rQi1BaDx5EKtoHtMuSTdM2NJtdkqxQlvoF9OLRj+FJUBCvnj35bUwfim0HAr/5zwyT+Xsho1JZ1reRWFhcWl5JrqbSa+sbm+bWdlUGkcCkggMWiLqHJGGUk4qiipF6KAjyPUZqXq80rNduiZA04DeqHxLHRx1O2xQjpSXXzDbPCFMIFuEpnOCFxqPf5NKNS9cD18xYeWsUcB7sCWQKu08Pd7mDdNk1v5qtAEc+4QozJGXDtkLlxEgoihkZpJqRJCHCPdQhDY0c+UQ68eicAcxqpQXbgdCPKzhS/0/EyJey73u600eqK2drQ/Gvlp1apdonTkx5GCnC8XhTO2JQBXBoDmxRQbBifQ0IC6o/C3EXCYSVtjClXbBnb56H6mHe1nyl7SiCcSTBHtgHOWCDY1AA56AMKgCDe/AMXsGb8Wi8GO/Gx7g1YUxmdsBUGJ8/Z/yb2w==</latexit><latexit sha1_base64="0hGqF/gbZio6piiOdMBPgWecfqQ=">AAACD3icZZBNSwMxEIaz9au2fqyKJy/BWuip7CqoF6G0HjyIVLSt0C5LNs22odkPkqxQlvoH9OLRn+FJUBCvnj35b0y3rdg6EHjmnRkm8zoho0IaxreWmptfWFxKL2eyK6tr6/rGZl0EEcekhgMW8BsHCcKoT2qSSkZuQk6Q5zDScHqVYb1xS7iggX8t+yGxPNTxqUsxkkqy9XzrlDCJYBmewDGeKzyYJBd2XLka2HrOKBpJwP9gjiFX2n56uCvsZau2/tVqBzjyiC8xQ0I0TSOUVoy4pJiRQaYVCRIi3EMd0lToI48IK07OGcC8UtrQDbh6voSJ+nciRp4Qfc9RnR6SXTFbG4q/tfzUKukeWzH1w0gSH482uRGDMoBDc2CbcoIl6ytAmFP1WYi7iCMslYWZxIXDyfGzMHGhvl80FV8qO8pgFGmwA3ZBAZjgCJTAGaiCGsDgHjyDV/CmPWov2rv2MWpNaeOZLTAV2ucPboab6g==</latexit><latexit sha1_base64="Y+1kVazkZZ2GEMC83332p881TG8=">AAACD3icZZBNS8NAEIY39avWr6hHL4ul4KkkCupFKK0HDyIV7Qe0IWy2m3bpZhN2N0IJ/QWe/CmeBAXx6tmT/8ZtmoqtAwvPvDPD7LxexKhUlvVt5JaWV1bX8uuFjc2t7R1zd68pw1hg0sAhC0XbQ5IwyklDUcVIOxIEBR4jLW9Ym9RbD0RIGvJ7NYqIE6A+pz7FSGnJNUvdS8IUglV4ATO81ngyS27cpHY3ds2iVbbSgP/BzqAIsqi75le3F+I4IFxhhqTs2FaknAQJRTEj40I3liRCeIj6pKORo4BIJ0nPGcOSVnrQD4V+XMFU/TuRoEDKUeDpzgCpgVysTcTfWmlulfLPnYTyKFaE4+kmP2ZQhXBiDuxRQbBiIw0IC6o/C/EACYSVtrCQunA6O34RZi40j8u25lurWKlmfuTBATgER8AGZ6ACrkAdNAAGj+AZvII348l4Md6Nj2lrzshm9sFcGJ8/T3aZmw==</latexit>

∆(B + L) != 0
<latexit sha1_base64="eHxIpW/v8kpyS0/xnaWw/hnDLA0=">AAAB/XicZZBNS0JBFIbPtS+zL8tlm0ERjEDubVNLsRYtWhikBioydzzq4Ny5t5m5gYj0U2oTFETbfkir/k3jB5H6wsDDe87hnHn9SHBtXPfHSaytb2xuJbdTO7t7+wfpw6OaDmPFsMpCEap7n2oUXGLVcCPwPlJIA19g3R9cTur1R1Sah/LODCNsBbQneZczaqzVTmeaVygMJYXy6c0JaUp8IG47nXOL7lRkFbw55EpZSLwAQKWd/m52QhYHKA0TVOuG50amNaLKcCZwnGrGGiPKBrSHDYuSBqhbo+nxY5K3Tod0Q2WfNGTq/p8Y0UDrYeDbzoCavl6uTcy/Wn5hleletEZcRrFByWaburEgJiSTKEiHK2RGDC1Qprg9lrA+VZQZG1jKpuAt/3kVamdFz/KtjaMMMyXhGLJQAA/OoQTXUIEqMBjCM7zBu/PkvDofzuesNeHMZzKwIOfrF68JlBQ=</latexit><latexit sha1_base64="cxKoXOuS6opvGTSSF8krRDtKDq4=">AAAB/XicZZDLSsNAFIZP6r3eogU3uhgshYogiRtdlurChYsKthVMKJPpqQ5OJnFmIoRSfBRXgoIIrnwQV76N0wvi5YeBj/+cwznzR6ng2njep1OYmp6ZnZtfKC4uLa+sumvrLZ1kimGTJSJRFxHVKLjEpuFG4EWqkMaRwHZ0czSst+9QaZ7Ic5OnGMb0SvIeZ9RYq+OWgmMUhpJqffd0hwQSb4nXccvenjcS+Q/+BMq1bSg8bLxtNTruR9BNWBajNExQrS99LzVhnyrDmcBBMcg0ppTd0Cu8tChpjDrsj44fkIp1uqSXKPukISP350SfxlrncWQ7Y2qu9d/a0PyuVX6tMr3DsM9lmhmUbLyplwliEjKMgnS5QmZEboEyxe2xhF1TRZmxgRVtCv7fP/+H1v6eb/nMxlGHseZhE7ahCj4cQA1OoAFNYJDDAzzBs3PvPDovzuu4teBMZkrwS877F93elPY=</latexit><latexit sha1_base64="cxKoXOuS6opvGTSSF8krRDtKDq4=">AAAB/XicZZDLSsNAFIZP6r3eogU3uhgshYogiRtdlurChYsKthVMKJPpqQ5OJnFmIoRSfBRXgoIIrnwQV76N0wvi5YeBj/+cwznzR6ng2njep1OYmp6ZnZtfKC4uLa+sumvrLZ1kimGTJSJRFxHVKLjEpuFG4EWqkMaRwHZ0czSst+9QaZ7Ic5OnGMb0SvIeZ9RYq+OWgmMUhpJqffd0hwQSb4nXccvenjcS+Q/+BMq1bSg8bLxtNTruR9BNWBajNExQrS99LzVhnyrDmcBBMcg0ppTd0Cu8tChpjDrsj44fkIp1uqSXKPukISP350SfxlrncWQ7Y2qu9d/a0PyuVX6tMr3DsM9lmhmUbLyplwliEjKMgnS5QmZEboEyxe2xhF1TRZmxgRVtCv7fP/+H1v6eb/nMxlGHseZhE7ahCj4cQA1OoAFNYJDDAzzBs3PvPDovzuu4teBMZkrwS877F93elPY=</latexit><latexit sha1_base64="cxKoXOuS6opvGTSSF8krRDtKDq4=">AAAB/XicZZDLSsNAFIZP6r3eogU3uhgshYogiRtdlurChYsKthVMKJPpqQ5OJnFmIoRSfBRXgoIIrnwQV76N0wvi5YeBj/+cwznzR6ng2njep1OYmp6ZnZtfKC4uLa+sumvrLZ1kimGTJSJRFxHVKLjEpuFG4EWqkMaRwHZ0czSst+9QaZ7Ic5OnGMb0SvIeZ9RYq+OWgmMUhpJqffd0hwQSb4nXccvenjcS+Q/+BMq1bSg8bLxtNTruR9BNWBajNExQrS99LzVhnyrDmcBBMcg0ppTd0Cu8tChpjDrsj44fkIp1uqSXKPukISP350SfxlrncWQ7Y2qu9d/a0PyuVX6tMr3DsM9lmhmUbLyplwliEjKMgnS5QmZEboEyxe2xhF1TRZmxgRVtCv7fP/+H1v6eb/nMxlGHseZhE7ahCj4cQA1OoAFNYJDDAzzBs3PvPDovzuu4teBMZkrwS877F93elPY=</latexit><latexit sha1_base64="ClpCkFDA0kDssMwP7v5OfOITwWM=">AAAB/XicZZBNSwMxEIZn61etX1XBix6CpVARZNeDeizVgwcPFawWbCnZdFZDs9k1yQplKf4UT4KCCJ78IZ78N6ZbK368EHh4Z4aZvH4suDau++HkJianpmfys4W5+YXFpeLyyrmOEsWwwSIRqaZPNQousWG4EdiMFdLQF3jh9w6H9YtbVJpH8sz0Y2yH9ErygDNqrNUprraOUBhKKrXtky3SknhD3E6x5O64mch/8L6gVN2E3P3a60a9U3xvdSOWhCgNE1TrS8+NTTulynAmcFBoJRpjynr0Ci8tShqibqfZ8QNStk6XBJGyTxqSuT8nUhpq3Q992xlSc63/1obmd638a5UJDtopl3FiULLRpiARxERkGAXpcoXMiL4FyhS3xxJ2TRVlxgZWyFLYG3/+L4xTON/d8Syf2jhqMFIe1mETKuDBPlThGOrQAAZ9uIdHeHLunAfn2XkZteacr5lV+CXn7RPkaJUF</latexit><latexit sha1_base64="hdkeE67N2lq9dUGhp55HaYIQMa0=">AAAB/XicZZDLSgMxFIYzXmu9jXbpJlgKFaFMXajLUl24cFHBXqAtJZOeaUMzmTHJCEMpPoorQUHc+iCufBvT6VRs/SHw8Z9zOCe/G3KmtON8Wyura+sbm5mt7PbO7t6+fXDYUEEkKdRpwAPZcokCzgTUNdMcWqEE4rscmu7oalpvPoJULBD3Og6h65OBYB6jRBurZ+c618A1wcXq6e0J7gh4wE7PzjslJxH+D+UU8ihVrWd/dfoBjXwQmnKiVLvshLo7JlIzymGS7UQKQkJHZABtg4L4oLrj5PgJLhinj71Amic0Tty/E2PiKxX7run0iR6q5drU/K0VFlZp77I7ZiKMNAg62+RFHOsAT6PAfSaBah4bIFQycyymQyIJ1SawbJLC+fzzyzBPoXFWKhu+c/KVappHBh2hY1REZXSBKugG1VAdURSjZ/SK3qwn68V6tz5mrStWOpNDC7I+fwBVuJMf</latexit>

∆(B − L) = 0
<latexit sha1_base64="36E8xHKAFpORkH9WpF9jSkF5j90=">AAAB+nicZZDLSgMxFIbP1Futt1GXbkJLoS4sM250I5TqwoWLCrYW2qFk0kwbmskMSaZQxr6JCxEUxK1v4sq3Mb0gtv0h8PGfczgnvx9zprTj/FiZtfWNza3sdm5nd2//wD48aqgokYTWScQj2fSxopwJWtdMc9qMJcWhz+mjP7ie1B+HVCoWiQc9iqkX4p5gASNYG6tj2+0byjVGperZ3Sm6Qk7HLjhlZyq0Cu4cCpU8ZF4AoNaxv9vdiCQhFZpwrFTLdWLtpVhqRjgd59qJojEmA9yjLYMCh1R56fTyMSoap4uCSJonNJq6/ydSHCo1Cn3TGWLdV8u1iflXKy6s0sGllzIRJ5oKMtsUJBzpCE1yQF0mKdF8ZAATycyxiPSxxESbtHImBXf5z6vQOC+7hu9NHFWYKQsnkIcSuHABFbiFGtSBwBCe4Q3erSfr1fqwPmetGWs+cwwLsr5+ARdbkpU=</latexit><latexit sha1_base64="QBSsWPaaMe/vpoV+OBSUkVQ6OsU=">AAAB+nicZZDLSgMxFIbP1Futt1HBjS5CS6EuLDNudCOU6sKFiwr2Au1QMmmmDc1cSDKFMvZNBEFQEFeCb+LKtzG9ILb9IfDxn3M4J78bcSaVZf0YqZXVtfWN9GZma3tnd8/cP6jJMBaEVknIQ9FwsaScBbSqmOK0EQmKfZfTutu/HtfrAyokC4MHNYyo4+NuwDxGsNJW2zRbN5QrjArls7tTdIWstpmzitZEaBnsGeRKWUg9H32eVNrmd6sTktingSIcS9m0rUg5CRaKEU5HmVYsaYRJH3dpU2OAfSqdZHL5COW100FeKPQLFJq4/ycS7Es59F3d6WPVk4u1sflXy8+tUt6lk7AgihUNyHSTF3OkQjTOAXWYoETxoQZMBNPHItLDAhOl08roFOzFPy9D7bxoa77XcZRhqjQcQxYKYMMFlOAWKlAFAgN4gld4Mx6NF+Pd+Ji2pozZzCHMyfj6BUYwk3c=</latexit><latexit sha1_base64="QBSsWPaaMe/vpoV+OBSUkVQ6OsU=">AAAB+nicZZDLSgMxFIbP1Futt1HBjS5CS6EuLDNudCOU6sKFiwr2Au1QMmmmDc1cSDKFMvZNBEFQEFeCb+LKtzG9ILb9IfDxn3M4J78bcSaVZf0YqZXVtfWN9GZma3tnd8/cP6jJMBaEVknIQ9FwsaScBbSqmOK0EQmKfZfTutu/HtfrAyokC4MHNYyo4+NuwDxGsNJW2zRbN5QrjArls7tTdIWstpmzitZEaBnsGeRKWUg9H32eVNrmd6sTktingSIcS9m0rUg5CRaKEU5HmVYsaYRJH3dpU2OAfSqdZHL5COW100FeKPQLFJq4/ycS7Es59F3d6WPVk4u1sflXy8+tUt6lk7AgihUNyHSTF3OkQjTOAXWYoETxoQZMBNPHItLDAhOl08roFOzFPy9D7bxoa77XcZRhqjQcQxYKYMMFlOAWKlAFAgN4gld4Mx6NF+Pd+Ji2pozZzCHMyfj6BUYwk3c=</latexit><latexit sha1_base64="QBSsWPaaMe/vpoV+OBSUkVQ6OsU=">AAAB+nicZZDLSgMxFIbP1Futt1HBjS5CS6EuLDNudCOU6sKFiwr2Au1QMmmmDc1cSDKFMvZNBEFQEFeCb+LKtzG9ILb9IfDxn3M4J78bcSaVZf0YqZXVtfWN9GZma3tnd8/cP6jJMBaEVknIQ9FwsaScBbSqmOK0EQmKfZfTutu/HtfrAyokC4MHNYyo4+NuwDxGsNJW2zRbN5QrjArls7tTdIWstpmzitZEaBnsGeRKWUg9H32eVNrmd6sTktingSIcS9m0rUg5CRaKEU5HmVYsaYRJH3dpU2OAfSqdZHL5COW100FeKPQLFJq4/ycS7Es59F3d6WPVk4u1sflXy8+tUt6lk7AgihUNyHSTF3OkQjTOAXWYoETxoQZMBNPHItLDAhOl08roFOzFPy9D7bxoa77XcZRhqjQcQxYKYMMFlOAWKlAFAgN4gld4Mx6NF+Pd+Ji2pozZzCHMyfj6BUYwk3c=</latexit><latexit sha1_base64="OurRpSRmc13OUAGdfIIPuIqylIU=">AAAB+nicZZBNS0JBFIbPtS+zr1tBm1oMimCL5N4W1SYQa9GihUF+gIrMHUcdnPvBzFxBbv6TIAgKolXQP2nVv2m8aqS9MPDwnnM4Z14n4Ewqy/o2EkvLK6tryfXUxubW9o65u1eRfigILROf+6LmYEk582hZMcVpLRAUuw6nVad/Na5XB1RI5nv3ahjQpou7HuswgpW2WqbZuKZcYZQrntweo0tktcyMlbdiof9gTyFTSEPi6eDjqNQyvxptn4Qu9RThWMq6bQWqGWGhGOF0lGqEkgaY9HGX1jV62KWyGcWXj1BWO23U8YV+nkKx+3ciwq6UQ9fRnS5WPblYG5u/tezcKtW5aEbMC0JFPTLZ1Ak5Uj4a54DaTFCi+FADJoLpYxHpYYGJ0mml4hTOZp9fhFkKldO8rflOx1GEiZJwCGnIgQ3nUIAbKEEZCAzgEV7g1Xgwno03433SmjCmM/swJ+PzB0y6k4Y=</latexit><latexit sha1_base64="myN9boQw9PfbIL6Y5IzssAVVnEw=">AAAB+nicZZDLSsNAFIYnXmu9RV26GSyFurAkLtSNUKoLFy4q2Au0oUymJ+3QyYWZSaHEvokrQUHc+iaufBunaSq2/jDw8Z9zOGd+N+JMKsv6NlZW19Y3NnNb+e2d3b198+CwIcNYUKjTkIei5RIJnAVQV0xxaEUCiO9yaLrDm2m9OQIhWRg8qnEEjk/6AfMYJUpbXdPs3AJXBJeqZ/en+BpbXbNgla1U+D/YGRRQplrX/Or0Qhr7ECjKiZRt24qUkxChGOUwyXdiCRGhQ9KHtsaA+CCdJL18gova6WEvFPoFCqfu34mE+FKOfVd3+kQN5HJtav7WigurlHflJCyIYgUBnW3yYo5ViKc54B4TQBUfayBUMH0spgMiCFU6rXyawsX888swT6FxXrY1P1iFSjXLI4eO0QkqIRtdogq6QzVURxSN0DN6RW/Gk/FivBsfs9YVI5s5QgsyPn8AvfuRoA==</latexit>

How does it look like?

<latexit sha1_base64="ISweYAzJdiKJL1F+EF12IZnfSak=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KomKeizqwWMF+wFtKJvtpF262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqDnUey1i3AmZACgV1FCihlWhgUSChGQxvJn7zCbQRsXrAUQJ+xPpKhIIztFKrcwsSGVXdUtmtuFPQReLlpExy1Lqlr04v5mkECrlkxrQ9N0E/YxoFlzAudlIDCeND1oe2pYpFYPxseu+YHlulR8NY21JIp+rviYxFxoyiwHZGDAdm3puI/3ntFMMrPxMqSREUny0KU0kxppPnaU9o4ChHljCuhb2V8gHTjKONqGhD8OZfXiSN04p3UTm7Py9Xr/M4CuSQHJET4pFLUiV3pEbqhBNJnskreXMenRfn3fmYtS45+cwB+QPn8weI+Y+m</latexit>

�n



E

n n+1

〈n|n+∆n〉 ∼ e−ŜE

∫
FFd4x ≥

∣∣ ∫ FF̃d4x
∣∣

∫
(F ± F̃ )2d4x ≥ 0

=⇒

e−
4π
αW ∼ 10−170 The tunnelling rate is 

unobservably small

Note that:

SE is the Euclidean action at the stationary point, which is given by

The tunnelling rate can be estimated using the WKB approximation as

ŜE =
1

2g2

∫
FFd4x

=
1

2g2

∣∣∣
∫

FF̃d4x
∣∣∣

=
8π2

g2
∣∣∆n

∣∣



E

n n+1

ESph

sphaleron

ESph =
2mW

αW
B
(mH

mW

)

The barrier hight was calculated by 
F.R.Klinkhamer and N.S.Manton (1984)

! 9TeV (for mH = 125GeV)

• At high temperature, the sphaleron rate may be unsuppressed.

It plays an important role in baryo(lepto)genesis.

Γ ∝ exp
(
− ESph(T )

T

)

What happens for the high energy (zero temperature) case?



⟨ f |S | i⟩ = [i∫ d4x1e−ip1x1( □1 + m2
1)]⋯[i∫ d4xne−ipnxn( □n + m2

n)] ⋅ ⟨Ω |T{ϕ1(x1)⋯ϕn(xn)} |Ω⟩

LSZ formula:

Path-integral:

⟨Ω |T{ϕ1(x1)⋯ϕn(xn)} |Ω⟩ =
∫ 𝒟ϕ ϕ1(x1)⋯ϕn(xn) eiS[ϕ]

∫ 𝒟ϕ eiS[ϕ]

Cross-section estimate

∫ 𝒟ϕ |Δn=1 ϕ1(x1)⋯ϕ1(xn) eiS

∫ 𝒟ϕ eiS
iℳ(Δn = 1) =

LSZ

∼
∫ 𝒟δϕ ϕ̃1(x1)⋯ϕ̃1(xn) eiS(ϕ̃+δϕ)

∫ 𝒟ϕ eiS
LSZ

ϕi = ϕ̃i + δϕi

stationary configuration 
with Δn = 1

• Matrix elements for Δn = 1 processes may be obtained by



• The LO Matrix Element in the instanton background
∫

DqDWDφ q(x1) · · · q(x12)W (y1) · · ·W (ynW )φ(z1) · · ·φ(znh) exp(−SE)
<latexit sha1_base64="im/AbGSyMn3aCSgxzOlToV7sOfo="></latexit><latexit sha1_base64="XOA//vyPji1bAnO5MCs5E68MStk="></latexit><latexit sha1_base64="XOA//vyPji1bAnO5MCs5E68MStk="></latexit><latexit sha1_base64="XOA//vyPji1bAnO5MCs5E68MStk="></latexit><latexit sha1_base64="XUHzBIdAOtdM3UjoMRdDkF13AXo="></latexit><latexit sha1_base64="YVS97ViuOdinheVQWjoW8eRcTag="></latexit>

iM ∼
<latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="D6L+ZaICho9hAxwOlcPt6Dumdys=">AAAB+3icZVDLSsNAFJ3UV62vVJduBkvBhZTEhbosunEjVLAPaEKZTCft0JlJmJkoJeRTXAkK4tYvceXfOE1TsfXAhcM593LvPUHMqNKO822V1tY3NrfK25Wd3b39A7t62FFRIjFp44hFshcgRRgVpK2pZqQXS4J4wEg3mNzM/O4jkYpG4kFPY+JzNBI0pBhpIw3sKoWphxGDdxn0zjxF+cCuOQ0nB/xP3ILUQIHWwP7yhhFOOBEaM6RU33Vi7adIaooZySpeokiM8ASNSN9QgThRfpqfnsG6UYYwjKQpoWGu/p1IEVdqygPTyZEeq1VvJv569aVVOrzyUyriRBOB55vChEEdwVkQcEglwZpNDUFYUnMsxGMkEdYmrkqewsXi+VWySKFz3nCdhnvv1JrXRR5lcAxOwClwwSVoglvQAm2AwRN4Bq/gzcqsF+vd+pi3lqxi5ggswfr8AXCWk1I=</latexit><latexit sha1_base64="D6L+ZaICho9hAxwOlcPt6Dumdys=">AAAB+3icZVDLSsNAFJ3UV62vVJduBkvBhZTEhbosunEjVLAPaEKZTCft0JlJmJkoJeRTXAkK4tYvceXfOE1TsfXAhcM593LvPUHMqNKO822V1tY3NrfK25Wd3b39A7t62FFRIjFp44hFshcgRRgVpK2pZqQXS4J4wEg3mNzM/O4jkYpG4kFPY+JzNBI0pBhpIw3sKoWphxGDdxn0zjxF+cCuOQ0nB/xP3ILUQIHWwP7yhhFOOBEaM6RU33Vi7adIaooZySpeokiM8ASNSN9QgThRfpqfnsG6UYYwjKQpoWGu/p1IEVdqygPTyZEeq1VvJv569aVVOrzyUyriRBOB55vChEEdwVkQcEglwZpNDUFYUnMsxGMkEdYmrkqewsXi+VWySKFz3nCdhnvv1JrXRR5lcAxOwClwwSVoglvQAm2AwRN4Bq/gzcqsF+vd+pi3lqxi5ggswfr8AXCWk1I=</latexit>

LSZ
<latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="F+ngYZ/X9rvBvbF+ALqe09uvdBw=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0WvXjwUNF+YLuUbJptQ5PsmmSFUvojPAkK4tXf48l/Y7rdiq0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK+mfvOJKs0ieW9GMfUF7ksWMoKNlZodJdDN3UO3WHIrbgr0n3gZKUGGWrf41elFJBFUGsKx1m3PjY0/xsowwumk0Ek0jTEZ4j5tWyqxoNofp+dOUNkqPRRGypY0KFX/Toyx0HokAtspsBnoZW8q/nrlhVUmvPDHTMaJoZLMNoUJRyZC0+dRjylKDB9Zgoli9lhEBlhhYmxEhTSFs/nzy2SeQuO04rkV79YtVS+zPPJwBMdwAh6cQxWuoQZ1IDCEZ3iFN+fReXHenY9Za87JZg5hAc7nDyKKj0o=</latexit><latexit sha1_base64="F+ngYZ/X9rvBvbF+ALqe09uvdBw=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0WvXjwUNF+YLuUbJptQ5PsmmSFUvojPAkK4tXf48l/Y7rdiq0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK+mfvOJKs0ieW9GMfUF7ksWMoKNlZodJdDN3UO3WHIrbgr0n3gZKUGGWrf41elFJBFUGsKx1m3PjY0/xsowwumk0Ek0jTEZ4j5tWyqxoNofp+dOUNkqPRRGypY0KFX/Toyx0HokAtspsBnoZW8q/nrlhVUmvPDHTMaJoZLMNoUJRyZC0+dRjylKDB9Zgoli9lhEBlhhYmxEhTSFs/nzy2SeQuO04rkV79YtVS+zPPJwBMdwAh6cQxWuoQZ1IDCEZ3iFN+fReXHenY9Za87JZg5hAc7nDyKKj0o=</latexit>

[Ringwald ’90, Espinosa ’90]



• The LO Matrix Element in the instanton background
∫

DqDWDφ q(x1) · · · q(x12)W (y1) · · ·W (ynW )φ(z1) · · ·φ(znh) exp(−SE)
<latexit sha1_base64="im/AbGSyMn3aCSgxzOlToV7sOfo="></latexit><latexit sha1_base64="XOA//vyPji1bAnO5MCs5E68MStk="></latexit><latexit sha1_base64="XOA//vyPji1bAnO5MCs5E68MStk="></latexit><latexit sha1_base64="XOA//vyPji1bAnO5MCs5E68MStk="></latexit><latexit sha1_base64="XUHzBIdAOtdM3UjoMRdDkF13AXo="></latexit><latexit sha1_base64="YVS97ViuOdinheVQWjoW8eRcTag="></latexit>
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LSZ
<latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="F+ngYZ/X9rvBvbF+ALqe09uvdBw=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0WvXjwUNF+YLuUbJptQ5PsmmSFUvojPAkK4tXf48l/Y7rdiq0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK+mfvOJKs0ieW9GMfUF7ksWMoKNlZodJdDN3UO3WHIrbgr0n3gZKUGGWrf41elFJBFUGsKx1m3PjY0/xsowwumk0Ek0jTEZ4j5tWyqxoNofp+dOUNkqPRRGypY0KFX/Toyx0HokAtspsBnoZW8q/nrlhVUmvPDHTMaJoZLMNoUJRyZC0+dRjylKDB9Zgoli9lhEBlhhYmxEhTSFs/nzy2SeQuO04rkV79YtVS+zPPJwBMdwAh6cQxWuoQZ1IDCEZ3iFN+fReXHenY9Za87JZg5hAc7nDyKKj0o=</latexit><latexit sha1_base64="F+ngYZ/X9rvBvbF+ALqe09uvdBw=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0WvXjwUNF+YLuUbJptQ5PsmmSFUvojPAkK4tXf48l/Y7rdiq0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK+mfvOJKs0ieW9GMfUF7ksWMoKNlZodJdDN3UO3WHIrbgr0n3gZKUGGWrf41elFJBFUGsKx1m3PjY0/xsowwumk0Ek0jTEZ4j5tWyqxoNofp+dOUNkqPRRGypY0KFX/Toyx0HokAtspsBnoZW8q/nrlhVUmvPDHTMaJoZLMNoUJRyZC0+dRjylKDB9Zgoli9lhEBlhhYmxEhTSFs/nzy2SeQuO04rkV79YtVS+zPPJwBMdwAh6cQxWuoQZ1IDCEZ3iFN+fReXHenY9Za87JZg5hAc7nDyKKj0o=</latexit>

v
[ (x− x0)2

(x− x0)2 + ρ2

]1/2

<latexit sha1_base64="KCk2NHvwImfji6/Z4L5MA+UrE1M="></latexit><latexit sha1_base64="Fg1cuhagbLYHdycQcdkf/jLVsAA="></latexit><latexit sha1_base64="Fg1cuhagbLYHdycQcdkf/jLVsAA="></latexit><latexit sha1_base64="Fg1cuhagbLYHdycQcdkf/jLVsAA="></latexit><latexit sha1_base64="Slf6UoZdaKd+Ny2+EHoPWqPCKsc="></latexit><latexit sha1_base64="Ctcc6+Pbuuq0MuTv/Qvnmzw3lms="></latexit>

φinst(x)
<latexit sha1_base64="1P6e60VEn8uIvo9EFn+c0pm0qkI="></latexit><latexit sha1_base64="c8Nhw8uvTHA0O3D00uhPbekE+kE="></latexit><latexit sha1_base64="c8Nhw8uvTHA0O3D00uhPbekE+kE="></latexit><latexit sha1_base64="c8Nhw8uvTHA0O3D00uhPbekE+kE="></latexit><latexit sha1_base64="jKdCO7hC1JhUq+NM9smk7ccJYgw="></latexit><latexit sha1_base64="6e+WZ7AfNaWW7USS+aOqDWmrsnY="></latexit>

!<latexit sha1_base64="77+R8vNUu8fdtTQVZsnP/kvk/aU="></latexit><latexit sha1_base64="77+R8vNUu8fdtTQVZsnP/kvk/aU="></latexit><latexit sha1_base64="77+R8vNUu8fdtTQVZsnP/kvk/aU="></latexit><latexit sha1_base64="77+R8vNUu8fdtTQVZsnP/kvk/aU="></latexit><latexit sha1_base64="myBbUHdkmMxFfQTCg0BUyo6yAAk="></latexit><latexit sha1_base64="myBbUHdkmMxFfQTCg0BUyo6yAAk="></latexit>

2ρ2

g
Uab

η̄bµν(x− x0)ν
(x− x0)2[(x− x0)2 + ρ2]

<latexit sha1_base64="fz7ZKXqmwthabBArg3HWYqmwamQ="></latexit><latexit sha1_base64="vhw//dmVCugGrNVUyffdFyKE+8Y="></latexit><latexit sha1_base64="vhw//dmVCugGrNVUyffdFyKE+8Y="></latexit><latexit sha1_base64="vhw//dmVCugGrNVUyffdFyKE+8Y="></latexit><latexit sha1_base64="xp/jTakQdZwNC3p/XUxbLuFZibg="></latexit><latexit sha1_base64="HHgphYVIJ8UC0r0NqGRrDXGYI+Q="></latexit>

Wµa
inst !

<latexit sha1_base64="kkwbPR18VJFdESxLamI7K3yeVFo=">AAACBXicZVC7SgNBFL0bXzG+Vi3TDMaAVdi10TJoYxnBPCAbw+xkkgyZmV1nZoWwpLDyL9JaCQpi60dY+TdOHohJDlw4nHMv994Txpxp43k/TmZtfWNzK7ud29nd2z9wD49qOkoUoVUS8Ug1QqwpZ5JWDTOcNmJFsQg5rYeD64lff6RKs0jemWFMWwL3JOsygo2V2m6+3k4DJRCT2ozu00AkCI9QoJmgD2234JW8KdAq8eekUD4djxEAVNrud9CJSCKoNIRjrZu+F5tWipVhhNNRLkg0jTEZ4B5tWiqxoLqVTp8YoaJVOqgbKVvSoKn6fyLFQuuhCG2nwKavl72J+OcVF1aZ7mUrZTJODJVktqmbcGQiNIkEdZiixPChJZgoZo9FpI8VJsYGl7Mp+Ms/r5Laecn3Sv6tjeMKZshCHk7gDHy4gDLcQAWqQOAJXuAN3p1n59X5cD5nrRlnPnMMC3C+fgG3tpoX</latexit><latexit sha1_base64="4kU/3S15OoPsUtBOsP4Z8cimfzE=">AAACBXicZVDLSsNAFJ3UV62vqMtuBmvBVUnc6LLoxmUF+4Amhsl00g6dmcSZiVBCFq78BxfduhIUxK0f4cq/cfpAbD1w4XDOvdx7T5gwqrTjfFuFldW19Y3iZmlre2d3z94/aKk4lZg0ccxi2QmRIowK0tRUM9JJJEE8ZKQdDi8nfvueSEVjcaNHCfE56gsaUYy0kQK73A4yT3JIhdL5bebxFKIceopychfYFafmTAH/E3dOKvXj8bhcfCo0AvvL68U45URozJBSXddJtJ8hqSlmJC95qSIJwkPUJ11DBeJE+dn0iRxWjdKDUSxNCQ2n6t+JDHGlRjw0nRzpgVr2JuKvV11YpaNzP6MiSTUReLYpShnUMZxEAntUEqzZyBCEJTXHQjxAEmFtgiuZFNzln/+T1mnNdWrutYnjAsxQBGVwBE6AC85AHVyBBmgCDB7AM3gFb9aj9WK9Wx+z1oI1nzkEC7A+fwCMypq2</latexit><latexit sha1_base64="4kU/3S15OoPsUtBOsP4Z8cimfzE=">AAACBXicZVDLSsNAFJ3UV62vqMtuBmvBVUnc6LLoxmUF+4Amhsl00g6dmcSZiVBCFq78BxfduhIUxK0f4cq/cfpAbD1w4XDOvdx7T5gwqrTjfFuFldW19Y3iZmlre2d3z94/aKk4lZg0ccxi2QmRIowK0tRUM9JJJEE8ZKQdDi8nfvueSEVjcaNHCfE56gsaUYy0kQK73A4yT3JIhdL5bebxFKIceopychfYFafmTAH/E3dOKvXj8bhcfCo0AvvL68U45URozJBSXddJtJ8hqSlmJC95qSIJwkPUJ11DBeJE+dn0iRxWjdKDUSxNCQ2n6t+JDHGlRjw0nRzpgVr2JuKvV11YpaNzP6MiSTUReLYpShnUMZxEAntUEqzZyBCEJTXHQjxAEmFtgiuZFNzln/+T1mnNdWrutYnjAsxQBGVwBE6AC85AHVyBBmgCDB7AM3gFb9aj9WK9Wx+z1oI1nzkEC7A+fwCMypq2</latexit><latexit sha1_base64="4kU/3S15OoPsUtBOsP4Z8cimfzE=">AAACBXicZVDLSsNAFJ3UV62vqMtuBmvBVUnc6LLoxmUF+4Amhsl00g6dmcSZiVBCFq78BxfduhIUxK0f4cq/cfpAbD1w4XDOvdx7T5gwqrTjfFuFldW19Y3iZmlre2d3z94/aKk4lZg0ccxi2QmRIowK0tRUM9JJJEE8ZKQdDi8nfvueSEVjcaNHCfE56gsaUYy0kQK73A4yT3JIhdL5bebxFKIceopychfYFafmTAH/E3dOKvXj8bhcfCo0AvvL68U45URozJBSXddJtJ8hqSlmJC95qSIJwkPUJ11DBeJE+dn0iRxWjdKDUSxNCQ2n6t+JDHGlRjw0nRzpgVr2JuKvV11YpaNzP6MiSTUReLYpShnUMZxEAntUEqzZyBCEJTXHQjxAEmFtgiuZFNzln/+T1mnNdWrutYnjAsxQBGVwBE6AC85AHVyBBmgCDB7AM3gFb9aj9WK9Wx+z1oI1nzkEC7A+fwCMypq2</latexit><latexit sha1_base64="oHc8/sQ+S8IN4mkmmmLIuTnw14M=">AAACBXicZVC7SgNBFJ2NrxhfUcs0gzFgFXYt1DJoYxnBPCAbl9nJbDI4M7vOzAph2cLKf7BIayUoiK0fYeXfONkkYuKBC4dz7uXee/yIUaVt+9vKLS2vrK7l1wsbm1vbO8XdvaYKY4lJA4cslG0fKcKoIA1NNSPtSBLEfUZa/u3F2G/dE6loKK71MCJdjvqCBhQjbSSvWGp5iSs5pELp9CZxeQxRCl1FObnzimW7ameA/4kzJeXa4WhUyj/l6l7xy+2FOOZEaMyQUh3HjnQ3QVJTzEhacGNFIoRvUZ90DBWIE9VNsidSWDFKDwahNCU0zNS/EwniSg25bzo50gO16I3FX68yt0oHZ92EiijWRODJpiBmUIdwHAnsUUmwZkNDEJbUHAvxAEmEtQmukKVwMnt+kcxSaB5XHbvqXJk4zsEEeVACB+AIOOAU1MAlqIMGwOABPINX8GY9Wi/Wu/Uxac1Z05l9MAfr8weTVJrF</latexit><latexit sha1_base64="Zte0JRDJ6xF0UXnxMTNqWO6XH3s=">AAACBXicZVDLSsNAFJ34rPUVddnNYCm4KokLdVl047KCfUBTw2Q6aYfOTOLMRCghC1d+iitBQdz6Ea78G6dpKrYeuHA4517uvSeIGVXacb6tldW19Y3N0lZ5e2d3b98+OGyrKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvpn7ngUhFI3GrJzHpczQUNKQYaSP5dqXjp57kkAqls7vU4wlEGfQU5eTet6tO3ckB/xO3IFVQoOnbX94gwgknQmOGlOq5Tqz7KZKaYkayspcoEiM8RkPSM1QgTlQ/zZ/IYM0oAxhG0pTQMFf/TqSIKzXhgenkSI/UsjcVf73awiodXvRTKuJEE4Fnm8KEQR3BaSRwQCXBmk0MQVhScyzEIyQR1ia4cp7C2fz5ZTJPoX1ad526e+NUG5dFHiVQAcfgBLjgHDTANWiCFsDgETyDV/BmPVkv1rv1MWtdsYqZI7AA6/MHXxyYZg==</latexit>

orientation
<latexit sha1_base64="SrDxy2lbGUmHBWUBnyeNBJ6N98M=">AAAB+XicdZDLSgMxFIYzXmu9tOrSTbAUXA2JaG13RTcuK9gLtEPJpJk2NJkZkoxQhj6JK0FB3PoornwbM+0oVvBA4Oc71/x+LLg2CH06a+sbm1vbhZ3i7t7+Qal8eNTRUaIoa9NIRKrnE80ED1nbcCNYL1aMSF+wrj+9yfLdB6Y0j8J7M4uZJ8k45AGnxFg0LJcGSsJIcRaanFSQe4lwo1aDyEUIX9SxFY1G3UKILcmiAvJoDcsfg1FEE2kHUEG07mMUGy8lynAq2Lw4SDSLCZ2SMetbGRLJtJcuDp/DqiUjGETKvtDABf3dkRKp9Uz6tlISM9F/cxn8yVVXVpmg7qU8jBPDQrrcFCQCmghmNsARV4waMbOCUMXtsZBOiCLUWLOK1oXvr8L/RefcxcjFd6jSvM79KIATcArOAAZXoAluQQu0AQUJeATP4MVJnSfn1Xlblq45ec8xWAnn/QvmC5O4</latexit><latexit sha1_base64="SrDxy2lbGUmHBWUBnyeNBJ6N98M=">AAAB+XicdZDLSgMxFIYzXmu9tOrSTbAUXA2JaG13RTcuK9gLtEPJpJk2NJkZkoxQhj6JK0FB3PoornwbM+0oVvBA4Oc71/x+LLg2CH06a+sbm1vbhZ3i7t7+Qal8eNTRUaIoa9NIRKrnE80ED1nbcCNYL1aMSF+wrj+9yfLdB6Y0j8J7M4uZJ8k45AGnxFg0LJcGSsJIcRaanFSQe4lwo1aDyEUIX9SxFY1G3UKILcmiAvJoDcsfg1FEE2kHUEG07mMUGy8lynAq2Lw4SDSLCZ2SMetbGRLJtJcuDp/DqiUjGETKvtDABf3dkRKp9Uz6tlISM9F/cxn8yVVXVpmg7qU8jBPDQrrcFCQCmghmNsARV4waMbOCUMXtsZBOiCLUWLOK1oXvr8L/RefcxcjFd6jSvM79KIATcArOAAZXoAluQQu0AQUJeATP4MVJnSfn1Xlblq45ec8xWAnn/QvmC5O4</latexit><latexit sha1_base64="SrDxy2lbGUmHBWUBnyeNBJ6N98M=">AAAB+XicdZDLSgMxFIYzXmu9tOrSTbAUXA2JaG13RTcuK9gLtEPJpJk2NJkZkoxQhj6JK0FB3PoornwbM+0oVvBA4Oc71/x+LLg2CH06a+sbm1vbhZ3i7t7+Qal8eNTRUaIoa9NIRKrnE80ED1nbcCNYL1aMSF+wrj+9yfLdB6Y0j8J7M4uZJ8k45AGnxFg0LJcGSsJIcRaanFSQe4lwo1aDyEUIX9SxFY1G3UKILcmiAvJoDcsfg1FEE2kHUEG07mMUGy8lynAq2Lw4SDSLCZ2SMetbGRLJtJcuDp/DqiUjGETKvtDABf3dkRKp9Uz6tlISM9F/cxn8yVVXVpmg7qU8jBPDQrrcFCQCmghmNsARV4waMbOCUMXtsZBOiCLUWLOK1oXvr8L/RefcxcjFd6jSvM79KIATcArOAAZXoAluQQu0AQUJeATP4MVJnSfn1Xlblq45ec8xWAnn/QvmC5O4</latexit><latexit sha1_base64="SrDxy2lbGUmHBWUBnyeNBJ6N98M=">AAAB+XicdZDLSgMxFIYzXmu9tOrSTbAUXA2JaG13RTcuK9gLtEPJpJk2NJkZkoxQhj6JK0FB3PoornwbM+0oVvBA4Oc71/x+LLg2CH06a+sbm1vbhZ3i7t7+Qal8eNTRUaIoa9NIRKrnE80ED1nbcCNYL1aMSF+wrj+9yfLdB6Y0j8J7M4uZJ8k45AGnxFg0LJcGSsJIcRaanFSQe4lwo1aDyEUIX9SxFY1G3UKILcmiAvJoDcsfg1FEE2kHUEG07mMUGy8lynAq2Lw4SDSLCZ2SMetbGRLJtJcuDp/DqiUjGETKvtDABf3dkRKp9Uz6tlISM9F/cxn8yVVXVpmg7qU8jBPDQrrcFCQCmghmNsARV4waMbOCUMXtsZBOiCLUWLOK1oXvr8L/RefcxcjFd6jSvM79KIATcArOAAZXoAluQQu0AQUJeATP4MVJnSfn1Xlblq45ec8xWAnn/QvmC5O4</latexit><latexit sha1_base64="05o0hNAnvxve7NqIWD14tHchKBI=">AAAB+XicZZDLSgMxFIYzXmu9tOrSTbAUXA0Z0druim5cVrAXaIeSSdM2NJMMSUYoQ5/ElaAgbn0UV76NmekoVg8Efr5zzR9EnGmD0Keztr6xubVd2Cnu7u0flMqHRx0tY0Vom0guVS/AmnImaNsww2kvUhSHAafdYHaT5rsPVGkmxb2ZR9QP8USwMSPYWDQslwYqhFIxKkxOKsi9RF6jVoPIRci7qHtWNBp1C6FnSRoVkEdrWP4YjCSJQzuAcKx130OR8ROsDCOcLoqDWNMIkxme0L6VAodU+0l2+AJWLRnBsVT2CQMz+rsjwaHW8zCwlSE2U/03l8KfXHVllRnX/YSJKDZUkOWmccyhkTC1AY6YosTwuRWYKGaPhWSKFSbGmlXMXKhlX4X/xbcLnXPXQ653hyrN69yPAjgBp+AMeOAKNMEtaIE2ICAGj+AZvDiJ8+S8Om/L0jUn7zkGK+G8fwHslZPH</latexit><latexit sha1_base64="05o0hNAnvxve7NqIWD14tHchKBI=">AAAB+XicZZDLSgMxFIYzXmu9tOrSTbAUXA0Z0druim5cVrAXaIeSSdM2NJMMSUYoQ5/ElaAgbn0UV76NmekoVg8Efr5zzR9EnGmD0Keztr6xubVd2Cnu7u0flMqHRx0tY0Vom0guVS/AmnImaNsww2kvUhSHAafdYHaT5rsPVGkmxb2ZR9QP8USwMSPYWDQslwYqhFIxKkxOKsi9RF6jVoPIRci7qHtWNBp1C6FnSRoVkEdrWP4YjCSJQzuAcKx130OR8ROsDCOcLoqDWNMIkxme0L6VAodU+0l2+AJWLRnBsVT2CQMz+rsjwaHW8zCwlSE2U/03l8KfXHVllRnX/YSJKDZUkOWmccyhkTC1AY6YosTwuRWYKGaPhWSKFSbGmlXMXKhlX4X/xbcLnXPXQ653hyrN69yPAjgBp+AMeOAKNMEtaIE2ICAGj+AZvDiJ8+S8Om/L0jUn7zkGK+G8fwHslZPH</latexit>

