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Baryon Asymmetry of the Universe (BAU)
Our Universe is baryon-asymmetric.

(1) Baryon number violation

(2) C and CP violation

(3) Out of equilibrium

Sakharov’s conditions

❒ after inflation (scale is model dependent)

❒ before Big-Bang Nucleosynthesis (T≃O(1) MeV)

[Sakharov, JETP Lett. 5 (1967) 24]

⌘BBN =
nB

n�
= (5.8� 6.5)⇥ 10�10,

⌘CMB =
nB

n�
= (6.105� 0.055)⇥ 10�10.
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✤ B violation: anomalous (sphaleron) process 


✤ C violation: chiral gauge interaction


✤ CP violation: KM phase and/or other sources in beyond the SM


✤ Out of equilibrium: 1st-order EW phase transition (EWPT) with 
expanding bubble walls

[Kuzmin, Rubakov, Shaposhnikov, PLB155,36 (‘85) ]Sakharov’s conditions
EW baryogenesis (EWBG)

sphaleron decoupling condition
h�i 6= 0

h�i = 0

symmetric phase

broken 

phase

nB = 0 ! nB 6= 0 (sphaleron proecess)
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baryogengesis occurs outside bubbles!

�(br)
B (T ) < H(T )
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Precise calculation of this condition is indispensable 

for experimental verification of EWBG.

vC
TC

& 1
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Our concern

- Scale dependences is one of the theoretical uncertainties and 
can be diminished by renormalization group (RG) improvement.

- Effective potential is commonly used to analyze EWPT.

- Ordinary RG equation at T=0 has been used. 

Is it really correct to use the ordinary RGE to improve resummed 
effective potential?  

- We devise RG equations in the resummed perturbation theory.

Question 

Today’s topic 

- As a 1st step, φ4 theory up to 2-loop level is considered.



Effective potential

Ve↵(';T ) = V0(') + V1(';T )
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V1(';T ) =
m4

4(16⇡2)

✓
ln

m2

µ̄2
� 3

2

◆
+

T 4

2⇡2
IB(a

2),
<latexit sha1_base64="Rng7bgCqpELUWvOnMsc/o+rrJPY="></latexit>

V0(') = ⌦� ⌫2

2
'2 +

�

4!
'4,

<latexit sha1_base64="fU5KKyUgNu3duLzNJ2YiG/Z1a58="></latexit>

m2 =
@2V0

@'2