position
<latexit sha1_base64="hnTkwiBNQ51+kJp5+OAGvZ8+heU=">AAAB9HicdVDLSsNAFL2pr1pfVZe6GCwFVyGJpa27ohuXFWwrNKFMppN26OTBzKRQQn/DlaAgbv0ZV/6Nk1bFCh4YOPece7lzj59wJpVlfRiFtfWNza3idmlnd2//oHx41JVxKgjtkJjH4t7HknIW0Y5iitP7RFAc+pz2/Ml17vemVEgWR3dqllAvxKOIBYxgpSXXFSFKYsnyYlCuWOZls+7U6sgyLathO3ZOnEbtooZsreSotE5hgfag/O4OY5KGNFKEYyn7tpUoL8NCMcLpvOSmkiaYTPCI9jWNcEilly3+PEdVrQxREAv9IoUW6u+JDIdSzkJfd4ZYjeVfLxd/vOrKKhU0vYxFSapoRJabgpQjFaM8ATRkghLFZ5pgIvTpBJExFpgonVNJp/B9KvqfdB3Ttkz7VsdxtYwDinACZ3AONjSgBTfQhg4QSOABnuDZmBqPxovxumwtGF8zx7AC4+0TiyeShw==</latexit><latexit sha1_base64="hnTkwiBNQ51+kJp5+OAGvZ8+heU=">AAAB9HicdVDLSsNAFL2pr1pfVZe6GCwFVyGJpa27ohuXFWwrNKFMppN26OTBzKRQQn/DlaAgbv0ZV/6Nk1bFCh4YOPece7lzj59wJpVlfRiFtfWNza3idmlnd2//oHx41JVxKgjtkJjH4t7HknIW0Y5iitP7RFAc+pz2/Ml17vemVEgWR3dqllAvxKOIBYxgpSXXFSFKYsnyYlCuWOZls+7U6sgyLathO3ZOnEbtooZsreSotE5hgfag/O4OY5KGNFKEYyn7tpUoL8NCMcLpvOSmkiaYTPCI9jWNcEilly3+PEdVrQxREAv9IoUW6u+JDIdSzkJfd4ZYjeVfLxd/vOrKKhU0vYxFSapoRJabgpQjFaM8ATRkghLFZ5pgIvTpBJExFpgonVNJp/B9KvqfdB3Ttkz7VsdxtYwDinACZ3AONjSgBTfQhg4QSOABnuDZmBqPxovxumwtGF8zx7AC4+0TiyeShw==</latexit><latexit sha1_base64="hnTkwiBNQ51+kJp5+OAGvZ8+heU=">AAAB9HicdVDLSsNAFL2pr1pfVZe6GCwFVyGJpa27ohuXFWwrNKFMppN26OTBzKRQQn/DlaAgbv0ZV/6Nk1bFCh4YOPece7lzj59wJpVlfRiFtfWNza3idmlnd2//oHx41JVxKgjtkJjH4t7HknIW0Y5iitP7RFAc+pz2/Ml17vemVEgWR3dqllAvxKOIBYxgpSXXFSFKYsnyYlCuWOZls+7U6sgyLathO3ZOnEbtooZsreSotE5hgfag/O4OY5KGNFKEYyn7tpUoL8NCMcLpvOSmkiaYTPCI9jWNcEilly3+PEdVrQxREAv9IoUW6u+JDIdSzkJfd4ZYjeVfLxd/vOrKKhU0vYxFSapoRJabgpQjFaM8ATRkghLFZ5pgIvTpBJExFpgonVNJp/B9KvqfdB3Ttkz7VsdxtYwDinACZ3AONjSgBTfQhg4QSOABnuDZmBqPxovxumwtGF8zx7AC4+0TiyeShw==</latexit><latexit sha1_base64="hnTkwiBNQ51+kJp5+OAGvZ8+heU=">AAAB9HicdVDLSsNAFL2pr1pfVZe6GCwFVyGJpa27ohuXFWwrNKFMppN26OTBzKRQQn/DlaAgbv0ZV/6Nk1bFCh4YOPece7lzj59wJpVlfRiFtfWNza3idmlnd2//oHx41JVxKgjtkJjH4t7HknIW0Y5iitP7RFAc+pz2/Ml17vemVEgWR3dqllAvxKOIBYxgpSXXFSFKYsnyYlCuWOZls+7U6sgyLathO3ZOnEbtooZsreSotE5hgfag/O4OY5KGNFKEYyn7tpUoL8NCMcLpvOSmkiaYTPCI9jWNcEilly3+PEdVrQxREAv9IoUW6u+JDIdSzkJfd4ZYjeVfLxd/vOrKKhU0vYxFSapoRJabgpQjFaM8ATRkghLFZ5pgIvTpBJExFpgonVNJp/B9KvqfdB3Ttkz7VsdxtYwDinACZ3AONjSgBTfQhg4QSOABnuDZmBqPxovxumwtGF8zx7AC4+0TiyeShw==</latexit><latexit sha1_base64="/xlMLi2TTThT6k0Y1otc7xdYYzU=">AAAB9HicZVDLSsNAFL2pr1pfVZe6GCwFVyGppa27ohuXFWwrNKFMppN26OTBzKRQQn/DlaAgbv0ZV/6Nk1TF6oGBc8+5lzv3eDFnUlnWh1FYW9/Y3Cpul3Z29/YPyodHPRklgtAuiXgk7j0sKWch7SqmOL2PBcWBx2nfm15nfn9GhWRReKfmMXUDPA6ZzwhWWnIcEaA4kiwrhuWKZV62GrV6A1mmZTXtmp2RWrN+UUe2VjJU2qeQozMsvzujiCQBDRXhWMqBbcXKTbFQjHC6KDmJpDEmUzymA01DHFDppvmfF6iqlRHyI6FfqFCu/p5IcSDlPPB0Z4DVRP71MvHHq66sUn7LTVkYJ4qGZLnJTzhSEcoSQCMmKFF8rgkmQp9OEJlggYnSOZXyFBr5qeg/+U6hVzNty7RvdRxXyzigCCdwBudgQxPacAMd6AKBGB7gCZ6NmfFovBivy9aC8TVzDCsw3j4BkbGSlg==</latexit><latexit sha1_base64="DMoj6xyhg8B6HUR3jiBEvHaeYpA=">AAAB9HicZVDLSgMxFM3UV62vqks3wVJwNWRqaeuu6MZlBVsLnaFk0kwbmpkMSaZQhv6GK0FB3PozrvwbM9MqVg8Ezj3nXm7u8WPOlEbo0ypsbG5t7xR3S3v7B4dH5eOTnhKJJLRLBBey72NFOYtoVzPNaT+WFIc+pw/+9CbzH2ZUKiaiez2PqRficcQCRrA2kuvKEMZCsawYlivIvmo1avUGRDZCTafmZKTWrF/WoWOUDBWwQmdY/nBHgiQhjTThWKmBg2LtpVhqRjhdlNxE0RiTKR7TgaERDqny0vzPC1g1yggGQpoXaZirvydSHCo1D33TGWI9UX+9TPzxqmurdNDyUhbFiaYRWW4KEg61gFkCcMQkJZrPDcFEmtMJJBMsMdEmp1KeQiM/Ff4n3yn0araDbOcOVdrXqzyK4AycgwvggCZog1vQAV1AQAwewTN4sWbWk/VqvS1bC9Zq5hSswXr/AhRhkjo=</latexit>

size
<latexit sha1_base64="Y0l3iivuh7NwJDUAQpcJzc8gEtE=">AAAB8HicdVDLSgMxFM3UV62vqks3wVJwVZIubLsrunFZwT6gHUomzbShSWZIMkId+hOuBAVx6++48m/MtFWs4IELh3Pu5d57glhwYxH69HIbm1vbO/ndwt7+weFR8fikY6JEU9amkYh0LyCGCa5Y23IrWC/WjMhAsG4wvc787j3Thkfqzs5i5ksyVjzklFgn9QZaQsMf2LBYQhWEEMYYZgTXLpEjjUa9iusQZ5ZDCazQGhY/BqOIJpIpSwUxpo9RbP2UaMupYPPCIDEsJnRKxqzvqCKSGT9d3DuHZaeMYBhpV8rChfp7IiXSmJkMXKckdmL+epn445XXVtmw7qdcxYllii43hYmANoLZ93DENaNWzBwhVHN3LKQTogm1LqOCS+H7Vfg/6VQrGFXwLSo1r1Z55MEZOAcXAIMaaIIb0AJtQIEAj+AZvHjae/Jevbdla85bzZyCNXjvX7gLkD0=</latexit><latexit sha1_base64="Y0l3iivuh7NwJDUAQpcJzc8gEtE=">AAAB8HicdVDLSgMxFM3UV62vqks3wVJwVZIubLsrunFZwT6gHUomzbShSWZIMkId+hOuBAVx6++48m/MtFWs4IELh3Pu5d57glhwYxH69HIbm1vbO/ndwt7+weFR8fikY6JEU9amkYh0LyCGCa5Y23IrWC/WjMhAsG4wvc787j3Thkfqzs5i5ksyVjzklFgn9QZaQsMf2LBYQhWEEMYYZgTXLpEjjUa9iusQZ5ZDCazQGhY/BqOIJpIpSwUxpo9RbP2UaMupYPPCIDEsJnRKxqzvqCKSGT9d3DuHZaeMYBhpV8rChfp7IiXSmJkMXKckdmL+epn445XXVtmw7qdcxYllii43hYmANoLZ93DENaNWzBwhVHN3LKQTogm1LqOCS+H7Vfg/6VQrGFXwLSo1r1Z55MEZOAcXAIMaaIIb0AJtQIEAj+AZvHjae/Jevbdla85bzZyCNXjvX7gLkD0=</latexit><latexit sha1_base64="Y0l3iivuh7NwJDUAQpcJzc8gEtE=">AAAB8HicdVDLSgMxFM3UV62vqks3wVJwVZIubLsrunFZwT6gHUomzbShSWZIMkId+hOuBAVx6++48m/MtFWs4IELh3Pu5d57glhwYxH69HIbm1vbO/ndwt7+weFR8fikY6JEU9amkYh0LyCGCa5Y23IrWC/WjMhAsG4wvc787j3Thkfqzs5i5ksyVjzklFgn9QZaQsMf2LBYQhWEEMYYZgTXLpEjjUa9iusQZ5ZDCazQGhY/BqOIJpIpSwUxpo9RbP2UaMupYPPCIDEsJnRKxqzvqCKSGT9d3DuHZaeMYBhpV8rChfp7IiXSmJkMXKckdmL+epn445XXVtmw7qdcxYllii43hYmANoLZ93DENaNWzBwhVHN3LKQTogm1LqOCS+H7Vfg/6VQrGFXwLSo1r1Z55MEZOAcXAIMaaIIb0AJtQIEAj+AZvHjae/Jevbdla85bzZyCNXjvX7gLkD0=</latexit><latexit sha1_base64="Y0l3iivuh7NwJDUAQpcJzc8gEtE=">AAAB8HicdVDLSgMxFM3UV62vqks3wVJwVZIubLsrunFZwT6gHUomzbShSWZIMkId+hOuBAVx6++48m/MtFWs4IELh3Pu5d57glhwYxH69HIbm1vbO/ndwt7+weFR8fikY6JEU9amkYh0LyCGCa5Y23IrWC/WjMhAsG4wvc787j3Thkfqzs5i5ksyVjzklFgn9QZaQsMf2LBYQhWEEMYYZgTXLpEjjUa9iusQZ5ZDCazQGhY/BqOIJpIpSwUxpo9RbP2UaMupYPPCIDEsJnRKxqzvqCKSGT9d3DuHZaeMYBhpV8rChfp7IiXSmJkMXKckdmL+epn445XXVtmw7qdcxYllii43hYmANoLZ93DENaNWzBwhVHN3LKQTogm1LqOCS+H7Vfg/6VQrGFXwLSo1r1Z55MEZOAcXAIMaaIIb0AJtQIEAj+AZvHjae/Jevbdla85bzZyCNXjvX7gLkD0=</latexit><latexit sha1_base64="yuJ2fhflGviD2R4CqxV+yb/Ctrw=">AAAB8HicZVDLSgMxFM34rPVVdekmWAquStJFH7uiG5cV7APaoWTSTBuaZIYkI9ShP+FKUBC3/o4r/8ZMW8XqgQuHc+7l3nuCWHBjEfr0Nja3tnd2c3v5/YPDo+PCyWnHRImmrE0jEeleQAwTXLG25VawXqwZkYFg3WB6nfnde6YNj9SdncXMl2SseMgpsU7qDbSEhj+wYaGIygghjDHMCK5VkSONRr2C6xBnlkMRrNAaFj4Go4gmkilLBTGmj1Fs/ZRoy6lg8/wgMSwmdErGrO+oIpIZP13cO4clp4xgGGlXysKF+nsiJdKYmQxcpyR2Yv56mfjjldZW2bDup1zFiWWKLjeFiYA2gtn3cMQ1o1bMHCFUc3cspBOiCbUuo/wiheriVfiffKfQqZQxKuNbVGxerfLIgXNwAS4BBjXQBDegBdqAAgEewTN48bT35L16b8vWDW81cwbW4L1/Ab6VkEw=</latexit><latexit sha1_base64="yuJ2fhflGviD2R4CqxV+yb/Ctrw=">AAAB8HicZVDLSgMxFM34rPVVdekmWAquStJFH7uiG5cV7APaoWTSTBuaZIYkI9ShP+FKUBC3/o4r/8ZMW8XqgQuHc+7l3nuCWHBjEfr0Nja3tnd2c3v5/YPDo+PCyWnHRImmrE0jEeleQAwTXLG25VawXqwZkYFg3WB6nfnde6YNj9SdncXMl2SseMgpsU7qDbSEhj+wYaGIygghjDHMCK5VkSONRr2C6xBnlkMRrNAaFj4Go4gmkilLBTGmj1Fs/ZRoy6lg8/wgMSwmdErGrO+oIpIZP13cO4clp4xgGGlXysKF+nsiJdKYmQxcpyR2Yv56mfjjldZW2bDup1zFiWWKLjeFiYA2gtn3cMQ1o1bMHCFUc3cspBOiCbUuo/wiheriVfiffKfQqZQxKuNbVGxerfLIgXNwAS4BBjXQBDegBdqAAgEewTN48bT35L16b8vWDW81cwbW4L1/Ab6VkEw=</latexit>

• Evaluate it at the instanton configuration: [Ringwald ’90, Espinosa ’90]



• The LO Matrix Element in the instanton background
∫

DqDWDφ q(x1) · · · q(x12)W (y1) · · ·W (ynW )φ(z1) · · ·φ(znh) exp(−SE)
<latexit sha1_base64="im/AbGSyMn3aCSgxzOlToV7sOfo="></latexit><latexit sha1_base64="XOA//vyPji1bAnO5MCs5E68MStk="></latexit><latexit sha1_base64="XOA//vyPji1bAnO5MCs5E68MStk="></latexit><latexit sha1_base64="XOA//vyPji1bAnO5MCs5E68MStk="></latexit><latexit sha1_base64="XUHzBIdAOtdM3UjoMRdDkF13AXo="></latexit><latexit sha1_base64="YVS97ViuOdinheVQWjoW8eRcTag="></latexit>

iM ∼
<latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="D6L+ZaICho9hAxwOlcPt6Dumdys=">AAAB+3icZVDLSsNAFJ3UV62vVJduBkvBhZTEhbosunEjVLAPaEKZTCft0JlJmJkoJeRTXAkK4tYvceXfOE1TsfXAhcM593LvPUHMqNKO822V1tY3NrfK25Wd3b39A7t62FFRIjFp44hFshcgRRgVpK2pZqQXS4J4wEg3mNzM/O4jkYpG4kFPY+JzNBI0pBhpIw3sKoWphxGDdxn0zjxF+cCuOQ0nB/xP3ILUQIHWwP7yhhFOOBEaM6RU33Vi7adIaooZySpeokiM8ASNSN9QgThRfpqfnsG6UYYwjKQpoWGu/p1IEVdqygPTyZEeq1VvJv569aVVOrzyUyriRBOB55vChEEdwVkQcEglwZpNDUFYUnMsxGMkEdYmrkqewsXi+VWySKFz3nCdhnvv1JrXRR5lcAxOwClwwSVoglvQAm2AwRN4Bq/gzcqsF+vd+pi3lqxi5ggswfr8AXCWk1I=</latexit><latexit sha1_base64="D6L+ZaICho9hAxwOlcPt6Dumdys=">AAAB+3icZVDLSsNAFJ3UV62vVJduBkvBhZTEhbosunEjVLAPaEKZTCft0JlJmJkoJeRTXAkK4tYvceXfOE1TsfXAhcM593LvPUHMqNKO822V1tY3NrfK25Wd3b39A7t62FFRIjFp44hFshcgRRgVpK2pZqQXS4J4wEg3mNzM/O4jkYpG4kFPY+JzNBI0pBhpIw3sKoWphxGDdxn0zjxF+cCuOQ0nB/xP3ILUQIHWwP7yhhFOOBEaM6RU33Vi7adIaooZySpeokiM8ASNSN9QgThRfpqfnsG6UYYwjKQpoWGu/p1IEVdqygPTyZEeq1VvJv569aVVOrzyUyriRBOB55vChEEdwVkQcEglwZpNDUFYUnMsxGMkEdYmrkqewsXi+VWySKFz3nCdhnvv1JrXRR5lcAxOwClwwSVoglvQAm2AwRN4Bq/gzcqsF+vd+pi3lqxi5ggswfr8AXCWk1I=</latexit>

LSZ
<latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="F+ngYZ/X9rvBvbF+ALqe09uvdBw=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0WvXjwUNF+YLuUbJptQ5PsmmSFUvojPAkK4tXf48l/Y7rdiq0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK+mfvOJKs0ieW9GMfUF7ksWMoKNlZodJdDN3UO3WHIrbgr0n3gZKUGGWrf41elFJBFUGsKx1m3PjY0/xsowwumk0Ek0jTEZ4j5tWyqxoNofp+dOUNkqPRRGypY0KFX/Toyx0HokAtspsBnoZW8q/nrlhVUmvPDHTMaJoZLMNoUJRyZC0+dRjylKDB9Zgoli9lhEBlhhYmxEhTSFs/nzy2SeQuO04rkV79YtVS+zPPJwBMdwAh6cQxWuoQZ1IDCEZ3iFN+fReXHenY9Za87JZg5hAc7nDyKKj0o=</latexit><latexit sha1_base64="F+ngYZ/X9rvBvbF+ALqe09uvdBw=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0WvXjwUNF+YLuUbJptQ5PsmmSFUvojPAkK4tXf48l/Y7rdiq0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK+mfvOJKs0ieW9GMfUF7ksWMoKNlZodJdDN3UO3WHIrbgr0n3gZKUGGWrf41elFJBFUGsKx1m3PjY0/xsowwumk0Ek0jTEZ4j5tWyqxoNofp+dOUNkqPRRGypY0KFX/Toyx0HokAtspsBnoZW8q/nrlhVUmvPDHTMaJoZLMNoUJRyZC0+dRjylKDB9Zgoli9lhEBlhhYmxEhTSFs/nzy2SeQuO04rkV79YtVS+zPPJwBMdwAh6cQxWuoQZ1IDCEZ3iFN+fReXHenY9Za87JZg5hAc7nDyKKj0o=</latexit>

v
[ (x− x0)2

(x− x0)2 + ρ2

]1/2

<latexit sha1_base64="KCk2NHvwImfji6/Z4L5MA+UrE1M="></latexit><latexit sha1_base64="Fg1cuhagbLYHdycQcdkf/jLVsAA="></latexit><latexit sha1_base64="Fg1cuhagbLYHdycQcdkf/jLVsAA="></latexit><latexit sha1_base64="Fg1cuhagbLYHdycQcdkf/jLVsAA="></latexit><latexit sha1_base64="Slf6UoZdaKd+Ny2+EHoPWqPCKsc="></latexit><latexit sha1_base64="Ctcc6+Pbuuq0MuTv/Qvnmzw3lms="></latexit>

φinst(x)
<latexit sha1_base64="1P6e60VEn8uIvo9EFn+c0pm0qkI="></latexit><latexit sha1_base64="c8Nhw8uvTHA0O3D00uhPbekE+kE="></latexit><latexit sha1_base64="c8Nhw8uvTHA0O3D00uhPbekE+kE="></latexit><latexit sha1_base64="c8Nhw8uvTHA0O3D00uhPbekE+kE="></latexit><latexit sha1_base64="jKdCO7hC1JhUq+NM9smk7ccJYgw="></latexit><latexit sha1_base64="6e+WZ7AfNaWW7USS+aOqDWmrsnY="></latexit>

!<latexit sha1_base64="77+R8vNUu8fdtTQVZsnP/kvk/aU="></latexit><latexit sha1_base64="77+R8vNUu8fdtTQVZsnP/kvk/aU="></latexit><latexit sha1_base64="77+R8vNUu8fdtTQVZsnP/kvk/aU="></latexit><latexit sha1_base64="77+R8vNUu8fdtTQVZsnP/kvk/aU="></latexit><latexit sha1_base64="myBbUHdkmMxFfQTCg0BUyo6yAAk="></latexit><latexit sha1_base64="myBbUHdkmMxFfQTCg0BUyo6yAAk="></latexit>

2ρ2

g
Uab

η̄bµν(x− x0)ν
(x− x0)2[(x− x0)2 + ρ2]

<latexit sha1_base64="fz7ZKXqmwthabBArg3HWYqmwamQ="></latexit><latexit sha1_base64="vhw//dmVCugGrNVUyffdFyKE+8Y="></latexit><latexit sha1_base64="vhw//dmVCugGrNVUyffdFyKE+8Y="></latexit><latexit sha1_base64="vhw//dmVCugGrNVUyffdFyKE+8Y="></latexit><latexit sha1_base64="xp/jTakQdZwNC3p/XUxbLuFZibg="></latexit><latexit sha1_base64="HHgphYVIJ8UC0r0NqGRrDXGYI+Q="></latexit>

Wµa
inst !

<latexit sha1_base64="kkwbPR18VJFdESxLamI7K3yeVFo=">AAACBXicZVC7SgNBFL0bXzG+Vi3TDMaAVdi10TJoYxnBPCAbw+xkkgyZmV1nZoWwpLDyL9JaCQpi60dY+TdOHohJDlw4nHMv994Txpxp43k/TmZtfWNzK7ud29nd2z9wD49qOkoUoVUS8Ug1QqwpZ5JWDTOcNmJFsQg5rYeD64lff6RKs0jemWFMWwL3JOsygo2V2m6+3k4DJRCT2ozu00AkCI9QoJmgD2234JW8KdAq8eekUD4djxEAVNrud9CJSCKoNIRjrZu+F5tWipVhhNNRLkg0jTEZ4B5tWiqxoLqVTp8YoaJVOqgbKVvSoKn6fyLFQuuhCG2nwKavl72J+OcVF1aZ7mUrZTJODJVktqmbcGQiNIkEdZiixPChJZgoZo9FpI8VJsYGl7Mp+Ms/r5Laecn3Sv6tjeMKZshCHk7gDHy4gDLcQAWqQOAJXuAN3p1n59X5cD5nrRlnPnMMC3C+fgG3tpoX</latexit><latexit sha1_base64="4kU/3S15OoPsUtBOsP4Z8cimfzE=">AAACBXicZVDLSsNAFJ3UV62vqMtuBmvBVUnc6LLoxmUF+4Amhsl00g6dmcSZiVBCFq78BxfduhIUxK0f4cq/cfpAbD1w4XDOvdx7T5gwqrTjfFuFldW19Y3iZmlre2d3z94/aKk4lZg0ccxi2QmRIowK0tRUM9JJJEE8ZKQdDi8nfvueSEVjcaNHCfE56gsaUYy0kQK73A4yT3JIhdL5bebxFKIceopychfYFafmTAH/E3dOKvXj8bhcfCo0AvvL68U45URozJBSXddJtJ8hqSlmJC95qSIJwkPUJ11DBeJE+dn0iRxWjdKDUSxNCQ2n6t+JDHGlRjw0nRzpgVr2JuKvV11YpaNzP6MiSTUReLYpShnUMZxEAntUEqzZyBCEJTXHQjxAEmFtgiuZFNzln/+T1mnNdWrutYnjAsxQBGVwBE6AC85AHVyBBmgCDB7AM3gFb9aj9WK9Wx+z1oI1nzkEC7A+fwCMypq2</latexit><latexit sha1_base64="4kU/3S15OoPsUtBOsP4Z8cimfzE=">AAACBXicZVDLSsNAFJ3UV62vqMtuBmvBVUnc6LLoxmUF+4Amhsl00g6dmcSZiVBCFq78BxfduhIUxK0f4cq/cfpAbD1w4XDOvdx7T5gwqrTjfFuFldW19Y3iZmlre2d3z94/aKk4lZg0ccxi2QmRIowK0tRUM9JJJEE8ZKQdDi8nfvueSEVjcaNHCfE56gsaUYy0kQK73A4yT3JIhdL5bebxFKIceopychfYFafmTAH/E3dOKvXj8bhcfCo0AvvL68U45URozJBSXddJtJ8hqSlmJC95qSIJwkPUJ11DBeJE+dn0iRxWjdKDUSxNCQ2n6t+JDHGlRjw0nRzpgVr2JuKvV11YpaNzP6MiSTUReLYpShnUMZxEAntUEqzZyBCEJTXHQjxAEmFtgiuZFNzln/+T1mnNdWrutYnjAsxQBGVwBE6AC85AHVyBBmgCDB7AM3gFb9aj9WK9Wx+z1oI1nzkEC7A+fwCMypq2</latexit><latexit sha1_base64="4kU/3S15OoPsUtBOsP4Z8cimfzE=">AAACBXicZVDLSsNAFJ3UV62vqMtuBmvBVUnc6LLoxmUF+4Amhsl00g6dmcSZiVBCFq78BxfduhIUxK0f4cq/cfpAbD1w4XDOvdx7T5gwqrTjfFuFldW19Y3iZmlre2d3z94/aKk4lZg0ccxi2QmRIowK0tRUM9JJJEE8ZKQdDi8nfvueSEVjcaNHCfE56gsaUYy0kQK73A4yT3JIhdL5bebxFKIceopychfYFafmTAH/E3dOKvXj8bhcfCo0AvvL68U45URozJBSXddJtJ8hqSlmJC95qSIJwkPUJ11DBeJE+dn0iRxWjdKDUSxNCQ2n6t+JDHGlRjw0nRzpgVr2JuKvV11YpaNzP6MiSTUReLYpShnUMZxEAntUEqzZyBCEJTXHQjxAEmFtgiuZFNzln/+T1mnNdWrutYnjAsxQBGVwBE6AC85AHVyBBmgCDB7AM3gFb9aj9WK9Wx+z1oI1nzkEC7A+fwCMypq2</latexit><latexit sha1_base64="oHc8/sQ+S8IN4mkmmmLIuTnw14M=">AAACBXicZVC7SgNBFJ2NrxhfUcs0gzFgFXYt1DJoYxnBPCAbl9nJbDI4M7vOzAph2cLKf7BIayUoiK0fYeXfONkkYuKBC4dz7uXee/yIUaVt+9vKLS2vrK7l1wsbm1vbO8XdvaYKY4lJA4cslG0fKcKoIA1NNSPtSBLEfUZa/u3F2G/dE6loKK71MCJdjvqCBhQjbSSvWGp5iSs5pELp9CZxeQxRCl1FObnzimW7ameA/4kzJeXa4WhUyj/l6l7xy+2FOOZEaMyQUh3HjnQ3QVJTzEhacGNFIoRvUZ90DBWIE9VNsidSWDFKDwahNCU0zNS/EwniSg25bzo50gO16I3FX68yt0oHZ92EiijWRODJpiBmUIdwHAnsUUmwZkNDEJbUHAvxAEmEtQmukKVwMnt+kcxSaB5XHbvqXJk4zsEEeVACB+AIOOAU1MAlqIMGwOABPINX8GY9Wi/Wu/Uxac1Z05l9MAfr8weTVJrF</latexit><latexit sha1_base64="Zte0JRDJ6xF0UXnxMTNqWO6XH3s=">AAACBXicZVDLSsNAFJ34rPUVddnNYCm4KokLdVl047KCfUBTw2Q6aYfOTOLMRCghC1d+iitBQdz6Ea78G6dpKrYeuHA4517uvSeIGVXacb6tldW19Y3N0lZ5e2d3b98+OGyrKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvpn7ngUhFI3GrJzHpczQUNKQYaSP5dqXjp57kkAqls7vU4wlEGfQU5eTet6tO3ckB/xO3IFVQoOnbX94gwgknQmOGlOq5Tqz7KZKaYkayspcoEiM8RkPSM1QgTlQ/zZ/IYM0oAxhG0pTQMFf/TqSIKzXhgenkSI/UsjcVf73awiodXvRTKuJEE4Fnm8KEQR3BaSRwQCXBmk0MQVhScyzEIyQR1ia4cp7C2fz5ZTJPoX1ad526e+NUG5dFHiVQAcfgBLjgHDTANWiCFsDgETyDV/BmPVkv1rv1MWtdsYqZI7AA6/MHXxyYZg==</latexit>

orientation
<latexit sha1_base64="SrDxy2lbGUmHBWUBnyeNBJ6N98M=">AAAB+XicdZDLSgMxFIYzXmu9tOrSTbAUXA2JaG13RTcuK9gLtEPJpJk2NJkZkoxQhj6JK0FB3PoornwbM+0oVvBA4Oc71/x+LLg2CH06a+sbm1vbhZ3i7t7+Qal8eNTRUaIoa9NIRKrnE80ED1nbcCNYL1aMSF+wrj+9yfLdB6Y0j8J7M4uZJ8k45AGnxFg0LJcGSsJIcRaanFSQe4lwo1aDyEUIX9SxFY1G3UKILcmiAvJoDcsfg1FEE2kHUEG07mMUGy8lynAq2Lw4SDSLCZ2SMetbGRLJtJcuDp/DqiUjGETKvtDABf3dkRKp9Uz6tlISM9F/cxn8yVVXVpmg7qU8jBPDQrrcFCQCmghmNsARV4waMbOCUMXtsZBOiCLUWLOK1oXvr8L/RefcxcjFd6jSvM79KIATcArOAAZXoAluQQu0AQUJeATP4MVJnSfn1Xlblq45ec8xWAnn/QvmC5O4</latexit><latexit sha1_base64="SrDxy2lbGUmHBWUBnyeNBJ6N98M=">AAAB+XicdZDLSgMxFIYzXmu9tOrSTbAUXA2JaG13RTcuK9gLtEPJpJk2NJkZkoxQhj6JK0FB3PoornwbM+0oVvBA4Oc71/x+LLg2CH06a+sbm1vbhZ3i7t7+Qal8eNTRUaIoa9NIRKrnE80ED1nbcCNYL1aMSF+wrj+9yfLdB6Y0j8J7M4uZJ8k45AGnxFg0LJcGSsJIcRaanFSQe4lwo1aDyEUIX9SxFY1G3UKILcmiAvJoDcsfg1FEE2kHUEG07mMUGy8lynAq2Lw4SDSLCZ2SMetbGRLJtJcuDp/DqiUjGETKvtDABf3dkRKp9Uz6tlISM9F/cxn8yVVXVpmg7qU8jBPDQrrcFCQCmghmNsARV4waMbOCUMXtsZBOiCLUWLOK1oXvr8L/RefcxcjFd6jSvM79KIATcArOAAZXoAluQQu0AQUJeATP4MVJnSfn1Xlblq45ec8xWAnn/QvmC5O4</latexit><latexit sha1_base64="SrDxy2lbGUmHBWUBnyeNBJ6N98M=">AAAB+XicdZDLSgMxFIYzXmu9tOrSTbAUXA2JaG13RTcuK9gLtEPJpJk2NJkZkoxQhj6JK0FB3PoornwbM+0oVvBA4Oc71/x+LLg2CH06a+sbm1vbhZ3i7t7+Qal8eNTRUaIoa9NIRKrnE80ED1nbcCNYL1aMSF+wrj+9yfLdB6Y0j8J7M4uZJ8k45AGnxFg0LJcGSsJIcRaanFSQe4lwo1aDyEUIX9SxFY1G3UKILcmiAvJoDcsfg1FEE2kHUEG07mMUGy8lynAq2Lw4SDSLCZ2SMetbGRLJtJcuDp/DqiUjGETKvtDABf3dkRKp9Uz6tlISM9F/cxn8yVVXVpmg7qU8jBPDQrrcFCQCmghmNsARV4waMbOCUMXtsZBOiCLUWLOK1oXvr8L/RefcxcjFd6jSvM79KIATcArOAAZXoAluQQu0AQUJeATP4MVJnSfn1Xlblq45ec8xWAnn/QvmC5O4</latexit><latexit sha1_base64="SrDxy2lbGUmHBWUBnyeNBJ6N98M=">AAAB+XicdZDLSgMxFIYzXmu9tOrSTbAUXA2JaG13RTcuK9gLtEPJpJk2NJkZkoxQhj6JK0FB3PoornwbM+0oVvBA4Oc71/x+LLg2CH06a+sbm1vbhZ3i7t7+Qal8eNTRUaIoa9NIRKrnE80ED1nbcCNYL1aMSF+wrj+9yfLdB6Y0j8J7M4uZJ8k45AGnxFg0LJcGSsJIcRaanFSQe4lwo1aDyEUIX9SxFY1G3UKILcmiAvJoDcsfg1FEE2kHUEG07mMUGy8lynAq2Lw4SDSLCZ2SMetbGRLJtJcuDp/DqiUjGETKvtDABf3dkRKp9Uz6tlISM9F/cxn8yVVXVpmg7qU8jBPDQrrcFCQCmghmNsARV4waMbOCUMXtsZBOiCLUWLOK1oXvr8L/RefcxcjFd6jSvM79KIATcArOAAZXoAluQQu0AQUJeATP4MVJnSfn1Xlblq45ec8xWAnn/QvmC5O4</latexit><latexit sha1_base64="05o0hNAnvxve7NqIWD14tHchKBI=">AAAB+XicZZDLSgMxFIYzXmu9tOrSTbAUXA0Z0druim5cVrAXaIeSSdM2NJMMSUYoQ5/ElaAgbn0UV76NmekoVg8Efr5zzR9EnGmD0Keztr6xubVd2Cnu7u0flMqHRx0tY0Vom0guVS/AmnImaNsww2kvUhSHAafdYHaT5rsPVGkmxb2ZR9QP8USwMSPYWDQslwYqhFIxKkxOKsi9RF6jVoPIRci7qHtWNBp1C6FnSRoVkEdrWP4YjCSJQzuAcKx130OR8ROsDCOcLoqDWNMIkxme0L6VAodU+0l2+AJWLRnBsVT2CQMz+rsjwaHW8zCwlSE2U/03l8KfXHVllRnX/YSJKDZUkOWmccyhkTC1AY6YosTwuRWYKGaPhWSKFSbGmlXMXKhlX4X/xbcLnXPXQ653hyrN69yPAjgBp+AMeOAKNMEtaIE2ICAGj+AZvDiJ8+S8Om/L0jUn7zkGK+G8fwHslZPH</latexit><latexit sha1_base64="05o0hNAnvxve7NqIWD14tHchKBI=">AAAB+XicZZDLSgMxFIYzXmu9tOrSTbAUXA0Z0druim5cVrAXaIeSSdM2NJMMSUYoQ5/ElaAgbn0UV76NmekoVg8Efr5zzR9EnGmD0Keztr6xubVd2Cnu7u0flMqHRx0tY0Vom0guVS/AmnImaNsww2kvUhSHAafdYHaT5rsPVGkmxb2ZR9QP8USwMSPYWDQslwYqhFIxKkxOKsi9RF6jVoPIRci7qHtWNBp1C6FnSRoVkEdrWP4YjCSJQzuAcKx130OR8ROsDCOcLoqDWNMIkxme0L6VAodU+0l2+AJWLRnBsVT2CQMz+rsjwaHW8zCwlSE2U/03l8KfXHVllRnX/YSJKDZUkOWmccyhkTC1AY6YosTwuRWYKGaPhWSKFSbGmlXMXKhlX4X/xbcLnXPXQ653hyrN69yPAjgBp+AMeOAKNMEtaIE2ICAGj+AZvDiJ8+S8Om/L0jUn7zkGK+G8fwHslZPH</latexit>

position
<latexit sha1_base64="hnTkwiBNQ51+kJp5+OAGvZ8+heU=">AAAB9HicdVDLSsNAFL2pr1pfVZe6GCwFVyGJpa27ohuXFWwrNKFMppN26OTBzKRQQn/DlaAgbv0ZV/6Nk1bFCh4YOPece7lzj59wJpVlfRiFtfWNza3idmlnd2//oHx41JVxKgjtkJjH4t7HknIW0Y5iitP7RFAc+pz2/Ml17vemVEgWR3dqllAvxKOIBYxgpSXXFSFKYsnyYlCuWOZls+7U6sgyLathO3ZOnEbtooZsreSotE5hgfag/O4OY5KGNFKEYyn7tpUoL8NCMcLpvOSmkiaYTPCI9jWNcEilly3+PEdVrQxREAv9IoUW6u+JDIdSzkJfd4ZYjeVfLxd/vOrKKhU0vYxFSapoRJabgpQjFaM8ATRkghLFZ5pgIvTpBJExFpgonVNJp/B9KvqfdB3Ttkz7VsdxtYwDinACZ3AONjSgBTfQhg4QSOABnuDZmBqPxovxumwtGF8zx7AC4+0TiyeShw==</latexit><latexit sha1_base64="hnTkwiBNQ51+kJp5+OAGvZ8+heU=">AAAB9HicdVDLSsNAFL2pr1pfVZe6GCwFVyGJpa27ohuXFWwrNKFMppN26OTBzKRQQn/DlaAgbv0ZV/6Nk1bFCh4YOPece7lzj59wJpVlfRiFtfWNza3idmlnd2//oHx41JVxKgjtkJjH4t7HknIW0Y5iitP7RFAc+pz2/Ml17vemVEgWR3dqllAvxKOIBYxgpSXXFSFKYsnyYlCuWOZls+7U6sgyLathO3ZOnEbtooZsreSotE5hgfag/O4OY5KGNFKEYyn7tpUoL8NCMcLpvOSmkiaYTPCI9jWNcEilly3+PEdVrQxREAv9IoUW6u+JDIdSzkJfd4ZYjeVfLxd/vOrKKhU0vYxFSapoRJabgpQjFaM8ATRkghLFZ5pgIvTpBJExFpgonVNJp/B9KvqfdB3Ttkz7VsdxtYwDinACZ3AONjSgBTfQhg4QSOABnuDZmBqPxovxumwtGF8zx7AC4+0TiyeShw==</latexit><latexit sha1_base64="hnTkwiBNQ51+kJp5+OAGvZ8+heU=">AAAB9HicdVDLSsNAFL2pr1pfVZe6GCwFVyGJpa27ohuXFWwrNKFMppN26OTBzKRQQn/DlaAgbv0ZV/6Nk1bFCh4YOPece7lzj59wJpVlfRiFtfWNza3idmlnd2//oHx41JVxKgjtkJjH4t7HknIW0Y5iitP7RFAc+pz2/Ml17vemVEgWR3dqllAvxKOIBYxgpSXXFSFKYsnyYlCuWOZls+7U6sgyLathO3ZOnEbtooZsreSotE5hgfag/O4OY5KGNFKEYyn7tpUoL8NCMcLpvOSmkiaYTPCI9jWNcEilly3+PEdVrQxREAv9IoUW6u+JDIdSzkJfd4ZYjeVfLxd/vOrKKhU0vYxFSapoRJabgpQjFaM8ATRkghLFZ5pgIvTpBJExFpgonVNJp/B9KvqfdB3Ttkz7VsdxtYwDinACZ3AONjSgBTfQhg4QSOABnuDZmBqPxovxumwtGF8zx7AC4+0TiyeShw==</latexit><latexit sha1_base64="hnTkwiBNQ51+kJp5+OAGvZ8+heU=">AAAB9HicdVDLSsNAFL2pr1pfVZe6GCwFVyGJpa27ohuXFWwrNKFMppN26OTBzKRQQn/DlaAgbv0ZV/6Nk1bFCh4YOPece7lzj59wJpVlfRiFtfWNza3idmlnd2//oHx41JVxKgjtkJjH4t7HknIW0Y5iitP7RFAc+pz2/Ml17vemVEgWR3dqllAvxKOIBYxgpSXXFSFKYsnyYlCuWOZls+7U6sgyLathO3ZOnEbtooZsreSotE5hgfag/O4OY5KGNFKEYyn7tpUoL8NCMcLpvOSmkiaYTPCI9jWNcEilly3+PEdVrQxREAv9IoUW6u+JDIdSzkJfd4ZYjeVfLxd/vOrKKhU0vYxFSapoRJabgpQjFaM8ATRkghLFZ5pgIvTpBJExFpgonVNJp/B9KvqfdB3Ttkz7VsdxtYwDinACZ3AONjSgBTfQhg4QSOABnuDZmBqPxovxumwtGF8zx7AC4+0TiyeShw==</latexit><latexit sha1_base64="/xlMLi2TTThT6k0Y1otc7xdYYzU=">AAAB9HicZVDLSsNAFL2pr1pfVZe6GCwFVyGppa27ohuXFWwrNKFMppN26OTBzKRQQn/DlaAgbv0ZV/6Nk1TF6oGBc8+5lzv3eDFnUlnWh1FYW9/Y3Cpul3Z29/YPyodHPRklgtAuiXgk7j0sKWch7SqmOL2PBcWBx2nfm15nfn9GhWRReKfmMXUDPA6ZzwhWWnIcEaA4kiwrhuWKZV62GrV6A1mmZTXtmp2RWrN+UUe2VjJU2qeQozMsvzujiCQBDRXhWMqBbcXKTbFQjHC6KDmJpDEmUzymA01DHFDppvmfF6iqlRHyI6FfqFCu/p5IcSDlPPB0Z4DVRP71MvHHq66sUn7LTVkYJ4qGZLnJTzhSEcoSQCMmKFF8rgkmQp9OEJlggYnSOZXyFBr5qeg/+U6hVzNty7RvdRxXyzigCCdwBudgQxPacAMd6AKBGB7gCZ6NmfFovBivy9aC8TVzDCsw3j4BkbGSlg==</latexit><latexit sha1_base64="DMoj6xyhg8B6HUR3jiBEvHaeYpA=">AAAB9HicZVDLSgMxFM3UV62vqks3wVJwNWRqaeuu6MZlBVsLnaFk0kwbmpkMSaZQhv6GK0FB3PozrvwbM9MqVg8Ezj3nXm7u8WPOlEbo0ypsbG5t7xR3S3v7B4dH5eOTnhKJJLRLBBey72NFOYtoVzPNaT+WFIc+pw/+9CbzH2ZUKiaiez2PqRficcQCRrA2kuvKEMZCsawYlivIvmo1avUGRDZCTafmZKTWrF/WoWOUDBWwQmdY/nBHgiQhjTThWKmBg2LtpVhqRjhdlNxE0RiTKR7TgaERDqny0vzPC1g1yggGQpoXaZirvydSHCo1D33TGWI9UX+9TPzxqmurdNDyUhbFiaYRWW4KEg61gFkCcMQkJZrPDcFEmtMJJBMsMdEmp1KeQiM/Ff4n3yn0araDbOcOVdrXqzyK4AycgwvggCZog1vQAV1AQAwewTN4sWbWk/VqvS1bC9Zq5hSswXr/AhRhkjo=</latexit>

size
<latexit sha1_base64="Y0l3iivuh7NwJDUAQpcJzc8gEtE=">AAAB8HicdVDLSgMxFM3UV62vqks3wVJwVZIubLsrunFZwT6gHUomzbShSWZIMkId+hOuBAVx6++48m/MtFWs4IELh3Pu5d57glhwYxH69HIbm1vbO/ndwt7+weFR8fikY6JEU9amkYh0LyCGCa5Y23IrWC/WjMhAsG4wvc787j3Thkfqzs5i5ksyVjzklFgn9QZaQsMf2LBYQhWEEMYYZgTXLpEjjUa9iusQZ5ZDCazQGhY/BqOIJpIpSwUxpo9RbP2UaMupYPPCIDEsJnRKxqzvqCKSGT9d3DuHZaeMYBhpV8rChfp7IiXSmJkMXKckdmL+epn445XXVtmw7qdcxYllii43hYmANoLZ93DENaNWzBwhVHN3LKQTogm1LqOCS+H7Vfg/6VQrGFXwLSo1r1Z55MEZOAcXAIMaaIIb0AJtQIEAj+AZvHjae/Jevbdla85bzZyCNXjvX7gLkD0=</latexit><latexit sha1_base64="Y0l3iivuh7NwJDUAQpcJzc8gEtE=">AAAB8HicdVDLSgMxFM3UV62vqks3wVJwVZIubLsrunFZwT6gHUomzbShSWZIMkId+hOuBAVx6++48m/MtFWs4IELh3Pu5d57glhwYxH69HIbm1vbO/ndwt7+weFR8fikY6JEU9amkYh0LyCGCa5Y23IrWC/WjMhAsG4wvc787j3Thkfqzs5i5ksyVjzklFgn9QZaQsMf2LBYQhWEEMYYZgTXLpEjjUa9iusQZ5ZDCazQGhY/BqOIJpIpSwUxpo9RbP2UaMupYPPCIDEsJnRKxqzvqCKSGT9d3DuHZaeMYBhpV8rChfp7IiXSmJkMXKckdmL+epn445XXVtmw7qdcxYllii43hYmANoLZ93DENaNWzBwhVHN3LKQTogm1LqOCS+H7Vfg/6VQrGFXwLSo1r1Z55MEZOAcXAIMaaIIb0AJtQIEAj+AZvHjae/Jevbdla85bzZyCNXjvX7gLkD0=</latexit><latexit sha1_base64="Y0l3iivuh7NwJDUAQpcJzc8gEtE=">AAAB8HicdVDLSgMxFM3UV62vqks3wVJwVZIubLsrunFZwT6gHUomzbShSWZIMkId+hOuBAVx6++48m/MtFWs4IELh3Pu5d57glhwYxH69HIbm1vbO/ndwt7+weFR8fikY6JEU9amkYh0LyCGCa5Y23IrWC/WjMhAsG4wvc787j3Thkfqzs5i5ksyVjzklFgn9QZaQsMf2LBYQhWEEMYYZgTXLpEjjUa9iusQZ5ZDCazQGhY/BqOIJpIpSwUxpo9RbP2UaMupYPPCIDEsJnRKxqzvqCKSGT9d3DuHZaeMYBhpV8rChfp7IiXSmJkMXKckdmL+epn445XXVtmw7qdcxYllii43hYmANoLZ93DENaNWzBwhVHN3LKQTogm1LqOCS+H7Vfg/6VQrGFXwLSo1r1Z55MEZOAcXAIMaaIIb0AJtQIEAj+AZvHjae/Jevbdla85bzZyCNXjvX7gLkD0=</latexit><latexit sha1_base64="Y0l3iivuh7NwJDUAQpcJzc8gEtE=">AAAB8HicdVDLSgMxFM3UV62vqks3wVJwVZIubLsrunFZwT6gHUomzbShSWZIMkId+hOuBAVx6++48m/MtFWs4IELh3Pu5d57glhwYxH69HIbm1vbO/ndwt7+weFR8fikY6JEU9amkYh0LyCGCa5Y23IrWC/WjMhAsG4wvc787j3Thkfqzs5i5ksyVjzklFgn9QZaQsMf2LBYQhWEEMYYZgTXLpEjjUa9iusQZ5ZDCazQGhY/BqOIJpIpSwUxpo9RbP2UaMupYPPCIDEsJnRKxqzvqCKSGT9d3DuHZaeMYBhpV8rChfp7IiXSmJkMXKckdmL+epn445XXVtmw7qdcxYllii43hYmANoLZ93DENaNWzBwhVHN3LKQTogm1LqOCS+H7Vfg/6VQrGFXwLSo1r1Z55MEZOAcXAIMaaIIb0AJtQIEAj+AZvHjae/Jevbdla85bzZyCNXjvX7gLkD0=</latexit><latexit sha1_base64="yuJ2fhflGviD2R4CqxV+yb/Ctrw=">AAAB8HicZVDLSgMxFM34rPVVdekmWAquStJFH7uiG5cV7APaoWTSTBuaZIYkI9ShP+FKUBC3/o4r/8ZMW8XqgQuHc+7l3nuCWHBjEfr0Nja3tnd2c3v5/YPDo+PCyWnHRImmrE0jEeleQAwTXLG25VawXqwZkYFg3WB6nfnde6YNj9SdncXMl2SseMgpsU7qDbSEhj+wYaGIygghjDHMCK5VkSONRr2C6xBnlkMRrNAaFj4Go4gmkilLBTGmj1Fs/ZRoy6lg8/wgMSwmdErGrO+oIpIZP13cO4clp4xgGGlXysKF+nsiJdKYmQxcpyR2Yv56mfjjldZW2bDup1zFiWWKLjeFiYA2gtn3cMQ1o1bMHCFUc3cspBOiCbUuo/wiheriVfiffKfQqZQxKuNbVGxerfLIgXNwAS4BBjXQBDegBdqAAgEewTN48bT35L16b8vWDW81cwbW4L1/Ab6VkEw=</latexit><latexit sha1_base64="yuJ2fhflGviD2R4CqxV+yb/Ctrw=">AAAB8HicZVDLSgMxFM34rPVVdekmWAquStJFH7uiG5cV7APaoWTSTBuaZIYkI9ShP+FKUBC3/o4r/8ZMW8XqgQuHc+7l3nuCWHBjEfr0Nja3tnd2c3v5/YPDo+PCyWnHRImmrE0jEeleQAwTXLG25VawXqwZkYFg3WB6nfnde6YNj9SdncXMl2SseMgpsU7qDbSEhj+wYaGIygghjDHMCK5VkSONRr2C6xBnlkMRrNAaFj4Go4gmkilLBTGmj1Fs/ZRoy6lg8/wgMSwmdErGrO+oIpIZP13cO4clp4xgGGlXysKF+nsiJdKYmQxcpyR2Yv56mfjjldZW2bDup1zFiWWKLjeFiYA2gtn3cMQ1o1bMHCFUc3cspBOiCbUuo/wiheriVfiffKfQqZQxKuNbVGxerfLIgXNwAS4BBjXQBDegBdqAAgEewTN48bT35L16b8vWDW81cwbW4L1/Ab6VkEw=</latexit>

• Evaluate it at the instanton configuration:

σ(nW , nh) ∼
∫

|M|2 · dΦPS
<latexit sha1_base64="2moJsx4DHtWo4L7slCDzEHrMfQ0="></latexit><latexit sha1_base64="AMcYqyzNr8lTiYlzcvTIu/wnNGs="></latexit><latexit sha1_base64="AMcYqyzNr8lTiYlzcvTIu/wnNGs="></latexit><latexit sha1_base64="AMcYqyzNr8lTiYlzcvTIu/wnNGs="></latexit><latexit sha1_base64="LTFC01ovc8pdgo/I8gAzXCZVSHY="></latexit><latexit sha1_base64="5R1tZq+Lur2S4sxdP8wiSN6p1vU="></latexit>

• Integration over orientation, position, size and phase-space:

[Ringwald ’90, Espinosa ’90]



• The LO Matrix Element in the instanton background
∫

DqDWDφ q(x1) · · · q(x12)W (y1) · · ·W (ynW )φ(z1) · · ·φ(znh) exp(−SE)
<latexit sha1_base64="im/AbGSyMn3aCSgxzOlToV7sOfo="></latexit><latexit sha1_base64="XOA//vyPji1bAnO5MCs5E68MStk="></latexit><latexit sha1_base64="XOA//vyPji1bAnO5MCs5E68MStk="></latexit><latexit sha1_base64="XOA//vyPji1bAnO5MCs5E68MStk="></latexit><latexit sha1_base64="XUHzBIdAOtdM3UjoMRdDkF13AXo="></latexit><latexit sha1_base64="YVS97ViuOdinheVQWjoW8eRcTag="></latexit>

iM ∼
<latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="D6L+ZaICho9hAxwOlcPt6Dumdys=">AAAB+3icZVDLSsNAFJ3UV62vVJduBkvBhZTEhbosunEjVLAPaEKZTCft0JlJmJkoJeRTXAkK4tYvceXfOE1TsfXAhcM593LvPUHMqNKO822V1tY3NrfK25Wd3b39A7t62FFRIjFp44hFshcgRRgVpK2pZqQXS4J4wEg3mNzM/O4jkYpG4kFPY+JzNBI0pBhpIw3sKoWphxGDdxn0zjxF+cCuOQ0nB/xP3ILUQIHWwP7yhhFOOBEaM6RU33Vi7adIaooZySpeokiM8ASNSN9QgThRfpqfnsG6UYYwjKQpoWGu/p1IEVdqygPTyZEeq1VvJv569aVVOrzyUyriRBOB55vChEEdwVkQcEglwZpNDUFYUnMsxGMkEdYmrkqewsXi+VWySKFz3nCdhnvv1JrXRR5lcAxOwClwwSVoglvQAm2AwRN4Bq/gzcqsF+vd+pi3lqxi5ggswfr8AXCWk1I=</latexit><latexit sha1_base64="D6L+ZaICho9hAxwOlcPt6Dumdys=">AAAB+3icZVDLSsNAFJ3UV62vVJduBkvBhZTEhbosunEjVLAPaEKZTCft0JlJmJkoJeRTXAkK4tYvceXfOE1TsfXAhcM593LvPUHMqNKO822V1tY3NrfK25Wd3b39A7t62FFRIjFp44hFshcgRRgVpK2pZqQXS4J4wEg3mNzM/O4jkYpG4kFPY+JzNBI0pBhpIw3sKoWphxGDdxn0zjxF+cCuOQ0nB/xP3ILUQIHWwP7yhhFOOBEaM6RU33Vi7adIaooZySpeokiM8ASNSN9QgThRfpqfnsG6UYYwjKQpoWGu/p1IEVdqygPTyZEeq1VvJv569aVVOrzyUyriRBOB55vChEEdwVkQcEglwZpNDUFYUnMsxGMkEdYmrkqewsXi+VWySKFz3nCdhnvv1JrXRR5lcAxOwClwwSVoglvQAm2AwRN4Bq/gzcqsF+vd+pi3lqxi5ggswfr8AXCWk1I=</latexit>

LSZ
<latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="F+ngYZ/X9rvBvbF+ALqe09uvdBw=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0WvXjwUNF+YLuUbJptQ5PsmmSFUvojPAkK4tXf48l/Y7rdiq0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK+mfvOJKs0ieW9GMfUF7ksWMoKNlZodJdDN3UO3WHIrbgr0n3gZKUGGWrf41elFJBFUGsKx1m3PjY0/xsowwumk0Ek0jTEZ4j5tWyqxoNofp+dOUNkqPRRGypY0KFX/Toyx0HokAtspsBnoZW8q/nrlhVUmvPDHTMaJoZLMNoUJRyZC0+dRjylKDB9Zgoli9lhEBlhhYmxEhTSFs/nzy2SeQuO04rkV79YtVS+zPPJwBMdwAh6cQxWuoQZ1IDCEZ3iFN+fReXHenY9Za87JZg5hAc7nDyKKj0o=</latexit><latexit sha1_base64="F+ngYZ/X9rvBvbF+ALqe09uvdBw=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0WvXjwUNF+YLuUbJptQ5PsmmSFUvojPAkK4tXf48l/Y7rdiq0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK+mfvOJKs0ieW9GMfUF7ksWMoKNlZodJdDN3UO3WHIrbgr0n3gZKUGGWrf41elFJBFUGsKx1m3PjY0/xsowwumk0Ek0jTEZ4j5tWyqxoNofp+dOUNkqPRRGypY0KFX/Toyx0HokAtspsBnoZW8q/nrlhVUmvPDHTMaJoZLMNoUJRyZC0+dRjylKDB9Zgoli9lhEBlhhYmxEhTSFs/nzy2SeQuO04rkV79YtVS+zPPJwBMdwAh6cQxWuoQZ1IDCEZ3iFN+fReXHenY9Za87JZg5hAc7nDyKKj0o=</latexit>

v
[ (x− x0)2

(x− x0)2 + ρ2

]1/2

<latexit sha1_base64="KCk2NHvwImfji6/Z4L5MA+UrE1M="></latexit><latexit sha1_base64="Fg1cuhagbLYHdycQcdkf/jLVsAA="></latexit><latexit sha1_base64="Fg1cuhagbLYHdycQcdkf/jLVsAA="></latexit><latexit sha1_base64="Fg1cuhagbLYHdycQcdkf/jLVsAA="></latexit><latexit sha1_base64="Slf6UoZdaKd+Ny2+EHoPWqPCKsc="></latexit><latexit sha1_base64="Ctcc6+Pbuuq0MuTv/Qvnmzw3lms="></latexit>

φinst(x)
<latexit sha1_base64="1P6e60VEn8uIvo9EFn+c0pm0qkI="></latexit><latexit sha1_base64="c8Nhw8uvTHA0O3D00uhPbekE+kE="></latexit><latexit sha1_base64="c8Nhw8uvTHA0O3D00uhPbekE+kE="></latexit><latexit sha1_base64="c8Nhw8uvTHA0O3D00uhPbekE+kE="></latexit><latexit sha1_base64="jKdCO7hC1JhUq+NM9smk7ccJYgw="></latexit><latexit sha1_base64="6e+WZ7AfNaWW7USS+aOqDWmrsnY="></latexit>

!<latexit sha1_base64="77+R8vNUu8fdtTQVZsnP/kvk/aU="></latexit><latexit sha1_base64="77+R8vNUu8fdtTQVZsnP/kvk/aU="></latexit><latexit sha1_base64="77+R8vNUu8fdtTQVZsnP/kvk/aU="></latexit><latexit sha1_base64="77+R8vNUu8fdtTQVZsnP/kvk/aU="></latexit><latexit sha1_base64="myBbUHdkmMxFfQTCg0BUyo6yAAk="></latexit><latexit sha1_base64="myBbUHdkmMxFfQTCg0BUyo6yAAk="></latexit>

2ρ2

g
Uab

η̄bµν(x− x0)ν
(x− x0)2[(x− x0)2 + ρ2]

<latexit sha1_base64="fz7ZKXqmwthabBArg3HWYqmwamQ="></latexit><latexit sha1_base64="vhw//dmVCugGrNVUyffdFyKE+8Y="></latexit><latexit sha1_base64="vhw//dmVCugGrNVUyffdFyKE+8Y="></latexit><latexit sha1_base64="vhw//dmVCugGrNVUyffdFyKE+8Y="></latexit><latexit sha1_base64="xp/jTakQdZwNC3p/XUxbLuFZibg="></latexit><latexit sha1_base64="HHgphYVIJ8UC0r0NqGRrDXGYI+Q="></latexit>

Wµa
inst !

<latexit sha1_base64="kkwbPR18VJFdESxLamI7K3yeVFo=">AAACBXicZVC7SgNBFL0bXzG+Vi3TDMaAVdi10TJoYxnBPCAbw+xkkgyZmV1nZoWwpLDyL9JaCQpi60dY+TdOHohJDlw4nHMv994Txpxp43k/TmZtfWNzK7ud29nd2z9wD49qOkoUoVUS8Ug1QqwpZ5JWDTOcNmJFsQg5rYeD64lff6RKs0jemWFMWwL3JOsygo2V2m6+3k4DJRCT2ozu00AkCI9QoJmgD2234JW8KdAq8eekUD4djxEAVNrud9CJSCKoNIRjrZu+F5tWipVhhNNRLkg0jTEZ4B5tWiqxoLqVTp8YoaJVOqgbKVvSoKn6fyLFQuuhCG2nwKavl72J+OcVF1aZ7mUrZTJODJVktqmbcGQiNIkEdZiixPChJZgoZo9FpI8VJsYGl7Mp+Ms/r5Laecn3Sv6tjeMKZshCHk7gDHy4gDLcQAWqQOAJXuAN3p1n59X5cD5nrRlnPnMMC3C+fgG3tpoX</latexit><latexit sha1_base64="4kU/3S15OoPsUtBOsP4Z8cimfzE=">AAACBXicZVDLSsNAFJ3UV62vqMtuBmvBVUnc6LLoxmUF+4Amhsl00g6dmcSZiVBCFq78BxfduhIUxK0f4cq/cfpAbD1w4XDOvdx7T5gwqrTjfFuFldW19Y3iZmlre2d3z94/aKk4lZg0ccxi2QmRIowK0tRUM9JJJEE8ZKQdDi8nfvueSEVjcaNHCfE56gsaUYy0kQK73A4yT3JIhdL5bebxFKIceopychfYFafmTAH/E3dOKvXj8bhcfCo0AvvL68U45URozJBSXddJtJ8hqSlmJC95qSIJwkPUJ11DBeJE+dn0iRxWjdKDUSxNCQ2n6t+JDHGlRjw0nRzpgVr2JuKvV11YpaNzP6MiSTUReLYpShnUMZxEAntUEqzZyBCEJTXHQjxAEmFtgiuZFNzln/+T1mnNdWrutYnjAsxQBGVwBE6AC85AHVyBBmgCDB7AM3gFb9aj9WK9Wx+z1oI1nzkEC7A+fwCMypq2</latexit><latexit sha1_base64="4kU/3S15OoPsUtBOsP4Z8cimfzE=">AAACBXicZVDLSsNAFJ3UV62vqMtuBmvBVUnc6LLoxmUF+4Amhsl00g6dmcSZiVBCFq78BxfduhIUxK0f4cq/cfpAbD1w4XDOvdx7T5gwqrTjfFuFldW19Y3iZmlre2d3z94/aKk4lZg0ccxi2QmRIowK0tRUM9JJJEE8ZKQdDi8nfvueSEVjcaNHCfE56gsaUYy0kQK73A4yT3JIhdL5bebxFKIceopychfYFafmTAH/E3dOKvXj8bhcfCo0AvvL68U45URozJBSXddJtJ8hqSlmJC95qSIJwkPUJ11DBeJE+dn0iRxWjdKDUSxNCQ2n6t+JDHGlRjw0nRzpgVr2JuKvV11YpaNzP6MiSTUReLYpShnUMZxEAntUEqzZyBCEJTXHQjxAEmFtgiuZFNzln/+T1mnNdWrutYnjAsxQBGVwBE6AC85AHVyBBmgCDB7AM3gFb9aj9WK9Wx+z1oI1nzkEC7A+fwCMypq2</latexit><latexit sha1_base64="4kU/3S15OoPsUtBOsP4Z8cimfzE=">AAACBXicZVDLSsNAFJ3UV62vqMtuBmvBVUnc6LLoxmUF+4Amhsl00g6dmcSZiVBCFq78BxfduhIUxK0f4cq/cfpAbD1w4XDOvdx7T5gwqrTjfFuFldW19Y3iZmlre2d3z94/aKk4lZg0ccxi2QmRIowK0tRUM9JJJEE8ZKQdDi8nfvueSEVjcaNHCfE56gsaUYy0kQK73A4yT3JIhdL5bebxFKIceopychfYFafmTAH/E3dOKvXj8bhcfCo0AvvL68U45URozJBSXddJtJ8hqSlmJC95qSIJwkPUJ11DBeJE+dn0iRxWjdKDUSxNCQ2n6t+JDHGlRjw0nRzpgVr2JuKvV11YpaNzP6MiSTUReLYpShnUMZxEAntUEqzZyBCEJTXHQjxAEmFtgiuZFNzln/+T1mnNdWrutYnjAsxQBGVwBE6AC85AHVyBBmgCDB7AM3gFb9aj9WK9Wx+z1oI1nzkEC7A+fwCMypq2</latexit><latexit sha1_base64="oHc8/sQ+S8IN4mkmmmLIuTnw14M=">AAACBXicZVC7SgNBFJ2NrxhfUcs0gzFgFXYt1DJoYxnBPCAbl9nJbDI4M7vOzAph2cLKf7BIayUoiK0fYeXfONkkYuKBC4dz7uXee/yIUaVt+9vKLS2vrK7l1wsbm1vbO8XdvaYKY4lJA4cslG0fKcKoIA1NNSPtSBLEfUZa/u3F2G/dE6loKK71MCJdjvqCBhQjbSSvWGp5iSs5pELp9CZxeQxRCl1FObnzimW7ameA/4kzJeXa4WhUyj/l6l7xy+2FOOZEaMyQUh3HjnQ3QVJTzEhacGNFIoRvUZ90DBWIE9VNsidSWDFKDwahNCU0zNS/EwniSg25bzo50gO16I3FX68yt0oHZ92EiijWRODJpiBmUIdwHAnsUUmwZkNDEJbUHAvxAEmEtQmukKVwMnt+kcxSaB5XHbvqXJk4zsEEeVACB+AIOOAU1MAlqIMGwOABPINX8GY9Wi/Wu/Uxac1Z05l9MAfr8weTVJrF</latexit><latexit sha1_base64="Zte0JRDJ6xF0UXnxMTNqWO6XH3s=">AAACBXicZVDLSsNAFJ34rPUVddnNYCm4KokLdVl047KCfUBTw2Q6aYfOTOLMRCghC1d+iitBQdz6Ea78G6dpKrYeuHA4517uvSeIGVXacb6tldW19Y3N0lZ5e2d3b98+OGyrKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvpn7ngUhFI3GrJzHpczQUNKQYaSP5dqXjp57kkAqls7vU4wlEGfQU5eTet6tO3ckB/xO3IFVQoOnbX94gwgknQmOGlOq5Tqz7KZKaYkayspcoEiM8RkPSM1QgTlQ/zZ/IYM0oAxhG0pTQMFf/TqSIKzXhgenkSI/UsjcVf73awiodXvRTKuJEE4Fnm8KEQR3BaSRwQCXBmk0MQVhScyzEIyQR1ia4cp7C2fz5ZTJPoX1ad526e+NUG5dFHiVQAcfgBLjgHDTANWiCFsDgETyDV/BmPVkv1rv1MWtdsYqZI7AA6/MHXxyYZg==</latexit>

orientation
<latexit sha1_base64="SrDxy2lbGUmHBWUBnyeNBJ6N98M=">AAAB+XicdZDLSgMxFIYzXmu9tOrSTbAUXA2JaG13RTcuK9gLtEPJpJk2NJkZkoxQhj6JK0FB3PoornwbM+0oVvBA4Oc71/x+LLg2CH06a+sbm1vbhZ3i7t7+Qal8eNTRUaIoa9NIRKrnE80ED1nbcCNYL1aMSF+wrj+9yfLdB6Y0j8J7M4uZJ8k45AGnxFg0LJcGSsJIcRaanFSQe4lwo1aDyEUIX9SxFY1G3UKILcmiAvJoDcsfg1FEE2kHUEG07mMUGy8lynAq2Lw4SDSLCZ2SMetbGRLJtJcuDp/DqiUjGETKvtDABf3dkRKp9Uz6tlISM9F/cxn8yVVXVpmg7qU8jBPDQrrcFCQCmghmNsARV4waMbOCUMXtsZBOiCLUWLOK1oXvr8L/RefcxcjFd6jSvM79KIATcArOAAZXoAluQQu0AQUJeATP4MVJnSfn1Xlblq45ec8xWAnn/QvmC5O4</latexit><latexit sha1_base64="SrDxy2lbGUmHBWUBnyeNBJ6N98M=">AAAB+XicdZDLSgMxFIYzXmu9tOrSTbAUXA2JaG13RTcuK9gLtEPJpJk2NJkZkoxQhj6JK0FB3PoornwbM+0oVvBA4Oc71/x+LLg2CH06a+sbm1vbhZ3i7t7+Qal8eNTRUaIoa9NIRKrnE80ED1nbcCNYL1aMSF+wrj+9yfLdB6Y0j8J7M4uZJ8k45AGnxFg0LJcGSsJIcRaanFSQe4lwo1aDyEUIX9SxFY1G3UKILcmiAvJoDcsfg1FEE2kHUEG07mMUGy8lynAq2Lw4SDSLCZ2SMetbGRLJtJcuDp/DqiUjGETKvtDABf3dkRKp9Uz6tlISM9F/cxn8yVVXVpmg7qU8jBPDQrrcFCQCmghmNsARV4waMbOCUMXtsZBOiCLUWLOK1oXvr8L/RefcxcjFd6jSvM79KIATcArOAAZXoAluQQu0AQUJeATP4MVJnSfn1Xlblq45ec8xWAnn/QvmC5O4</latexit><latexit sha1_base64="SrDxy2lbGUmHBWUBnyeNBJ6N98M=">AAAB+XicdZDLSgMxFIYzXmu9tOrSTbAUXA2JaG13RTcuK9gLtEPJpJk2NJkZkoxQhj6JK0FB3PoornwbM+0oVvBA4Oc71/x+LLg2CH06a+sbm1vbhZ3i7t7+Qal8eNTRUaIoa9NIRKrnE80ED1nbcCNYL1aMSF+wrj+9yfLdB6Y0j8J7M4uZJ8k45AGnxFg0LJcGSsJIcRaanFSQe4lwo1aDyEUIX9SxFY1G3UKILcmiAvJoDcsfg1FEE2kHUEG07mMUGy8lynAq2Lw4SDSLCZ2SMetbGRLJtJcuDp/DqiUjGETKvtDABf3dkRKp9Uz6tlISM9F/cxn8yVVXVpmg7qU8jBPDQrrcFCQCmghmNsARV4waMbOCUMXtsZBOiCLUWLOK1oXvr8L/RefcxcjFd6jSvM79KIATcArOAAZXoAluQQu0AQUJeATP4MVJnSfn1Xlblq45ec8xWAnn/QvmC5O4</latexit><latexit sha1_base64="SrDxy2lbGUmHBWUBnyeNBJ6N98M=">AAAB+XicdZDLSgMxFIYzXmu9tOrSTbAUXA2JaG13RTcuK9gLtEPJpJk2NJkZkoxQhj6JK0FB3PoornwbM+0oVvBA4Oc71/x+LLg2CH06a+sbm1vbhZ3i7t7+Qal8eNTRUaIoa9NIRKrnE80ED1nbcCNYL1aMSF+wrj+9yfLdB6Y0j8J7M4uZJ8k45AGnxFg0LJcGSsJIcRaanFSQe4lwo1aDyEUIX9SxFY1G3UKILcmiAvJoDcsfg1FEE2kHUEG07mMUGy8lynAq2Lw4SDSLCZ2SMetbGRLJtJcuDp/DqiUjGETKvtDABf3dkRKp9Uz6tlISM9F/cxn8yVVXVpmg7qU8jBPDQrrcFCQCmghmNsARV4waMbOCUMXtsZBOiCLUWLOK1oXvr8L/RefcxcjFd6jSvM79KIATcArOAAZXoAluQQu0AQUJeATP4MVJnSfn1Xlblq45ec8xWAnn/QvmC5O4</latexit><latexit sha1_base64="05o0hNAnvxve7NqIWD14tHchKBI=">AAAB+XicZZDLSgMxFIYzXmu9tOrSTbAUXA0Z0druim5cVrAXaIeSSdM2NJMMSUYoQ5/ElaAgbn0UV76NmekoVg8Efr5zzR9EnGmD0Keztr6xubVd2Cnu7u0flMqHRx0tY0Vom0guVS/AmnImaNsww2kvUhSHAafdYHaT5rsPVGkmxb2ZR9QP8USwMSPYWDQslwYqhFIxKkxOKsi9RF6jVoPIRci7qHtWNBp1C6FnSRoVkEdrWP4YjCSJQzuAcKx130OR8ROsDCOcLoqDWNMIkxme0L6VAodU+0l2+AJWLRnBsVT2CQMz+rsjwaHW8zCwlSE2U/03l8KfXHVllRnX/YSJKDZUkOWmccyhkTC1AY6YosTwuRWYKGaPhWSKFSbGmlXMXKhlX4X/xbcLnXPXQ653hyrN69yPAjgBp+AMeOAKNMEtaIE2ICAGj+AZvDiJ8+S8Om/L0jUn7zkGK+G8fwHslZPH</latexit><latexit sha1_base64="05o0hNAnvxve7NqIWD14tHchKBI=">AAAB+XicZZDLSgMxFIYzXmu9tOrSTbAUXA0Z0druim5cVrAXaIeSSdM2NJMMSUYoQ5/ElaAgbn0UV76NmekoVg8Efr5zzR9EnGmD0Keztr6xubVd2Cnu7u0flMqHRx0tY0Vom0guVS/AmnImaNsww2kvUhSHAafdYHaT5rsPVGkmxb2ZR9QP8USwMSPYWDQslwYqhFIxKkxOKsi9RF6jVoPIRci7qHtWNBp1C6FnSRoVkEdrWP4YjCSJQzuAcKx130OR8ROsDCOcLoqDWNMIkxme0L6VAodU+0l2+AJWLRnBsVT2CQMz+rsjwaHW8zCwlSE2U/03l8KfXHVllRnX/YSJKDZUkOWmccyhkTC1AY6YosTwuRWYKGaPhWSKFSbGmlXMXKhlX4X/xbcLnXPXQ653hyrN69yPAjgBp+AMeOAKNMEtaIE2ICAGj+AZvDiJ8+S8Om/L0jUn7zkGK+G8fwHslZPH</latexit>

position
<latexit sha1_base64="hnTkwiBNQ51+kJp5+OAGvZ8+heU=">AAAB9HicdVDLSsNAFL2pr1pfVZe6GCwFVyGJpa27ohuXFWwrNKFMppN26OTBzKRQQn/DlaAgbv0ZV/6Nk1bFCh4YOPece7lzj59wJpVlfRiFtfWNza3idmlnd2//oHx41JVxKgjtkJjH4t7HknIW0Y5iitP7RFAc+pz2/Ml17vemVEgWR3dqllAvxKOIBYxgpSXXFSFKYsnyYlCuWOZls+7U6sgyLathO3ZOnEbtooZsreSotE5hgfag/O4OY5KGNFKEYyn7tpUoL8NCMcLpvOSmkiaYTPCI9jWNcEilly3+PEdVrQxREAv9IoUW6u+JDIdSzkJfd4ZYjeVfLxd/vOrKKhU0vYxFSapoRJabgpQjFaM8ATRkghLFZ5pgIvTpBJExFpgonVNJp/B9KvqfdB3Ttkz7VsdxtYwDinACZ3AONjSgBTfQhg4QSOABnuDZmBqPxovxumwtGF8zx7AC4+0TiyeShw==</latexit><latexit sha1_base64="hnTkwiBNQ51+kJp5+OAGvZ8+heU=">AAAB9HicdVDLSsNAFL2pr1pfVZe6GCwFVyGJpa27ohuXFWwrNKFMppN26OTBzKRQQn/DlaAgbv0ZV/6Nk1bFCh4YOPece7lzj59wJpVlfRiFtfWNza3idmlnd2//oHx41JVxKgjtkJjH4t7HknIW0Y5iitP7RFAc+pz2/Ml17vemVEgWR3dqllAvxKOIBYxgpSXXFSFKYsnyYlCuWOZls+7U6sgyLathO3ZOnEbtooZsreSotE5hgfag/O4OY5KGNFKEYyn7tpUoL8NCMcLpvOSmkiaYTPCI9jWNcEilly3+PEdVrQxREAv9IoUW6u+JDIdSzkJfd4ZYjeVfLxd/vOrKKhU0vYxFSapoRJabgpQjFaM8ATRkghLFZ5pgIvTpBJExFpgonVNJp/B9KvqfdB3Ttkz7VsdxtYwDinACZ3AONjSgBTfQhg4QSOABnuDZmBqPxovxumwtGF8zx7AC4+0TiyeShw==</latexit><latexit sha1_base64="hnTkwiBNQ51+kJp5+OAGvZ8+heU=">AAAB9HicdVDLSsNAFL2pr1pfVZe6GCwFVyGJpa27ohuXFWwrNKFMppN26OTBzKRQQn/DlaAgbv0ZV/6Nk1bFCh4YOPece7lzj59wJpVlfRiFtfWNza3idmlnd2//oHx41JVxKgjtkJjH4t7HknIW0Y5iitP7RFAc+pz2/Ml17vemVEgWR3dqllAvxKOIBYxgpSXXFSFKYsnyYlCuWOZls+7U6sgyLathO3ZOnEbtooZsreSotE5hgfag/O4OY5KGNFKEYyn7tpUoL8NCMcLpvOSmkiaYTPCI9jWNcEilly3+PEdVrQxREAv9IoUW6u+JDIdSzkJfd4ZYjeVfLxd/vOrKKhU0vYxFSapoRJabgpQjFaM8ATRkghLFZ5pgIvTpBJExFpgonVNJp/B9KvqfdB3Ttkz7VsdxtYwDinACZ3AONjSgBTfQhg4QSOABnuDZmBqPxovxumwtGF8zx7AC4+0TiyeShw==</latexit><latexit sha1_base64="hnTkwiBNQ51+kJp5+OAGvZ8+heU=">AAAB9HicdVDLSsNAFL2pr1pfVZe6GCwFVyGJpa27ohuXFWwrNKFMppN26OTBzKRQQn/DlaAgbv0ZV/6Nk1bFCh4YOPece7lzj59wJpVlfRiFtfWNza3idmlnd2//oHx41JVxKgjtkJjH4t7HknIW0Y5iitP7RFAc+pz2/Ml17vemVEgWR3dqllAvxKOIBYxgpSXXFSFKYsnyYlCuWOZls+7U6sgyLathO3ZOnEbtooZsreSotE5hgfag/O4OY5KGNFKEYyn7tpUoL8NCMcLpvOSmkiaYTPCI9jWNcEilly3+PEdVrQxREAv9IoUW6u+JDIdSzkJfd4ZYjeVfLxd/vOrKKhU0vYxFSapoRJabgpQjFaM8ATRkghLFZ5pgIvTpBJExFpgonVNJp/B9KvqfdB3Ttkz7VsdxtYwDinACZ3AONjSgBTfQhg4QSOABnuDZmBqPxovxumwtGF8zx7AC4+0TiyeShw==</latexit><latexit sha1_base64="/xlMLi2TTThT6k0Y1otc7xdYYzU=">AAAB9HicZVDLSsNAFL2pr1pfVZe6GCwFVyGppa27ohuXFWwrNKFMppN26OTBzKRQQn/DlaAgbv0ZV/6Nk1TF6oGBc8+5lzv3eDFnUlnWh1FYW9/Y3Cpul3Z29/YPyodHPRklgtAuiXgk7j0sKWch7SqmOL2PBcWBx2nfm15nfn9GhWRReKfmMXUDPA6ZzwhWWnIcEaA4kiwrhuWKZV62GrV6A1mmZTXtmp2RWrN+UUe2VjJU2qeQozMsvzujiCQBDRXhWMqBbcXKTbFQjHC6KDmJpDEmUzymA01DHFDppvmfF6iqlRHyI6FfqFCu/p5IcSDlPPB0Z4DVRP71MvHHq66sUn7LTVkYJ4qGZLnJTzhSEcoSQCMmKFF8rgkmQp9OEJlggYnSOZXyFBr5qeg/+U6hVzNty7RvdRxXyzigCCdwBudgQxPacAMd6AKBGB7gCZ6NmfFovBivy9aC8TVzDCsw3j4BkbGSlg==</latexit><latexit sha1_base64="DMoj6xyhg8B6HUR3jiBEvHaeYpA=">AAAB9HicZVDLSgMxFM3UV62vqks3wVJwNWRqaeuu6MZlBVsLnaFk0kwbmpkMSaZQhv6GK0FB3PozrvwbM9MqVg8Ezj3nXm7u8WPOlEbo0ypsbG5t7xR3S3v7B4dH5eOTnhKJJLRLBBey72NFOYtoVzPNaT+WFIc+pw/+9CbzH2ZUKiaiez2PqRficcQCRrA2kuvKEMZCsawYlivIvmo1avUGRDZCTafmZKTWrF/WoWOUDBWwQmdY/nBHgiQhjTThWKmBg2LtpVhqRjhdlNxE0RiTKR7TgaERDqny0vzPC1g1yggGQpoXaZirvydSHCo1D33TGWI9UX+9TPzxqmurdNDyUhbFiaYRWW4KEg61gFkCcMQkJZrPDcFEmtMJJBMsMdEmp1KeQiM/Ff4n3yn0araDbOcOVdrXqzyK4AycgwvggCZog1vQAV1AQAwewTN4sWbWk/VqvS1bC9Zq5hSswXr/AhRhkjo=</latexit>
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The layout of this paper is as follows. In the remainder 
of this section we describe the theoretical basis of elec- 
troweak BLNV. Section 2 is a discussion of our approach 
to modelling BLNV processes at supercolliders, based on 
the (rather uncertain) theoretical expectations, and of 
practical issues that arise in the construction of an event 
generator. We formulate two contrasting BLNV models, 
one based on leading-order matrix elements (LOME) and 
one using a simpler phase-space approach with fixed 
boson multiplicity. We also discuss the possible back- 
grounds to BLNV, and how we model the dominant 
background, which is expected to consist of B and L con- 
serving multi-W(Z) events. 

Section 3 contains the results of our Monte Carlo 
studies. We present results for the simpler model at three 
energies, including that proposed for the LHC. The 
LOME model requires a higher energy and so in that case 
we show results only at 40 TeV. We present our con- 
clusions in Sect. 4. Brief details of the HERBVI package, 
used to obtain the majority of the results in Sect. 3, are 
contained in an appendix. 

1.1 Instanton-indueed B and L violation 

Owing to the chiral anomaly [13-15] and the V-A struc- 
ture of weak interactions, B and L are not strictly conser- 
ved in the Standard Model [16, 17]. In the presence of 
nontrivial SU(2) gauge fields W~, the fermionic quantum 
numbers change according to 

AL~ = AL,  = AL, =  89 = - ANcs, (1) 

where 

=_ 2i9 W. Wj Wk ) Ncs ~ d 3 x e q k t r ( F i j W k -  3 , (2) 

denotes the Chern-Simons number of the gauge field, 
Fij is the SU(2) field strength, and C~w - 92/(470 the weak 
fine structure constant. As is suggested by eqs. (1) and (2), 
strong, nonperturbative gauge fields, of C(9-~), are 
needed in order to change the Chern-Simons number, or, 
equivalently, the fermion numbers, by an integer amount. 
This is reflected by the fact that there exists, on topological 
grounds, an energy barrier [18, 19] between gauge fields 
whose Chern Simons numbers differ by an integer. The 
minimum barrier height is given by the energy of a static 
saddle-point solution, the so called "sphaleron" [20, 21], 
which depends slightly on the Higgs mass, 

M~p 2B(mn/mw) mw = -~ 7 - 14 TeV, (3) 
~W 

where the parameter B is restricted to lie in the range 
1.57 _< B _< 2.72. At low energies ( ~  Msp), therefore, an- 
omalous BLNV processes are only possible by quantum 
tunnelling under the topological barrier, i.e. the corres- 
ponding amplitudes are exponentially suppressed by 
a tunnelling factor, 

BV e 2r~/~ 10- vs (4) 

which leads to unobservably small cross sections or decay 
rates [16, 17]. 

The amplitude (4) is expected to be enhanced when the 
process involves a large number of gauge and/or Higgs 
bosons. Consider the following BLNV process, which 
might be observable in high-energy proton-proton colli- 
sions: 

q + q --+ 7ci + 31+ nB W(Z) + nnH. (5) 

The amplitude for this process can be estimated by means 
of the instanton approach [16,17]. The instanton is 
a time-dependent tunnelling solution which interpolates 
between gauge fields whose Chern-Simons numbers differ 
by one unit and passes through sphaleron-like fields for 
particular values of its collective coordinates. It was found 
in refs. [1,2], by expanding the path integral about the 
instanton, that, in leading-order (LO) in the coupling C~w, 
the amplitudes for the processes (5) grow with multiplicity 
and par ton-parton centre of mass energy ~ like 
s~BV n.,n.co ~ (nn + nn)!c~(~"+n")/2e 2z/O:w 

x mw (nB + ,,,) (6) 
k n s m w /  

At high energies, these pointlike S-wave amplitudes viol- 
ate unitarity. Owing to the factorial growth of the am- 
plitudes (6) with the number of produced bosons, this 
violation of unitarity sets in at multiplicities of (9 (C~w 1) and 
at pa t ton-pat ton centre of mass energies of (5' (c~ w~ row), i.e. 
the sphaleron energy (3). 

The corresponding parton level cross section, 3Lo, due 
to the leading order matrix element (LOME) of instan- 
ton-induced BLNV (5), is given by [1,2] 

~BV = -- 2 n 2n[-F(n + 103/12)72 1 Cf# 2 v-  I . . . .  I .  - n ...... co , [ F(103/12) J nR!nn! 

x y ~ d3pi Eij01 d3pj 2(4E~-m2w) 
i=l ~ (2n)32Ej m2 

kn_l~l d3pk ~4 x(4 ) 
x (2zc)3 2Ek (2,~i ~, 

) < ( P i n - - ~ P i  ~ P j - -  ~ P k ) "  (7) 
i=1 j=l k=l 

In this expression nB is the number of vector bosons and 
n = nB + nn. The effective coupling constant f# is 
(# = 1.6x 10 -1~ GeV -14, (8) 

v = 2mw/9 is the Higgs field vacuum expectation value, 
and (~ is a numerical factor representing the effect of 
averaging and summing over incoming and outgoing 
states of the fermions. The leading order result ~Bv nn, nn LO, 
taken at the dominant multiplicities, is plotted in Fig. 1. 
As anticipated, it rises rapidly with centre of mass energy, 
and violates the S-wave unitarity bound (shown as 
a dashed line on the same plot) 

16~ o,,.~t(3)- • ,  (9) 

at an energy of order the sphaleron energy. 
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grounds, an energy barrier [18, 19] between gauge fields 
whose Chern Simons numbers differ by an integer. The 
minimum barrier height is given by the energy of a static 
saddle-point solution, the so called "sphaleron" [20, 21], 
which depends slightly on the Higgs mass, 

M~p 2B(mn/mw) mw = -~ 7 - 14 TeV, (3) 
~W 

where the parameter B is restricted to lie in the range 
1.57 _< B _< 2.72. At low energies ( ~  Msp), therefore, an- 
omalous BLNV processes are only possible by quantum 
tunnelling under the topological barrier, i.e. the corres- 
ponding amplitudes are exponentially suppressed by 
a tunnelling factor, 

BV e 2r~/~ 10- vs (4) 

which leads to unobservably small cross sections or decay 
rates [16, 17]. 

The amplitude (4) is expected to be enhanced when the 
process involves a large number of gauge and/or Higgs 
bosons. Consider the following BLNV process, which 
might be observable in high-energy proton-proton colli- 
sions: 

q + q --+ 7ci + 31+ nB W(Z) + nnH. (5) 

The amplitude for this process can be estimated by means 
of the instanton approach [16,17]. The instanton is 
a time-dependent tunnelling solution which interpolates 
between gauge fields whose Chern-Simons numbers differ 
by one unit and passes through sphaleron-like fields for 
particular values of its collective coordinates. It was found 
in refs. [1,2], by expanding the path integral about the 
instanton, that, in leading-order (LO) in the coupling C~w, 
the amplitudes for the processes (5) grow with multiplicity 
and par ton-parton centre of mass energy ~ like 
s~BV n.,n.co ~ (nn + nn)!c~(~"+n")/2e 2z/O:w 

x mw (nB + ,,,) (6) 
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At high energies, these pointlike S-wave amplitudes viol- 
ate unitarity. Owing to the factorial growth of the am- 
plitudes (6) with the number of produced bosons, this 
violation of unitarity sets in at multiplicities of (9 (C~w 1) and 
at pa t ton-pat ton centre of mass energies of (5' (c~ w~ row), i.e. 
the sphaleron energy (3). 

The corresponding parton level cross section, 3Lo, due 
to the leading order matrix element (LOME) of instan- 
ton-induced BLNV (5), is given by [1,2] 
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In this expression nB is the number of vector bosons and 
n = nB + nn. The effective coupling constant f# is 
(# = 1.6x 10 -1~ GeV -14, (8) 

v = 2mw/9 is the Higgs field vacuum expectation value, 
and (~ is a numerical factor representing the effect of 
averaging and summing over incoming and outgoing 
states of the fermions. The leading order result ~Bv nn, nn LO, 
taken at the dominant multiplicities, is plotted in Fig. 1. 
As anticipated, it rises rapidly with centre of mass energy, 
and violates the S-wave unitarity bound (shown as 
a dashed line on the same plot) 

16~ o,,.~t(3)- • ,  (9) 

at an energy of order the sphaleron energy. 
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The layout of this paper is as follows. In the remainder 
of this section we describe the theoretical basis of elec- 
troweak BLNV. Section 2 is a discussion of our approach 
to modelling BLNV processes at supercolliders, based on 
the (rather uncertain) theoretical expectations, and of 
practical issues that arise in the construction of an event 
generator. We formulate two contrasting BLNV models, 
one based on leading-order matrix elements (LOME) and 
one using a simpler phase-space approach with fixed 
boson multiplicity. We also discuss the possible back- 
grounds to BLNV, and how we model the dominant 
background, which is expected to consist of B and L con- 
serving multi-W(Z) events. 

Section 3 contains the results of our Monte Carlo 
studies. We present results for the simpler model at three 
energies, including that proposed for the LHC. The 
LOME model requires a higher energy and so in that case 
we show results only at 40 TeV. We present our con- 
clusions in Sect. 4. Brief details of the HERBVI package, 
used to obtain the majority of the results in Sect. 3, are 
contained in an appendix. 

1.1 Instanton-indueed B and L violation 

Owing to the chiral anomaly [13-15] and the V-A struc- 
ture of weak interactions, B and L are not strictly conser- 
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In this expression nB is the number of vector bosons and 
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(# = 1.6x 10 -1~ GeV -14, (8) 

v = 2mw/9 is the Higgs field vacuum expectation value, 
and (~ is a numerical factor representing the effect of 
averaging and summing over incoming and outgoing 
states of the fermions. The leading order result ~Bv nn, nn LO, 
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In this expression nB is the number of vector bosons and 
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and (~ is a numerical factor representing the effect of 
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The cross-section grows with energy and the number of final state bosons.

• Result

• Integration over orientation, position, size and phase-space:

[Ringwald ’90, Espinosa ’90]

[Ringwald ’90, Espinosa ’90]



         2. Instanton approach

• Start with the off-shell Green function 

!

• substituting for each field = instanton + fluctuation; integrate out the 
fluctuations to the leading non-vanishing order. 

• To get the Amplitude: analytically continue to Minkowski space, Fourier 
transform instanton external legs to momentum space, go on-shell and LSZ 
amputate, e.g. 

!

!

• After integrating over the instanton size of the multiple field insertions above 
one gets the exponential enhancement with energy.
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∫
DqDWDφ q(x1) · · · q(x12)W (y1) · · ·W (ynW )φ(z1) · · ·φ(znh) exp(−SE)

<latexit sha1_base64="im/AbGSyMn3aCSgxzOlToV7sOfo="></latexit><latexit sha1_base64="XOA//vyPji1bAnO5MCs5E68MStk="></latexit><latexit sha1_base64="XOA//vyPji1bAnO5MCs5E68MStk="></latexit><latexit sha1_base64="XOA//vyPji1bAnO5MCs5E68MStk="></latexit><latexit sha1_base64="XUHzBIdAOtdM3UjoMRdDkF13AXo="></latexit><latexit sha1_base64="YVS97ViuOdinheVQWjoW8eRcTag="></latexit>

iM ∼
<latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="4B8KsYoKLanX1MRyMSZVmzDSCig=">AAAB+3icZVBNS8NAEJ3Ur1q/Uj16WSwFD1ISL3osevEiVLAf0ISy2W7apZtN2N0oJeSneBIUxKu/xJP/xm0bxLYPBh7vzTAzL0g4U9pxfqzSxubW9k55t7K3f3B4ZFePOypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJrczv/tEpWKxeNTThPoRHgkWMoK1kQZ2laHMI5ij+xx5F55i0cCuOQ1nDrRO3ILUoEBrYH97w5ikERWacKxU33US7WdYakY4zSteqmiCyQSPaN9QgSOq/Gx+eo7qRhmiMJamhEZz9f9EhiOlplFgOiOsx2rVm4l/Xn1plQ6v/YyJJNVUkMWmMOVIx2gWBBoySYnmU0Mwkcwci8gYS0y0iatiUnBXf14nncuG6zTcB6fWvCnyKMMpnME5uHAFTbiDFrSBwDO8wBu8W7n1an1Yn4vWklXMnMASrK9fagyTQw==</latexit><latexit sha1_base64="D6L+ZaICho9hAxwOlcPt6Dumdys=">AAAB+3icZVDLSsNAFJ3UV62vVJduBkvBhZTEhbosunEjVLAPaEKZTCft0JlJmJkoJeRTXAkK4tYvceXfOE1TsfXAhcM593LvPUHMqNKO822V1tY3NrfK25Wd3b39A7t62FFRIjFp44hFshcgRRgVpK2pZqQXS4J4wEg3mNzM/O4jkYpG4kFPY+JzNBI0pBhpIw3sKoWphxGDdxn0zjxF+cCuOQ0nB/xP3ILUQIHWwP7yhhFOOBEaM6RU33Vi7adIaooZySpeokiM8ASNSN9QgThRfpqfnsG6UYYwjKQpoWGu/p1IEVdqygPTyZEeq1VvJv569aVVOrzyUyriRBOB55vChEEdwVkQcEglwZpNDUFYUnMsxGMkEdYmrkqewsXi+VWySKFz3nCdhnvv1JrXRR5lcAxOwClwwSVoglvQAm2AwRN4Bq/gzcqsF+vd+pi3lqxi5ggswfr8AXCWk1I=</latexit><latexit sha1_base64="D6L+ZaICho9hAxwOlcPt6Dumdys=">AAAB+3icZVDLSsNAFJ3UV62vVJduBkvBhZTEhbosunEjVLAPaEKZTCft0JlJmJkoJeRTXAkK4tYvceXfOE1TsfXAhcM593LvPUHMqNKO822V1tY3NrfK25Wd3b39A7t62FFRIjFp44hFshcgRRgVpK2pZqQXS4J4wEg3mNzM/O4jkYpG4kFPY+JzNBI0pBhpIw3sKoWphxGDdxn0zjxF+cCuOQ0nB/xP3ILUQIHWwP7yhhFOOBEaM6RU33Vi7adIaooZySpeokiM8ASNSN9QgThRfpqfnsG6UYYwjKQpoWGu/p1IEVdqygPTyZEeq1VvJv569aVVOrzyUyriRBOB55vChEEdwVkQcEglwZpNDUFYUnMsxGMkEdYmrkqewsXi+VWySKFz3nCdhnvv1JrXRR5lcAxOwClwwSVoglvQAm2AwRN4Bq/gzcqsF+vd+pi3lqxi5ggswfr8AXCWk1I=</latexit>

LSZ
<latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="zBgX7awZEi4o0/qSRepoKfLUY7k=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrRY9FLx48VLQf2C4lm2bb0CS7JlmhLP0RngQF8erv8eS/Md0uYtsHA4/3ZpiZF8ScaeO6P05hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1MlWaRfDCTmPoCDyULGcHGSu2eEuj2/rFfrrg1NwNaJV5OKpCj0S9/9wYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpdu4UVa0yQGGkbEmDMvX/RIqF1hMR2E6BzUgvezPxz6surDLhpZ8yGSeGSjLfFCYcmQjNnkcDpigxfGIJJorZYxEZYYWJsRGVbAre8s+rpHVe89yad+dW6ld5HkU4gVM4Aw8uoA430IAmEBjDC7zBu/PkvDofzue8teDkM8ewAOfrFxwAjzs=</latexit><latexit sha1_base64="F+ngYZ/X9rvBvbF+ALqe09uvdBw=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0WvXjwUNF+YLuUbJptQ5PsmmSFUvojPAkK4tXf48l/Y7rdiq0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK+mfvOJKs0ieW9GMfUF7ksWMoKNlZodJdDN3UO3WHIrbgr0n3gZKUGGWrf41elFJBFUGsKx1m3PjY0/xsowwumk0Ek0jTEZ4j5tWyqxoNofp+dOUNkqPRRGypY0KFX/Toyx0HokAtspsBnoZW8q/nrlhVUmvPDHTMaJoZLMNoUJRyZC0+dRjylKDB9Zgoli9lhEBlhhYmxEhTSFs/nzy2SeQuO04rkV79YtVS+zPPJwBMdwAh6cQxWuoQZ1IDCEZ3iFN+fReXHenY9Za87JZg5hAc7nDyKKj0o=</latexit><latexit sha1_base64="F+ngYZ/X9rvBvbF+ALqe09uvdBw=">AAAB73icZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0WvXjwUNF+YLuUbJptQ5PsmmSFUvojPAkK4tXf48l/Y7rdiq0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK+mfvOJKs0ieW9GMfUF7ksWMoKNlZodJdDN3UO3WHIrbgr0n3gZKUGGWrf41elFJBFUGsKx1m3PjY0/xsowwumk0Ek0jTEZ4j5tWyqxoNofp+dOUNkqPRRGypY0KFX/Toyx0HokAtspsBnoZW8q/nrlhVUmvPDHTMaJoZLMNoUJRyZC0+dRjylKDB9Zgoli9lhEBlhhYmxEhTSFs/nzy2SeQuO04rkV79YtVS+zPPJwBMdwAh6cQxWuoQZ1IDCEZ3iFN+fReXHenY9Za87JZg5hAc7nDyKKj0o=</latexit>

FT LSZ

...<latexit sha1_base64="WJl3phLd6s4iHFe40tKqktGMubg=">AAAB63icdVDLSgMxFM34rPVVdekmWAquhkwtbd0V3bisaB/QDiWTZtrQJDMkGaEM/QRXgoK49Ytc+Tdm2ipW8MCFwzn3cu89QcyZNgh9OmvrG5tb27md/O7e/sFh4ei4raNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuc78zgNVmkXy3kxj6gs8kixkBBsr3bmuOygUkXtZr5YrVYhchGpe2ctIuVa5qEDPKhmKYInmoPDRH0YkEVQawrHWPQ/Fxk+xMoxwOsv3E01jTCZ4RHuWSiyo9tP5qTNYssoQhpGyJQ2cq78nUiy0norAdgpsxvqvl4k/XmlllQnrfspknBgqyWJTmHBoIpg9DodMUWL41BJMFLPHQjLGChNj48nbFL5fhf+Tdtn1LL9FxcbVMo8cOAVn4Bx4oAYa4AY0QQsQMAKP4Bm8OMJ5cl6dt0XrmrOcOQErcN6/ACmtjYs=</latexit><latexit sha1_base64="WJl3phLd6s4iHFe40tKqktGMubg=">AAAB63icdVDLSgMxFM34rPVVdekmWAquhkwtbd0V3bisaB/QDiWTZtrQJDMkGaEM/QRXgoK49Ytc+Tdm2ipW8MCFwzn3cu89QcyZNgh9OmvrG5tb27md/O7e/sFh4ei4raNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuc78zgNVmkXy3kxj6gs8kixkBBsr3bmuOygUkXtZr5YrVYhchGpe2ctIuVa5qEDPKhmKYInmoPDRH0YkEVQawrHWPQ/Fxk+xMoxwOsv3E01jTCZ4RHuWSiyo9tP5qTNYssoQhpGyJQ2cq78nUiy0norAdgpsxvqvl4k/XmlllQnrfspknBgqyWJTmHBoIpg9DodMUWL41BJMFLPHQjLGChNj48nbFL5fhf+Tdtn1LL9FxcbVMo8cOAVn4Bx4oAYa4AY0QQsQMAKP4Bm8OMJ5cl6dt0XrmrOcOQErcN6/ACmtjYs=</latexit><latexit sha1_base64="WJl3phLd6s4iHFe40tKqktGMubg=">AAAB63icdVDLSgMxFM34rPVVdekmWAquhkwtbd0V3bisaB/QDiWTZtrQJDMkGaEM/QRXgoK49Ytc+Tdm2ipW8MCFwzn3cu89QcyZNgh9OmvrG5tb27md/O7e/sFh4ei4raNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuc78zgNVmkXy3kxj6gs8kixkBBsr3bmuOygUkXtZr5YrVYhchGpe2ctIuVa5qEDPKhmKYInmoPDRH0YkEVQawrHWPQ/Fxk+xMoxwOsv3E01jTCZ4RHuWSiyo9tP5qTNYssoQhpGyJQ2cq78nUiy0norAdgpsxvqvl4k/XmlllQnrfspknBgqyWJTmHBoIpg9DodMUWL41BJMFLPHQjLGChNj48nbFL5fhf+Tdtn1LL9FxcbVMo8cOAVn4Bx4oAYa4AY0QQsQMAKP4Bm8OMJ5cl6dt0XrmrOcOQErcN6/ACmtjYs=</latexit><latexit sha1_base64="WJl3phLd6s4iHFe40tKqktGMubg=">AAAB63icdVDLSgMxFM34rPVVdekmWAquhkwtbd0V3bisaB/QDiWTZtrQJDMkGaEM/QRXgoK49Ytc+Tdm2ipW8MCFwzn3cu89QcyZNgh9OmvrG5tb27md/O7e/sFh4ei4raNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuc78zgNVmkXy3kxj6gs8kixkBBsr3bmuOygUkXtZr5YrVYhchGpe2ctIuVa5qEDPKhmKYInmoPDRH0YkEVQawrHWPQ/Fxk+xMoxwOsv3E01jTCZ4RHuWSiyo9tP5qTNYssoQhpGyJQ2cq78nUiy0norAdgpsxvqvl4k/XmlllQnrfspknBgqyWJTmHBoIpg9DodMUWL41BJMFLPHQjLGChNj48nbFL5fhf+Tdtn1LL9FxcbVMo8cOAVn4Bx4oAYa4AY0QQsQMAKP4Bm8OMJ5cl6dt0XrmrOcOQErcN6/ACmtjYs=</latexit><latexit sha1_base64="EoUc38/pvlh4S+CgSoUBGc6wbwo=">AAAB63icZVDLSsNAFJ34rPVVdelmsBRchSSWtu6KblxWtA9oQ5lMJ+3QmUmYmQgl9BNcCQri1i9y5d84SatYPXDhcM693HtPEDOqtON8WmvrG5tb24Wd4u7e/sFh6ei4o6JEYtLGEYtkL0CKMCpIW1PNSC+WBPGAkW4wvc787gORikbiXs9i4nM0FjSkGGkj3dm2PSyVHfuyUfOqNejYjlN3PTcjXr16UYWuUTKUwRKtYeljMIpwwonQmCGl+q4Taz9FUlPMyLw4SBSJEZ6iMekbKhAnyk/zU+ewYpQRDCNpSmiYq78nUsSVmvHAdHKkJ+qvl4k/XmVllQ4bfkpFnGgi8GJTmDCoI5g9DkdUEqzZzBCEJTXHQjxBEmFt4inmKdTyV+F/8p1Cx7Ndw2+dcvNqmUcBnIIzcA5cUAdNcANaoA0wGINH8AxeLG49Wa/W26J1zVrOnIAVWO9fMDeNmg==</latexit><latexit sha1_base64="EoUc38/pvlh4S+CgSoUBGc6wbwo=">AAAB63icZVDLSsNAFJ34rPVVdelmsBRchSSWtu6KblxWtA9oQ5lMJ+3QmUmYmQgl9BNcCQri1i9y5d84SatYPXDhcM693HtPEDOqtON8WmvrG5tb24Wd4u7e/sFh6ei4o6JEYtLGEYtkL0CKMCpIW1PNSC+WBPGAkW4wvc787gORikbiXs9i4nM0FjSkGGkj3dm2PSyVHfuyUfOqNejYjlN3PTcjXr16UYWuUTKUwRKtYeljMIpwwonQmCGl+q4Taz9FUlPMyLw4SBSJEZ6iMekbKhAnyk/zU+ewYpQRDCNpSmiYq78nUsSVmvHAdHKkJ+qvl4k/XmVllQ4bfkpFnGgi8GJTmDCoI5g9DkdUEqzZzBCEJTXHQjxBEmFt4inmKdTyV+F/8p1Cx7Ndw2+dcvNqmUcBnIIzcA5cUAdNcANaoA0wGINH8AxeLG49Wa/W26J1zVrOnIAVWO9fMDeNmg==</latexit>
...<latexit sha1_base64="qcxOsnbNVu2UmFaFY0KIwnz3gEU=">AAAB63icdVDLSgMxFM3UV62vqks3wVJwNWRa+toV3bisaG2hHUomTdvQJDMkGaEM/QRXgoK49Ytc+Tdm2ipW8MCFwzn3cu89QcSZNgh9OpmNza3tnexubm//4PAof3xyr8NYEdomIQ9VN8CaciZp2zDDaTdSFIuA004wvUr9zgNVmoXyzswi6gs8lmzECDZWunVdd5AvIBdVK40ygsitIK/WaFiCULVeLkHPkhQFsEJrkP/oD0MSCyoN4Vjrnoci4ydYGUY4nef6saYRJlM8pj1LJRZU+8ni1DksWmUIR6GyJQ1cqL8nEiy0nonAdgpsJvqvl4o/XnFtlRnV/YTJKDZUkuWmUcyhCWH6OBwyRYnhM0swUcweC8kEK0yMjSdnU/h+Ff5P7kuuZ/kNKjQvV3lkwRk4BxfAAzXQBNegBdqAgDF4BM/gxRHOk/PqvC1bM85q5hSswXn/AjNNjZI=</latexit><latexit sha1_base64="qcxOsnbNVu2UmFaFY0KIwnz3gEU=">AAAB63icdVDLSgMxFM3UV62vqks3wVJwNWRa+toV3bisaG2hHUomTdvQJDMkGaEM/QRXgoK49Ytc+Tdm2ipW8MCFwzn3cu89QcSZNgh9OpmNza3tnexubm//4PAof3xyr8NYEdomIQ9VN8CaciZp2zDDaTdSFIuA004wvUr9zgNVmoXyzswi6gs8lmzECDZWunVdd5AvIBdVK40ygsitIK/WaFiCULVeLkHPkhQFsEJrkP/oD0MSCyoN4Vjrnoci4ydYGUY4nef6saYRJlM8pj1LJRZU+8ni1DksWmUIR6GyJQ1cqL8nEiy0nonAdgpsJvqvl4o/XnFtlRnV/YTJKDZUkuWmUcyhCWH6OBwyRYnhM0swUcweC8kEK0yMjSdnU/h+Ff5P7kuuZ/kNKjQvV3lkwRk4BxfAAzXQBNegBdqAgDF4BM/gxRHOk/PqvC1bM85q5hSswXn/AjNNjZI=</latexit><latexit sha1_base64="qcxOsnbNVu2UmFaFY0KIwnz3gEU=">AAAB63icdVDLSgMxFM3UV62vqks3wVJwNWRa+toV3bisaG2hHUomTdvQJDMkGaEM/QRXgoK49Ytc+Tdm2ipW8MCFwzn3cu89QcSZNgh9OpmNza3tnexubm//4PAof3xyr8NYEdomIQ9VN8CaciZp2zDDaTdSFIuA004wvUr9zgNVmoXyzswi6gs8lmzECDZWunVdd5AvIBdVK40ygsitIK/WaFiCULVeLkHPkhQFsEJrkP/oD0MSCyoN4Vjrnoci4ydYGUY4nef6saYRJlM8pj1LJRZU+8ni1DksWmUIR6GyJQ1cqL8nEiy0nonAdgpsJvqvl4o/XnFtlRnV/YTJKDZUkuWmUcyhCWH6OBwyRYnhM0swUcweC8kEK0yMjSdnU/h+Ff5P7kuuZ/kNKjQvV3lkwRk4BxfAAzXQBNegBdqAgDF4BM/gxRHOk/PqvC1bM85q5hSswXn/AjNNjZI=</latexit><latexit sha1_base64="qcxOsnbNVu2UmFaFY0KIwnz3gEU=">AAAB63icdVDLSgMxFM3UV62vqks3wVJwNWRa+toV3bisaG2hHUomTdvQJDMkGaEM/QRXgoK49Ytc+Tdm2ipW8MCFwzn3cu89QcSZNgh9OpmNza3tnexubm//4PAof3xyr8NYEdomIQ9VN8CaciZp2zDDaTdSFIuA004wvUr9zgNVmoXyzswi6gs8lmzECDZWunVdd5AvIBdVK40ygsitIK/WaFiCULVeLkHPkhQFsEJrkP/oD0MSCyoN4Vjrnoci4ydYGUY4nef6saYRJlM8pj1LJRZU+8ni1DksWmUIR6GyJQ1cqL8nEiy0nonAdgpsJvqvl4o/XnFtlRnV/YTJKDZUkuWmUcyhCWH6OBwyRYnhM0swUcweC8kEK0yMjSdnU/h+Ff5P7kuuZ/kNKjQvV3lkwRk4BxfAAzXQBNegBdqAgDF4BM/gxRHOk/PqvC1bM85q5hSswXn/AjNNjZI=</latexit><latexit sha1_base64="q36RzdH3Vhr9dOcHQYMZQ9HFy64=">AAAB63icZVDLSgMxFM3UV62vqks3wVJwNWRa+toV3bisaG2hHUomzbShycyQZIQy9BNcCQri1i9y5d+YmVaxeuDC4Zx7ufceL+JMaYQ+rdzG5tb2Tn63sLd/cHhUPD65V2EsCe2SkIey72FFOQtoVzPNaT+SFAuP0543u0r93gOVioXBnZ5H1BV4EjCfEayNdGvb9qhYQjaq11pVBJFdQ06j1TIEoXqzWoGOISlKYIXOqPgxHIckFjTQhGOlBg6KtJtgqRnhdFEYxopGmMzwhA4MDbCgyk2yUxewbJQx9ENpKtAwU39PJFgoNRee6RRYT9VfLxV/vPLaKu033YQFUaxpQJab/JhDHcL0cThmkhLN54ZgIpk5FpIplphoE08hS6GevQr/k+8U7iu2Y/gNKrUvV3nkwRk4BxfAAQ3QBtegA7qAgAl4BM/gxRLWk/VqvS1bc9Zq5hSswXr/AjnXjaE=</latexit><latexit sha1_base64="q36RzdH3Vhr9dOcHQYMZQ9HFy64=">AAAB63icZVDLSgMxFM3UV62vqks3wVJwNWRa+toV3bisaG2hHUomzbShycyQZIQy9BNcCQri1i9y5d+YmVaxeuDC4Zx7ufceL+JMaYQ+rdzG5tb2Tn63sLd/cHhUPD65V2EsCe2SkIey72FFOQtoVzPNaT+SFAuP0543u0r93gOVioXBnZ5H1BV4EjCfEayNdGvb9qhYQjaq11pVBJFdQ06j1TIEoXqzWoGOISlKYIXOqPgxHIckFjTQhGOlBg6KtJtgqRnhdFEYxopGmMzwhA4MDbCgyk2yUxewbJQx9ENpKtAwU39PJFgoNRee6RRYT9VfLxV/vPLaKu033YQFUaxpQJab/JhDHcL0cThmkhLN54ZgIpk5FpIplphoE08hS6GevQr/k+8U7iu2Y/gNKrUvV3nkwRk4BxfAAQ3QBtegA7qAgAl4BM/gxRLWk/VqvS1bc9Zq5hSswXr/AjnXjaE=</latexit>

iM ∼
<latexit sha1_base64="NX4tyUFiXaGmDghuprVxQyHTnJQ=">AAAB+XicZZDLSgMxFIbP1Futl466dBMsBVdlxo0ui27cCBXsBTpDyaSZNjTJDElGKEOfxJWgIG59FFe+jWk7iG1/CHz85xzOyR+lnGnjeT9OaWt7Z3evvF85ODw6rronpx2dZIrQNkl4onoR1pQzSduGGU57qaJYRJx2o8ndvN59pkqzRD6ZaUpDgUeSxYxgY62BW2UoDwjm6GGGAs3EwK15DW8htAl+ATUo1Bq438EwIZmg0hCOte77XmrCHCvDCKezSpBpmmIywSPatyixoDrMF4fPUN06QxQnyj5p0ML9P5FjofVURLZTYDPW67W5+Verr6wy8U2YM5lmhkqy3BRnHJkEzWNAQ6YoMXxqARPF7LGIjLHCxNiwKjYFf/3Pm9C5aviWH71a87bIowzncAGX4MM1NOEeWtAGAhm8wBu8O7nz6nw4n8vWklPMnMGKnK9fR2WSpw==</latexit><latexit sha1_base64="NX4tyUFiXaGmDghuprVxQyHTnJQ=">AAAB+XicZZDLSgMxFIbP1Futl466dBMsBVdlxo0ui27cCBXsBTpDyaSZNjTJDElGKEOfxJWgIG59FFe+jWk7iG1/CHz85xzOyR+lnGnjeT9OaWt7Z3evvF85ODw6rronpx2dZIrQNkl4onoR1pQzSduGGU57qaJYRJx2o8ndvN59pkqzRD6ZaUpDgUeSxYxgY62BW2UoDwjm6GGGAs3EwK15DW8htAl+ATUo1Bq438EwIZmg0hCOte77XmrCHCvDCKezSpBpmmIywSPatyixoDrMF4fPUN06QxQnyj5p0ML9P5FjofVURLZTYDPW67W5+Verr6wy8U2YM5lmhkqy3BRnHJkEzWNAQ6YoMXxqARPF7LGIjLHCxNiwKjYFf/3Pm9C5aviWH71a87bIowzncAGX4MM1NOEeWtAGAhm8wBu8O7nz6nw4n8vWklPMnMGKnK9fR2WSpw==</latexit><latexit sha1_base64="NX4tyUFiXaGmDghuprVxQyHTnJQ=">AAAB+XicZZDLSgMxFIbP1Futl466dBMsBVdlxo0ui27cCBXsBTpDyaSZNjTJDElGKEOfxJWgIG59FFe+jWk7iG1/CHz85xzOyR+lnGnjeT9OaWt7Z3evvF85ODw6rronpx2dZIrQNkl4onoR1pQzSduGGU57qaJYRJx2o8ndvN59pkqzRD6ZaUpDgUeSxYxgY62BW2UoDwjm6GGGAs3EwK15DW8htAl+ATUo1Bq438EwIZmg0hCOte77XmrCHCvDCKezSpBpmmIywSPatyixoDrMF4fPUN06QxQnyj5p0ML9P5FjofVURLZTYDPW67W5+Verr6wy8U2YM5lmhkqy3BRnHJkEzWNAQ6YoMXxqARPF7LGIjLHCxNiwKjYFf/3Pm9C5aviWH71a87bIowzncAGX4MM1NOEeWtAGAhm8wBu8O7nz6nw4n8vWklPMnMGKnK9fR2WSpw==</latexit><latexit sha1_base64="NX4tyUFiXaGmDghuprVxQyHTnJQ=">AAAB+XicZZDLSgMxFIbP1Futl466dBMsBVdlxo0ui27cCBXsBTpDyaSZNjTJDElGKEOfxJWgIG59FFe+jWk7iG1/CHz85xzOyR+lnGnjeT9OaWt7Z3evvF85ODw6rronpx2dZIrQNkl4onoR1pQzSduGGU57qaJYRJx2o8ndvN59pkqzRD6ZaUpDgUeSxYxgY62BW2UoDwjm6GGGAs3EwK15DW8htAl+ATUo1Bq438EwIZmg0hCOte77XmrCHCvDCKezSpBpmmIywSPatyixoDrMF4fPUN06QxQnyj5p0ML9P5FjofVURLZTYDPW67W5+Verr6wy8U2YM5lmhkqy3BRnHJkEzWNAQ6YoMXxqARPF7LGIjLHCxNiwKjYFf/3Pm9C5aviWH71a87bIowzncAGX4MM1NOEeWtAGAhm8wBu8O7nz6nw4n8vWklPMnMGKnK9fR2WSpw==</latexit><latexit sha1_base64="vNqprywWszFaY8uRasNlDiEah0U=">AAAB+XicZZDLSsNAFIZP6q3WS6Mu3QyWgquSuFCXRTduhAr2Ak0ok+mkHTqZhJmJUEKfxJWgIG59FFe+jdM0FVt/GPj4zzmcM3+QcKa043xbpY3Nre2d8m5lb//gsGofHXdUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xu5/XuE5WKxeJRTxPqR3gkWMgI1sYa2FWGMo9gju5nyFMsGtg1p+HkQv/BLaAGhVoD+8sbxiSNqNCEY6X6rpNoP8NSM8LprOKliiaYTPCI9g0KHFHlZ/nhM1Q3zhCFsTRPaJS7fycyHCk1jQLTGWE9Vuu1uflbq6+s0uG1nzGRpJoKstgUphzpGM1jQEMmKdF8agATycyxiIyxxESbsCp5CpfLz6/DMoXORcM1/ODUmjdFHmU4hTM4BxeuoAl30II2EEjhGV7hzcqsF+vd+li0lqxi5gRWZH3+AE3vkrY=</latexit><latexit sha1_base64="vNqprywWszFaY8uRasNlDiEah0U=">AAAB+XicZZDLSsNAFIZP6q3WS6Mu3QyWgquSuFCXRTduhAr2Ak0ok+mkHTqZhJmJUEKfxJWgIG59FFe+jdM0FVt/GPj4zzmcM3+QcKa043xbpY3Nre2d8m5lb//gsGofHXdUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xu5/XuE5WKxeJRTxPqR3gkWMgI1sYa2FWGMo9gju5nyFMsGtg1p+HkQv/BLaAGhVoD+8sbxiSNqNCEY6X6rpNoP8NSM8LprOKliiaYTPCI9g0KHFHlZ/nhM1Q3zhCFsTRPaJS7fycyHCk1jQLTGWE9Vuu1uflbq6+s0uG1nzGRpJoKstgUphzpGM1jQEMmKdF8agATycyxiIyxxESbsCp5CpfLz6/DMoXORcM1/ODUmjdFHmU4hTM4BxeuoAl30II2EEjhGV7hzcqsF+vd+li0lqxi5gRWZH3+AE3vkrY=</latexit>nW

<latexit sha1_base64="TShGJCmFUF8bm4wJiEjMjRafPCM=">AAAB63icdVBdSwJBFL1rX2ZfVvTUy5AIPcmuidqb1EuPRvkBusjsOOrg7OwyMxvIIvQD6ikoil77RT31b5rVigw6cOFwzr3ce48Xcqa0bX9YqaXlldW19HpmY3Nreye7u9dUQSQJbZCAB7LtYUU5E7Shmea0HUqKfY/Tljc+T/zWDZWKBeJaT0Lq+ngo2IARrI10JXqtXjZnF06r5WKpjOyCbVecopOQYqV0UkKOURLkagfPd7cAUO9l37v9gEQ+FZpwrFTHsUPtxlhqRjidZrqRoiEmYzykHUMF9qly49mpU5Q3Sh8NAmlKaDRTf0/E2Fdq4num08d6pP56ifjj5RdW6UHVjZkII00FmW8aRBzpACWPoz6TlGg+MQQTycyxiIywxESbeDImhe9X0f+kWSw4hl+aOM5gjjQcwhEcgwMVqMEF1KEBBIZwD4/wZPnWg/Vivc5bU9bXzD4swHr7BMF0kB8=</latexit><latexit sha1_base64="uOqjOCeif5UrgyA+x37gzX6jRXQ=">AAAB63icdVBdSwJBFJ21L9M+rOiplyETfJLdTdTepF56NEoNdJHZcdTBmdllZjaQxX5BPQVF0Wu/qKf+TbNakUEHLhzOuZd77/FDRpW27Q8rtbS8srqWXs9kNza3tnM7uy0VRBKTJg5YIK99pAijgjQ11Yxch5Ig7jPS9sdnid++IVLRQFzpSUg8joaCDihG2kiXotfu5fJ26aRWccsVaJdsu+q4TkLcavm4DB2jJMjX95/vbotH2UYv997tBzjiRGjMkFIdxw61FyOpKWZkmulGioQIj9GQdAwViBPlxbNTp7BglD4cBNKU0HCm/p6IEVdqwn3TyZEeqb9eIv54hYVVelDzYirCSBOB55sGEYM6gMnjsE8lwZpNDEFYUnMsxCMkEdYmnoxJ4ftV+D9puSXH8AsTxymYIw0OwCEoAgdUQR2cgwZoAgyG4B48gieLWw/Wi/U6b01ZXzN7YAHW2yczf5B0</latexit><latexit sha1_base64="uOqjOCeif5UrgyA+x37gzX6jRXQ=">AAAB63icdVBdSwJBFJ21L9M+rOiplyETfJLdTdTepF56NEoNdJHZcdTBmdllZjaQxX5BPQVF0Wu/qKf+TbNakUEHLhzOuZd77/FDRpW27Q8rtbS8srqWXs9kNza3tnM7uy0VRBKTJg5YIK99pAijgjQ11Yxch5Ig7jPS9sdnid++IVLRQFzpSUg8joaCDihG2kiXotfu5fJ26aRWccsVaJdsu+q4TkLcavm4DB2jJMjX95/vbotH2UYv997tBzjiRGjMkFIdxw61FyOpKWZkmulGioQIj9GQdAwViBPlxbNTp7BglD4cBNKU0HCm/p6IEVdqwn3TyZEeqb9eIv54hYVVelDzYirCSBOB55sGEYM6gMnjsE8lwZpNDEFYUnMsxCMkEdYmnoxJ4ftV+D9puSXH8AsTxymYIw0OwCEoAgdUQR2cgwZoAgyG4B48gieLWw/Wi/U6b01ZXzN7YAHW2yczf5B0</latexit><latexit sha1_base64="uOqjOCeif5UrgyA+x37gzX6jRXQ=">AAAB63icdVBdSwJBFJ21L9M+rOiplyETfJLdTdTepF56NEoNdJHZcdTBmdllZjaQxX5BPQVF0Wu/qKf+TbNakUEHLhzOuZd77/FDRpW27Q8rtbS8srqWXs9kNza3tnM7uy0VRBKTJg5YIK99pAijgjQ11Yxch5Ig7jPS9sdnid++IVLRQFzpSUg8joaCDihG2kiXotfu5fJ26aRWccsVaJdsu+q4TkLcavm4DB2jJMjX95/vbotH2UYv997tBzjiRGjMkFIdxw61FyOpKWZkmulGioQIj9GQdAwViBPlxbNTp7BglD4cBNKU0HCm/p6IEVdqwn3TyZEeqb9eIv54hYVVelDzYirCSBOB55sGEYM6gMnjsE8lwZpNDEFYUnMsxCMkEdYmnoxJ4ftV+D9puSXH8AsTxymYIw0OwCEoAgdUQR2cgwZoAgyG4B48gieLWw/Wi/U6b01ZXzN7YAHW2yczf5B0</latexit><latexit sha1_base64="dD3i3NUzdBdMejMqAQLPVqkmzY0=">AAAB63icZVBNS8NAEN3Ur9r6URVPXhZroaeSxNLWW9GLx4q2FdpQNttNu3SzCbsboYT6C/QkKIpXf5En/42bVMXqg4HHezPMzHNDRqUyzQ8js7S8srqWXc/lNza3tgs7ux0ZRAKTNg5YIK5dJAmjnLQVVYxch4Ig32Wk607OEr97Q4SkAb9S05A4Phpx6lGMlJYu+aA7KBTNykmjZldr0KyYZt2yrYTY9epxFVpaSVBs7j/f3ZaP8q1B4b0/DHDkE64wQ1L2LDNUToyEopiRWa4fSRIiPEEj0tOUI59IJ05PncGSVobQC4QurmCq/p6IkS/l1Hd1p4/UWP71EvHHKy2sUl7DiSkPI0U4nm/yIgZVAJPH4ZAKghWbaoKwoPpYiMdIIKx0PLk0hVr6KvxPvlPo2BVL8wsdxymYIwsOwCEoAwvUQROcgxZoAwxG4B48gifDNx6MF+N13poxvmb2wAKMt086CZCD</latexit><latexit sha1_base64="EqYEwnjI750BmaX69BIJC4RO4UY=">AAAB63icZVDLSgMxFM34rPVVdekmWAquSqaWtu6KblxWtA9oh5JJM21okhmSjFCGfoIrQUHc+kWu/Bsz0ypWD1w4nHMv997jR5xpg9Cns7a+sbm1ndvJ7+7tHxwWjo47OowVoW0S8lD1fKwpZ5K2DTOc9iJFsfA57frT69TvPlClWSjvzSyinsBjyQJGsLHSnRx2h4UiKl82apVqDaIyQnW34qakUq9eVKFrlRRFsERrWPgYjEISCyoN4Vjrvosi4yVYGUY4necHsaYRJlM8pn1LJRZUe0l26hyWrDKCQahsSQMz9fdEgoXWM+HbToHNRP/1UvHHK62sMkHDS5iMYkMlWWwKYg5NCNPH4YgpSgyfWYKJYvZYSCZYYWJsPPkshVr2KvxPvlPoVMqu5beo2Lxa5pEDp+AMnAMX1EET3IAWaAMCxuARPIMXRzhPzqvztmhdc5YzJ2AFzvsXGvmONA==</latexit>

nH
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         2. Instanton approach

• Start with the off-shell Green function 

!

• substituting for each field = instanton + fluctuation; integrate out the 
fluctuations to the leading non-vanishing order. 

• To get the Amplitude: analytically continue to Minkowski space, Fourier 
transform instanton external legs to momentum space, go on-shell and LSZ 
amputate, e.g. 

!

!

• After integrating over the instanton size of the multiple field insertions above 
one gets the exponential enhancement with energy.
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         2. Instanton approach

• Start with the off-shell Green function 

!

• substituting for each field = instanton + fluctuation; integrate out the 
fluctuations to the leading non-vanishing order. 

• To get the Amplitude: analytically continue to Minkowski space, Fourier 
transform instanton external legs to momentum space, go on-shell and LSZ 
amputate, e.g. 

!

!

• After integrating over the instanton size of the multiple field insertions above 
one gets the exponential enhancement with energy.
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<latexit sha1_base64="r5Ik7Ghh1tJCQ/u5nZILnOkhP3Q=">AAAB7XicZVBNSwMxEJ3Ur1q/qh69BEvBU9n1osdSLx4ruG2hXUo2zbah2WRJskJZ6l/wJCiIV3+QJ/+N6Qdi2wcDj/dmmJkXpYIb63k/qLC1vbO7V9wvHRweHZ+UT89aRmWasoAqoXQnIoYJLllguRWsk2pGkkiwdjS+m/ntJ6YNV/LRTlIWJmQoecwpsU4Keg0+7PbLFa/mzYE3ib8klfpN/AwOzX75uzdQNEuYtFQQY7q+l9owJ9pyKti01MsMSwkdkyHrOipJwkyYz4+d4qpTBjhW2pW0eK7+n8hJYswkiVxnQuzIrHsz8c+rrqyy8W2Yc5lmlkm62BRnAluFZ6/jAdeMWjFxhFDN3bGYjogm1LqASi4Ff/3nTdK6rvmOP7g4GrBAES7gEq7Ahxuowz00IQAKHF7gDd6RQq/oA30uWgtoOXMOK0Bfv9GPj/c=</latexit> <latexit sha1_base64="alXd4q5mApLCv/j9pZFhTRB+VJY=">AAAB7XicZVBNawIxEJ21X9Z+2fbYS6gIPcmuFz2KvfRooauCLpKNWQ1mkyXJFmTxN/RUaKGU3vqDeuqfKY0flKoPBh7vzTAzL0w408Z1v53czu7e/kH+sHB0fHJ6Vjy/aGuZKkJ9IrlU3RBrypmgvmGG026iKI5DTjvh5Hbudx6p0kyKBzNNaBDjkWARI9hYye832ag3KJbcirsA2ibeipQatWj2U/2IWoPiV38oSRpTYQjHWvc8NzFBhpVhhNNZoZ9qmmAywSPas1TgmOogWxw7Q2WrDFEklS1h0EL9P5HhWOtpHNrOGJux3vTm4p9XXltlonqQMZGkhgqy3BSlHBmJ5q+jIVOUGD61BBPF7LGIjLHCxNiACjYFb/PnbdKuVjzL720cTVgiD1dwDTfgQQ0acAct8IEAgyd4gVdHOs/Om/O+bM05q5lLWIPz+QvIhJIs</latexit> <latexit sha1_base64="alXd4q5mApLCv/j9pZFhTRB+VJY=">AAAB7XicZVBNawIxEJ21X9Z+2fbYS6gIPcmuFz2KvfRooauCLpKNWQ1mkyXJFmTxN/RUaKGU3vqDeuqfKY0flKoPBh7vzTAzL0w408Z1v53czu7e/kH+sHB0fHJ6Vjy/aGuZKkJ9IrlU3RBrypmgvmGG026iKI5DTjvh5Hbudx6p0kyKBzNNaBDjkWARI9hYye832ag3KJbcirsA2ibeipQatWj2U/2IWoPiV38oSRpTYQjHWvc8NzFBhpVhhNNZoZ9qmmAywSPas1TgmOogWxw7Q2WrDFEklS1h0EL9P5HhWOtpHNrOGJux3vTm4p9XXltlonqQMZGkhgqy3BSlHBmJ5q+jIVOUGD61BBPF7LGIjLHCxNiACjYFb/PnbdKuVjzL720cTVgiD1dwDTfgQQ0acAct8IEAgyd4gVdHOs/Om/O+bM05q5lLWIPz+QvIhJIs</latexit> <latexit sha1_base64="alXd4q5mApLCv/j9pZFhTRB+VJY=">AAAB7XicZVBNawIxEJ21X9Z+2fbYS6gIPcmuFz2KvfRooauCLpKNWQ1mkyXJFmTxN/RUaKGU3vqDeuqfKY0flKoPBh7vzTAzL0w408Z1v53czu7e/kH+sHB0fHJ6Vjy/aGuZKkJ9IrlU3RBrypmgvmGG026iKI5DTjvh5Hbudx6p0kyKBzNNaBDjkWARI9hYye832ag3KJbcirsA2ibeipQatWj2U/2IWoPiV38oSRpTYQjHWvc8NzFBhpVhhNNZoZ9qmmAywSPas1TgmOogWxw7Q2WrDFEklS1h0EL9P5HhWOtpHNrOGJux3vTm4p9XXltlonqQMZGkhgqy3BSlHBmJ5q+jIVOUGD61BBPF7LGIjLHCxNiACjYFb/PnbdKuVjzL720cTVgiD1dwDTfgQQ0acAct8IEAgyd4gVdHOs/Om/O+bM05q5lLWIPz+QvIhJIs</latexit> <latexit sha1_base64="DyTqqIfwHtprdhNT8ydjKv/6/bo=">AAAB7XicZVBdSwJBFL3bp9mX1WMvQyL0JLs+ZI9iLz0atCqoyOw4q4OzM8vMbCCLv6GnoCCit35QT/2ZaFw10g5cOJxzL/feE8ScaeO6X87G5tb2zm5uL79/cHh0XDg5bWqZKEJ9IrlU7QBrypmgvmGG03asKI4CTlvB+Gbmtx6o0kyKezOJaS/CQ8FCRrCxkt+ts2GnXyi6ZTcD+k+8BSnWquH0u/IeNvqFz+5AkiSiwhCOte54bmx6KVaGEU6n+W6iaYzJGA9px1KBI6p7aXbsFJWsMkChVLaEQZn6dyLFkdaTKLCdETYjve7NxF+vtLLKhNe9lIk4MVSQ+aYw4chINHsdDZiixPCJJZgoZo9FZIQVJsYGlM9SuFo+v06WKTQrZc/yOxtHHebIwTlcwCV4UIUa3EIDfCDA4BGe4cWRzpPz6rzNWzecxcwZrMD5+AHPDpI7</latexit> <latexit sha1_base64="Vus3MPPgD750erZ/O1CCS0I8OXk=">AAAB7XicZVBNS8NAEJ34WetX1aOXxVLwVBIP6rHUi8cKpi20oWy2m3bpZjfsboQS+hs8CQri1R/kyX/jNk3F1gcDj/dmmJkXJpxp47rfzsbm1vbObmmvvH9weHRcOTlta5kqQn0iuVTdEGvKmaC+YYbTbqIojkNOO+Hkbu53nqjSTIpHM01oEOORYBEj2FjJ7zfZqDeoVN26mwP9J15BqlCgNah89YeSpDEVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SwWOqQ6y/NgZqllliCKpbAmDcvXvRIZjradxaDtjbMZ63ZuLv15tZZWJboOMiSQ1VJDFpijlyEg0fx0NmaLE8KklmChmj0VkjBUmxgZUzlO4Xj6/TpYptK/qnuUPbrXRLPIowTlcwCV4cAMNuIcW+ECAwTO8wpsjnRfn3flYtG44xcwZrMD5/AEBeI6r</latexit>

nW
<latexit sha1_base64="TShGJCmFUF8bm4wJiEjMjRafPCM=">AAAB63icdVBdSwJBFL1rX2ZfVvTUy5AIPcmuidqb1EuPRvkBusjsOOrg7OwyMxvIIvQD6ikoil77RT31b5rVigw6cOFwzr3ce48Xcqa0bX9YqaXlldW19HpmY3Nreye7u9dUQSQJbZCAB7LtYUU5E7Shmea0HUqKfY/Tljc+T/zWDZWKBeJaT0Lq+ngo2IARrI10JXqtXjZnF06r5WKpjOyCbVecopOQYqV0UkKOURLkagfPd7cAUO9l37v9gEQ+FZpwrFTHsUPtxlhqRjidZrqRoiEmYzykHUMF9qly49mpU5Q3Sh8NAmlKaDRTf0/E2Fdq4num08d6pP56ifjj5RdW6UHVjZkII00FmW8aRBzpACWPoz6TlGg+MQQTycyxiIywxESbeDImhe9X0f+kWSw4hl+aOM5gjjQcwhEcgwMVqMEF1KEBBIZwD4/wZPnWg/Vivc5bU9bXzD4swHr7BMF0kB8=</latexit><latexit sha1_base64="uOqjOCeif5UrgyA+x37gzX6jRXQ=">AAAB63icdVBdSwJBFJ21L9M+rOiplyETfJLdTdTepF56NEoNdJHZcdTBmdllZjaQxX5BPQVF0Wu/qKf+TbNakUEHLhzOuZd77/FDRpW27Q8rtbS8srqWXs9kNza3tnM7uy0VRBKTJg5YIK99pAijgjQ11Yxch5Ig7jPS9sdnid++IVLRQFzpSUg8joaCDihG2kiXotfu5fJ26aRWccsVaJdsu+q4TkLcavm4DB2jJMjX95/vbotH2UYv997tBzjiRGjMkFIdxw61FyOpKWZkmulGioQIj9GQdAwViBPlxbNTp7BglD4cBNKU0HCm/p6IEVdqwn3TyZEeqb9eIv54hYVVelDzYirCSBOB55sGEYM6gMnjsE8lwZpNDEFYUnMsxCMkEdYmnoxJ4ftV+D9puSXH8AsTxymYIw0OwCEoAgdUQR2cgwZoAgyG4B48gieLWw/Wi/U6b01ZXzN7YAHW2yczf5B0</latexit><latexit sha1_base64="uOqjOCeif5UrgyA+x37gzX6jRXQ=">AAAB63icdVBdSwJBFJ21L9M+rOiplyETfJLdTdTepF56NEoNdJHZcdTBmdllZjaQxX5BPQVF0Wu/qKf+TbNakUEHLhzOuZd77/FDRpW27Q8rtbS8srqWXs9kNza3tnM7uy0VRBKTJg5YIK99pAijgjQ11Yxch5Ig7jPS9sdnid++IVLRQFzpSUg8joaCDihG2kiXotfu5fJ26aRWccsVaJdsu+q4TkLcavm4DB2jJMjX95/vbotH2UYv997tBzjiRGjMkFIdxw61FyOpKWZkmulGioQIj9GQdAwViBPlxbNTp7BglD4cBNKU0HCm/p6IEVdqwn3TyZEeqb9eIv54hYVVelDzYirCSBOB55sGEYM6gMnjsE8lwZpNDEFYUnMsxCMkEdYmnoxJ4ftV+D9puSXH8AsTxymYIw0OwCEoAgdUQR2cgwZoAgyG4B48gieLWw/Wi/U6b01ZXzN7YAHW2yczf5B0</latexit><latexit sha1_base64="uOqjOCeif5UrgyA+x37gzX6jRXQ=">AAAB63icdVBdSwJBFJ21L9M+rOiplyETfJLdTdTepF56NEoNdJHZcdTBmdllZjaQxX5BPQVF0Wu/qKf+TbNakUEHLhzOuZd77/FDRpW27Q8rtbS8srqWXs9kNza3tnM7uy0VRBKTJg5YIK99pAijgjQ11Yxch5Ig7jPS9sdnid++IVLRQFzpSUg8joaCDihG2kiXotfu5fJ26aRWccsVaJdsu+q4TkLcavm4DB2jJMjX95/vbotH2UYv997tBzjiRGjMkFIdxw61FyOpKWZkmulGioQIj9GQdAwViBPlxbNTp7BglD4cBNKU0HCm/p6IEVdqwn3TyZEeqb9eIv54hYVVelDzYirCSBOB55sGEYM6gMnjsE8lwZpNDEFYUnMsxCMkEdYmnoxJ4ftV+D9puSXH8AsTxymYIw0OwCEoAgdUQR2cgwZoAgyG4B48gieLWw/Wi/U6b01ZXzN7YAHW2yczf5B0</latexit><latexit sha1_base64="dD3i3NUzdBdMejMqAQLPVqkmzY0=">AAAB63icZVBNS8NAEN3Ur9r6URVPXhZroaeSxNLWW9GLx4q2FdpQNttNu3SzCbsboYT6C/QkKIpXf5En/42bVMXqg4HHezPMzHNDRqUyzQ8js7S8srqWXc/lNza3tgs7ux0ZRAKTNg5YIK5dJAmjnLQVVYxch4Ig32Wk607OEr97Q4SkAb9S05A4Phpx6lGMlJYu+aA7KBTNykmjZldr0KyYZt2yrYTY9epxFVpaSVBs7j/f3ZaP8q1B4b0/DHDkE64wQ1L2LDNUToyEopiRWa4fSRIiPEEj0tOUI59IJ05PncGSVobQC4QurmCq/p6IkS/l1Hd1p4/UWP71EvHHKy2sUl7DiSkPI0U4nm/yIgZVAJPH4ZAKghWbaoKwoPpYiMdIIKx0PLk0hVr6KvxPvlPo2BVL8wsdxymYIwsOwCEoAwvUQROcgxZoAwxG4B48gifDNx6MF+N13poxvmb2wAKMt086CZCD</latexit><latexit sha1_base64="EqYEwnjI750BmaX69BIJC4RO4UY=">AAAB63icZVDLSgMxFM34rPVVdekmWAquSqaWtu6KblxWtA9oh5JJM21okhmSjFCGfoIrQUHc+kWu/Bsz0ypWD1w4nHMv997jR5xpg9Cns7a+sbm1ndvJ7+7tHxwWjo47OowVoW0S8lD1fKwpZ5K2DTOc9iJFsfA57frT69TvPlClWSjvzSyinsBjyQJGsLHSnRx2h4UiKl82apVqDaIyQnW34qakUq9eVKFrlRRFsERrWPgYjEISCyoN4Vjrvosi4yVYGUY4necHsaYRJlM8pn1LJRZUe0l26hyWrDKCQahsSQMz9fdEgoXWM+HbToHNRP/1UvHHK62sMkHDS5iMYkMlWWwKYg5NCNPH4YgpSgyfWYKJYvZYSCZYYWJsPPkshVr2KvxPvlPoVMqu5beo2Lxa5pEDp+AMnAMX1EET3IAWaAMCxuARPIMXRzhPzqvztmhdc5YzJ2AFzvsXGvmONA==</latexit>

nH
<latexit sha1_base64="cTcbFgON+dEuXJhfKKw7Td7EcXE=">AAAB63icdVBNSwMxEJ2tX7V+VcWTl2ApeFqyxWqPRS89VrQf0C4lm6ZtaDa7JFmhlII/QE+Conj1F3ny35i2KlbwwcDjvRlm5gWx4Npg/OGklpZXVtfS65mNza3tnezuXl1HiaKsRiMRqWZANBNcsprhRrBmrBgJA8EawfBi6jdumNI8ktdmFDM/JH3Je5wSY6Ur2al0sjns4tPiiVdC2C1ir+QVLSkUPYwLyHPxDLnywfPdLQBUO9n3djeiScikoYJo3fJwbPwxUYZTwSaZdqJZTOiQ9FnLUklCpv3x7NQJyluli3qRsiUNmqm/J8Yk1HoUBrYzJGag/3pT8cfLL6wyvZI/5jJODJN0vqmXCGQiNH0cdbli1IiRJYQqbo9FdEAUocbGk7EpfL+K/if1gutZfmnjOIc50nAIR3AMHpxBGSpQhRpQ6MM9PMKTEzoPzovzOm9NOV8z+7AA5+0TmSqQBA==</latexit><latexit sha1_base64="iJNc5yNI5PL9AJ0Lq7a5uHcjBxk=">AAAB63icdVDLSgMxFM3UV219VMWVm2AtdDVkiqNdFt10WdE+wA4lk2ba0ExmSDJCGeoX6EpQFLd+kSv/xrRVsYIHLhzOuZd77/FjzpRG6MPKLC2vrK5l13P5jc2t7cLObktFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/uh86rdvqFQsEld6HFMvxAPBAkawNtKl6NV7hSKy0Yl77FQhsl3kVB3XkIrrIFSBjo1mKNb2n+9uy0f5Rq/w3u1HJAmp0IRjpa4dFGsvxVIzwukk100UjTEZ4QG9NlTgkCovnZ06gSWj9GEQSVNCw5n6eyLFoVLj0DedIdZD9debij9eaWGVDqpeykScaCrIfFOQcKgjOH0c9pmkRPOxIZhIZo6FZIglJtrEkzMpfL8K/yetiu0YfmHiOANzZMEBOARl4IBTUAN10ABNQMAA3INH8GSF1oP1Yr3OWzPW18weWID19gkLNZBZ</latexit><latexit sha1_base64="iJNc5yNI5PL9AJ0Lq7a5uHcjBxk=">AAAB63icdVDLSgMxFM3UV219VMWVm2AtdDVkiqNdFt10WdE+wA4lk2ba0ExmSDJCGeoX6EpQFLd+kSv/xrRVsYIHLhzOuZd77/FjzpRG6MPKLC2vrK5l13P5jc2t7cLObktFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/uh86rdvqFQsEld6HFMvxAPBAkawNtKl6NV7hSKy0Yl77FQhsl3kVB3XkIrrIFSBjo1mKNb2n+9uy0f5Rq/w3u1HJAmp0IRjpa4dFGsvxVIzwukk100UjTEZ4QG9NlTgkCovnZ06gSWj9GEQSVNCw5n6eyLFoVLj0DedIdZD9debij9eaWGVDqpeykScaCrIfFOQcKgjOH0c9pmkRPOxIZhIZo6FZIglJtrEkzMpfL8K/yetiu0YfmHiOANzZMEBOARl4IBTUAN10ABNQMAA3INH8GSF1oP1Yr3OWzPW18weWID19gkLNZBZ</latexit><latexit sha1_base64="iJNc5yNI5PL9AJ0Lq7a5uHcjBxk=">AAAB63icdVDLSgMxFM3UV219VMWVm2AtdDVkiqNdFt10WdE+wA4lk2ba0ExmSDJCGeoX6EpQFLd+kSv/xrRVsYIHLhzOuZd77/FjzpRG6MPKLC2vrK5l13P5jc2t7cLObktFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/uh86rdvqFQsEld6HFMvxAPBAkawNtKl6NV7hSKy0Yl77FQhsl3kVB3XkIrrIFSBjo1mKNb2n+9uy0f5Rq/w3u1HJAmp0IRjpa4dFGsvxVIzwukk100UjTEZ4QG9NlTgkCovnZ06gSWj9GEQSVNCw5n6eyLFoVLj0DedIdZD9debij9eaWGVDqpeykScaCrIfFOQcKgjOH0c9pmkRPOxIZhIZo6FZIglJtrEkzMpfL8K/yetiu0YfmHiOANzZMEBOARl4IBTUAN10ABNQMAA3INH8GSF1oP1Yr3OWzPW18weWID19gkLNZBZ</latexit><latexit sha1_base64="mnMOwnlXFRWdWERe0Aw7Tui9GXU=">AAAB63icZVBdSwJBFJ21L9M+rOiplyETfJJZac1HqRcfjfIDVGR2nNXB2dllZjaQxX5BPQVF0Wu/qKf+TeNakXXgwuGce7n3HjfkTGmEPqzUyura+kZ6M5Pd2t7Zze3tt1QQSUKbJOCB7LhYUc4EbWqmOe2EkmLf5bTtTi7mfvuGSsUCca2nIe37eCSYxwjWRroSg/ogl0clVHFO7SpEJQfZVdsxpOzYCJWhXUIJ8rXD57vb4km2Mci994YBiXwqNOFYqa6NQt2PsdSMcDrL9CJFQ0wmeES7hgrsU9WPk1NnsGCUIfQCaUpomKi/J2LsKzX1XdPpYz1Wf725+OMVllZpr9qPmQgjTQVZbPIiDnUA54/DIZOUaD41BBPJzLGQjLHERJt4MkkKleRV+J98p9Aql2zDL00c52CBNDgCx6AIbHAGaqAOGqAJCBiBe/AInizferBerNdFa8r6mjkAS7DePgERv5Bo</latexit><latexit sha1_base64="0DkQFrbt+9slD+CwkW1usoLcPTs=">AAAB63icZVDLSgMxFM3UV62vqks3wVJwNSTFqV0W3XRZ0T6gHUomTdvQTGZIMkIZ+gmuBAVx6xe58m9Mp1WsHrhwOOde7r0niAXXBqFPJ7exubW9k98t7O0fHB4Vj0/aOkoUZS0aiUh1A6KZ4JK1DDeCdWPFSBgI1gmmNwu/88CU5pG8N7OY+SEZSz7ilBgr3clBY1AsIRdVvUtcg8j1EK5hz5KKhxGqQOyiDCWwQnNQ/OgPI5qETBoqiNY9jGLjp0QZTgWbF/qJZjGhUzJmPUslCZn20+zUOSxbZQhHkbIlDczU3xMpCbWehYHtDImZ6L/eQvzxymurzKjmp1zGiWGSLjeNEgFNBBePwyFXjBoxs4RQxe2xkE6IItTYeApZCtXsVfiffKfQrrjY8ltUql+v8siDM3AOLgAGV6AOGqAJWoCCMXgEz+DFCZ0n59V5W7bmnNXMKViD8/4F8qCOGQ==</latexit>

Φn(Q) ∼ (Q2)n−2
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• Multi-particle interaction under the instanton BG is (almost) a point-like vertex

Enhancement at large nW and nH.

Such a vertex is highly unrenormalisable and high energy behaviour is not regulated.

n-body phase-space



• The MC Event Generator (HERBVI) using the LO ME formula:
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Figure 1: Normalised distributions of the number of W , Z and � generated by HERBVI.

neighbouring energy activity within �R ⌘
p
��2 +�⌘2 < 0.4 (muons) or 0.3 (electrons

and photons). We require the scalar sum of the transverse momenta pT of the particles
within this cone (excluding the targeted object itself (lepton or photon)) to be less than 15%
(muons), 10% (electrons) or 12% (photons) of the pT of the targeted object. We demand
pT > 30 GeV for all objects (jets, leptons and photons) and |⌘| < 5 (jets), < 2.4 (muons)
and < 2.5 (electrons and photons).

3 Zero vs high boson multiplicity events

We begin this section by showing the boson multiplicity distributions obtained by HERBVI in
Fig. 1. The distributions are obtained as follows. First, the gauge boson multiplicity distri-
bution has been calculated in the symmetric phase using the leading-order matrix element
formula given in [12,13,27]. The distributions of Z and � are obtained by transforming the
neutral W bosons into Z and � with probabilities cos2 ✓W and sin2

✓W , respectively. One
can see in the figure that the W boson multiplicity peaks around 20. One the other hand,
the central value of the Z multiplicity is about a factor of 2 smaller. The number of photons
per event is rather modest but 2 or 3 photons are expected on average. We do not show
the Higgs boson multiplicity distribution because it is negligible compared to that of gauge
bosons.

We now compare various distributions obtained for the events with zero- (BaryoGEN) and
multi- (HERBVI) boson final states in Fig. 2. In this and the rest of the figures, the blue-
dashed and red-solid histograms correspond to the distributions for the zero- and multi-boson

4

√
s
∣∣
pp

= 13TeV
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O(30) EW gauge bosons are produced!

Festival at collider!

[Gibbs, Webber ’95]

[Ringwald, KS, Webber ‘18]
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Fig. 3. Time evolution of he Fourier component ofmomentum k = 1 M~of the Higgs field fitted to
free-field behaviour.

The Fourier coefficients ak, bk, Ck and hk provide us with the energy distribu-
tion of the outgoing wave (eq. (29)) which we interpret according to E(k) =

N(k)w(k) as multiplicity distribution of the Higgs particles and gauge bosons
plotted in fig. 4. We find an average multiplicity of 42.3 W-bosons and 7.6 Higgs
particles. The Higgs bosons carry about 11.5% of the available energy. The
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- I k[M]
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Fig. 4. Multiplicity distribution 4irk2N(k) of the final-state particles over the momentum k in units
ofM~.
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Fig. 1. Radial energy distribution (in units ofM~)of the decaying sphaleron at different times (in units
ofM~’).

It takes a time of order 4.5 M~ until the sphaleron radiation shows free-field
behavior. In order to demonstrate this, we gauge transform the solution of the
field equations into unitary gauge K(r, t) = 0, Fourier transform in r according to
eqs. (24)—(27) and check the free-field time dependence of the Fourier coefficients
ak, bk, Ck and hk.
Fig. 3 shows this time development of the k = lMw component of the Fourier

transformed Higgs field hk fitted with the harmonic time dependence of a free
field. It nicely satisfies the dispersion relation w

2 = k2 + M~
1.

,CS—charge

110 2’O 3’O ~

Fig. 2. Time evolution of the Chern—Simons charge.
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multiplicity

wave number / mW

[Heilmund, Kripfganz ’91]

• Prepare an *almost* sphaleron configuration, 
deviated slightly to the unstable direction.


• Evolve it with EoM and observe the field 
rump dissipates.


• Fourier expand (expansion in terms of fee 
particle modes) the final state and count the 
number of W and H bosons.

Real time evolution

radial energy density

at t = 0, 10, 20, 30/mW



1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form

�̂
BV
incl ⌘

X

nW ,nh

�̂
BV
nW ,nh

=
P (✏)

m
2
W

exp


�

4⇡

↵W
F (✏)

�
, (1.2)

where

✏ ⌘

p
ŝ

M0
(1.3)

is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
6⇡

mW

↵W
' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1

2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.

p
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p

IW IW

1

e

p1

p2
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Is Is

1

Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])

σ̂(I)
p1p2 ∼

1

2 p1 · p2
Im

∫

d4R ei (p1+p2)·R (2)

×
∞
∫

0

dρ

∞
∫

0

dρ D(ρ)D(ρ)
∫

dU e
− 4π

αg
Ω
(

U,R
2

ρρ̄
, ρ̄
ρ
,...
)

[

ω

(

U,
R2

ρρ̄
,
ρ̄

ρ
, . . .

)]nfin

× F
(

√

−p21 ρ
)

F
(

√

−p21 ρ
)

F
(

√

−p22 ρ
)

F
(

√

−p22 ρ
)

Pg
p1p2 (U,R, ρ, ρ̄; p1 · p2) .

Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.

3

Im
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vides a gratifying check of the numerical calculations.

Another interesting comparison can be made with the
results of Ref. [41], where the real-time overbarrier so-
lutions close to the boundary of the classically allowed
region were searched via Monte-Carlo techniques2. In

2 In Ref. [41] the coupling constant λ was chosen 0.1, while we
use λ = 0.125. We performed a set of calculations for λ =
0.1. The dependence on λ is so weak, that the difference for the
results would be invisible in the graph. Much larger discrepancies
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(dashed line), low energy analytic prediction (12) (rare dotted
line) and analytic estimate of Refs. [46, 47] (dotted line).

this way, an approximation (which, at the same time, is
an upper bound) for the boundary of the classically al-
lowed region was obtained. It is seen that the results of
Ref. [41] are reasonably close to the boundary E0(N),
found in our calculations.

Our results by themselves do not reach the physically
interesting N = 0 limit (corresponding to particle colli-
sions). Studying lower N in numerical calculations would
need lattices with larger number of lattice points and
would require quite substantial amounts of time even on

appear because of the different lattice parameters used in the two
calculations. (In Ref. [41], having only to solve for the real time
evolution of the fields, it was possible to use a larger lattice and
a finer lattice spacing than in the present calculations.)
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• Optical theorem [Bezrukov, Levkov, Rebbi, Rubakov, Tinyakov ’03]

• Semi-Classical method
[Bezrukov, Levkov, Rebbi, Rubakov, Tinyakov ’03],
[Rubakov, Tinyakov ’92], …

• Treating NCS as a dynamical variable
[Tye, Wong ’15 ‘16]

[Khoze, Ringwald ’91], …

<latexit sha1_base64="ElljCiQJrCy3L/C5yHh66JY+1lU=">AAAB/HicZVDLSsNAFJ34rPUV69LNYCm4kJIIvnZFNy4r9AVNKJPppB06MwkzE7GE+imuBAVx64+48m+cpqnYeuDC4Zx7ufeeIGZUacf5tlZW19Y3Ngtbxe2d3b19+6DUUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsY3U799gORikaioccx8TkaCBpSjLSRenbJU5TDa+idpp7ksEFak55ddqpOBvifuDkpgxz1nv3l9SOccCI0ZkipruvE2k+R1BQzMil6iSIxwiM0IF1DBeJE+Wl2+wRWjNKHYSRNCQ0z9e9EirhSYx6YTo70UC17U/HXqyys0uGVn1IRJ5oIPNsUJgzqCE6TgH0qCdZsbAjCkppjIR4iibA2eRWzFC7mzy+TeQqts6p7XnXunXLtJs+jAI7AMTgBLrgENXAH6qAJMHgEz+AVvFlP1ov1bn3MWlesfOYQLMD6/AH+YJOh</latexit>

∼ 9TeV

<latexit sha1_base64="umfWN2QMsiclh9dkFJYBn73FUnw=">AAAB/XicZVDLSsNAFJ3UV62vaJduBkvBhZSpUHVZdOOyQl/QhDKZTtqhM0mYmQghFD/FlaAgbv0QV/6N0zQVWw9cOJxzL/fe40WcKY3Qt1XY2Nza3inulvb2Dw6P7OOTrgpjSWiHhDyUfQ8ryllAO5ppTvuRpFh4nPa86d3c7z1SqVgYtHUSUVfgccB8RrA20tAuO4oJ2EDQuUgdKWCbdmdDu4JqKAP8T+o5qYAcraH95YxCEgsaaMKxUoM6irSbYqkZ4XRWcmJFI0ymeEwHhgZYUOWm2fEzWDXKCPqhNBVomKl/J1IslEqEZzoF1hO17s3FX6+6skr7N27KgijWNCCLTX7MoQ7hPAo4YpISzRNDMJHMHAvJBEtMtAmslKVwtXx+nSxT6F7W6o0aekCV5m2eRxGcgjNwDurgGjTBPWiBDiAgAc/gFbxZT9aL9W59LFoLVj5TBiuwPn8AanuT1w==</latexit>

∼ 50TeV

Cross-section Estimate



1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form
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is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
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mW

↵W
' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1

2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.
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Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])
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Pg
p1p2 (U,R, ρ, ρ̄; p1 · p2) .

Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.
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FIG. 3: Lines of F (E, N) = const. Lines are labeled by
the values of the suppression exponent −αW log σ = 4πF .
Diagonal line directed from the sphaleron towards the origin
is the line of periodic instantons. Energy E is in units of
MW /αW , number of particles N is in units of 1/αW . The
line labeled by 0 (F = 0) is the boundary of the classically
allowed region E = E0(N). The “fuzzy” line represents the
approximate boundary of the classically allowed region found
in over-barrier calculations of Ref. [41].
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vides a gratifying check of the numerical calculations.

Another interesting comparison can be made with the
results of Ref. [41], where the real-time overbarrier so-
lutions close to the boundary of the classically allowed
region were searched via Monte-Carlo techniques2. In

2 In Ref. [41] the coupling constant λ was chosen 0.1, while we
use λ = 0.125. We performed a set of calculations for λ =
0.1. The dependence on λ is so weak, that the difference for the
results would be invisible in the graph. Much larger discrepancies
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FIG. 5: Lower bound on the suppression exponent for two-
particle collisions, dashed and dashed-dotted lines. Dotted
line is the estimate of Refs. [46, 47].
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FIG. 6: Estimate of the suppression exponent for two-particle
collisions FHG(E) (solid line), lower bound on FHG(E)
(dashed line), low energy analytic prediction (12) (rare dotted
line) and analytic estimate of Refs. [46, 47] (dotted line).

this way, an approximation (which, at the same time, is
an upper bound) for the boundary of the classically al-
lowed region was obtained. It is seen that the results of
Ref. [41] are reasonably close to the boundary E0(N),
found in our calculations.

Our results by themselves do not reach the physically
interesting N = 0 limit (corresponding to particle colli-
sions). Studying lower N in numerical calculations would
need lattices with larger number of lattice points and
would require quite substantial amounts of time even on

appear because of the different lattice parameters used in the two
calculations. (In Ref. [41], having only to solve for the real time
evolution of the fields, it was possible to use a larger lattice and
a finer lattice spacing than in the present calculations.)
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form
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where

✏ ⌘

p
ŝ

M0
(1.3)

is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
6⇡

mW

↵W
' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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√
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Figure 3: The 13 TeV inclusive hadronic cross-section for sphaleron production with psph = 1
as a function of Esph in Eq. (2.1), obtained with the CT10 LO PDF set.

By comparing the number of observed events with the expected background contribution
in each signal region, CMS estimated a model-independent 95% CL upper limit on the
extra contribution to the signal region. We refer to this bound as N

max(a)
obs , where a labels

the signal region in question. CMS also estimated the “expected” upper limit, Nmax(a)
exp , by

assuming that exactly the same (fractional) number of events predicted by the background
was observed.

Our procedure for setting limits is as follows. First, we estimate the contribution from
sphaleron events to the signal region a, N (a)

sph, using the BaryoGEN or HERBVI Monte Carlo
simulation. These signal contributions are then compared with the corresponding expected
upper limits to identify the “most sensitive” signal region, a⇤, that gives the largest value
for N (a)

sph/N
max(a)
exp , i.e. 8a;N (a⇤)

sph /N
max(a⇤)
exp � N

(a)
sph/N

max(a)
exp . We then compare the signal con-

tribution with the observed upper limit only at the most sensitive signal region. We exclude
the signal hypothesis if N (a⇤)

sph /N
max(a⇤)
obs > 1.

In Table 1, we show the most sensitive signal region (a⇤ = (Nmin, S
min
T [TeV])⇤), the

signal e�ciency (✏(a
⇤)) at signal region a

⇤, and the observed upper limit for signal region a
⇤

(Nmax(a⇤)
obs ) for di↵erent values of the partonic threshold energy Esph. The signal e�ciency is

defined as the fraction of events that satisfy the condition employed by the signal region. In
particular, it satisfies the relation N

(a)
sph = � ·✏

(a⇤)
·Lint, where Lint is the integrated luminosity

and � is the inclusive hadronic cross-section obtained by convoluting the partonic cross-
section in Eq. (2.1) with the parton distribution functions (PDFs). in Fig. 3 we show the
inclusive hadronic cross-section with psph = 1 in Eq. (2.1), where the CT10 LO PDF set [48]
was used following the CMS analysis [41].

In Table 1, we see that Nmin = 11, Smin
T = 4.2 TeV is selected for the most sensitive

7
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Figure 12: Observed (solid curve) and expected (dashed black curve) 95% CL upper limit on
the pre-exponential factor PEF of the sphaleron production as a function of Esph. The inner
(outer) band represents the ±1 (±2) standard deviation uncertainty in the expected limit. The
area above the solid curve is excluded by this search.

the distribution of the total transverse momentum ST of the final-state objects in data with that
expected from the backgrounds, we set 95% confidence level model-independent upper limits
on the product of the production cross section and acceptance for such final states, as a func-
tion of the minimum ST for minimum final-state multiplicities between 3 and 11. These limits
reach 0.08 fb at high ST thresholds. By calculating the acceptance values for benchmark black
hole, string ball, and sphaleron signal models, we convert these model-independent limits into
lower limits on the minimum semiclassical black hole mass and string ball mass. The limits
extend as high as 10.1 TeV, thus improving significantly on previous results. We have also set
the first experimental upper limit on the electroweak sphaleron pre-exponential factor of 0.021
for the sphaleron transition energy of 9 TeV.
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Figure 5: The comparison of data and the background predictions after normalization for in-
clusive multiplicities of N � 7, . . . , 11 (left to right, upper to lower). The gray band shows the
shape uncertainty and the red lines also include the normalization uncertainty. The bottom
panels show the difference between the data and the background prediction from the fit, di-
vided by the overall uncertainty, which includes the statistical uncertainty of data as well as
the shape and normalization uncertainties in the background prediction, added in quadrature.
The N � 7 (N � 8, . . . , 11) distributions also show contributions from benchmark BLACKMAX
B1 (sphaleron) signals added to the expected background.
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,
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which is parametrically similar to the energy of the sphaleron, Esph = f(m2
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9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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Figure 3: The 13 TeV inclusive hadronic cross-section for sphaleron production with psph = 1
as a function of Esph in Eq. (2.1), obtained with the CT10 LO PDF set.

By comparing the number of observed events with the expected background contribution
in each signal region, CMS estimated a model-independent 95% CL upper limit on the
extra contribution to the signal region. We refer to this bound as N

max(a)
obs , where a labels

the signal region in question. CMS also estimated the “expected” upper limit, Nmax(a)
exp , by

assuming that exactly the same (fractional) number of events predicted by the background
was observed.

Our procedure for setting limits is as follows. First, we estimate the contribution from
sphaleron events to the signal region a, N (a)

sph, using the BaryoGEN or HERBVI Monte Carlo
simulation. These signal contributions are then compared with the corresponding expected
upper limits to identify the “most sensitive” signal region, a⇤, that gives the largest value
for N (a)

sph/N
max(a)
exp , i.e. 8a;N (a⇤)

sph /N
max(a⇤)
exp � N

(a)
sph/N

max(a)
exp . We then compare the signal con-

tribution with the observed upper limit only at the most sensitive signal region. We exclude
the signal hypothesis if N (a⇤)

sph /N
max(a⇤)
obs > 1.

In Table 1, we show the most sensitive signal region (a⇤ = (Nmin, S
min
T [TeV])⇤), the

signal e�ciency (✏(a
⇤)) at signal region a

⇤, and the observed upper limit for signal region a
⇤

(Nmax(a⇤)
obs ) for di↵erent values of the partonic threshold energy Esph. The signal e�ciency is

defined as the fraction of events that satisfy the condition employed by the signal region. In
particular, it satisfies the relation N

(a)
sph = � ·✏

(a⇤)
·Lint, where Lint is the integrated luminosity

and � is the inclusive hadronic cross-section obtained by convoluting the partonic cross-
section in Eq. (2.1) with the parton distribution functions (PDFs). in Fig. 3 we show the
inclusive hadronic cross-section with psph = 1 in Eq. (2.1), where the CT10 LO PDF set [48]
was used following the CMS analysis [41].

In Table 1, we see that Nmin = 11, Smin
T = 4.2 TeV is selected for the most sensitive
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The multi-boson events such as eq. (1.1) lead to spectacular collider signatures. Ac-

cording to eq. (1.7), one expects O(30) electroweak bosons in an event on average.2 To

study collider signatures of eq. (1.1), the event generator HERBVI [26] was developed, and

the first thorough phenomenological study was carried out in ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to

decide this question immediately dropped considerably and the research in this direction

essentially stopped.3 However, a recent paper by Tye and Wong [34], presenting qualita-

tive arguments in favour of observable rates for electroweak (B +L)-violation, revived the

interest in it and motivated phenomenological [35–41] and experimental studies. In partic-

ular, the CMS collaboration has recently reported their results of searching for signatures

of electroweak instanton-induced processes at the LHC [42].

There is, however, a remarkable difference between the processes considered in the

CMS analysis and the virtual sphaleron-like processes discussed in the literature and briefly

summarised above. Following earlier studies [35] and for simplicity, CMS postulated the

zero-boson process

qq → nqq + 3! (1.9)

where nq = 7, 9 or 11, and q/! represent quark/lepton or anti-quark/anti-lepton depending

on how the fermion lines are contracted with an effective vertex in the instanton back-

ground with topological charge ∆NCS = ±1. In the CMS analysis, the event generator

BaryoGEN [43] was used to simulate the process in eq. (1.9).

In this paper we investigate the difference in collider signatures between multi- and

zero-boson process (i.e. eq. (1.1) and eq. (1.9)) using the HERBVI and BaryoGEN event

generators, respectively. After comparing various distributions in section 3, we recast the

original CMS analysis and derive the cross-section upper limit on the sphaleron-like multi-

boson process in section 4. Section 5 is devoted to conclusions.

2 Event simulation

It has been suggested that the steeply-rising event rate of sphaleron-like processes can

be modelled by a sharp threshold behaviour as a function of the partonic centre-of-mass

energy,
√
ŝ [44]. We therefore postulate the following partonic cross-section:

σ̂(
√
ŝ) =

psph
m2

W

Θ(
√
ŝ− Esph), (2.1)

where Θ(x) is the Heaviside theta function; Θ(x) = 1 for x ≥ 0 and 0 otherwise, and

Esph is the partonic threshold energy. We take Esph = 9TeV as the default value for our

simulation (later varying it by ±1TeV), motivated by the fact that the sphaleron barrier

height with mh = 125GeV is given by ∼ 9.1TeV [16]. In eq. (2.1), the cross-section is

normalised by 1/m2
W up to the dimensionless parameter psph, which controls the overall

cross-section. The same parametrisation is used in the CMS analysis [42].

2The number of Higgs bosons is only a few according to eq. (1.8).
3Instead, then the theory [28, 29], phenomenology [30] and experimental searches [31–33] for the analo-

gous instanton-induced processes in QCD were developed.
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form

�̂
BV
incl ⌘

X

nW ,nh

�̂
BV
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=
P (✏)

m
2
W

exp


�

4⇡

↵W
F (✏)

�
, (1.2)

where

✏ ⌘

p
ŝ

M0
(1.3)

is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
6⇡

mW

↵W
' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1
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√
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psph
m2

W

Θ(
√
ŝ− Ethr)
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Figure 3: The 13 TeV inclusive hadronic cross-section for sphaleron production with psph = 1
as a function of Esph in Eq. (2.1), obtained with the CT10 LO PDF set.

By comparing the number of observed events with the expected background contribution
in each signal region, CMS estimated a model-independent 95% CL upper limit on the
extra contribution to the signal region. We refer to this bound as N

max(a)
obs , where a labels

the signal region in question. CMS also estimated the “expected” upper limit, Nmax(a)
exp , by

assuming that exactly the same (fractional) number of events predicted by the background
was observed.

Our procedure for setting limits is as follows. First, we estimate the contribution from
sphaleron events to the signal region a, N (a)

sph, using the BaryoGEN or HERBVI Monte Carlo
simulation. These signal contributions are then compared with the corresponding expected
upper limits to identify the “most sensitive” signal region, a⇤, that gives the largest value
for N (a)

sph/N
max(a)
exp , i.e. 8a;N (a⇤)

sph /N
max(a⇤)
exp � N

(a)
sph/N

max(a)
exp . We then compare the signal con-

tribution with the observed upper limit only at the most sensitive signal region. We exclude
the signal hypothesis if N (a⇤)

sph /N
max(a⇤)
obs > 1.

In Table 1, we show the most sensitive signal region (a⇤ = (Nmin, S
min
T [TeV])⇤), the

signal e�ciency (✏(a
⇤)) at signal region a

⇤, and the observed upper limit for signal region a
⇤

(Nmax(a⇤)
obs ) for di↵erent values of the partonic threshold energy Esph. The signal e�ciency is

defined as the fraction of events that satisfy the condition employed by the signal region. In
particular, it satisfies the relation N

(a)
sph = � ·✏

(a⇤)
·Lint, where Lint is the integrated luminosity

and � is the inclusive hadronic cross-section obtained by convoluting the partonic cross-
section in Eq. (2.1) with the parton distribution functions (PDFs). in Fig. 3 we show the
inclusive hadronic cross-section with psph = 1 in Eq. (2.1), where the CT10 LO PDF set [48]
was used following the CMS analysis [41].

In Table 1, we see that Nmin = 11, Smin
T = 4.2 TeV is selected for the most sensitive

7

Phenomenological parametrization
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Figure 2: The multiplicities of final-state objects with pT > 30 GeV; jets (top left), leptons
(top right), photons (bottom). The red-solid and blue-dashed histograms correspond to the
multi- and zero-boson events generated by HERBVI and BaryoGEN, respectively.

final state events, respectively.
The top left panel shows the jet multiplicity distributions. As expected, the distribution

for zero-boson final states peaks around Nj = 10, since 7, 9 or 11 quarks are present in the
final states coming from the hard interaction, although some extra jets can arise from initial-
and final-state QCD radiation. On the other hand, Nj peaks around 22 in the multi-boson
case. The extra jets are coming mainly from the decay of heavy electroweak bosons. It is
interesting that 99% of the multi-boson events have Nj � 15. In such a high jet multiplicity
region the Standard Model background is extremely low.

The lepton multiplicities are compared in the top right panel of Fig. 2. As can be seen,
the number of leptons in an event is much larger for the multi-boson process, since the extra
leptons are produced in the decay of the heavy bosons. While only ⇠ 20% of the zero-boson
events have N` > 1, this rate is ⇠ 40% for the multi-boson events.
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[Ringwald, KS, Webber 1809.10833]

jet multiplicity

2

growing in this energy region. Intriguingly, the charac-
teristic scale for the exponential growth is M0 and thus
of the order of the sphaleron energy. One may interprete
this as a hint that the process proceeds via an intermedi-
ate virtual sphaleron-like field configuration. This inter-
pretation is also backed-up by the fact that the inclusive
cross-section (I.2) is dominated by a semi-classically large
number of W (Z) and Higgs bosons [24],

hnW i =
4⇡

↵W

✓
3

8
✏
4/3 +O

�
✏
2
�◆

, (I.7)

and

hnHi '
4⇡

↵W

3

32
✏
2
, (I.8)

in-line with the expectation from the decay of a
sphaleron-like intermediate state [25]. Unfortunately,
however, the perturbative expansion of the holy-grail
function F in powers of ✏ breaks down around ✏ ⇠ 1
and therefore it is not possible to infer the size of the
cross-section at center-of-mass energies relevant for the
LHC.

After the end of the SSC project in the early nineties,
the motivation for the theorists to decide this question
immediately dropped considerably and the research in
this direction stopped essentially.⇤ However, a recent pa-
per by Tye and Wong [32], presenting qualitative argu-
ments in favor of observable rates for electroweak (B+L)-
violation, revived the interest in it and motivated the
CMS collaboration to search for signatures of electroweak
instanton-induced processes at the LHC [33].

+++++++++++++++++++++++++++++++++++

qq !

8
<

:
nqq + 3` (BaryoGEN)

7q + 3` +
P

nBB (HERBVI)
(I.9)

where nq = 7, 9 or 11 and we do not distinguish particles
and anti-particles in the above equation.

II. EVENT SIMULATION

It has been suggested that the steeply-rising event rate
of sphaleron-like processes can be modelled by a sharp
threshold behaviour as a function of the partonic centre-
of-mass energy,

p
ŝ [34]. We therefore postulate the fol-

lowing partonic cross-section:

�̂(
p

ŝ) =
psph

m
2
W

⇥(
p

ŝ� Esph), (II.1)

⇤ Instead, then the theory [26, 27], phenomenology [28] and exper-
imental searches for the analogue instanton-induced processes in
QCD [29–31] were developed.
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FIG. 1: Normalised distributions of the number of W , Z, �
and h generated by HERBVI.

where ⇥(x) is the Heaviside theta function; ⇥(x) = 1 for
x � 0 and 0 otherwise, and Esph is the partonic thresh-
old energy. We take Esph = 9 TeV as a default value for
our simulation motivated by the fact that the sphaleron
barrier height with mh = 125 GeV is given by ⇠ 9.1
TeV [16]. In Eq. (II.1), the cross-section is normalised
by 1/m2

W
up to the dimensionless parameter psph, which

controls the overall cross-section. The same parametri-
sation is used in the CMS analysis [33].

The event samples for zero and multi-boson final states
are generated by BaryoGEN [35] and HERBVI [39], re-
spectively. Since BaryoGEN only generates partonic fi-
nal states from the hard process, the sample is passed
to Pythia 8 [36] to simulate the parton shower and
hadronization. HERBVI is a hard process generator in-
terfaced to the Fortran HERWIG generator [41]. For this
study we use the last Fortran version HERWIG 6.521 [42].

The above hadronic samples are then passed to
Delphes to simulate the detector response. We tune the
parameters in Delphes in such a way that it emulates
the CMS analysis [33] as accurately as possible. Jets are
reconstructed using the anti-kT algorithm with cone size
0.4. Leptons (electrons and muons) and photons are re-
quired to be isolated from neighbouring energy activity
within �R ⌘

p
��2 +�⌘2 < 0.4 (muons) or 0.3 (elec-

trons and photons). We require the scalar sum of the
transverse momenta pT of the particles within this cone
(excluding the targeted object itself (lepton or photon))
to be less than 15% (muons), 10% (electrons) or 12%
(photons) of the pT of the targeted object. We demand
pT > 30 GeV for all objects (jets, leptons and photons)
and |⌘| < 5 (jets), < 2.4 (muons) and < 2.5 (electrons
and photons).

[BaryoGEN]

[HERBVI]

• CMS analysis assumes sphaleron final 
states DO NOT involve any EW bosons.

Figure 6: The 95% CL exclusion limits obtained by recasting CMS black hole-sphaleron
analysis [41] in the (Esph vs �) [left panel] and (Esph vs psph) [right panel] planes. The
light-red and light-blue regions are excluded for HERBVI and BaryoGEN, respectively.

multi-boson case. This can be seen also in Table 1, since the signal e�ciency, ✏(a
⇤), and the

observed upper limit, Nmax(a⇤)
obs , are almost independent of Esph for this case. Since ✏

(a⇤) and

N
max(a⇤)
obs are close to their highest and lowest values, respectively, there may be no room

to further improve the limit for the multi-boson case, except by increasing the integrated
luminosity or the collider energy.

In the case of the zero-boson final state, the cross-section limit is stronger for larger Esph,
since the larger the Esph, the higher the ST on average. On the other hand, the hadronic
cross-section decreases rapidly upon increasing the partonic threshold energy, due to the
PDF suppression for fixed psph. We show in the right panel of Fig. 6 the 95% CL excluded
regions in the (Esph vs psph) plane. As expected the limit on psph is weaker for larger Esph.
We superimpose in this plot the limit shown in the CMS analysis [41]. This should be
compared to the zero-boson limit obtained from our recasting of the analysis based on the
fast detector simulation with Delphes. One can see that our limit is on the conservative side
and reasonably close to the CMS limit.

5 Summary and conclusions

In this paper we compared various kinematical and multiplicity distributions between the
anomalous B + L violating processes with zero- and multi-boson final states. The former
final state was assumed in the recent CMS analysis [41] on searching for instanton-induced
processes at the LHC, whilst many theoretical studies suggest that the latter is more realistic.

We showed that there is a significant di↵erence in jet multiplicity distributions; the peak
positions are around 10 for zero-boson and 22 for multi-boson final states, for jets with
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
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is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
6⇡
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' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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Figure 3: The 13 TeV inclusive hadronic cross-section for sphaleron production with psph = 1
as a function of Esph in Eq. (2.1), obtained with the CT10 LO PDF set.

By comparing the number of observed events with the expected background contribution
in each signal region, CMS estimated a model-independent 95% CL upper limit on the
extra contribution to the signal region. We refer to this bound as N

max(a)
obs , where a labels

the signal region in question. CMS also estimated the “expected” upper limit, Nmax(a)
exp , by

assuming that exactly the same (fractional) number of events predicted by the background
was observed.

Our procedure for setting limits is as follows. First, we estimate the contribution from
sphaleron events to the signal region a, N (a)

sph, using the BaryoGEN or HERBVI Monte Carlo
simulation. These signal contributions are then compared with the corresponding expected
upper limits to identify the “most sensitive” signal region, a⇤, that gives the largest value
for N (a)

sph/N
max(a)
exp , i.e. 8a;N (a⇤)

sph /N
max(a⇤)
exp � N

(a)
sph/N

max(a)
exp . We then compare the signal con-

tribution with the observed upper limit only at the most sensitive signal region. We exclude
the signal hypothesis if N (a⇤)

sph /N
max(a⇤)
obs > 1.

In Table 1, we show the most sensitive signal region (a⇤ = (Nmin, S
min
T [TeV])⇤), the

signal e�ciency (✏(a
⇤)) at signal region a

⇤, and the observed upper limit for signal region a
⇤

(Nmax(a⇤)
obs ) for di↵erent values of the partonic threshold energy Esph. The signal e�ciency is

defined as the fraction of events that satisfy the condition employed by the signal region. In
particular, it satisfies the relation N

(a)
sph = � ·✏

(a⇤)
·Lint, where Lint is the integrated luminosity

and � is the inclusive hadronic cross-section obtained by convoluting the partonic cross-
section in Eq. (2.1) with the parton distribution functions (PDFs). in Fig. 3 we show the
inclusive hadronic cross-section with psph = 1 in Eq. (2.1), where the CT10 LO PDF set [48]
was used following the CMS analysis [41].

In Table 1, we see that Nmin = 11, Smin
T = 4.2 TeV is selected for the most sensitive

7

Phenomenological parametrization
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HERBVI Fortran LO No (default)

BaryoGEN C++ No No

HERWIG7 C++ LO + Efreeze Yes

For √s > Efreeze, the LO Boson multiplicity distribution is calculated with √s = Efreeze.

LO prediction cannot be trusted for √s  >~ Esph.
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Figure 4. The partonic (B + L)-violating cross section, σ̂, as a function of the centre of mass
energy,

√
ŝ. The blue dashed line represents the s-wave unitarity bound.

we have performed an independent fit of the three curves at
√
ŝ = 16, 17, 18TeV, appearing

in figure 2 of ref. [46], obtaining the values:

a = −19 + 6× 10−3
√
ŝ/GeV2 ,

b = 7.4 + 3× 10−3
√
ŝ/GeV2 . (2.7)

We use the above values in the phenomenological studies that involve a variable number

of bosons. We note that sphaleron-induced final states are dominated by EW gauge boson

production, and in all the studies of the present article we have set the number of Higgs

bosons produced to zero [47].

As mentioned above, the LOME formula we rely on is valid only for
√
ŝ $ M0 ∼

18TeV. Around and beyond this energy, no reliable theoretical estimation for the boson

multiplicity is known. To obtain a phenomenological treatment of this uncertainty, we

introduce an energy scale Efreeze that acts as a transition point. That is, beyond Efreeze >

M0, the a and b are fixed to their values at
√
ŝ = Efreeze. Since the boson multiplicity

monotonically grows with
√
ŝ in the LOME formula, this effectively introduces an upper

bound to the total number of bosons that can be produced.

To see the effect of varying Efreeze, we show in figure 5 normalised distributions of the

number of W bosons (left) and all bosons (right) for
√
s = 27 TeV, Ethr = 12 TeV with

three different values of Efreeze: Efreeze = 15 TeV (red-solid), 20 TeV (blue-dashed) and

25 TeV (green-solid). One can see that the tail of the distributions become more suppressed

as Efreeze becomes smaller. This is because the LOME formula predicts larger multiplicities

for larger
√
ŝ but the boson multiplicity distribution is frozen for

√
ŝ > Efreeze at Efreeze.

This effect is more visible for Efreeze ∼ Ethr (red vs green histograms). For Efreeze & Ethr,

the effect of Efreeze is very small because the partonic collisions are dominated by
√
ŝ ∼ Ethr

due to suppression of the parton density functions (PDF) (green vs blue histograms).11

11For the event generation we use the PDF4LHC15 nlo mc PDF sets [48].
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Figure 12. The projected sensitivities in the Ethr vs psph plane at the HL-LHC13 (top), HE-LHC27
(middle) and FCC100 (bottom). In the right panel, we generate boson multiplicity according to
the LOME formula, while we fix the boson multiplicity to nB = 40 and 70. On the left-hand side,
Efreeze is taken to be 15 (20) TeV for

√
s = 13 (27, 100) TeV.

In the top two plots, one can see that HL-LHC13 can probe values of psph up to ∼ 10−4

for Ethr ∼ 9TeV. It is interesting to note that recent studies estimated the threshold

energy to lie around this scale [14, 15]. The high-luminosity LHC will therefore provide a

meaningful constraint on this type of estimation. In the middle two plots, we see that the

reach of HE-LHC27 (middle plots) performs much better than HL-LHC13. In particular,

one can exclude psph ! 10−3 at Ethr " 20TeV. In fact, some studies have suggested

that Ethr may be around 20TeV [12, 13], and therefore the HE-LHC27 will be capable of
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in this particular case (
√
s = 100TeV, nB = 40). Exploiting this fact may help to reduce

the SM background in future searches.

3.2 Projected sensitivities

In the present subsection we estimate the sensitivities of observing sphaleron-induced pro-

cesses at proton-proton colliders. We consider three cases; the 13TeV high-luminosity LHC

(HL-LHC13), the 27TeV high-energy LHC (HE-LHC27) and a future 100TeV circular col-

lider (FCC100). To facilitate the comparison of the capability of each collider, we assume

the envisioned integrated luminosity of the HL-LHC13, 3 ab−1, in all three cases, although

future collider experiments will likely collect more data.

Our analysis is inspired by the CMS analysis of ref. [44], on searches for sphaleron

and mini black hole production in 13TeV data with L = 36 fb−1. Following this analysis,

we apply cuts on two variables; N(pT > 100) and S100
T . The former variable is defined

as before, as the number of reconstructed objects (jets, isolated leptons and photons)

with pT > 100 GeV and the latter variable is the scalar sum of the transverse missing

energy ( /ET ) and pT of all reconstructed objects with pT > 100GeV. Our signal selection

requirement is given by

N(pT > 100) ≥ 11, S100
T > 4TeV · · ·HL− LHC13 (3.1)

N(pT > 100) ≥ 15, S100
T > 7TeV · · ·HE− LHC27,FCC100

It has been reported in the CMS analysis [44] that the SM background is reduced to

less than 1 event, with the above HL-LHC13 selection criteria, while the signal efficiency

remains greater than 90% [22]. For the HE-LHC27 and FCC100, we have increased these

requirements upwards. We expect that the SM background for these cases is also reduced

to less than 1 event.

The impact of the N(pT > 100) cut on the signal efficiency can be deduced from

examining the left panel of figure 6 and 7. One can see that signal events are localised

above N(pT > 100) ! 11 for
√
s = 13TeV and ! 15 for

√
s = 27 and 100TeV. Therefore,

the signal selection efficiency is almost 100% for this cut.

To see the efficiency for the S100
T selection, we show the distributions of S100

T in figure 10.

In the left-hand side plots, multiplicity distributions are constructed based on the LOME

prescription, while the boson multiplicity is fixed in the right-hand-side plots. Before

plotting, events are required to satisfy N(pT > 100) ≥ 11 for
√
s = 13TeV and N(pT >

100) ≥ 15 for
√
s = 27 and 100TeV so that the area of the histogram with S100

T > 4 (7)

TeV corresponds the signal efficiency of our event selection. In the top two plots, we see

that the signal efficiency for the HL-LHC13 selection is ! 90%. In the middle-left and

bottom-right plots, one can see that the S100
T distribution is sensitive to Ethr. For

√
s = 27

and 100TeV, the efficiency can be larger than 80% for Ethr ! 12TeV. The signal efficiency

is still as large as 50% even for Ethr ∼ 9TeV.

In the plots on the right-hand side, we see that the S100
T distribution is not sensitive to

nB. This is expected because the variable is defined as the sum of all transverse momenta

and, e.g. splitting one particle into two does not change the sum of the pT , as long as all

particles are counted correctly.

– 15 –
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ûL

ĉL
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FIG. 2. Deposited energies of observed events with predic-
tions. The hashed region shows uncertainties on the sum of
all backgrounds. Muons (red) are computed from simulation
to overcome statistical limitations in our background mea-
surement and scaled to match the total measured background
rate. Atmospheric neutrinos and uncertainties thereon are de-
rived from previous measurements of both the ⇡/K and charm
components of the atmospheric ⌫µ spectrum [9]. A gap larger
than the one between 400 and 1000 TeV appears in 43% of
realizations of the best-fit continuous spectrum.

A purely atmospheric explanation for these events is
strongly disfavored by their properties. The observed
deposited energy distribution extends to much higher en-
ergies (above 2 PeV, Fig. 2) than expected from the ⇡/K
atmospheric neutrino background, which has been mea-
sured up to 100 TeV [9]. While a harder spectrum is ex-
pected from atmospheric neutrinos produced in charmed
meson decay, this possibility is constrained by the ob-
served angular distribution. Although such neutrinos
are produced isotropically, approximately half [27, 28]
of those in the southern hemisphere are produced with
muons of high enough energy to reach IceCube and trig-
ger our muon veto. This results in a southern hemisphere
charm rate ⇠50% smaller than the northern hemisphere
rate, with larger ratios near the poles. Our data show no
evidence of such a suppression, which is expected at some
level from any atmospheric source of neutrinos (Fig. 3).

As in [11], we quantify these arguments using a likeli-
hood fit in arrival angle and deposited energy to a com-
bination of background muons, atmospheric neutrinos
from ⇡/K decay, atmospheric neutrinos from charmed
meson decay, and an isotropic 1:1:1 astrophysical E�2

test flux, as expected from charged pion decays in cos-
mic ray accelerators [30–33]. The fit included all events
with 60TeV < Edep < 3PeV. The expected muon
background in this range is below 1 event in the 3-year
sample, minimizing imprecisions in modeling the muon
background and threshold region. The normalizations of
all background and signal neutrino fluxes were left free
in the fit, without reference to uncertainties from [9],

FIG. 3. Arrival angles of events with Edep > 60TeV, as used
in our fit and above the majority of the cosmic ray muon back-
ground. The increasing opacity of the Earth to high energy
neutrinos is visible at the right of the plot. Vetoing atmo-
spheric neutrinos by muons from their parent air showers de-
presses the atmospheric neutrino background on the left. The
data are described well by the expected backgrounds and a
hard astrophysical isotropic neutrino flux (gray lines). Col-
ors as in Fig. 2. Variations of this figure with other energy
thresholds are in the online supplement [29].

for maximal robustness. The penetrating muon back-
ground was constrained with a Gaussian prior reflecting
our veto e�ciency measurement. We obtain a best-fit
per-flavor astrophysical flux (⌫ + ⌫̄) in this energy range
of E2

�(E) = 0.95 ± 0.3 ⇥ 10�8 GeV cm�2 s�1 sr�1 and
background normalizations within the expected ranges.
Quoted errors are 1� uncertainties from a profile like-
lihood scan. This model describes the data well, with
both the energy spectrum (Fig. 2) and arrival directions
(Fig. 3) of the events consistent with expectations for an
origin in a hard isotropic 1:1:1 neutrino flux. The best-fit
atmospheric-only alternative model, however, would re-
quire a charm normalization 3.6 times higher than our
current 90% CL upper limit from the northern hemi-
sphere ⌫µ spectrum [9]. Even this extreme scenario is
disfavored by the energy and angular distributions of the
events at 5.7� using a likelihood ratio test.

Fig. 4 shows a fit using a more general model in which
the astrophysical flux is parametrized as a piecewise func-
tion of energy rather than a continuous unbroken E

�2

power law. As before, we assume a 1:1:1 flavor ratio and
isotropy. While the reconstructed spectrum is compati-
ble with our earlier E

�2 ansatz, an unbroken E
�2 flux

at our best-fit level predicts 3.1 additional events above
2 PeV (a higher energy search [10] also saw none). This
may indicate, along with the slight excess in lower en-
ergy bins, either a softer spectrum or a cuto↵ at high
energies. Correlated systematic uncertainties in the first
few points in the reconstructed spectrum (Fig. 4) arise
from the poorly constrained level of the charm atmo-
spheric neutrino background. The presence of this softer
(E�2.7) component would decrease the non-atmospheric

p+ γCMB → n+ π+

p+ γCMB → p+ π0

Greisen–Zatsepin–Kuzmin (GZK) processes:

GZK cutoff energy: 
<latexit sha1_base64="8+T66I6NCOawZSY1U9L8V2UB/8A="></latexit>

Ep ∼ 3 · 1011 GeV
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spheric neutrinos by muons from their parent air showers de-
presses the atmospheric neutrino background on the left. The
data are described well by the expected backgrounds and a
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thresholds are in the online supplement [29].

for maximal robustness. The penetrating muon back-
ground was constrained with a Gaussian prior reflecting
our veto e�ciency measurement. We obtain a best-fit
per-flavor astrophysical flux (⌫ + ⌫̄) in this energy range
of E2

�(E) = 0.95 ± 0.3 ⇥ 10�8 GeV cm�2 s�1 sr�1 and
background normalizations within the expected ranges.
Quoted errors are 1� uncertainties from a profile like-
lihood scan. This model describes the data well, with
both the energy spectrum (Fig. 2) and arrival directions
(Fig. 3) of the events consistent with expectations for an
origin in a hard isotropic 1:1:1 neutrino flux. The best-fit
atmospheric-only alternative model, however, would re-
quire a charm normalization 3.6 times higher than our
current 90% CL upper limit from the northern hemi-
sphere ⌫µ spectrum [9]. Even this extreme scenario is
disfavored by the energy and angular distributions of the
events at 5.7� using a likelihood ratio test.

Fig. 4 shows a fit using a more general model in which
the astrophysical flux is parametrized as a piecewise func-
tion of energy rather than a continuous unbroken E

�2

power law. As before, we assume a 1:1:1 flavor ratio and
isotropy. While the reconstructed spectrum is compati-
ble with our earlier E

�2 ansatz, an unbroken E
�2 flux

at our best-fit level predicts 3.1 additional events above
2 PeV (a higher energy search [10] also saw none). This
may indicate, along with the slight excess in lower en-
ergy bins, either a softer spectrum or a cuto↵ at high
energies. Correlated systematic uncertainties in the first
few points in the reconstructed spectrum (Fig. 4) arise
from the poorly constrained level of the charm atmo-
spheric neutrino background. The presence of this softer
(E�2.7) component would decrease the non-atmospheric

p+ γCMB → n+ π+

p+ γCMB → p+ π0

Greisen–Zatsepin–Kuzmin (GZK) processes:

: π0 → γγ

GZK cutoff energy: 
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FIG. 4: Comparison of proton, neutrino and gamma ray fluxes for di�erent crossover energies. We show the best fit values
(solid lines) as well as neutrino and gamma ray fluxes within the 99% C.L. with minimal and maximal energy density (dashed
lines). The gamma ray fluxes at the 99% C.L. are marginally consistent with the highest energy bins of the Fermi LAT data.
Note, that due to the uncertainties of the infrared background the exact contribution around 100 GeV is uncertain.

The marginalization in Eq. ((9)) also determines Nbest and �best for the model which are the values of the energy shift
and normalization that render the best description of the experimental data, i.e. the maximum probability.

The model is compatible with the experimental results at given goodness of the fit (GOF) if
X

~k

P~k(n, �, Nbest, �best)⇥
⇥
P~k(n, �, Nbest, �best) � Pexp(n, �)

⇤
 0.99 (11)

Technically, this is computed by generating a large number Nrep of replica experiments according to the probability
distribution P~k(n, �, Nbest, �best) and counting the fraction of those which verify P~k(n, �, N , �best) � Pexp(n, �)  0.99

Wit h this method we determine the value of (n, �) parameters that are compatible with the HiRes I and HiRes II
experiments [5]. We plot in Fig. 1 the regions with GOF 64%, 95% and 99% for four values of the minimum energy.
We also show the corresponding values of wcas. These results are obtained assuming an energy scale uncertainty
�Es = 25% with a top hat prior for the correspondig energy shifts which are assumed to be uncorrelated for HiRes I
and HiRes II. In Fig. 3 we explore the dependence on the results on these assumptions by using a di↵erent form for
the prior, assuming the energy shifts to be correlated between the two experiments, or reducing the uncertainty to
�Es = 15%. As seen in the figure, the main e↵ect, is associated with the reduction of the energy scale uncertainty
which, as expected, results into a worsening of the GOF for models with larger n. This is directly related to the
normalization constraint from Eq. (10). If one naively ignores the energy scale uncertainty, the constraint in Eq. (10)

Figure 4: Comparison of proton, neutrino and �-ray fluxes for di↵erent crossover energies. We show the best-fit values (solid
lines) as well as neutrino and �-ray fluxes within the 99% C.L. with minimal and maximal energy density (dashed lines). The
values of the corresponding model parameters can be found in Table. 1. The dotted line labeled “maximal cascade” indicates
the approximate limit E

2
Jcas . c!

max
cas /4⇡ log(TeV/GeV), corresponding to a �-ray flux in the GeV-TeV range saturating the

energy density (10). The �-ray fluxes are marginally consistent at the 99% C.L. with the highest energy measurements by
Fermi-LAT. The contribution around 100 GeV is somewhat uncertain due to uncertainties in the cosmic infrared background.

in Fig.2 for illustration only (hence our results are directly comparable to those in Ref.[22]). As described
in Refs. [6, 17], besides the energy scale uncertainty there is also an (energy-dependent) energy resolution
uncertainty which implies that bin-to-bin migrations influence the reconstruction of the flux and spectral
shape. Since the form of the corresponding error matrix is not public, this data [6, 17] cannot be analysed
outside the Auger Collaboration.

4. Discussion

The cosmogenic neutrino fluxes that we have shown in Fig. 4 are compared to present upper limits on
the di↵use neutrino flux in Fig. 5. As before, the solid green line shows the neutrino flux (summed over
flavours) corresponding to the best fit of the proton spectra and the dashed green line indicate the range of
neutrino fluxes within the 99% C.L. For all crossover energies considered, the range of models at the 99%
C.L. is consistent with existing neutrino limits. For illustration, the thin dotted line shows the larger range
of neutrino fluxes at the 99% C.L. corresponding to a fit without the Fermi LAT constraint (cf. the black
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M.Ahlers et.al [1005.2620]
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Figure 2. Compared to the sum of the conventional charged- and neutral-current neutrino cross
sections (black dashed line), we show the rate for sphaleron transitions in IceCube for a barrier
height ESph = 9TeV, p = 1 in eq. (2.5) (red solid curve) and, for comparison, choices ESph = 8 and
10TeV (red dot-dashed and dashed lines, respectively).

inside the nucleon targets in the ice. As was to be expected, interactions with u and d

quarks dominate, followed by interactions with antiquarks and heavy flavours. In the right

panel we show the corresponding distributions in the reduced neutrino-quark subprocess

centre-of-mass energies
√
ŝ, which are sharply peaked at the sphaleron energy ESph, taken

here to have its nominal value of 9TeV. This peaking implies that our results would not

be affected strongly by a possible energy dependence in the overall factor p, but depend

essentially only on the value of p at the sphaleron threshold energy.

3 Leptons in sphaleron-induced transitions

In the IceCube detector [30], neutral current interaction and charged current interaction of

electron neutrinos leave a shower-like signature, whilst high energy muons and very high

energy taus (Eτ > 107GeV) leave a track-like signature. IceCube expects to be able to see

a ‘double-bang’ signature for τ leptons with energies ∈ [106, 107] GeV.

We simulate distributions of leptons (µ and τ) produced by the sphaleron-induced

neutrino-quark collision events in parton level. We consider the simplest possibility of such

events: qν → 8q̄2#̄ induced by the gauge invariant (q̄q̄q̄)1(q̄q̄q̄)2(q̄q̄q̄)3(#̄1#̄2#̄3) operator,

where the suffix denotes the generation. We assume equal flux for each flavour of cosmo-

genic neutrinos. Leptons can be produced either directly from the primary interaction,

qν → 8q̄2#̄, or secondarily from the decay of the heavy particles (t and W ).

– 5 –

[Ellis, KS, Spannowsky 1603.06573]

1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form

�̂
BV
incl ⌘

X

nW ,nh

�̂
BV
nW ,nh

=
P (✏)

m
2
W

exp


�

4⇡

↵W
F (✏)

�
, (1.2)

where

✏ ⌘

p
ŝ

M0
(1.3)

is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
6⇡

mW

↵W
' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1

σ̂0(
√
ŝ) =

psph
m2

W

Θ(
√
ŝ− Ethr)
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√
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2

)2 ∫
dx1dx2fa(x1)fb(x2)σ̂0(

√
sx1x2)

partonic:

[Ellis, KS, 1601.03654]

Figure 3: The 13 TeV inclusive hadronic cross-section for sphaleron production with psph = 1
as a function of Esph in Eq. (2.1), obtained with the CT10 LO PDF set.

By comparing the number of observed events with the expected background contribution
in each signal region, CMS estimated a model-independent 95% CL upper limit on the
extra contribution to the signal region. We refer to this bound as N

max(a)
obs , where a labels

the signal region in question. CMS also estimated the “expected” upper limit, Nmax(a)
exp , by

assuming that exactly the same (fractional) number of events predicted by the background
was observed.

Our procedure for setting limits is as follows. First, we estimate the contribution from
sphaleron events to the signal region a, N (a)

sph, using the BaryoGEN or HERBVI Monte Carlo
simulation. These signal contributions are then compared with the corresponding expected
upper limits to identify the “most sensitive” signal region, a⇤, that gives the largest value
for N (a)

sph/N
max(a)
exp , i.e. 8a;N (a⇤)

sph /N
max(a⇤)
exp � N

(a)
sph/N

max(a)
exp . We then compare the signal con-

tribution with the observed upper limit only at the most sensitive signal region. We exclude
the signal hypothesis if N (a⇤)

sph /N
max(a⇤)
obs > 1.

In Table 1, we show the most sensitive signal region (a⇤ = (Nmin, S
min
T [TeV])⇤), the

signal e�ciency (✏(a
⇤)) at signal region a

⇤, and the observed upper limit for signal region a
⇤

(Nmax(a⇤)
obs ) for di↵erent values of the partonic threshold energy Esph. The signal e�ciency is

defined as the fraction of events that satisfy the condition employed by the signal region. In
particular, it satisfies the relation N

(a)
sph = � ·✏

(a⇤)
·Lint, where Lint is the integrated luminosity

and � is the inclusive hadronic cross-section obtained by convoluting the partonic cross-
section in Eq. (2.1) with the parton distribution functions (PDFs). in Fig. 3 we show the
inclusive hadronic cross-section with psph = 1 in Eq. (2.1), where the CT10 LO PDF set [48]
was used following the CMS analysis [41].

In Table 1, we see that Nmin = 11, Smin
T = 4.2 TeV is selected for the most sensitive
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Phenomenological parametrization
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Figure 2: The multiplicities of final-state objects with pT > 30 GeV; jets (top left), leptons
(top right), photons (bottom). The red-solid and blue-dashed histograms correspond to the
multi- and zero-boson events generated by HERBVI and BaryoGEN, respectively.

final state events, respectively.
The top left panel shows the jet multiplicity distributions. As expected, the distribution

for zero-boson final states peaks around Nj = 10, since 7, 9 or 11 quarks are present in the
final states coming from the hard interaction, although some extra jets can arise from initial-
and final-state QCD radiation. On the other hand, Nj peaks around 22 in the multi-boson
case. The extra jets are coming mainly from the decay of heavy electroweak bosons. It is
interesting that 99% of the multi-boson events have Nj � 15. In such a high jet multiplicity
region the Standard Model background is extremely low.

The lepton multiplicities are compared in the top right panel of Fig. 2. As can be seen,
the number of leptons in an event is much larger for the multi-boson process, since the extra
leptons are produced in the decay of the heavy bosons. While only ⇠ 20% of the zero-boson
events have N` > 1, this rate is ⇠ 40% for the multi-boson events.

5

[Ringwald, KS, Webber 1809.10833]

jet multiplicity

2

growing in this energy region. Intriguingly, the charac-
teristic scale for the exponential growth is M0 and thus
of the order of the sphaleron energy. One may interprete
this as a hint that the process proceeds via an intermedi-
ate virtual sphaleron-like field configuration. This inter-
pretation is also backed-up by the fact that the inclusive
cross-section (I.2) is dominated by a semi-classically large
number of W (Z) and Higgs bosons [24],

hnW i =
4⇡

↵W

✓
3

8
✏
4/3 +O

�
✏
2
�◆

, (I.7)

and

hnHi '
4⇡

↵W

3

32
✏
2
, (I.8)

in-line with the expectation from the decay of a
sphaleron-like intermediate state [25]. Unfortunately,
however, the perturbative expansion of the holy-grail
function F in powers of ✏ breaks down around ✏ ⇠ 1
and therefore it is not possible to infer the size of the
cross-section at center-of-mass energies relevant for the
LHC.

After the end of the SSC project in the early nineties,
the motivation for the theorists to decide this question
immediately dropped considerably and the research in
this direction stopped essentially.⇤ However, a recent pa-
per by Tye and Wong [32], presenting qualitative argu-
ments in favor of observable rates for electroweak (B+L)-
violation, revived the interest in it and motivated the
CMS collaboration to search for signatures of electroweak
instanton-induced processes at the LHC [33].

+++++++++++++++++++++++++++++++++++

qq !

8
<

:
nqq + 3` (BaryoGEN)

7q + 3` +
P

nBB (HERBVI)
(I.9)

where nq = 7, 9 or 11 and we do not distinguish particles
and anti-particles in the above equation.

II. EVENT SIMULATION

It has been suggested that the steeply-rising event rate
of sphaleron-like processes can be modelled by a sharp
threshold behaviour as a function of the partonic centre-
of-mass energy,

p
ŝ [34]. We therefore postulate the fol-

lowing partonic cross-section:

�̂(
p

ŝ) =
psph

m
2
W

⇥(
p

ŝ� Esph), (II.1)

⇤ Instead, then the theory [26, 27], phenomenology [28] and exper-
imental searches for the analogue instanton-induced processes in
QCD [29–31] were developed.
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FIG. 1: Normalised distributions of the number of W , Z, �
and h generated by HERBVI.

where ⇥(x) is the Heaviside theta function; ⇥(x) = 1 for
x � 0 and 0 otherwise, and Esph is the partonic thresh-
old energy. We take Esph = 9 TeV as a default value for
our simulation motivated by the fact that the sphaleron
barrier height with mh = 125 GeV is given by ⇠ 9.1
TeV [16]. In Eq. (II.1), the cross-section is normalised
by 1/m2

W
up to the dimensionless parameter psph, which

controls the overall cross-section. The same parametri-
sation is used in the CMS analysis [33].

The event samples for zero and multi-boson final states
are generated by BaryoGEN [35] and HERBVI [39], re-
spectively. Since BaryoGEN only generates partonic fi-
nal states from the hard process, the sample is passed
to Pythia 8 [36] to simulate the parton shower and
hadronization. HERBVI is a hard process generator in-
terfaced to the Fortran HERWIG generator [41]. For this
study we use the last Fortran version HERWIG 6.521 [42].

The above hadronic samples are then passed to
Delphes to simulate the detector response. We tune the
parameters in Delphes in such a way that it emulates
the CMS analysis [33] as accurately as possible. Jets are
reconstructed using the anti-kT algorithm with cone size
0.4. Leptons (electrons and muons) and photons are re-
quired to be isolated from neighbouring energy activity
within �R ⌘

p
��2 +�⌘2 < 0.4 (muons) or 0.3 (elec-

trons and photons). We require the scalar sum of the
transverse momenta pT of the particles within this cone
(excluding the targeted object itself (lepton or photon))
to be less than 15% (muons), 10% (electrons) or 12%
(photons) of the pT of the targeted object. We demand
pT > 30 GeV for all objects (jets, leptons and photons)
and |⌘| < 5 (jets), < 2.4 (muons) and < 2.5 (electrons
and photons).

[BaryoGEN]
[HERBVI]

• CMS analysis assumes sphaleron final 
states DO NOT involve any EW bosons.

Figure 6: The 95% CL exclusion limits obtained by recasting CMS black hole-sphaleron
analysis [41] in the (Esph vs �) [left panel] and (Esph vs psph) [right panel] planes. The
light-red and light-blue regions are excluded for HERBVI and BaryoGEN, respectively.

multi-boson case. This can be seen also in Table 1, since the signal e�ciency, ✏(a
⇤), and the

observed upper limit, Nmax(a⇤)
obs , are almost independent of Esph for this case. Since ✏

(a⇤) and

N
max(a⇤)
obs are close to their highest and lowest values, respectively, there may be no room

to further improve the limit for the multi-boson case, except by increasing the integrated
luminosity or the collider energy.

In the case of the zero-boson final state, the cross-section limit is stronger for larger Esph,
since the larger the Esph, the higher the ST on average. On the other hand, the hadronic
cross-section decreases rapidly upon increasing the partonic threshold energy, due to the
PDF suppression for fixed psph. We show in the right panel of Fig. 6 the 95% CL excluded
regions in the (Esph vs psph) plane. As expected the limit on psph is weaker for larger Esph.
We superimpose in this plot the limit shown in the CMS analysis [41]. This should be
compared to the zero-boson limit obtained from our recasting of the analysis based on the
fast detector simulation with Delphes. One can see that our limit is on the conservative side
and reasonably close to the CMS limit.

5 Summary and conclusions

In this paper we compared various kinematical and multiplicity distributions between the
anomalous B + L violating processes with zero- and multi-boson final states. The former
final state was assumed in the recent CMS analysis [41] on searching for instanton-induced
processes at the LHC, whilst many theoretical studies suggest that the latter is more realistic.

We showed that there is a significant di↵erence in jet multiplicity distributions; the peak
positions are around 10 for zero-boson and 22 for multi-boson final states, for jets with
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The multi-boson events such as eq. (1.1) lead to spectacular collider signatures. Ac-

cording to eq. (1.7), one expects O(30) electroweak bosons in an event on average.2 To

study collider signatures of eq. (1.1), the event generator HERBVI [26] was developed, and

the first thorough phenomenological study was carried out in ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to

decide this question immediately dropped considerably and the research in this direction

essentially stopped.3 However, a recent paper by Tye and Wong [34], presenting qualita-

tive arguments in favour of observable rates for electroweak (B +L)-violation, revived the

interest in it and motivated phenomenological [35–41] and experimental studies. In partic-

ular, the CMS collaboration has recently reported their results of searching for signatures

of electroweak instanton-induced processes at the LHC [42].

There is, however, a remarkable difference between the processes considered in the

CMS analysis and the virtual sphaleron-like processes discussed in the literature and briefly

summarised above. Following earlier studies [35] and for simplicity, CMS postulated the

zero-boson process

qq → nqq + 3! (1.9)

where nq = 7, 9 or 11, and q/! represent quark/lepton or anti-quark/anti-lepton depending

on how the fermion lines are contracted with an effective vertex in the instanton back-

ground with topological charge ∆NCS = ±1. In the CMS analysis, the event generator

BaryoGEN [43] was used to simulate the process in eq. (1.9).

In this paper we investigate the difference in collider signatures between multi- and

zero-boson process (i.e. eq. (1.1) and eq. (1.9)) using the HERBVI and BaryoGEN event

generators, respectively. After comparing various distributions in section 3, we recast the

original CMS analysis and derive the cross-section upper limit on the sphaleron-like multi-

boson process in section 4. Section 5 is devoted to conclusions.

2 Event simulation

It has been suggested that the steeply-rising event rate of sphaleron-like processes can

be modelled by a sharp threshold behaviour as a function of the partonic centre-of-mass

energy,
√
ŝ [44]. We therefore postulate the following partonic cross-section:

σ̂(
√
ŝ) =

psph
m2

W

Θ(
√
ŝ− Esph), (2.1)

where Θ(x) is the Heaviside theta function; Θ(x) = 1 for x ≥ 0 and 0 otherwise, and

Esph is the partonic threshold energy. We take Esph = 9TeV as the default value for our

simulation (later varying it by ±1TeV), motivated by the fact that the sphaleron barrier

height with mh = 125GeV is given by ∼ 9.1TeV [16]. In eq. (2.1), the cross-section is

normalised by 1/m2
W up to the dimensionless parameter psph, which controls the overall

cross-section. The same parametrisation is used in the CMS analysis [42].

2The number of Higgs bosons is only a few according to eq. (1.8).
3Instead, then the theory [28, 29], phenomenology [30] and experimental searches [31–33] for the analo-

gous instanton-induced processes in QCD were developed.

– 3 –

1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form

�̂
BV
incl ⌘

X

nW ,nh

�̂
BV
nW ,nh

=
P (✏)

m
2
W

exp


�

4⇡

↵W
F (✏)

�
, (1.2)

where

✏ ⌘

p
ŝ

M0
(1.3)

is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
6⇡

mW

↵W
' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1

σ̂0(
√
ŝ) =

psph
m2

W

Θ(
√
ŝ− Ethr)
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σpp(
√
s) ∼

∑

ab

(
1

2

)2 ∫
dx1dx2fa(x1)fb(x2)σ̂0(

√
sx1x2)

partonic:

[Ellis, KS, 1601.03654]

Figure 3: The 13 TeV inclusive hadronic cross-section for sphaleron production with psph = 1
as a function of Esph in Eq. (2.1), obtained with the CT10 LO PDF set.

By comparing the number of observed events with the expected background contribution
in each signal region, CMS estimated a model-independent 95% CL upper limit on the
extra contribution to the signal region. We refer to this bound as N

max(a)
obs , where a labels

the signal region in question. CMS also estimated the “expected” upper limit, Nmax(a)
exp , by

assuming that exactly the same (fractional) number of events predicted by the background
was observed.

Our procedure for setting limits is as follows. First, we estimate the contribution from
sphaleron events to the signal region a, N (a)

sph, using the BaryoGEN or HERBVI Monte Carlo
simulation. These signal contributions are then compared with the corresponding expected
upper limits to identify the “most sensitive” signal region, a⇤, that gives the largest value
for N (a)

sph/N
max(a)
exp , i.e. 8a;N (a⇤)

sph /N
max(a⇤)
exp � N

(a)
sph/N

max(a)
exp . We then compare the signal con-

tribution with the observed upper limit only at the most sensitive signal region. We exclude
the signal hypothesis if N (a⇤)

sph /N
max(a⇤)
obs > 1.

In Table 1, we show the most sensitive signal region (a⇤ = (Nmin, S
min
T [TeV])⇤), the

signal e�ciency (✏(a
⇤)) at signal region a

⇤, and the observed upper limit for signal region a
⇤

(Nmax(a⇤)
obs ) for di↵erent values of the partonic threshold energy Esph. The signal e�ciency is

defined as the fraction of events that satisfy the condition employed by the signal region. In
particular, it satisfies the relation N

(a)
sph = � ·✏

(a⇤)
·Lint, where Lint is the integrated luminosity

and � is the inclusive hadronic cross-section obtained by convoluting the partonic cross-
section in Eq. (2.1) with the parton distribution functions (PDFs). in Fig. 3 we show the
inclusive hadronic cross-section with psph = 1 in Eq. (2.1), where the CT10 LO PDF set [48]
was used following the CMS analysis [41].

In Table 1, we see that Nmin = 11, Smin
T = 4.2 TeV is selected for the most sensitive

7

Phenomenological parametrization
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Conclusions
• The rate of zero-temperature high-energy instanton-induced processes is 

still an open question. 

• Some studies suggest that the rate of such processes might be 
observably large at (future) colliders but the current estimate suffers from 
very large uncertainties.

• It is important to tackle this issue from the experimental side and to set 
limits on the EW instanton processes.

• Experiments exploiting ultra high-energy cosmic rays may also be useful 
to probe the EW instanton processes. 

• More theoretical understanding on the cross-section and final state 
multiplicity is necessary to fully exploit the power of future high-energy 
colliders.

• The LHC can probe the region Ethr ~ 9TeV, while 100TeV collider can probe 
the realistic region up to Ethr ~ 80TeV. 
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Figure 2. . Anomalous interaction vertices in theories with the same SU(2)L-charged fermions
as in the MSSM. Note the inclusion of mass insertions, and the SM-like vertex in the lower right.
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Above, C̃I(⇢) is the instanton density, depending on the SU(2) running coupling and the
Higgs VEV. nW , nh correspond to the number of Higgses and W bosons, while k, l,m label
representations of Weyl fermions. In particular, [kl] denotes pairs (k, l) with k 6= l, associated
with Weyl spinors in the fundamental representation and coupled by a mass term Mkl, so that
they can be grouped into a massive Dirac spinor. On the other hand, the index m labels Weyl
spinors in the adjoint, which can be related to Majorana spinors with masses Mmm. Fpq denote
fermionic form factors that depend on ⇢ and the representations of the fermions labelled by p, q,
while N0

pq = Tp + Tq, with Tq the Dynkin index of eq. (1). The powers of ⇢|Mpq| implement the
decoupling corrections. We refer to the paper [27] for more details.

4. Estimates of fermion enhancement
To estimate the impact of BSM fermions, we use the e↵ective Lagrangian of eq. (3) to compute
ratios of cross-sections for processes involving exotic fermions over cross-sections for SM-like
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Figure 1: SM-like/SM (upper left) and BSM/SM-like rate ratios for two additional heavy

mass fermions in the fundamental representation of SU(2).

than one in the dominant small ⇢ region, suppressing the rate. The other plots illustrate the

ratio �12,0,0
F

/�10,0,0
F

between the rate of the anomalous process involving a pair of the new

fermions, and the rate of the SM-like process, both computed in the BSM theory. We have

chosen partonic centre of mass energies,
p
ŝ, of 10, 18, and 50 TeV. Although in reality the

p
ŝ can be spread in fixed energy proton-proton collisions, its distribution may be sharply

peaked at an energy scale where the instanton-type exponential suppression is overcome

(or minimised), which should be (well) above the sphaleron energy, Esph ' 9 TeV. This

is because below such a scale the cross-section is exponentially suppressed and above it is

also suppressed by the sharply falling parton distribution function. The fixed
p
ŝ in our

presentation therefore crudely represents this energy scale.20 Although the rates of the new

processes decay with a growing M –as expected from the reduction of phase space– the results

show that B+L violating processes involving the new fermions can be dominating if the new

particles are light enough, thanks to the power-like enhancement in the prefactor of the rate.

For
p
ŝ = 10 TeV, only slight enhancements are possible, for M . 350 GeV, but increasing

20 Note also that one of our choices, 18 TeV, is originated from E0 ⌘
p
6⇡mW /↵W ' 18 TeV.
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fermions, and the rate of the SM-like process, both computed in the BSM theory. We have

chosen partonic centre of mass energies,
p
ŝ, of 10, 18, and 50 TeV. Although in reality the

p
ŝ can be spread in fixed energy proton-proton collisions, its distribution may be sharply

peaked at an energy scale where the instanton-type exponential suppression is overcome

(or minimised), which should be (well) above the sphaleron energy, Esph ' 9 TeV. This

is because below such a scale the cross-section is exponentially suppressed and above it is

also suppressed by the sharply falling parton distribution function. The fixed
p
ŝ in our

presentation therefore crudely represents this energy scale.20 Although the rates of the new

processes decay with a growing M –as expected from the reduction of phase space– the results

show that B+L violating processes involving the new fermions can be dominating if the new

particles are light enough, thanks to the power-like enhancement in the prefactor of the rate.

For
p
ŝ = 10 TeV, only slight enhancements are possible, for M . 350 GeV, but increasing

20 Note also that one of our choices, 18 TeV, is originated from E0 ⌘
p
6⇡mW /↵W ' 18 TeV.
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ŝ = 18 TeV (d) qq collision energy

p
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the centre-of-mass energy has a dramatic e↵ect, allowing for enhancements by one or two

orders of magnitude for
p
ŝ = 18 TeV, with the BSM processes dominating up to M ⇠ 650

GeV, and with enhancements up to 5 orders of magnitude for
p
ŝ = 50 TeV, with �12,0,0

F

dominating for M . 1 TeV.
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Scenario A: The behaviour of the ratios of rates in this case is shown in Fig. 2. The results

are similar to the ones in the theory with a new Dirac fermion in the fundamental. Again,

decoupling is at work, although the �10,0,0
A

/�10,0,0
SM

ratio approaches unity for lower values of

M than before, while also dropping down to zero more rapidly in the lower mass range due to

the larger ⇢N(1/3+b[⇢]) suppression in the ⇢ integral which follows from a higher N . As pertains

to the ratios �14,0,0
A

/�10,0,0
A

and �12,0,0
A

/�10,0,0
A

, one can have much larger enhancements than

for a Dirac fermion in the fundamental, (due to the power-like enhancement of the prefactors

with �) although the ratio is more sensitive to M and decays faster as the mass grows. This

e↵ect is more accused for �14,0,0
A

than for �12,0,0
A

, due to the larger phase space suppression

with four heavy final states. Enhancements of 1 order of magnitude are already possible at
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2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.
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Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])

σ̂(I)
p1p2 ∼

1

2 p1 · p2
Im

∫

d4R ei (p1+p2)·R (2)

×
∞
∫

0

dρ

∞
∫

0

dρ D(ρ)D(ρ)
∫

dU e
− 4π

αg
Ω
(

U,R
2

ρρ̄
, ρ̄
ρ
,...
)

[

ω

(

U,
R2

ρρ̄
,
ρ̄

ρ
, . . .

)]nfin

× F
(

√

−p21 ρ
)

F
(

√

−p21 ρ
)

F
(

√

−p22 ρ
)

F
(

√

−p22 ρ
)

Pg
p1p2 (U,R, ρ, ρ̄; p1 · p2) .

Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.

3

1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form

�̂
BV
incl ⌘

X

nW ,nh

�̂
BV
nW ,nh

=
P (✏)

m
2
W

exp


�

4⇡

↵W
F (✏)

�
, (1.2)

where

✏ ⌘

p
ŝ

M0
(1.3)

is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
6⇡

mW

↵W
' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1

• The inclusive cross-section can be estimated using the dispersion 
relations (optical theorem). 

Im
<latexit sha1_base64="mWNuo1R+TibUvsmgASfJ0ClbTf8=">AAAB7nicZVBNSwMxEJ2tX7V+VT16CZaCp5L1oseiF71VsB/QLiWbZtvYJLskWaEs/Q+eBAXx6v/x5L8xbRex7YOBx3szzMwLE8GNxfjHK2xsbm3vFHdLe/sHh0fl45OWiVNNWZPGItadkBgmuGJNy61gnUQzIkPB2uH4dua3n5k2PFaPdpKwQJKh4hGnxDqp1dMS3ct+uYJreA60TvycVCBHo1/+7g1imkqmLBXEmK6PExtkRF tOBZuWeqlhCaFjMmRdRxWRzATZ/NopqjplgKJYu1IWzdX/ExmRxkxk6DolsSOz6s3EP6+6tMpG10HGVZJapuhiU5QKZGM0+x0NuGbUiokjhGrujkV0RDSh1iVUcin4qz+vk9Zlzcc1/wFX6jd5HkU4g3O4AB+uoA530IAmUHiCF3iDdy/xXr0P73PRWvDymVNYgvf1C482ju4=</latexit><latexit sha1_base64="mWNuo1R+TibUvsmgASfJ0ClbTf8=">AAAB7nicZVBNSwMxEJ2tX7V+VT16CZaCp5L1oseiF71VsB/QLiWbZtvYJLskWaEs/Q+eBAXx6v/x5L8xbRex7YOBx3szzMwLE8GNxfjHK2xsbm3vFHdLe/sHh0fl45OWiVNNWZPGItadkBgmuGJNy61gnUQzIkPB2uH4dua3n5k2PFaPdpKwQJKh4hGnxDqp1dMS3ct+uYJreA60TvycVCBHo1/+7g1imkqmLBXEmK6PExtkRF tOBZuWeqlhCaFjMmRdRxWRzATZ/NopqjplgKJYu1IWzdX/ExmRxkxk6DolsSOz6s3EP6+6tMpG10HGVZJapuhiU5QKZGM0+x0NuGbUiokjhGrujkV0RDSh1iVUcin4qz+vk9Zlzcc1/wFX6jd5HkU4g3O4AB+uoA530IAmUHiCF3iDdy/xXr0P73PRWvDymVNYgvf1C482ju4=</latexit><latexit sha1_base64="mWNuo1R+TibUvsmgASfJ0ClbTf8=">AAAB7nicZVBNSwMxEJ2tX7V+VT16CZaCp5L1oseiF71VsB/QLiWbZtvYJLskWaEs/Q+eBAXx6v/x5L8xbRex7YOBx3szzMwLE8GNxfjHK2xsbm3vFHdLe/sHh0fl45OWiVNNWZPGItadkBgmuGJNy61gnUQzIkPB2uH4dua3n5k2PFaPdpKwQJKh4hGnxDqp1dMS3ct+uYJreA60TvycVCBHo1/+7g1imkqmLBXEmK6PExtkRF tOBZuWeqlhCaFjMmRdRxWRzATZ/NopqjplgKJYu1IWzdX/ExmRxkxk6DolsSOz6s3EP6+6tMpG10HGVZJapuhiU5QKZGM0+x0NuGbUiokjhGrujkV0RDSh1iVUcin4qz+vk9Zlzcc1/wFX6jd5HkU4g3O4AB+uoA530IAmUHiCF3iDdy/xXr0P73PRWvDymVNYgvf1C482ju4=</latexit><latexit sha1_base64="mWNuo1R+TibUvsmgASfJ0ClbTf8=">AAAB7nicZVBNSwMxEJ2tX7V+VT16CZaCp5L1oseiF71VsB/QLiWbZtvYJLskWaEs/Q+eBAXx6v/x5L8xbRex7YOBx3szzMwLE8GNxfjHK2xsbm3vFHdLe/sHh0fl45OWiVNNWZPGItadkBgmuGJNy61gnUQzIkPB2uH4dua3n5k2PFaPdpKwQJKh4hGnxDqp1dMS3ct+uYJreA60TvycVCBHo1/+7g1imkqmLBXEmK6PExtkRF tOBZuWeqlhCaFjMmRdRxWRzATZ/NopqjplgKJYu1IWzdX/ExmRxkxk6DolsSOz6s3EP6+6tMpG10HGVZJapuhiU5QKZGM0+x0NuGbUiokjhGrujkV0RDSh1iVUcin4qz+vk9Zlzcc1/wFX6jd5HkU4g3O4AB+uoA530IAmUHiCF3iDdy/xXr0P73PRWvDymVNYgvf1C482ju4=</latexit><latexit sha1_base64="gYs+t9ZVk1zrvKQuP2a2CXq+X4A=">AAAB7nicZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0Wveitgv2AdinZNNvGJtklyQpl6X/wJCiIV/+PJ/+N6XYrtj4YeLw3w8y8IOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvpn57SeqNIvkg5nE1Bd4KFnICDZWavWUQHeiX664NTcD+k+8nFQgR6Nf/uoNIpIIKg3hWOuu58bGT7 EyjHA6LfUSTWNMxnhIu5ZKLKj20+zaKapaZYDCSNmSBmXq34kUC60nIrCdApuRXvVm4q9XXVplwis/ZTJODJVkvilMODIRmv2OBkxRYvjEEkwUs8ciMsIKE2MTKmUpXCyeXyWLFFrnNc+tefdupX6d51GEEziFM/DgEupwCw1oAoFHeIZXeHNi58V5dz7mrQUnnzmGJTifP5XAjv0=</latexit><latexit sha1_base64="gYs+t9ZVk1zrvKQuP2a2CXq+X4A=">AAAB7nicZVBNSwMxEJ2tX7V+VT16CZaCp7LrQT0Wveitgv2AdinZNNvGJtklyQpl6X/wJCiIV/+PJ/+N6XYrtj4YeLw3w8y8IOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvpn57SeqNIvkg5nE1Bd4KFnICDZWavWUQHeiX664NTcD+k+8nFQgR6Nf/uoNIpIIKg3hWOuu58bGT7 EyjHA6LfUSTWNMxnhIu5ZKLKj20+zaKapaZYDCSNmSBmXq34kUC60nIrCdApuRXvVm4q9XXVplwis/ZTJODJVkvilMODIRmv2OBkxRYvjEEkwUs8ciMsIKE2MTKmUpXCyeXyWLFFrnNc+tefdupX6d51GEEziFM/DgEupwCw1oAoFHeIZXeHNi58V5dz7mrQUnnzmGJTifP5XAjv0=</latexit> ]

<latexit sha1_base64="Ut8yUnCWp9ZREnmdeWHY9F+xYss=">AAAB6XicZVDLSgNBEOyNrxhfUY9ehoSAp7DrxRyDXjwmYB6QLGF20psMmZ1dZmaFsOQLPAkK4knwkzz5N04eiEkKGoqqbrq7gkRwbVz3x8nt7O7tH+QPC0fHJ6dnxfOLto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akm93O/84RK81g+mmmCfkRHkoecUWOlpj8olt2quwDZJt6KlOslyH0CQGNQ/O4PY5ZGKA0TVOue5ybGz6gynAmcFfqpxoSyCR1hz1JJI9R+tjh0RipWGZIwVrakIQv1/0RGI62nUWA7I2rGetObi39eZW2VCWt+xmWSGpRsuSlMBTExmb9NhlwhM2JqCWWK22MJG1NFmbHhFGwK3ubP26R9U/Xcqte0cdzBEnm4ghJcgwe3UIcHaEALGCA8wyu8ORPnxXl3PpatOWc1cwlrcL5+AZpvjgw=</latexit><latexit sha1_base64="4YuqQhBY3E25wzbR6k4+xJJfVWw=">AAAB6XicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eEzAPSJYwO+kkQ2Znl5lZISz5Ak+Cgnjx4Bf4LZ78GycPxCQFDUVVN91dQSy4Nq7742Q2Nre2d7K7ub39g8Oj/PFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaju6nffESleSQfzDhGP6QDyfucUWOlmt/NF92yOwNZJ96CFCsFyHycfV1Uu/nvTi9iSYjSMEG1bntubPyUKsOZwEmuk2iMKRvRAbYtlTRE7aezQyekZJUe6UfKljRkpv6fSGmo9TgMbGdIzVCvelPxzystrTL9Gz/lMk4MSjbf1E8EMRGZvk16XCEzYmwJZYrbYwkbUkWZseHkbAre6s/rpHFV9tyyV7Nx3MIcWTiHAlyCB9dQgXuoQh0YIDzBC7w6I+fZeXPe560ZZzFzCktwPn8ByUSO7g==</latexit><latexit sha1_base64="4YuqQhBY3E25wzbR6k4+xJJfVWw=">AAAB6XicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eEzAPSJYwO+kkQ2Znl5lZISz5Ak+Cgnjx4Bf4LZ78GycPxCQFDUVVN91dQSy4Nq7742Q2Nre2d7K7ub39g8Oj/PFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaju6nffESleSQfzDhGP6QDyfucUWOlmt/NF92yOwNZJ96CFCsFyHycfV1Uu/nvTi9iSYjSMEG1bntubPyUKsOZwEmuk2iMKRvRAbYtlTRE7aezQyekZJUe6UfKljRkpv6fSGmo9TgMbGdIzVCvelPxzystrTL9Gz/lMk4MSjbf1E8EMRGZvk16XCEzYmwJZYrbYwkbUkWZseHkbAre6s/rpHFV9tyyV7Nx3MIcWTiHAlyCB9dQgXuoQh0YIDzBC7w6I+fZeXPe560ZZzFzCktwPn8ByUSO7g==</latexit><latexit sha1_base64="4YuqQhBY3E25wzbR6k4+xJJfVWw=">AAAB6XicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eEzAPSJYwO+kkQ2Znl5lZISz5Ak+Cgnjx4Bf4LZ78GycPxCQFDUVVN91dQSy4Nq7742Q2Nre2d7K7ub39g8Oj/PFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaju6nffESleSQfzDhGP6QDyfucUWOlmt/NF92yOwNZJ96CFCsFyHycfV1Uu/nvTi9iSYjSMEG1bntubPyUKsOZwEmuk2iMKRvRAbYtlTRE7aezQyekZJUe6UfKljRkpv6fSGmo9TgMbGdIzVCvelPxzystrTL9Gz/lMk4MSjbf1E8EMRGZvk16XCEzYmwJZYrbYwkbUkWZseHkbAre6s/rpHFV9tyyV7Nx3MIcWTiHAlyCB9dQgXuoQh0YIDzBC7w6I+fZeXPe560ZZzFzCktwPn8ByUSO7g==</latexit><latexit sha1_base64="4jNdiOUbSoFJ6fJdrTQjgbgZryI=">AAAB6XicZVDLSgNBEOyNrxhfUcGLHoaEgKew60E9Br14TMA8IFnC7KSTDJl9MDMrhCVf4ElQEC8e/AK/xZN/42STiIkFDUVVN91dXiS40rb9bWXW1jc2t7LbuZ3dvf2D/OFRQ4WxZFhnoQhly6MKBQ+wrrkW2IokUt8T2PRGt1O/+YBS8TC41+MIXZ8OAt7njGoj1dxuvmiX7RTkP3HmpFgpQOb95POs2s1/dXohi30MNBNUqbZjR9pNqNScCZzkOrHCiLIRHWDb0ID6qNwkPXRCSkbpkX4oTQWapOrfiYT6So19z3T6VA/VqjcVf73S0irdv3YTHkSxxoDNNvVjQXRIpm+THpfItBgbQpnk5ljChlRSpk04uTSFy8Xzq2SRQuOi7Nhlp2biuIEZsnAKBTgHB66gAndQhTowQHiEZ3ixRtaT9Wq9zVoz1nzmGJZgffwAz86O/Q==</latexit><latexit sha1_base64="duQZxfVSjHyVrIJm0DEbZKftR6I=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4UI9FLx5bsB/QhrLZTtqlm03Y3Qil9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJkXJIJr47pfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5W/idR1Sax/LBTBP0IzqSPOSMGis1/UG54tbcDOQ/8XJSgRyNQfmzP4xZGqE0TFCte56bGH9GleFM4LzUTzUmlE3oCHuWShqh9mfZoXNStcqQhLGyJQ3J1N8TMxppPY0C2xlRM9Z/vYX441XXVpnwxp9xmaQGJVtuClNBTEwWb5MhV8iMmFpCmeL2WMLGVFFmbDilLIWr1fN/ySqF9mXNc2te063Ub/M8inAG53ABHlxDHe6hAS1ggPAEL/DqTJxn5815X7YWnHzmFNbgfHwDQR6NFw==</latexit>

]
<latexit sha1_base64="Ut8yUnCWp9ZREnmdeWHY9F+xYss=">AAAB6XicZVDLSgNBEOyNrxhfUY9ehoSAp7DrxRyDXjwmYB6QLGF20psMmZ1dZmaFsOQLPAkK4knwkzz5N04eiEkKGoqqbrq7gkRwbVz3x8nt7O7tH+QPC0fHJ6dnxfOLto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akm93O/84RK81g+mmmCfkRHkoecUWOlpj8olt2quwDZJt6KlOslyH0CQGNQ/O4PY5ZGKA0TVOue5ybGz6gynAmcFfqpxoSyCR1hz1JJI9R+tjh0RipWGZIwVrakIQv1/0RGI62nUWA7I2rGetObi39eZW2VCWt+xmWSGpRsuSlMBTExmb9NhlwhM2JqCWWK22MJG1NFmbHhFGwK3ubP26R9U/Xcqte0cdzBEnm4ghJcgwe3UIcHaEALGCA8wyu8ORPnxXl3PpatOWc1cwlrcL5+AZpvjgw=</latexit> <latexit sha1_base64="4YuqQhBY3E25wzbR6k4+xJJfVWw=">AAAB6XicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eEzAPSJYwO+kkQ2Znl5lZISz5Ak+Cgnjx4Bf4LZ78GycPxCQFDUVVN91dQSy4Nq7742Q2Nre2d7K7ub39g8Oj/PFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaju6nffESleSQfzDhGP6QDyfucUWOlmt/NF92yOwNZJ96CFCsFyHycfV1Uu/nvTi9iSYjSMEG1bntubPyUKsOZwEmuk2iMKRvRAbYtlTRE7aezQyekZJUe6UfKljRkpv6fSGmo9TgMbGdIzVCvelPxzystrTL9Gz/lMk4MSjbf1E8EMRGZvk16XCEzYmwJZYrbYwkbUkWZseHkbAre6s/rpHFV9tyyV7Nx3MIcWTiHAlyCB9dQgXuoQh0YIDzBC7w6I+fZeXPe560ZZzFzCktwPn8ByUSO7g==</latexit> <latexit sha1_base64="4YuqQhBY3E25wzbR6k4+xJJfVWw=">AAAB6XicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eEzAPSJYwO+kkQ2Znl5lZISz5Ak+Cgnjx4Bf4LZ78GycPxCQFDUVVN91dQSy4Nq7742Q2Nre2d7K7ub39g8Oj/PFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaju6nffESleSQfzDhGP6QDyfucUWOlmt/NF92yOwNZJ96CFCsFyHycfV1Uu/nvTi9iSYjSMEG1bntubPyUKsOZwEmuk2iMKRvRAbYtlTRE7aezQyekZJUe6UfKljRkpv6fSGmo9TgMbGdIzVCvelPxzystrTL9Gz/lMk4MSjbf1E8EMRGZvk16XCEzYmwJZYrbYwkbUkWZseHkbAre6s/rpHFV9tyyV7Nx3MIcWTiHAlyCB9dQgXuoQh0YIDzBC7w6I+fZeXPe560ZZzFzCktwPn8ByUSO7g==</latexit> <latexit sha1_base64="4YuqQhBY3E25wzbR6k4+xJJfVWw=">AAAB6XicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eEzAPSJYwO+kkQ2Znl5lZISz5Ak+Cgnjx4Bf4LZ78GycPxCQFDUVVN91dQSy4Nq7742Q2Nre2d7K7ub39g8Oj/PFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaju6nffESleSQfzDhGP6QDyfucUWOlmt/NF92yOwNZJ96CFCsFyHycfV1Uu/nvTi9iSYjSMEG1bntubPyUKsOZwEmuk2iMKRvRAbYtlTRE7aezQyekZJUe6UfKljRkpv6fSGmo9TgMbGdIzVCvelPxzystrTL9Gz/lMk4MSjbf1E8EMRGZvk16XCEzYmwJZYrbYwkbUkWZseHkbAre6s/rpHFV9tyyV7Nx3MIcWTiHAlyCB9dQgXuoQh0YIDzBC7w6I+fZeXPe560ZZzFzCktwPn8ByUSO7g==</latexit> <latexit sha1_base64="4jNdiOUbSoFJ6fJdrTQjgbgZryI=">AAAB6XicZVDLSgNBEOyNrxhfUcGLHoaEgKew60E9Br14TMA8IFnC7KSTDJl9MDMrhCVf4ElQEC8e/AK/xZN/42STiIkFDUVVN91dXiS40rb9bWXW1jc2t7LbuZ3dvf2D/OFRQ4WxZFhnoQhly6MKBQ+wrrkW2IokUt8T2PRGt1O/+YBS8TC41+MIXZ8OAt7njGoj1dxuvmiX7RTkP3HmpFgpQOb95POs2s1/dXohi30MNBNUqbZjR9pNqNScCZzkOrHCiLIRHWDb0ID6qNwkPXRCSkbpkX4oTQWapOrfiYT6So19z3T6VA/VqjcVf73S0irdv3YTHkSxxoDNNvVjQXRIpm+THpfItBgbQpnk5ljChlRSpk04uTSFy8Xzq2SRQuOi7Nhlp2biuIEZsnAKBTgHB66gAndQhTowQHiEZ3ixRtaT9Wq9zVoz1nzmGJZgffwAz86O/Q==</latexit> <latexit sha1_base64="duQZxfVSjHyVrIJm0DEbZKftR6I=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J4UI9FLx5bsB/QhrLZTtqlm03Y3Qil9Bd4EhTEqz/Jk//GbZqK1QcDj/dmmJkXJIJr47pfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5W/idR1Sax/LBTBP0IzqSPOSMGis1/UG54tbcDOQ/8XJSgRyNQfmzP4xZGqE0TFCte56bGH9GleFM4LzUTzUmlE3oCHuWShqh9mfZoXNStcqQhLGyJQ3J1N8TMxppPY0C2xlRM9Z/vYX441XXVpnwxp9xmaQGJVtuClNBTEwWb5MhV8iMmFpCmeL2WMLGVFFmbDilLIWr1fN/ySqF9mXNc2te063Ub/M8inAG53ABHlxDHe6hAS1ggPAEL/DqTJxn5815X7YWnHzmFNbgfHwDQR6NFw==</latexit>

17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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while the pre-exponential factor P reads [19, 23]\1
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,
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is the quark-quark centre-of-mass energy
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ŝ in terms of the scale
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which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
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9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.
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Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])
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Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.
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• The inclusive cross-section can be estimated using the dispersion 
relations (optical theorem). 
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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while the pre-exponential factor P reads [19, 23]\1
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,
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is the quark-quark centre-of-mass energy
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ŝ in terms of the scale
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which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
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9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.
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Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])
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Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.
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• The inclusive cross-section can be estimated using the dispersion 
relations (optical theorem). 
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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while the pre-exponential factor P reads [19, 23]\1
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,
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X
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X
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is the quark-quark centre-of-mass energy
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ŝ in terms of the scale
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which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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[Khoze, Ringwald ’91]

‘Holy grail’ 
function



2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.
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Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])

σ̂(I)
p1p2 ∼

1

2 p1 · p2
Im

∫

d4R ei (p1+p2)·R (2)

×
∞
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∞
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dρ D(ρ)D(ρ)
∫
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− 4π
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)
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)]nfin
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(

√

−p21 ρ
)

F
(

√

−p21 ρ
)

F
(

√

−p22 ρ
)

F
(

√

−p22 ρ
)

Pg
p1p2 (U,R, ρ, ρ̄; p1 · p2) .

Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.

3

1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form

�̂
BV
incl ⌘

X

nW ,nh

�̂
BV
nW ,nh

=
P (✏)

m
2
W

exp


�

4⇡

↵W
F (✏)

�
, (1.2)

where

✏ ⌘

p
ŝ

M0
(1.3)

is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
6⇡

mW

↵W
' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1

• The inclusive cross-section can be estimated using the dispersion 
relations (optical theorem). 

Im
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,
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9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,
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\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous
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instanton-induced processes in QCD were developed.
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form

�̂
BV
incl ⌘

X

nW ,nh

�̂
BV
nW ,nh

=
P (✏)

m
2
W

exp


�

4⇡

↵W
F (✏)

�
, (1.2)

where

✏ ⌘

p
ŝ
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which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X
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can be written in the form
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is the quark-quark centre-of-mass energy
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which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
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9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.
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Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])
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Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.

3

1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X
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can be written in the form
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where
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p
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M0
(1.3)

is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
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' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1

• The inclusive cross-section can be estimated using the dispersion 
relations (optical theorem). 

Im
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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while the pre-exponential factor P reads [19, 23]\1
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,
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is the quark-quark centre-of-mass energy
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ŝ in terms of the scale
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which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.
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Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])
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1
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)
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(
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−p22 ρ
)

F
(

√

−p22 ρ
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Pg
p1p2 (U,R, ρ, ρ̄; p1 · p2) .

Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.

3

1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form

�̂
BV
incl ⌘

X

nW ,nh

�̂
BV
nW ,nh

=
P (✏)

m
2
W

exp


�

4⇡

↵W
F (✏)

�
, (1.2)

where

✏ ⌘

p
ŝ

M0
(1.3)

is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
6⇡

mW

↵W
' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1

• The inclusive cross-section can be estimated using the dispersion 
relations (optical theorem). 

Im
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
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exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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and

hnhi '
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↵W

3

32
✏
2
, (1.8)

in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form
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where

✏ ⌘

p
ŝ

M0
(1.3)

is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
6⇡

mW

↵W
' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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exponential suppression 
disappears at E ~ Esph?

Cross-section grows 
exponentially with energy!
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[Khoze, Ringwald ’91]



• More recently (2015), it has been pointed out that at zero temperature 
instanton rate may be able to overcome the exponential suppression for 
E > Esph ~ 9 TeV, if the periodicity of the EW potential is taken into 
account, due to resonant tunnelling.

E

Different paths coherently interfere at 
particular energies, forming a conducing 
band structure

Resonant tunneling:

Tye, Wong [1505.03690, 1710.07223]

Qiu, Tye [1812.07181] 

Figure 6: The (reduced) Brillouin zone plot (6 conducting bands shown) near the barrier top for

the Manton case: (a) The energy eigenvalue E(k) of the Schrödinger equation (3.5) is shown as

a function of the propagation wave vector k (in units of mW ); (b) The dark regions are the con-

ducting bands while the gaps are regions where there is no solution to the Schrödinger equation

((3.5) or (6.3)). The energy spectrum is almost continuous above the barrier while bandwidths

below the barrier decrease exponentially as the energy goes down. The band structures in the

AKY case are similar (see Table 1).

One can approximate the band edge energies by the semi-classical method [32],

Z
Q0

0

p(Q,E)dQ = K
⇡

2
± arctan

"
tanh

 Z ⇡

2mW

Q0

p(Q,E)dQ

!#
, K 2 N (6.2)

where p(Q,E) =
p

2m|E � V (Q)| and Q0 denotes the classical turning point in the interval

[0, ⇡/2mW ]. The lowest band has edge energies with K = 0 (SS) and K = 1 (AS), the next

band has edge energies with K = 1 (SA) and K = 2 (AA), and so on. This approximation is

very accurate when the integral inside tanh in (6.2) is large.

It is convenient to solve the Schrödinger equation (3.5) in momentum space using Bloch-

waves,
1X

l=�1


1

2m
(2l + k)2�l,m + Vl�m

�
uk,l = E uk,m, (6.3)

where Vl�m, uk,m are the Fourier coe�cients of V (Q), uk(Q) respectively. Here we solve Eq.(6.3)

numerically for the band structure. Table 1 lists the band center energies and their bandwidths

near the top of the potential barrier and around the bottom of the potential V (Q). Six bands

near the top are shown in Fig. 6. In Fig. 7, we show that the logarithms of the bandwidths

follows a linear curve. Since the band gap sizes change relatively slowly, it is easy to obtain the

approximate band energies and their bandwidths for those not shown in Table 1.

In the semi-classical approximation, a typical wavefunction with energy E will have an energy
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Exponentially small widths for 
E < 9.1 TeV corresponds to 
the exponential suppression 
in instantons

the band widths are 
unsuppressed for E > 9.1 TeV.



Vacuum-to-vacuum transitions

t = − ∞

t = + ∞
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We already know that the gauge transformations that involves a gauge
function that becomes zero at in�nity are special, because these are
generated by Gauss’ law and hence are true symmetries of the physical
states.

With this in mind, probably the best argument is that tunneling does only
happens from a vacuum with winding number zero (i.e. one that is
“Gauss’ law gauge equivalent” to ), to a vacuum state with integer
winding number (i.e. one that we get from  with a gauge transfor-
mation that satis�es  for ). If we can show this, it
seems reasonable that we neglect other ground states are not reachable
by tunneling processes.

To show this, imagine spacetime as a cylinder. Each slice of the cylinder
is the complete space  at a given time . The lower cap of the cylinder
is space at  and the upper cap space at . Now, we start at 

 with our quantum �eld in a vacuum con�guration with winding
number zero. We have the gauge freedom to choose .
(However, take note that all other pure gauge con�gurations, that are
generated by a Gauss’ law gauge transformation are equally valid. The
gauge transformations generated by Gauss’ law are those that have a
gauge function in the exponent that satis�es  for . All
con�gurations that we get from  with such a gauge trans-
formations are also winding number zero con�gurations, because they
are gauge equivalent to .) Each pure gauge con�guration
of , which means , is a vacuum con�guration. 

 means 

E > 0 configuration
finite energy ⇒

Aμ(∞, t) = Ũ†∂μŨ

Aμ( ⃗x , + ∞) = U†
∞∂μU∞

Aμ( ⃗x , − ∞) = U†
−∞∂μU−∞

E = 0 ; pure gauge

pure gauge at | ⃗x | = ∞

E = 0 ; pure gauge
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We already know that the gauge transformations that involves a gauge
function that becomes zero at in�nity are special, because these are
generated by Gauss’ law and hence are true symmetries of the physical
states.

With this in mind, probably the best argument is that tunneling does only
happens from a vacuum with winding number zero (i.e. one that is
“Gauss’ law gauge equivalent” to ), to a vacuum state with integer
winding number (i.e. one that we get from  with a gauge transfor-
mation that satis�es  for ). If we can show this, it
seems reasonable that we neglect other ground states are not reachable
by tunneling processes.

To show this, imagine spacetime as a cylinder. Each slice of the cylinder
is the complete space  at a given time . The lower cap of the cylinder
is space at  and the upper cap space at . Now, we start at 

 with our quantum �eld in a vacuum con�guration with winding
number zero. We have the gauge freedom to choose .
(However, take note that all other pure gauge con�gurations, that are
generated by a Gauss’ law gauge transformation are equally valid. The
gauge transformations generated by Gauss’ law are those that have a
gauge function in the exponent that satis�es  for . All
con�gurations that we get from  with such a gauge trans-
formations are also winding number zero con�gurations, because they
are gauge equivalent to .) Each pure gauge con�guration
of , which means , is a vacuum con�guration. 

 means 

E > 0 configuration
finite energy ⇒

Aμ(∞, t) = Ũ†∂μŨ

Aμ( ⃗x , + ∞) = U†
∞∂μU∞

Aμ( ⃗x , − ∞) = U†
−∞∂μU−∞

E = 0 ; pure gauge

pure gauge at | ⃗x | = ∞

Temporal gauge : A0 = 0

⇒ U†∂0U = 0
⇒ U( ⃗x ) = t independent

Fix the rest such that :
Aμ( ⃗x , − ∞) = 0

E = 0 ; pure gauge

Vacuum-to-vacuum transitions
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winding number (i.e. one that we get from  with a gauge transfor-
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seems reasonable that we neglect other ground states are not reachable
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is space at  and the upper cap space at . Now, we start at 

 with our quantum �eld in a vacuum con�guration with winding
number zero. We have the gauge freedom to choose .
(However, take note that all other pure gauge con�gurations, that are
generated by a Gauss’ law gauge transformation are equally valid. The
gauge transformations generated by Gauss’ law are those that have a
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Vacuum-to-vacuum transitions
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winding number (i.e. one that we get from  with a gauge transfor-
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Optimistic view:

     4. Pessimistic vs optimistic pictures

1. It is not the sphaleron which is directly created in the initial collision                     
2. Instantons in Minkwoski space are not point-like configurations; they are localized 

near the light-cone:

Cartoon of snapshots in time:

B+L
Sphaleron-like 

fireball

!12
Taken from Valya Khoze’s talk
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p = 1

p = 0.05

• If unknown pre-factor p is small, 
the sphaleron events may be 
hidden in the GZK neutrino events 
via the ordinary EW interaction.

• In this case, discrimination using 
the event shape is important.

How do sphaleron events look 
different from the ordinary 
neutrino events at IceCube?
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“muon bundle”

sensitivity for low-energy events, especially upward-going
muons. A proposed “topological” trigger will be optimized
for low-energy horizontal muons. Other triggers are under
development for DeepCore.

When a trigger occurs, all data within a !10 "s trigger
window is saved, becoming an event. If multiple trigger win-
dows overlap, then all of the data from the ORed time inter-
vals are saved as a single event.

IceTop uses two different trigger criteria, based on the
number of hit stations. A station is a pair of nearby tanks. A
station is considered hit if the high-gain DOM fired in one
tank, in coincidence with the lower-gain DOM in the other.
This was implemented in a hardware by cross-wiring the
local coincidence circuitry. Higher energy events !above
about 300 TeV" were collected with a trigger that required
eight hit stations; a prescaled lower energy trigger requires
three stations to be hit.

All of the triggered data are reconstructed by an on-line
filter system, and selected events are transmitted via satellite
to the Northern Hemisphere.64 The filters use simple physics-
based criteria, “first guess” reconstruction algorithms, and
simplified maximum likelihood fitting. Current filters select
upward-going muons, cascades !#e, #$, and all-flavor neutral-
current interactions", extremely high-energy events, starting
and stopping events, and air showers seen in IceTop. For the
40-string running, these filters selected about 6% of the
events, comprising about 32 Gbytes/day. All of the data, in-
cluding the data selected for satellite transmission, are stored
on tapes at the South Pole station. The tapes are sent north
during the Austral summer.

I. Event reconstruction

The first stage of event reconstruction converts the PMT
waveforms into photon arrival times, as shown in Fig. 21.
The first step is to calibrate the waveform, converting ADC
counts and ATWD fADC time bins into absolute times and
voltages. The next step is to extract photon arrival times.
This is done with several methods; the “standard” approach
is to perform a Bayesian peak unfolding; the algorithm
searches for PMT-like pulses !with the correct shape" and
removes them from the waveform, one by one.

These photon arrival times are used in maximum likeli-
hood fitting event reconstruction. IceCube can reconstruct
the three different neutrino flavors based on the event topol-
ogy. Figure 22 shows examples of three different types of
interactions.

The top panel shows a kilometer-long muon track !or
multiple parallel muons from a shower" traversing the detec-
tor. The long lever arm provides good directional reconstruc-
tion, better than 1°. The muon energy can be estimated by
the track length !for muons that start and stop in the detector"
or from the specific energy loss; at energies above 1 TeV,
muon energy loss !dE /dx" is proportional to the muon
energy.

Figure 22 !middle" shows a cascade from a simulated #e
event. The light is nearly pointlike. Although most of the
light is emitted near the Cherenkov angle, many of the pho-
tons scatter before being detected, partially washing out the
angular information.

Figure 22 !bottom" shows a simulated few-PeV #$ inter-
action forming a classic “double-bang” topology. One
“bang” occurs when the #$ interacts. That interaction also
produces a $, which travels a few hundred meters before
decaying, and producing a second bang. Several other $ de-
cay modes are under study in IceCube.

Other topologies are also of interest. A #" can interact in
the detector, producing a hadronic shower from the struck
nucleus, plus the " track. If the neutrino interaction vertex
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FIG. 21. !Color" The ATWD digitizer output from a typical event; multiple
photoelectrons are clearly visible. Each time sample is 3.3 ns. The waveform
is decomposed into a list of photon arrival times, which is used for event
reconstruction !Ref. 65".

FIG. 22. !Color" Simulated events of the three types of neutrino interactions
in IceCube: !a" #"N→"X !top", !b" #eN→cascade !middle", and !c" a
double bang, from #$N→$ cascade1→cascade1cascade2 !bottom". Each
circle represents one active optical module; the size of the circles shows the
number of detected photons, while the color represents the time, from red
!earliest" to blue !latest". In the top panel, the white shows the stochastic
muon energy deposition along its track !Ref. 14".
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sensitivity for low-energy events, especially upward-going
muons. A proposed “topological” trigger will be optimized
for low-energy horizontal muons. Other triggers are under
development for DeepCore.

When a trigger occurs, all data within a !10 "s trigger
window is saved, becoming an event. If multiple trigger win-
dows overlap, then all of the data from the ORed time inter-
vals are saved as a single event.

IceTop uses two different trigger criteria, based on the
number of hit stations. A station is a pair of nearby tanks. A
station is considered hit if the high-gain DOM fired in one
tank, in coincidence with the lower-gain DOM in the other.
This was implemented in a hardware by cross-wiring the
local coincidence circuitry. Higher energy events !above
about 300 TeV" were collected with a trigger that required
eight hit stations; a prescaled lower energy trigger requires
three stations to be hit.

All of the triggered data are reconstructed by an on-line
filter system, and selected events are transmitted via satellite
to the Northern Hemisphere.64 The filters use simple physics-
based criteria, “first guess” reconstruction algorithms, and
simplified maximum likelihood fitting. Current filters select
upward-going muons, cascades !#e, #$, and all-flavor neutral-
current interactions", extremely high-energy events, starting
and stopping events, and air showers seen in IceTop. For the
40-string running, these filters selected about 6% of the
events, comprising about 32 Gbytes/day. All of the data, in-
cluding the data selected for satellite transmission, are stored
on tapes at the South Pole station. The tapes are sent north
during the Austral summer.

I. Event reconstruction

The first stage of event reconstruction converts the PMT
waveforms into photon arrival times, as shown in Fig. 21.
The first step is to calibrate the waveform, converting ADC
counts and ATWD fADC time bins into absolute times and
voltages. The next step is to extract photon arrival times.
This is done with several methods; the “standard” approach
is to perform a Bayesian peak unfolding; the algorithm
searches for PMT-like pulses !with the correct shape" and
removes them from the waveform, one by one.

These photon arrival times are used in maximum likeli-
hood fitting event reconstruction. IceCube can reconstruct
the three different neutrino flavors based on the event topol-
ogy. Figure 22 shows examples of three different types of
interactions.

The top panel shows a kilometer-long muon track !or
multiple parallel muons from a shower" traversing the detec-
tor. The long lever arm provides good directional reconstruc-
tion, better than 1°. The muon energy can be estimated by
the track length !for muons that start and stop in the detector"
or from the specific energy loss; at energies above 1 TeV,
muon energy loss !dE /dx" is proportional to the muon
energy.

Figure 22 !middle" shows a cascade from a simulated #e
event. The light is nearly pointlike. Although most of the
light is emitted near the Cherenkov angle, many of the pho-
tons scatter before being detected, partially washing out the
angular information.

Figure 22 !bottom" shows a simulated few-PeV #$ inter-
action forming a classic “double-bang” topology. One
“bang” occurs when the #$ interacts. That interaction also
produces a $, which travels a few hundred meters before
decaying, and producing a second bang. Several other $ de-
cay modes are under study in IceCube.

Other topologies are also of interest. A #" can interact in
the detector, producing a hadronic shower from the struck
nucleus, plus the " track. If the neutrino interaction vertex
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FIG. 21. !Color" The ATWD digitizer output from a typical event; multiple
photoelectrons are clearly visible. Each time sample is 3.3 ns. The waveform
is decomposed into a list of photon arrival times, which is used for event
reconstruction !Ref. 65".

FIG. 22. !Color" Simulated events of the three types of neutrino interactions
in IceCube: !a" #"N→"X !top", !b" #eN→cascade !middle", and !c" a
double bang, from #$N→$ cascade1→cascade1cascade2 !bottom". Each
circle represents one active optical module; the size of the circles shows the
number of detected photons, while the color represents the time, from red
!earliest" to blue !latest". In the top panel, the white shows the stochastic
muon energy deposition along its track !Ref. 14".
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“shower”

“double bang”

νµN → µX

νeN → eX

νiN → νiX

ντN → τX

ντN → τX1 → X1ντX2

Eτ ∈ [106, 107] GeV

1010 yr, given that their rate is 300 Gpc−3 yr−1. Therefore,
300 GRBs per year over Hubble time produce the observed
cosmic-ray energy density in the Universe, just as three su-
pernovae per century accommodate the steady flux of cosmic
rays in the galaxy.31,32

Cosmic rays and synchrotron photons coexist in the ex-
panding GRB fireball prior to it reaching transparency and
producing the observed GRB display. Their interactions pro-
duce charged pions and neutrinos with a flux that can be
estimated from the observed extragalactic cosmic-ray flux
!see Eq. "3#$. Fireball phenomenology predicts that, on aver-
age, nint%1.

Problem solved? Not really: the energy density of ex-
tragalactic cosmic rays can also be accommodated by active
galactic nuclei, provided each converts 2!1044 ergs s−1 into
particle acceleration. As with GRBs, this is an amount that
matches their output in electromagnetic radiation.39

Waxman and Bahcall40 argued that it is implausible that
the neutrino flux should exceed the cosmic-ray flux

E"
2 dN

dE"
= 5 ! 10−11 TeV cm−2 s−1 sr−1. "5#

For the specific example of GRB, we have to scale it down-
ward by a factor x"%1 /20 !see Eq. "3#$. After 7 years of
operation, AMANDA’s sensitivity is approaching the inter-
esting range, but it takes IceCube to explore it.

If GRBs are the sources,41 and the flux is near this limit,
then IceCube’s mission is relatively straightforward because
we expect to observe of the order of 10 "neutrinos /km2# yr−1

in coincidence with GRBs observed by the Swift and Fermi
satellites, which translates to a 5# observation.42 Similar sta-
tistical power can be obtained by detecting showers pro-
duced by "e and "$.

In summary, while the road to identification of sources
of the galactic cosmic ray has been mapped, the origin of the
extragalactic component remains unresolved. Hopefully,
neutrinos will reveal the sources.

III. NEUTRINO TELESCOPES: THE CONCEPT

Because of the small neutrino cross sections, a very large
detector is required to observe astrophysical neutrinos. At the
same time, flavor identification is also very desirable since
the background from atmospheric neutrinos is much lower
for "e and "$ than that for "%. Of course, angular resolution is
also very important for detecting point sources, and energy
resolution is important in determining neutrino energy spec-
tra, which is important for identifying a diffuse flux of ex-
traterrestrial neutrinos.

IceCube detects neutrinos by observing the Cherenkov
radiation from the charged particles produced by neutrino
interactions. Charge-current interactions produce a lepton,
which carries an average of 50% "for E"&10 GeV# to 80%
"at high energies# of the neutrino energy; the remainder of

the energy is transferred to the nuclear target. The latter is
released in the form of a hadronic shower; both the produced
lepton and the hadronic shower produce Cherenkov radia-
tion. In neutral-current interactions, the neutrino transfers a
fraction of its energy to a nuclear target, producing just a
hadronic shower.

IceCube can differentiate neutrino interactions on the ba-
sis of their topology, as shown in Fig. 5. At low energies,
there are two basic topologies: tracks from "% and cascades
from "e, "$, and all-flavor neutral-current interactions.
Charge-current cascades include contributions from the
shower from the electron "or tau decay products# plus the
hadronic shower from the struck nucleus; the contributions
are inseparable.

At PeV energies, muon tracks can be up to 10 km long,
while on the scale of IceCube, cascades are nearly point
sources. At higher "PeV# energies, an additional topology
arises. This is the “double bang” whereby a "$ interacts, and
the energy transferred to the target nucleus produces one
cascade. The $ travels some hundreds of meters and decays,
producing a second cascade.

The different topologies each have advantages and dis-
advantages. The long lever arm from tracks from "% decay
allows the muon direction "and, from that, the neutrino di-
rection# to be determined accurately; as will be seen,
IceCube’s angular resolution is better than 1° for long tracks.
One can produce sky maps and search them for hot spots.
This is obviously the key in finding neutrino sources. The
disadvantages are that there is a large background of atmo-
spheric "%, and that, because the events are not contained, it
is difficult to determine the neutrino energy.

However, "e and "$ interactions also have some signifi-
cant advantages. They are detected in both the Northern and
Southern Hemispheres. "This is also true for "% with energy
above 1 PeV, where the background from the steeply falling
atmospheric spectrum becomes negligible.# IceCube’s sensi-
tivity to the galactic center is similar to that of ANTARES,
although not to that of a kilometer-scale detector in the
Northern Hemisphere.

~ km-long muon tracks from νμ ~ 10m-long cascades from νθ , ντ

17 m}
μνμ

νθ
с

FIG. 5. "Color online# Contrasting Cherenkov light patterns produced by
muons "left# and by showers initiated by electron and tau neutrinos "right#
and by neutral-current interactions. The patterns are often referred to as
tracks and cascades "or showers#. Cascades are produced by a "approxi-
mately# point source of light with respect to the dimensions of the detector.
At PeV energies, $ leptons travel hundreds of meters before decaying, pro-
ducing a third topology, with two cascades—one when the "$ interacts and
the second when the $ decays "Ref. 43#. This is the double bang signature;
a simulated event is shown in Fig. 22.
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1010 yr, given that their rate is 300 Gpc−3 yr−1. Therefore,
300 GRBs per year over Hubble time produce the observed
cosmic-ray energy density in the Universe, just as three su-
pernovae per century accommodate the steady flux of cosmic
rays in the galaxy.31,32

Cosmic rays and synchrotron photons coexist in the ex-
panding GRB fireball prior to it reaching transparency and
producing the observed GRB display. Their interactions pro-
duce charged pions and neutrinos with a flux that can be
estimated from the observed extragalactic cosmic-ray flux
!see Eq. "3#$. Fireball phenomenology predicts that, on aver-
age, nint%1.

Problem solved? Not really: the energy density of ex-
tragalactic cosmic rays can also be accommodated by active
galactic nuclei, provided each converts 2!1044 ergs s−1 into
particle acceleration. As with GRBs, this is an amount that
matches their output in electromagnetic radiation.39

Waxman and Bahcall40 argued that it is implausible that
the neutrino flux should exceed the cosmic-ray flux
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For the specific example of GRB, we have to scale it down-
ward by a factor x"%1 /20 !see Eq. "3#$. After 7 years of
operation, AMANDA’s sensitivity is approaching the inter-
esting range, but it takes IceCube to explore it.

If GRBs are the sources,41 and the flux is near this limit,
then IceCube’s mission is relatively straightforward because
we expect to observe of the order of 10 "neutrinos /km2# yr−1

in coincidence with GRBs observed by the Swift and Fermi
satellites, which translates to a 5# observation.42 Similar sta-
tistical power can be obtained by detecting showers pro-
duced by "e and "$.

In summary, while the road to identification of sources
of the galactic cosmic ray has been mapped, the origin of the
extragalactic component remains unresolved. Hopefully,
neutrinos will reveal the sources.

III. NEUTRINO TELESCOPES: THE CONCEPT

Because of the small neutrino cross sections, a very large
detector is required to observe astrophysical neutrinos. At the
same time, flavor identification is also very desirable since
the background from atmospheric neutrinos is much lower
for "e and "$ than that for "%. Of course, angular resolution is
also very important for detecting point sources, and energy
resolution is important in determining neutrino energy spec-
tra, which is important for identifying a diffuse flux of ex-
traterrestrial neutrinos.

IceCube detects neutrinos by observing the Cherenkov
radiation from the charged particles produced by neutrino
interactions. Charge-current interactions produce a lepton,
which carries an average of 50% "for E"&10 GeV# to 80%
"at high energies# of the neutrino energy; the remainder of

the energy is transferred to the nuclear target. The latter is
released in the form of a hadronic shower; both the produced
lepton and the hadronic shower produce Cherenkov radia-
tion. In neutral-current interactions, the neutrino transfers a
fraction of its energy to a nuclear target, producing just a
hadronic shower.

IceCube can differentiate neutrino interactions on the ba-
sis of their topology, as shown in Fig. 5. At low energies,
there are two basic topologies: tracks from "% and cascades
from "e, "$, and all-flavor neutral-current interactions.
Charge-current cascades include contributions from the
shower from the electron "or tau decay products# plus the
hadronic shower from the struck nucleus; the contributions
are inseparable.

At PeV energies, muon tracks can be up to 10 km long,
while on the scale of IceCube, cascades are nearly point
sources. At higher "PeV# energies, an additional topology
arises. This is the “double bang” whereby a "$ interacts, and
the energy transferred to the target nucleus produces one
cascade. The $ travels some hundreds of meters and decays,
producing a second cascade.

The different topologies each have advantages and dis-
advantages. The long lever arm from tracks from "% decay
allows the muon direction "and, from that, the neutrino di-
rection# to be determined accurately; as will be seen,
IceCube’s angular resolution is better than 1° for long tracks.
One can produce sky maps and search them for hot spots.
This is obviously the key in finding neutrino sources. The
disadvantages are that there is a large background of atmo-
spheric "%, and that, because the events are not contained, it
is difficult to determine the neutrino energy.

However, "e and "$ interactions also have some signifi-
cant advantages. They are detected in both the Northern and
Southern Hemispheres. "This is also true for "% with energy
above 1 PeV, where the background from the steeply falling
atmospheric spectrum becomes negligible.# IceCube’s sensi-
tivity to the galactic center is similar to that of ANTARES,
although not to that of a kilometer-scale detector in the
Northern Hemisphere.
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FIG. 5. "Color online# Contrasting Cherenkov light patterns produced by
muons "left# and by showers initiated by electron and tau neutrinos "right#
and by neutral-current interactions. The patterns are often referred to as
tracks and cascades "or showers#. Cascades are produced by a "approxi-
mately# point source of light with respect to the dimensions of the detector.
At PeV energies, $ leptons travel hundreds of meters before decaying, pro-
ducing a third topology, with two cascades—one when the "$ interacts and
the second when the $ decays "Ref. 43#. This is the double bang signature;
a simulated event is shown in Fig. 22.
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IceCube Events:
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ν
Eν ! 108−10 GeV

mall ∼ ESph ∼ 9TeV

ûL

ĉL

t̂L

!τ

!e

!µ

ûL

ĉL

t̂L

t̂L ĉL

ûL

∆n = 1

What does the sphaleron 
event look like?

“shower”

• quarks and leptons are stopped in the ice (except for μ). ⇒ “shower”

• If μ is produced. ⇒ “bundle”

• If τ is produced with Eτ ∈ [106,107] GeV. ⇒ “double bang”

• If primary μ and a μ from a top-quark decay has an opening angle 
with θ > 10-2 rad ⇒ “double bundle”?? 
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Figure 3. Left panel: contributions to the total cross section for sphaleron transitions in neutrino
collisions in IceCube, for the nominal case ESph = 9TeV and p = 1 in (2.5) with S given by
(2.4). The solid green curve is for the sum of conventional charged- and neutral-current neutrino
interactions. Right panel: the distributions in the neutrino-parton reduced centre-of-mass energy,
which is peaked at ESph. In both panels, the contributions of different parton-parton collision
processes are colour-coded as indicated.
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Figure 4. Left panel: histograms of the primary and secondary muon energy distributions (red
and blue, respectively) in sphaleron-induced transitions in neutrino-nucleon collisions in IceCube
for ESph = 9TeV, normalised to a single sphaleron-induced event. Right panel: histograms of the
opening angles in the laboratory frame between pairs of leptons in sphaleron transitions in neutrino
interactions in IceCube for ESph = 9TeV, colour-coded for the different combinations of primary
and secondary leptons.

The left panel of figure 4 displays the primary and secondary µ and τ energy distri-

butions (which are identical) normalised to a single sphaleron-induced event. We see that

the primary lepton energies are peaked just below 108GeV, whereas the secondary lepton

energies are peaked closer to 107GeV. IceCube expects to be able to see a ‘double-bang’

signature for τ leptons with energies ∈ [106, 107] GeV. We see that sphaleron-induced tran-

sitions would produce some primary and secondary τ leptons in this energy range. However,

we find only 5% of the sphaleron-induced events have τ leptons in this energy range.
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Figure 3. Left panel: contributions to the total cross section for sphaleron transitions in neutrino
collisions in IceCube, for the nominal case ESph = 9TeV and p = 1 in (2.5) with S given by
(2.4). The solid green curve is for the sum of conventional charged- and neutral-current neutrino
interactions. Right panel: the distributions in the neutrino-parton reduced centre-of-mass energy,
which is peaked at ESph. In both panels, the contributions of different parton-parton collision
processes are colour-coded as indicated.
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Figure 4. Left panel: histograms of the primary and secondary muon energy distributions (red
and blue, respectively) in sphaleron-induced transitions in neutrino-nucleon collisions in IceCube
for ESph = 9TeV, normalised to a single sphaleron-induced event. Right panel: histograms of the
opening angles in the laboratory frame between pairs of leptons in sphaleron transitions in neutrino
interactions in IceCube for ESph = 9TeV, colour-coded for the different combinations of primary
and secondary leptons.

The left panel of figure 4 displays the primary and secondary µ and τ energy distri-

butions (which are identical) normalised to a single sphaleron-induced event. We see that

the primary lepton energies are peaked just below 108GeV, whereas the secondary lepton

energies are peaked closer to 107GeV. IceCube expects to be able to see a ‘double-bang’

signature for τ leptons with energies ∈ [106, 107] GeV. We see that sphaleron-induced tran-

sitions would produce some primary and secondary τ leptons in this energy range. However,

we find only 5% of the sphaleron-induced events have τ leptons in this energy range.
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Only 5% of the sphaleron-induced 
events have double bang taus.

double bundle

particles are highly collimated and 
double bundles cannot be 
expected.
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FIG. 6. (color online). The IceCube neutrino effective area at final selection criteria with different string configurations, IC79
(left panel) and IC86 (middle panel) for each neutrino flavor, averaged over 4π solid angle. The areas are averaged over equal
amounts of neutrinos and anti-neutrinos. Three flavor sums of the effective areas are shown in the right panel. The effective
area from the previous search [9] with 40 string configuration of IceCube (IC40) is also shown for comparison. Exposure of
the sample used in this analysis is obtained by multiplying the effective area with the effective livetime without test samples
(333.5 days, 285.8 days and 330.1 days for IC40, IC79, and IC86 respectively) and 4π solid angle. The sharp peaked structure
at 6.3 PeV for electron neutrinos is due to the Glashow resonance [36].

TABLE II. List of the statistical and systematic errors on the signal, atmospheric muon and neutrino, prompt neutrino and
the total background rate. The uncertainties in the signal rate are estimated for the cosmogenic flux of Yoshida et al. [6]
for (m, zmax) = (4, 4). The uncertainties in the background rates are evaluated against the baseline estimation by CORSIKA-
SIBYLL [25, 26] with a pure iron composition hypothesis for atmospheric muons and the Gaisser-H3a model [29] for atmospheric
neutrinos. The uncertainties in the prompt neutrino rate are estimated using the prediction by Ref. [32]. The systematic and
statistical errors listed here are relative to the event rates for each signal and background source.

Conventional
Sources Cosmogenic Atmospheric atmospheric Prompt Total

ν signal (%) muon (%) neutrino (%) neutrino (%) background (%)
Statistical error ±0.4 ±9.1 ±9.8 ±1.1 ±4.5

DOM efficiency +1.5
−5.1

+41.9
−42.7

+73.2
−17.9

+33.6
−9.6

+43.1
−26.1

Ice properties/Detector response −7.2 −47.7 −44.8 −30.8 −41.7
Neutrino cross section ±9.0 − − − −

Photo-nuclear interaction +10.0 − − − −

LPM effect ±1.0 − − − −

Angular shift for cascades −0.5 − − − −

Cosmic-ray flux variation − +30.0
−50.0 ±30.0 ±30.0 +18.7

−26.3

Cosmic-ray composition − −79.1 − − −36.7
Hadronic interaction model − +17.7 − − +8.1

ν yield from cosmic-ray nucleon − − ±15.0 − ±2.2

Prompt model uncertainty − − − +31.6
−40.4

+12.6
−16.1

Total ±0.4(stat.) ±9.1(stat.) ±9.8(stat.) ±1.1(stat.) ±4.5(stat.)
+13.6
−12.4(syst.)

+54.5
−100 (syst.) +80.5

−58.7(syst.)
+55.0
−59.8(syst.)

+49.3
−68.7(syst.)

hadronic interaction model is estimated by switching the
model from SIBYLL 2.1 [26] to QGSJET-II-03 [41] in
the simulations. The uncertainty in the cosmic-ray flux
normalization is estimated from the variance in the flux
measured by several experiments [42, 43] relative to the
one used in this analysis [44] at 10 EeV, the peak energy
of primary cosmic rays that produce atmospheric muon
events passing the final selection criteria. The contribu-

tion of the cosmic-ray normalization to the uncertainty
in the atmospheric neutrino rate is estimated in a similar
way at energies from 1 to 100PeV from various mod-
els [29, 45]. In addition, a systematic uncertainty for the
atmospheric neutrino rate arises from the uncertainty of
the parametrization of the neutrino multiplicity as de-
scribed in section III. A comparison to the full simulation
by CORSIKA [25] provides the relevant uncertainty. The
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=
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Figure 1. Compared to the sum of the conventional charged- and neutral-current neutrino cross
sections (black dashed line), we show the energy dependence of the cross section for sphaleron
transitions in neutrino collisions for a barrier height ESph = 9TeV, c = 2 and p = 1 in eq. (2.5)
with S given by (2.4) (red solid curve) and, for comparison, choices ESph = 8 and 10TeV (red
dot-dashed and dashed lines, respectively). The variations in the sphaleron curves for 1 ≤ c ≤ 4 are
within the widths of the lines, but we recall that the overall normalization factor p is quite uncertain.

value of their estimate, we note that this choice is subject to uncertainties. The event rate

in the IceCube detector also depends on the energy-dependent effective neutrino detection

area, Aeff(Eν), which has been evaluated by the IceCube collaboration [38] using conven-

tional neutrino-nucleon interaction. Assuming the same detection efficiency, we estimate

the sphaleron-induced IceCube event rate as

dNSph

dt
=

∫

Ethres
ν

dEν

∫
dΩ

σSph
νN (Eν)

σCC/NC
νN (Eν)

Aeff(Eν)
d2Φ

dEνdtdΩ
, (2.7)

where Ethres
ν is the energy threshold of incoming cosmogenic neutrinos. In the second

integral we take into account only neutrinos coming from the upper hemisphere of IceCube,

since the neutrinos from the lower hemisphere will be absorbed by the interaction with the

Earth. In figure 2 we show the sphaleron-induced and conventional IceCube event rate

as functions of Ethres
ν again assuming c = 2 and p = 1 and using (dot-dashed) (dashed)

red lines for ESph = 9(8)(10)TeV and a black dashed line for sum of the conventional

charged- and neutral-current neutrino cross sections. We see that the sphaleron-induced

transitions would dominate over conventional neutrino collisions by a factor ! 5 for all

Ethres
ν ≥ 107GeV if p = 1.

Figure 3 displays some characteristics of the sphaleron-induced transitions. In the left

panel we show a breakdown of the collision rates with respect to the quark parton species

– 4 –

Event rate can be calculated using the energy dependent effective 
neutrino detection area.

J.Ellis, KS, M.Spannowsky [1603.06573]
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Figure 2: The allowed proton flux (at the 99% confidence level) for increasing crossover energy Emin. Each fit of the proton
spectrum is marginalized with respect to the experimental energy uncertainty and we show the shifted predictions in comparison
to the HiRes central values [5]. For comparison we also show the Auger data [6, 17] which has not been included in the fit.

distribution for a set of non-negative integer numbers ~k = {k1, ...kr}, P~k(n, �, N , �), is just the product of
the individual Poisson distributions.

According to this r-dimensional probability distribution, the experimental result ~N
exp = {N

exp

1
, ..., N

exp

r }
has a probability P ~Nexp(n, �, N , �) and correspondingly the experimental probability after marginalizing over
the energy scale uncertainty and normalization is:

Pexp(n, �) = Max�,N P ~Nexp(n, �, N , �) . (9)

where the maximization is made within some prior for � and N . For the energy shift � we have used two
forms for the prior, either a top hat spanning the energy-scale uncertainty of the experiment, �Es , or a
gaussian prior of width �Es .

For N we impose the prior arising from requiring consistency with the Fermi-LAT measurements [21]
of the di↵use extra-galactic �-ray background. In order to do so we obtain the total energy density of EM
radiation from the proton propagation using Eq. (6) and we require following Ref. [22]:

wcas(N , n, �)  5.8 ⇥ 10�7 eV/cm3
. (10)

The marginalization in Eq. (9) also determines Nbest and �best for the model, which are the values of the
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FIG. 4: Comparison of proton, neutrino and gamma ray fluxes for di�erent crossover energies. We show the best fit values
(solid lines) as well as neutrino and gamma ray fluxes within the 99% C.L. with minimal and maximal energy density (dashed
lines). The gamma ray fluxes at the 99% C.L. are marginally consistent with the highest energy bins of the Fermi LAT data.
Note, that due to the uncertainties of the infrared background the exact contribution around 100 GeV is uncertain.

The marginalization in Eq. ((9)) also determines Nbest and �best for the model which are the values of the energy shift
and normalization that render the best description of the experimental data, i.e. the maximum probability.

The model is compatible with the experimental results at given goodness of the fit (GOF) if
X

~k

P~k(n, �, Nbest, �best)⇥
⇥
P~k(n, �, Nbest, �best) � Pexp(n, �)

⇤
 0.99 (11)

Technically, this is computed by generating a large number Nrep of replica experiments according to the probability
distribution P~k(n, �, Nbest, �best) and counting the fraction of those which verify P~k(n, �, N , �best) � Pexp(n, �)  0.99

Wit h this method we determine the value of (n, �) parameters that are compatible with the HiRes I and HiRes II
experiments [5]. We plot in Fig. 1 the regions with GOF 64%, 95% and 99% for four values of the minimum energy.
We also show the corresponding values of wcas. These results are obtained assuming an energy scale uncertainty
�Es = 25% with a top hat prior for the correspondig energy shifts which are assumed to be uncorrelated for HiRes I
and HiRes II. In Fig. 3 we explore the dependence on the results on these assumptions by using a di↵erent form for
the prior, assuming the energy shifts to be correlated between the two experiments, or reducing the uncertainty to
�Es = 15%. As seen in the figure, the main e↵ect, is associated with the reduction of the energy scale uncertainty
which, as expected, results into a worsening of the GOF for models with larger n. This is directly related to the
normalization constraint from Eq. (10). If one naively ignores the energy scale uncertainty, the constraint in Eq. (10)

Figure 4: Comparison of proton, neutrino and �-ray fluxes for di↵erent crossover energies. We show the best-fit values (solid
lines) as well as neutrino and �-ray fluxes within the 99% C.L. with minimal and maximal energy density (dashed lines). The
values of the corresponding model parameters can be found in Table. 1. The dotted line labeled “maximal cascade” indicates
the approximate limit E

2
Jcas . c!

max
cas /4⇡ log(TeV/GeV), corresponding to a �-ray flux in the GeV-TeV range saturating the

energy density (10). The �-ray fluxes are marginally consistent at the 99% C.L. with the highest energy measurements by
Fermi-LAT. The contribution around 100 GeV is somewhat uncertain due to uncertainties in the cosmic infrared background.

in Fig.2 for illustration only (hence our results are directly comparable to those in Ref.[22]). As described
in Refs. [6, 17], besides the energy scale uncertainty there is also an (energy-dependent) energy resolution
uncertainty which implies that bin-to-bin migrations influence the reconstruction of the flux and spectral
shape. Since the form of the corresponding error matrix is not public, this data [6, 17] cannot be analysed
outside the Auger Collaboration.

4. Discussion

The cosmogenic neutrino fluxes that we have shown in Fig. 4 are compared to present upper limits on
the di↵use neutrino flux in Fig. 5. As before, the solid green line shows the neutrino flux (summed over
flavours) corresponding to the best fit of the proton spectra and the dashed green line indicate the range of
neutrino fluxes within the 99% C.L. For all crossover energies considered, the range of models at the 99%
C.L. is consistent with existing neutrino limits. For illustration, the thin dotted line shows the larger range
of neutrino fluxes at the 99% C.L. corresponding to a fit without the Fermi LAT constraint (cf. the black

9

γ

ν

M.Ahlers et.al [1005.2620]

ESph
ν ! 108−10 GeV

One could predict GZK neutrino and gamma ray fluxes by modelling 
the cosmic ray spectrum and fit it to the observed spectrum.

While neutrino energy is unchanged apart from redshift, the photons 
loose their energy by interacting with the intergalactic radiation fields. 
γGZK + γ → e+e−
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Figure 2: The allowed proton flux (at the 99% confidence level) for increasing crossover energy Emin. Each fit of the proton
spectrum is marginalized with respect to the experimental energy uncertainty and we show the shifted predictions in comparison
to the HiRes central values [5]. For comparison we also show the Auger data [6, 17] which has not been included in the fit.

distribution for a set of non-negative integer numbers ~k = {k1, ...kr}, P~k(n, �, N , �), is just the product of
the individual Poisson distributions.

According to this r-dimensional probability distribution, the experimental result ~N
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has a probability P ~Nexp(n, �, N , �) and correspondingly the experimental probability after marginalizing over
the energy scale uncertainty and normalization is:

Pexp(n, �) = Max�,N P ~Nexp(n, �, N , �) . (9)

where the maximization is made within some prior for � and N . For the energy shift � we have used two
forms for the prior, either a top hat spanning the energy-scale uncertainty of the experiment, �Es , or a
gaussian prior of width �Es .

For N we impose the prior arising from requiring consistency with the Fermi-LAT measurements [21]
of the di↵use extra-galactic �-ray background. In order to do so we obtain the total energy density of EM
radiation from the proton propagation using Eq. (6) and we require following Ref. [22]:

wcas(N , n, �)  5.8 ⇥ 10�7 eV/cm3
. (10)

The marginalization in Eq. (9) also determines Nbest and �best for the model, which are the values of the
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FIG. 4: Comparison of proton, neutrino and gamma ray fluxes for di�erent crossover energies. We show the best fit values
(solid lines) as well as neutrino and gamma ray fluxes within the 99% C.L. with minimal and maximal energy density (dashed
lines). The gamma ray fluxes at the 99% C.L. are marginally consistent with the highest energy bins of the Fermi LAT data.
Note, that due to the uncertainties of the infrared background the exact contribution around 100 GeV is uncertain.

The marginalization in Eq. ((9)) also determines Nbest and �best for the model which are the values of the energy shift
and normalization that render the best description of the experimental data, i.e. the maximum probability.

The model is compatible with the experimental results at given goodness of the fit (GOF) if
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Technically, this is computed by generating a large number Nrep of replica experiments according to the probability
distribution P~k(n, �, Nbest, �best) and counting the fraction of those which verify P~k(n, �, N , �best) � Pexp(n, �)  0.99

Wit h this method we determine the value of (n, �) parameters that are compatible with the HiRes I and HiRes II
experiments [5]. We plot in Fig. 1 the regions with GOF 64%, 95% and 99% for four values of the minimum energy.
We also show the corresponding values of wcas. These results are obtained assuming an energy scale uncertainty
�Es = 25% with a top hat prior for the correspondig energy shifts which are assumed to be uncorrelated for HiRes I
and HiRes II. In Fig. 3 we explore the dependence on the results on these assumptions by using a di↵erent form for
the prior, assuming the energy shifts to be correlated between the two experiments, or reducing the uncertainty to
�Es = 15%. As seen in the figure, the main e↵ect, is associated with the reduction of the energy scale uncertainty
which, as expected, results into a worsening of the GOF for models with larger n. This is directly related to the
normalization constraint from Eq. (10). If one naively ignores the energy scale uncertainty, the constraint in Eq. (10)

Figure 4: Comparison of proton, neutrino and �-ray fluxes for di↵erent crossover energies. We show the best-fit values (solid
lines) as well as neutrino and �-ray fluxes within the 99% C.L. with minimal and maximal energy density (dashed lines). The
values of the corresponding model parameters can be found in Table. 1. The dotted line labeled “maximal cascade” indicates
the approximate limit E

2
Jcas . c!

max
cas /4⇡ log(TeV/GeV), corresponding to a �-ray flux in the GeV-TeV range saturating the

energy density (10). The �-ray fluxes are marginally consistent at the 99% C.L. with the highest energy measurements by
Fermi-LAT. The contribution around 100 GeV is somewhat uncertain due to uncertainties in the cosmic infrared background.

in Fig.2 for illustration only (hence our results are directly comparable to those in Ref.[22]). As described
in Refs. [6, 17], besides the energy scale uncertainty there is also an (energy-dependent) energy resolution
uncertainty which implies that bin-to-bin migrations influence the reconstruction of the flux and spectral
shape. Since the form of the corresponding error matrix is not public, this data [6, 17] cannot be analysed
outside the Auger Collaboration.

4. Discussion

The cosmogenic neutrino fluxes that we have shown in Fig. 4 are compared to present upper limits on
the di↵use neutrino flux in Fig. 5. As before, the solid green line shows the neutrino flux (summed over
flavours) corresponding to the best fit of the proton spectra and the dashed green line indicate the range of
neutrino fluxes within the 99% C.L. For all crossover energies considered, the range of models at the 99%
C.L. is consistent with existing neutrino limits. For illustration, the thin dotted line shows the larger range
of neutrino fluxes at the 99% C.L. corresponding to a fit without the Fermi LAT constraint (cf. the black
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FIG. 4: Comparison of proton, neutrino and gamma ray fluxes for di�erent crossover energies. We show the best fit values
(solid lines) as well as neutrino and gamma ray fluxes within the 99% C.L. with minimal and maximal energy density (dashed
lines). The gamma ray fluxes at the 99% C.L. are marginally consistent with the highest energy bins of the Fermi LAT data.
Note, that due to the uncertainties of the infrared background the exact contribution around 100 GeV is uncertain.

The marginalization in Eq. ((9)) also determines Nbest and �best for the model which are the values of the energy shift
and normalization that render the best description of the experimental data, i.e. the maximum probability.
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Wit h this method we determine the value of (n, �) parameters that are compatible with the HiRes I and HiRes II
experiments [5]. We plot in Fig. 1 the regions with GOF 64%, 95% and 99% for four values of the minimum energy.
We also show the corresponding values of wcas. These results are obtained assuming an energy scale uncertainty
�Es = 25% with a top hat prior for the correspondig energy shifts which are assumed to be uncorrelated for HiRes I
and HiRes II. In Fig. 3 we explore the dependence on the results on these assumptions by using a di↵erent form for
the prior, assuming the energy shifts to be correlated between the two experiments, or reducing the uncertainty to
�Es = 15%. As seen in the figure, the main e↵ect, is associated with the reduction of the energy scale uncertainty
which, as expected, results into a worsening of the GOF for models with larger n. This is directly related to the
normalization constraint from Eq. (10). If one naively ignores the energy scale uncertainty, the constraint in Eq. (10)
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in Fig.2 for illustration only (hence our results are directly comparable to those in Ref.[22]). As described
in Refs. [6, 17], besides the energy scale uncertainty there is also an (energy-dependent) energy resolution
uncertainty which implies that bin-to-bin migrations influence the reconstruction of the flux and spectral
shape. Since the form of the corresponding error matrix is not public, this data [6, 17] cannot be analysed
outside the Auger Collaboration.

4. Discussion

The cosmogenic neutrino fluxes that we have shown in Fig. 4 are compared to present upper limits on
the di↵use neutrino flux in Fig. 5. As before, the solid green line shows the neutrino flux (summed over
flavours) corresponding to the best fit of the proton spectra and the dashed green line indicate the range of
neutrino fluxes within the 99% C.L. For all crossover energies considered, the range of models at the 99%
C.L. is consistent with existing neutrino limits. For illustration, the thin dotted line shows the larger range
of neutrino fluxes at the 99% C.L. corresponding to a fit without the Fermi LAT constraint (cf. the black
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∫

Ethree

dEνAeff(Eν)
d2Φ

dEνdt
dNCC/NC
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=

∫

Ethree

dEν
σSph
νN (Eν)
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=

Event rate can be calculated using the energy dependent effective 
neutrino detection area.
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Figure 2. Compared to the sum of the conventional charged- and neutral-current neutrino cross
sections (black dashed line), we show the rate for sphaleron transitions in IceCube for a barrier
height ESph = 9TeV, p = 1 in eq. (2.5) (red solid curve) and, for comparison, choices ESph = 8 and
10TeV (red dot-dashed and dashed lines, respectively).

inside the nucleon targets in the ice. As was to be expected, interactions with u and d

quarks dominate, followed by interactions with antiquarks and heavy flavours. In the right

panel we show the corresponding distributions in the reduced neutrino-quark subprocess

centre-of-mass energies
√
ŝ, which are sharply peaked at the sphaleron energy ESph, taken

here to have its nominal value of 9TeV. This peaking implies that our results would not

be affected strongly by a possible energy dependence in the overall factor p, but depend

essentially only on the value of p at the sphaleron threshold energy.

3 Leptons in sphaleron-induced transitions

In the IceCube detector [30], neutral current interaction and charged current interaction of

electron neutrinos leave a shower-like signature, whilst high energy muons and very high

energy taus (Eτ > 107GeV) leave a track-like signature. IceCube expects to be able to see

a ‘double-bang’ signature for τ leptons with energies ∈ [106, 107] GeV.

We simulate distributions of leptons (µ and τ) produced by the sphaleron-induced

neutrino-quark collision events in parton level. We consider the simplest possibility of such

events: qν → 8q̄2#̄ induced by the gauge invariant (q̄q̄q̄)1(q̄q̄q̄)2(q̄q̄q̄)3(#̄1#̄2#̄3) operator,

where the suffix denotes the generation. We assume equal flux for each flavour of cosmo-

genic neutrinos. Leptons can be produced either directly from the primary interaction,

qν → 8q̄2#̄, or secondarily from the decay of the heavy particles (t and W ).

– 5 –
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Sensitivity

• For ESph ~ 9TeV, IceCube and LHC sensitivities are comparable. 

• Good IceCube sensitivity persists for E > ESph.    

(because the fall of PDF is faster than that of GZK neutrino spectrum)
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The multi-boson events such as eq. (1.1) lead to spectacular collider signatures. Ac-

cording to eq. (1.7), one expects O(30) electroweak bosons in an event on average.2 To

study collider signatures of eq. (1.1), the event generator HERBVI [26] was developed, and

the first thorough phenomenological study was carried out in ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to

decide this question immediately dropped considerably and the research in this direction

essentially stopped.3 However, a recent paper by Tye and Wong [34], presenting qualita-

tive arguments in favour of observable rates for electroweak (B +L)-violation, revived the

interest in it and motivated phenomenological [35–41] and experimental studies. In partic-

ular, the CMS collaboration has recently reported their results of searching for signatures

of electroweak instanton-induced processes at the LHC [42].

There is, however, a remarkable difference between the processes considered in the

CMS analysis and the virtual sphaleron-like processes discussed in the literature and briefly

summarised above. Following earlier studies [35] and for simplicity, CMS postulated the

zero-boson process

qq → nqq + 3! (1.9)

where nq = 7, 9 or 11, and q/! represent quark/lepton or anti-quark/anti-lepton depending

on how the fermion lines are contracted with an effective vertex in the instanton back-

ground with topological charge ∆NCS = ±1. In the CMS analysis, the event generator

BaryoGEN [43] was used to simulate the process in eq. (1.9).

In this paper we investigate the difference in collider signatures between multi- and

zero-boson process (i.e. eq. (1.1) and eq. (1.9)) using the HERBVI and BaryoGEN event

generators, respectively. After comparing various distributions in section 3, we recast the

original CMS analysis and derive the cross-section upper limit on the sphaleron-like multi-

boson process in section 4. Section 5 is devoted to conclusions.

2 Event simulation

It has been suggested that the steeply-rising event rate of sphaleron-like processes can

be modelled by a sharp threshold behaviour as a function of the partonic centre-of-mass

energy,
√
ŝ [44]. We therefore postulate the following partonic cross-section:

σ̂(
√
ŝ) =

psph
m2

W

Θ(
√
ŝ− Esph), (2.1)

where Θ(x) is the Heaviside theta function; Θ(x) = 1 for x ≥ 0 and 0 otherwise, and

Esph is the partonic threshold energy. We take Esph = 9TeV as the default value for our

simulation (later varying it by ±1TeV), motivated by the fact that the sphaleron barrier

height with mh = 125GeV is given by ∼ 9.1TeV [16]. In eq. (2.1), the cross-section is

normalised by 1/m2
W up to the dimensionless parameter psph, which controls the overall

cross-section. The same parametrisation is used in the CMS analysis [42].

2The number of Higgs bosons is only a few according to eq. (1.8).
3Instead, then the theory [28, 29], phenomenology [30] and experimental searches [31–33] for the analo-

gous instanton-induced processes in QCD were developed.
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σpp(
√
s) =

∑

ab

[
cab

(
1

2

)2
]∫

dx1x2fa(x1)fb(x2)σ̂(
√
sx1x2)
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partonic:

hadronic:

Phenomenological parametrisation for cross-section:

Figure 3: The 13 TeV inclusive hadronic cross-section for sphaleron production with psph = 1
as a function of Esph in Eq. (2.1), obtained with the CT10 LO PDF set.

By comparing the number of observed events with the expected background contribution
in each signal region, CMS estimated a model-independent 95% CL upper limit on the
extra contribution to the signal region. We refer to this bound as N

max(a)
obs , where a labels

the signal region in question. CMS also estimated the “expected” upper limit, Nmax(a)
exp , by

assuming that exactly the same (fractional) number of events predicted by the background
was observed.

Our procedure for setting limits is as follows. First, we estimate the contribution from
sphaleron events to the signal region a, N (a)

sph, using the BaryoGEN or HERBVI Monte Carlo
simulation. These signal contributions are then compared with the corresponding expected
upper limits to identify the “most sensitive” signal region, a⇤, that gives the largest value
for N (a)

sph/N
max(a)
exp , i.e. 8a;N (a⇤)

sph /N
max(a⇤)
exp � N

(a)
sph/N

max(a)
exp . We then compare the signal con-

tribution with the observed upper limit only at the most sensitive signal region. We exclude
the signal hypothesis if N (a⇤)

sph /N
max(a⇤)
obs > 1.

In Table 1, we show the most sensitive signal region (a⇤ = (Nmin, S
min
T [TeV])⇤), the

signal e�ciency (✏(a
⇤)) at signal region a

⇤, and the observed upper limit for signal region a
⇤

(Nmax(a⇤)
obs ) for di↵erent values of the partonic threshold energy Esph. The signal e�ciency is

defined as the fraction of events that satisfy the condition employed by the signal region. In
particular, it satisfies the relation N

(a)
sph = � ·✏

(a⇤)
·Lint, where Lint is the integrated luminosity

and � is the inclusive hadronic cross-section obtained by convoluting the partonic cross-
section in Eq. (2.1) with the parton distribution functions (PDFs). in Fig. 3 we show the
inclusive hadronic cross-section with psph = 1 in Eq. (2.1), where the CT10 LO PDF set [48]
was used following the CMS analysis [41].

In Table 1, we see that Nmin = 11, Smin
T = 4.2 TeV is selected for the most sensitive
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Figure 2: The energy dependence of the total cross section for sphaleron transitions for the

nominal choices ESph = 9 TeV, c = 2 and p = 1 in (6) with S given by (5) (solid curve), and

for the outlying choices ESph = 8 and 10 TeV (dot-dashed and dashed lines, respectively).

The variations in the curves for 1  c  4 are within the widths of the lines. We recall that

the overall normalization factor p is quite uncertain.

significantly at colliders with higher ECM. Specifically, for our nominal choices ESph = 9 TeV,

c = 2 and p = 1 we find sphaleron cross sections 0.3 (141)⇥ 106 fb at ECM = 33 (100) TeV.

These can be compared with the expected gg ! H cross sections at these centre-of-mass

energies, which are 0.18 (0.74) ⇥ 106 fb at 33 (100) TeV. If these estimates are in the right

ball-park, such higher-energy colliders would be veritable sphaleron factories. However, we

emphasize again that the overall magnitude of the sphaleron transition rate is very uncertain.

One should, perhaps, instead regard Fig. 2 as showing that higher-energy collisions may

provide sensitivity to sphaleron transitions for p ⌧ 1.

4 Simulations of Sphaleron-Induced Processes

We turn now to the prospective observability of sphaleron-induced processes, the simplest

possibility being �n = �1 processes that give rise to e↵ective interactions involving one

member of each electroweak doublet, i.e., e/⌫e, µ/⌫µ, ⌧/⌫⌧ , and 3 colours of u/d, c/s and

6

Sphaleron gg→H
13 TeV 7.3 fb 44 x 103 fb
14 TeV 41 fb 50 x 103 fb
33 TeV 0.3 x 106 fb 0.2 x 106 fb

100 TeV 141 x 106 fb 0.7 x 106 fb

ESph = 9TeV

p = 1

Cross Section

J. Ellis, KS 
[1601.03654]
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Figure 12: Observed (solid curve) and expected (dashed black curve) 95% CL upper limit on
the pre-exponential factor PEF of the sphaleron production as a function of Esph. The inner
(outer) band represents the ±1 (±2) standard deviation uncertainty in the expected limit. The
area above the solid curve is excluded by this search.

the distribution of the total transverse momentum ST of the final-state objects in data with that
expected from the backgrounds, we set 95% confidence level model-independent upper limits
on the product of the production cross section and acceptance for such final states, as a func-
tion of the minimum ST for minimum final-state multiplicities between 3 and 11. These limits
reach 0.08 fb at high ST thresholds. By calculating the acceptance values for benchmark black
hole, string ball, and sphaleron signal models, we convert these model-independent limits into
lower limits on the minimum semiclassical black hole mass and string ball mass. The limits
extend as high as 10.1 TeV, thus improving significantly on previous results. We have also set
the first experimental upper limit on the electroweak sphaleron pre-exponential factor of 0.021
for the sphaleron transition energy of 9 TeV.
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Esph [TeV] 8 8.5 9 9.5 10

(Nmin, S
min
T [TeV])⇤ (11, 4.2) (11, 4.2) (11, 4.2) (11, 4.2) (11, 4.2)

multi-boson ✏
(a⇤) [%] 94.8 97.5 99.2 99.6 99.9

N
max(a⇤)
obs 3.0 3.0 3.0 3.0 3.0

(Nmin, S
min
T [TeV])⇤ (9, 5.4) (9, 5.6) (9, 5.6) (8, 6.2) (8, 6.2)

Zero Boson ✏
(a⇤) [%] 37.7 40.5 45.3 50.5 57.5

N
max(a⇤)
obs 6.9 5.8 5.8 3.0 3.0

Table 1: The most sensitive signal region (a⇤ = (Nmin, S
min
T )⇤), the signal e�ciency (✏(a

⇤))

at signal region a
⇤, and the observed upper limit for signal region a

⇤ (Nmax(a⇤)
obs ) are shown

for di↵erent values of the partonic threshold energy Esph.

A large di↵erence is also found in the photon multiplicity distributions, shown in the
bottom panel of Fig. 2. For the zero-boson events, photons are produced only from QED
radiation or decays of hadrons, while for the multi-boson process, high-pT photons may
be produced also from the primary hard interaction. For the zero-boson case, ⇠ 85% of
events do not have any such photons and the probability of having more than one photon
is extremely small (< 1%). On the other hand, the photon multiplicity distribution peaks
around N� = 1 for the multi-boson case and has a tail towards the higher multiplicity region,
N� = 2, 3. For example, the rate of having three high-pT photons is as large as ⇠ 10%.

4 Limits on sphaleron process

The CMS collaboration has recently carried out an analysis searching for mini black holes and
sphalerons that could be produced by the 13 TeV proton-proton collisions at the LHC [41].
The dataset used was collected in 2016 and corresponds to an integrated luminosity of 35.9
fb�1. The events are recorded if they pass the trigger requirement of HT > 800 or 900 GeV,
depending on the period when the data was collected, where HT is defined as the scalar sum
of the pT of all jets reconstructed at the stage of the High Level Trigger.

The CMS analysis adopts a simple cut-and-count method. The cuts are imposed on the
two variables, N(pT > 70) and ST , where N(pT > 70) is the number of all reconstructed
objects (jets, leptons and photons) with pT > 70 GeV and ST is the sum of the transverse
missing energy, Emiss

T , and the scalar sum of the pT of all reconstructed objects with pT > 70

GeV; ST ⌘ E
miss
T +

PpT>70GeV
i p

(i)
T . The signal regions are labelled by (Nmin, Smin

T ), where the
events are counted if the conditions N(pT > 70) � Nmin and ST > S

min
T are both satisfied.

The following ranges were used for signal regions; Nmin = 3, ..., 11 and 3.8 < S
min
T /TeV < 8.

CMS performed a careful estimation of the Standard Model background. The dominant
background comes from QCD multi-jets, followed by V + jets, � + jets and tt̄ production.
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> Smin
T
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Esph [TeV] 8 8.5 9 9.5 10

(Nmin, S
min
T [TeV])⇤ (11, 4.2) (11, 4.2) (11, 4.2) (11, 4.2) (11, 4.2)

multi-boson ✏
(a⇤) [%] 94.8 97.5 99.2 99.6 99.9

N
max(a⇤)
obs 3.0 3.0 3.0 3.0 3.0

(Nmin, S
min
T [TeV])⇤ (9, 5.4) (9, 5.6) (9, 5.6) (8, 6.2) (8, 6.2)

Zero Boson ✏
(a⇤) [%] 37.7 40.5 45.3 50.5 57.5

N
max(a⇤)
obs 6.9 5.8 5.8 3.0 3.0

Table 1: The most sensitive signal region (a⇤ = (Nmin, S
min
T )⇤), the signal e�ciency (✏(a

⇤))

at signal region a
⇤, and the observed upper limit for signal region a

⇤ (Nmax(a⇤)
obs ) are shown

for di↵erent values of the partonic threshold energy Esph.

A large di↵erence is also found in the photon multiplicity distributions, shown in the
bottom panel of Fig. 2. For the zero-boson events, photons are produced only from QED
radiation or decays of hadrons, while for the multi-boson process, high-pT photons may
be produced also from the primary hard interaction. For the zero-boson case, ⇠ 85% of
events do not have any such photons and the probability of having more than one photon
is extremely small (< 1%). On the other hand, the photon multiplicity distribution peaks
around N� = 1 for the multi-boson case and has a tail towards the higher multiplicity region,
N� = 2, 3. For example, the rate of having three high-pT photons is as large as ⇠ 10%.

4 Limits on sphaleron process

The CMS collaboration has recently carried out an analysis searching for mini black holes and
sphalerons that could be produced by the 13 TeV proton-proton collisions at the LHC [41].
The dataset used was collected in 2016 and corresponds to an integrated luminosity of 35.9
fb�1. The events are recorded if they pass the trigger requirement of HT > 800 or 900 GeV,
depending on the period when the data was collected, where HT is defined as the scalar sum
of the pT of all jets reconstructed at the stage of the High Level Trigger.

The CMS analysis adopts a simple cut-and-count method. The cuts are imposed on the
two variables, N(pT > 70) and ST , where N(pT > 70) is the number of all reconstructed
objects (jets, leptons and photons) with pT > 70 GeV and ST is the sum of the transverse
missing energy, Emiss

T , and the scalar sum of the pT of all reconstructed objects with pT > 70

GeV; ST ⌘ E
miss
T +

PpT>70GeV
i p

(i)
T . The signal regions are labelled by (Nmin, Smin

T ), where the
events are counted if the conditions N(pT > 70) � Nmin and ST > S

min
T are both satisfied.

The following ranges were used for signal regions; Nmin = 3, ..., 11 and 3.8 < S
min
T /TeV < 8.

CMS performed a careful estimation of the Standard Model background. The dominant
background comes from QCD multi-jets, followed by V + jets, � + jets and tt̄ production.
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Figure 5: The comparison of data and the background predictions after normalization for in-
clusive multiplicities of N � 7, . . . , 11 (left to right, upper to lower). The gray band shows the
shape uncertainty and the red lines also include the normalization uncertainty. The bottom
panels show the difference between the data and the background prediction from the fit, di-
vided by the overall uncertainty, which includes the statistical uncertainty of data as well as
the shape and normalization uncertainties in the background prediction, added in quadrature.
The N � 7 (N � 8, . . . , 11) distributions also show contributions from benchmark BLACKMAX
B1 (sphaleron) signals added to the expected background.
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Figure 2: The multiplicities of final-state objects with pT > 30 GeV; jets (top left), leptons
(top right), photons (bottom). The red-solid and blue-dashed histograms correspond to the
multi- and zero-boson events generated by HERBVI and BaryoGEN, respectively.

final state events, respectively.
The top left panel shows the jet multiplicity distributions. As expected, the distribution

for zero-boson final states peaks around Nj = 10, since 7, 9 or 11 quarks are present in the
final states coming from the hard interaction, although some extra jets can arise from initial-
and final-state QCD radiation. On the other hand, Nj peaks around 22 in the multi-boson
case. The extra jets are coming mainly from the decay of heavy electroweak bosons. It is
interesting that 99% of the multi-boson events have Nj � 15. In such a high jet multiplicity
region the Standard Model background is extremely low.

The lepton multiplicities are compared in the top right panel of Fig. 2. As can be seen,
the number of leptons in an event is much larger for the multi-boson process, since the extra
leptons are produced in the decay of the heavy bosons. While only ⇠ 20% of the zero-boson
events have N` > 1, this rate is ⇠ 40% for the multi-boson events.

5

5 10 15 20 25 30
 > 30)

T
(pjN

0
0.02
0.04
0.06
0.08

0.1
0.12
0.14
0.16
0.18

0.2

N
or

m
al

iz
ed

 E
ve

nt
s

HERBVI

BaryoGEN

0 1 2 3 4 5 6
 > 30)

T
(plepN

0

0.1

0.2

0.3

0.4

0.5

N
or

m
al

iz
ed

 E
ve

nt
s

HERBVI

BaryoGEN

0.5− 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
 > 30)

T
(pγN

0

0.2

0.4

0.6

0.8

1

N
or

m
al

iz
ed

 E
ve

nt
s

HERBVI

BaryoGEN

Figure 2: The multiplicities of final-state objects with pT > 30 GeV; jets (top left), leptons
(top right), photons (bottom). The red-solid and blue-dashed histograms correspond to the
multi- and zero-boson events generated by HERBVI and BaryoGEN, respectively.

final state events, respectively.
The top left panel shows the jet multiplicity distributions. As expected, the distribution

for zero-boson final states peaks around Nj = 10, since 7, 9 or 11 quarks are present in the
final states coming from the hard interaction, although some extra jets can arise from initial-
and final-state QCD radiation. On the other hand, Nj peaks around 22 in the multi-boson
case. The extra jets are coming mainly from the decay of heavy electroweak bosons. It is
interesting that 99% of the multi-boson events have Nj � 15. In such a high jet multiplicity
region the Standard Model background is extremely low.

The lepton multiplicities are compared in the top right panel of Fig. 2. As can be seen,
the number of leptons in an event is much larger for the multi-boson process, since the extra
leptons are produced in the decay of the heavy bosons. While only ⇠ 20% of the zero-boson
events have N` > 1, this rate is ⇠ 40% for the multi-boson events.

5

5 10 15 20 25 30
 > 30)

T
(pjN

0
0.02
0.04
0.06
0.08

0.1
0.12
0.14
0.16
0.18

0.2

N
or

m
al

iz
ed

 E
ve

nt
s

HERBVI

BaryoGEN

0 1 2 3 4 5 6
 > 30)

T
(plepN

0

0.1

0.2

0.3

0.4

0.5

N
or

m
al

iz
ed

 E
ve

nt
s

HERBVI

BaryoGEN

0.5− 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
 > 30)

T
(pγN

0

0.2

0.4

0.6

0.8

1

N
or

m
al

iz
ed

 E
ve

nt
s

HERBVI

BaryoGEN

Figure 2: The multiplicities of final-state objects with pT > 30 GeV; jets (top left), leptons
(top right), photons (bottom). The red-solid and blue-dashed histograms correspond to the
multi- and zero-boson events generated by HERBVI and BaryoGEN, respectively.

final state events, respectively.
The top left panel shows the jet multiplicity distributions. As expected, the distribution

for zero-boson final states peaks around Nj = 10, since 7, 9 or 11 quarks are present in the
final states coming from the hard interaction, although some extra jets can arise from initial-
and final-state QCD radiation. On the other hand, Nj peaks around 22 in the multi-boson
case. The extra jets are coming mainly from the decay of heavy electroweak bosons. It is
interesting that 99% of the multi-boson events have Nj � 15. In such a high jet multiplicity
region the Standard Model background is extremely low.

The lepton multiplicities are compared in the top right panel of Fig. 2. As can be seen,
the number of leptons in an event is much larger for the multi-boson process, since the extra
leptons are produced in the decay of the heavy bosons. While only ⇠ 20% of the zero-boson
events have N` > 1, this rate is ⇠ 40% for the multi-boson events.

5

[Ringwald, KS, Webber 1809.10833]

jet multiplicity

lepton multiplicity photon multiplicity

2

growing in this energy region. Intriguingly, the charac-
teristic scale for the exponential growth is M0 and thus
of the order of the sphaleron energy. One may interprete
this as a hint that the process proceeds via an intermedi-
ate virtual sphaleron-like field configuration. This inter-
pretation is also backed-up by the fact that the inclusive
cross-section (I.2) is dominated by a semi-classically large
number of W (Z) and Higgs bosons [24],
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in-line with the expectation from the decay of a
sphaleron-like intermediate state [25]. Unfortunately,
however, the perturbative expansion of the holy-grail
function F in powers of ✏ breaks down around ✏ ⇠ 1
and therefore it is not possible to infer the size of the
cross-section at center-of-mass energies relevant for the
LHC.

After the end of the SSC project in the early nineties,
the motivation for the theorists to decide this question
immediately dropped considerably and the research in
this direction stopped essentially.⇤ However, a recent pa-
per by Tye and Wong [32], presenting qualitative argu-
ments in favor of observable rates for electroweak (B+L)-
violation, revived the interest in it and motivated the
CMS collaboration to search for signatures of electroweak
instanton-induced processes at the LHC [33].

+++++++++++++++++++++++++++++++++++

qq !

8
<

:
nqq + 3` (BaryoGEN)

7q + 3` +
P

nBB (HERBVI)
(I.9)

where nq = 7, 9 or 11 and we do not distinguish particles
and anti-particles in the above equation.

II. EVENT SIMULATION

It has been suggested that the steeply-rising event rate
of sphaleron-like processes can be modelled by a sharp
threshold behaviour as a function of the partonic centre-
of-mass energy,

p
ŝ [34]. We therefore postulate the fol-

lowing partonic cross-section:

�̂(
p

ŝ) =
psph

m
2
W

⇥(
p

ŝ� Esph), (II.1)

⇤ Instead, then the theory [26, 27], phenomenology [28] and exper-
imental searches for the analogue instanton-induced processes in
QCD [29–31] were developed.
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FIG. 1: Normalised distributions of the number of W , Z, �
and h generated by HERBVI.

where ⇥(x) is the Heaviside theta function; ⇥(x) = 1 for
x � 0 and 0 otherwise, and Esph is the partonic thresh-
old energy. We take Esph = 9 TeV as a default value for
our simulation motivated by the fact that the sphaleron
barrier height with mh = 125 GeV is given by ⇠ 9.1
TeV [16]. In Eq. (II.1), the cross-section is normalised
by 1/m2

W
up to the dimensionless parameter psph, which

controls the overall cross-section. The same parametri-
sation is used in the CMS analysis [33].

The event samples for zero and multi-boson final states
are generated by BaryoGEN [35] and HERBVI [39], re-
spectively. Since BaryoGEN only generates partonic fi-
nal states from the hard process, the sample is passed
to Pythia 8 [36] to simulate the parton shower and
hadronization. HERBVI is a hard process generator in-
terfaced to the Fortran HERWIG generator [41]. For this
study we use the last Fortran version HERWIG 6.521 [42].

The above hadronic samples are then passed to
Delphes to simulate the detector response. We tune the
parameters in Delphes in such a way that it emulates
the CMS analysis [33] as accurately as possible. Jets are
reconstructed using the anti-kT algorithm with cone size
0.4. Leptons (electrons and muons) and photons are re-
quired to be isolated from neighbouring energy activity
within �R ⌘

p
��2 +�⌘2 < 0.4 (muons) or 0.3 (elec-

trons and photons). We require the scalar sum of the
transverse momenta pT of the particles within this cone
(excluding the targeted object itself (lepton or photon))
to be less than 15% (muons), 10% (electrons) or 12%
(photons) of the pT of the targeted object. We demand
pT > 30 GeV for all objects (jets, leptons and photons)
and |⌘| < 5 (jets), < 2.4 (muons) and < 2.5 (electrons
and photons).

[BaryoGEN]

[HERBVI]

• CMS analysis assumes sphaleron final 
states DO NOT involve any EW bosons.

• Delphes is used for detector simulation
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multi-boson ✏
(a⇤) [%] 94.8 97.5 99.2 99.6 99.9

N
max(a⇤)
obs 3.0 3.0 3.0 3.0 3.0

(Nmin, S
min
T [TeV])⇤ (9, 5.4) (9, 5.6) (9, 5.6) (8, 6.2) (8, 6.2)

Zero Boson ✏
(a⇤) [%] 37.7 40.5 45.3 50.5 57.5

N
max(a⇤)
obs 6.9 5.8 5.8 3.0 3.0

Table 1: The most sensitive signal region (a⇤ = (Nmin, S
min
T )⇤), the signal e�ciency (✏(a

⇤))

at signal region a
⇤, and the observed upper limit for signal region a

⇤ (Nmax(a⇤)
obs ) are shown

for di↵erent values of the partonic threshold energy Esph.

A large di↵erence is also found in the photon multiplicity distributions, shown in the
bottom panel of Fig. 2. For the zero-boson events, photons are produced only from QED
radiation or decays of hadrons, while for the multi-boson process, high-pT photons may
be produced also from the primary hard interaction. For the zero-boson case, ⇠ 85% of
events do not have any such photons and the probability of having more than one photon
is extremely small (< 1%). On the other hand, the photon multiplicity distribution peaks
around N� = 1 for the multi-boson case and has a tail towards the higher multiplicity region,
N� = 2, 3. For example, the rate of having three high-pT photons is as large as ⇠ 10%.

4 Limits on sphaleron process

The CMS collaboration has recently carried out an analysis searching for mini black holes and
sphalerons that could be produced by the 13 TeV proton-proton collisions at the LHC [41].
The dataset used was collected in 2016 and corresponds to an integrated luminosity of 35.9
fb�1. The events are recorded if they pass the trigger requirement of HT > 800 or 900 GeV,
depending on the period when the data was collected, where HT is defined as the scalar sum
of the pT of all jets reconstructed at the stage of the High Level Trigger.

The CMS analysis adopts a simple cut-and-count method. The cuts are imposed on the
two variables, N(pT > 70) and ST , where N(pT > 70) is the number of all reconstructed
objects (jets, leptons and photons) with pT > 70 GeV and ST is the sum of the transverse
missing energy, Emiss

T , and the scalar sum of the pT of all reconstructed objects with pT > 70

GeV; ST ⌘ E
miss
T +

PpT>70GeV
i p

(i)
T . The signal regions are labelled by (Nmin, Smin

T ), where the
events are counted if the conditions N(pT > 70) � Nmin and ST > S

min
T are both satisfied.

The following ranges were used for signal regions; Nmin = 3, ..., 11 and 3.8 < S
min
T /TeV < 8.

CMS performed a careful estimation of the Standard Model background. The dominant
background comes from QCD multi-jets, followed by V + jets, � + jets and tt̄ production.
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Esph [TeV] 8 8.5 9 9.5 10

(Nmin, S
min
T [TeV])⇤ (11, 4.2) (11, 4.2) (11, 4.2) (11, 4.2) (11, 4.2)

multi-boson ✏
(a⇤) [%] 94.8 97.5 99.2 99.6 99.9

N
max(a⇤)
obs 3.0 3.0 3.0 3.0 3.0

(Nmin, S
min
T [TeV])⇤ (9, 5.4) (9, 5.6) (9, 5.6) (8, 6.2) (8, 6.2)

Zero Boson ✏
(a⇤) [%] 37.7 40.5 45.3 50.5 57.5

N
max(a⇤)
obs 6.9 5.8 5.8 3.0 3.0

Table 1: The most sensitive signal region (a⇤ = (Nmin, S
min
T )⇤), the signal e�ciency (✏(a

⇤))

at signal region a
⇤, and the observed upper limit for signal region a

⇤ (Nmax(a⇤)
obs ) are shown

for di↵erent values of the partonic threshold energy Esph.

A large di↵erence is also found in the photon multiplicity distributions, shown in the
bottom panel of Fig. 2. For the zero-boson events, photons are produced only from QED
radiation or decays of hadrons, while for the multi-boson process, high-pT photons may
be produced also from the primary hard interaction. For the zero-boson case, ⇠ 85% of
events do not have any such photons and the probability of having more than one photon
is extremely small (< 1%). On the other hand, the photon multiplicity distribution peaks
around N� = 1 for the multi-boson case and has a tail towards the higher multiplicity region,
N� = 2, 3. For example, the rate of having three high-pT photons is as large as ⇠ 10%.

4 Limits on sphaleron process

The CMS collaboration has recently carried out an analysis searching for mini black holes and
sphalerons that could be produced by the 13 TeV proton-proton collisions at the LHC [41].
The dataset used was collected in 2016 and corresponds to an integrated luminosity of 35.9
fb�1. The events are recorded if they pass the trigger requirement of HT > 800 or 900 GeV,
depending on the period when the data was collected, where HT is defined as the scalar sum
of the pT of all jets reconstructed at the stage of the High Level Trigger.

The CMS analysis adopts a simple cut-and-count method. The cuts are imposed on the
two variables, N(pT > 70) and ST , where N(pT > 70) is the number of all reconstructed
objects (jets, leptons and photons) with pT > 70 GeV and ST is the sum of the transverse
missing energy, Emiss

T , and the scalar sum of the pT of all reconstructed objects with pT > 70

GeV; ST ⌘ E
miss
T +

PpT>70GeV
i p

(i)
T . The signal regions are labelled by (Nmin, Smin

T ), where the
events are counted if the conditions N(pT > 70) � Nmin and ST > S

min
T are both satisfied.

The following ranges were used for signal regions; Nmin = 3, ..., 11 and 3.8 < S
min
T /TeV < 8.

CMS performed a careful estimation of the Standard Model background. The dominant
background comes from QCD multi-jets, followed by V + jets, � + jets and tt̄ production.
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Comparison in signal efficiencies

signal efficiencies are much larger in the multi-boson case
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growing in this energy region. Intriguingly, the charac-
teristic scale for the exponential growth is M0 and thus
of the order of the sphaleron energy. One may interprete
this as a hint that the process proceeds via an intermedi-
ate virtual sphaleron-like field configuration. This inter-
pretation is also backed-up by the fact that the inclusive
cross-section (I.2) is dominated by a semi-classically large
number of W (Z) and Higgs bosons [24],

hnW i =
4⇡

↵W
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8
✏
4/3 +O

�
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�◆

, (I.7)

and

hnHi '
4⇡

↵W

3

32
✏
2
, (I.8)

in-line with the expectation from the decay of a
sphaleron-like intermediate state [25]. Unfortunately,
however, the perturbative expansion of the holy-grail
function F in powers of ✏ breaks down around ✏ ⇠ 1
and therefore it is not possible to infer the size of the
cross-section at center-of-mass energies relevant for the
LHC.

After the end of the SSC project in the early nineties,
the motivation for the theorists to decide this question
immediately dropped considerably and the research in
this direction stopped essentially.⇤ However, a recent pa-
per by Tye and Wong [32], presenting qualitative argu-
ments in favor of observable rates for electroweak (B+L)-
violation, revived the interest in it and motivated the
CMS collaboration to search for signatures of electroweak
instanton-induced processes at the LHC [33].

+++++++++++++++++++++++++++++++++++

qq !

8
<

:
nqq + 3` (BaryoGEN)

7q + 3` +
P

nBB (HERBVI)
(I.9)

where nq = 7, 9 or 11 and we do not distinguish particles
and anti-particles in the above equation.

II. EVENT SIMULATION

It has been suggested that the steeply-rising event rate
of sphaleron-like processes can be modelled by a sharp
threshold behaviour as a function of the partonic centre-
of-mass energy,

p
ŝ [34]. We therefore postulate the fol-

lowing partonic cross-section:

�̂(
p

ŝ) =
psph

m
2
W

⇥(
p

ŝ� Esph), (II.1)

⇤ Instead, then the theory [26, 27], phenomenology [28] and exper-
imental searches for the analogue instanton-induced processes in
QCD [29–31] were developed.
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FIG. 1: Normalised distributions of the number of W , Z, �
and h generated by HERBVI.

where ⇥(x) is the Heaviside theta function; ⇥(x) = 1 for
x � 0 and 0 otherwise, and Esph is the partonic thresh-
old energy. We take Esph = 9 TeV as a default value for
our simulation motivated by the fact that the sphaleron
barrier height with mh = 125 GeV is given by ⇠ 9.1
TeV [16]. In Eq. (II.1), the cross-section is normalised
by 1/m2

W
up to the dimensionless parameter psph, which

controls the overall cross-section. The same parametri-
sation is used in the CMS analysis [33].

The event samples for zero and multi-boson final states
are generated by BaryoGEN [35] and HERBVI [39], re-
spectively. Since BaryoGEN only generates partonic fi-
nal states from the hard process, the sample is passed
to Pythia 8 [36] to simulate the parton shower and
hadronization. HERBVI is a hard process generator in-
terfaced to the Fortran HERWIG generator [41]. For this
study we use the last Fortran version HERWIG 6.521 [42].

The above hadronic samples are then passed to
Delphes to simulate the detector response. We tune the
parameters in Delphes in such a way that it emulates
the CMS analysis [33] as accurately as possible. Jets are
reconstructed using the anti-kT algorithm with cone size
0.4. Leptons (electrons and muons) and photons are re-
quired to be isolated from neighbouring energy activity
within �R ⌘

p
��2 +�⌘2 < 0.4 (muons) or 0.3 (elec-

trons and photons). We require the scalar sum of the
transverse momenta pT of the particles within this cone
(excluding the targeted object itself (lepton or photon))
to be less than 15% (muons), 10% (electrons) or 12%
(photons) of the pT of the targeted object. We demand
pT > 30 GeV for all objects (jets, leptons and photons)
and |⌘| < 5 (jets), < 2.4 (muons) and < 2.5 (electrons
and photons).

Figure 6: The 95% CL exclusion limits obtained by recasting CMS black hole-sphaleron
analysis [41] in the (Esph vs �) [left panel] and (Esph vs psph) [right panel] planes. The
light-red and light-blue regions are excluded for HERBVI and BaryoGEN, respectively.

multi-boson case. This can be seen also in Table 1, since the signal e�ciency, ✏(a
⇤), and the

observed upper limit, Nmax(a⇤)
obs , are almost independent of Esph for this case. Since ✏

(a⇤) and

N
max(a⇤)
obs are close to their highest and lowest values, respectively, there may be no room

to further improve the limit for the multi-boson case, except by increasing the integrated
luminosity or the collider energy.

In the case of the zero-boson final state, the cross-section limit is stronger for larger Esph,
since the larger the Esph, the higher the ST on average. On the other hand, the hadronic
cross-section decreases rapidly upon increasing the partonic threshold energy, due to the
PDF suppression for fixed psph. We show in the right panel of Fig. 6 the 95% CL excluded
regions in the (Esph vs psph) plane. As expected the limit on psph is weaker for larger Esph.
We superimpose in this plot the limit shown in the CMS analysis [41]. This should be
compared to the zero-boson limit obtained from our recasting of the analysis based on the
fast detector simulation with Delphes. One can see that our limit is on the conservative side
and reasonably close to the CMS limit.

5 Summary and conclusions

In this paper we compared various kinematical and multiplicity distributions between the
anomalous B + L violating processes with zero- and multi-boson final states. The former
final state was assumed in the recent CMS analysis [41] on searching for instanton-induced
processes at the LHC, whilst many theoretical studies suggest that the latter is more realistic.

We showed that there is a significant di↵erence in jet multiplicity distributions; the peak
positions are around 10 for zero-boson and 22 for multi-boson final states, for jets with
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interest in it and motivated phenomenological [35–40] and experimental studies. In particu-
lar, the CMS collaboration has recently reported their results of searching for signatures of
electroweak instanton-induced processes at the LHC [41].

There is, however, a remarkable di↵erence between the processes considered in the CMS
analysis and the virtual sphaleron-like processes discussed in the literature and briefly sum-
marised above. Following earlier studies [35] and for simplicity, CMS postulated the zero-
boson process

qq ! nqq + 3` (1.9)

where nq = 7, 9 or 11, and q/` represent quark/lepton or anti-quark/anti-lepton depending
on how the fermion lines are contracted with an e↵ective vertex in the instanton background
with topological charge�NCS = ±1. In the CMS analysis, the event generator BaryoGEN [42]
was used to simulate the process in Eq. (1.9).

In this paper we investigate the di↵erence in collider signatures between multi- and zero-
boson process (i.e. Eq. (1.1) and Eq. (1.9)) using the HERBVI and BaryoGEN event generators,
respectively. After comparing various distributions in section 3, we recast the original CMS
analysis and derive the cross-section upper limit on the sphaleron-like multi-boson process
in section 4. Section 5 is devoted to conclusions.

2 Event simulation

It has been suggested that the steeply-rising event rate of sphaleron-like processes can be
modelled by a sharp threshold behaviour as a function of the partonic centre-of-mass energy,
p
ŝ [43]. We therefore postulate the following partonic cross-section:

�̂(
p

ŝ) =
psph

m
2
W

⇥(
p

ŝ� Esph), (2.1)

where ⇥(x) is the Heaviside theta function; ⇥(x) = 1 for x � 0 and 0 otherwise, and Esph is
the partonic threshold energy. We take Esph = 9 TeV as the default value for our simulation
(later varying it by ±1 TeV), motivated by the fact that the sphaleron barrier height with
mh = 125 GeV is given by ⇠ 9.1 TeV [16]. In Eq. (2.1), the cross-section is normalised by
1/m2

W up to the dimensionless parameter psph, which controls the overall cross-section. The
same parametrisation is used in the CMS analysis [41].

The event samples for zero- and multi-boson final states are generated by BaryoGEN [42]
and HERBVI [26], respectively, for pp collisions at centre-of-mass energy

p
s = 13 TeV. Since

BaryoGEN only generates partonic final states from the hard process, the sample is passed to
Pythia 8 [44] to simulate the parton shower and hadronization. HERBVI is a hard process
generator interfaced to the Fortran HERWIG generator [45]. For this study we use the last
Fortran version HERWIG 6.521 [46].

The above hadronic samples are then passed to Delphes [47] to simulate the detector
response. We tune the parameters in Delphes in such a way that it emulates the CMS
analysis [41] as accurately as possible. Jets are reconstructed using the anti-kT algorithm with
cone size 0.4. Leptons (electrons and muons) and photons are required to be isolated from

3
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• The limit on the multi-boson cross-section: σsph < 0.8 fb
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Exclusion limit


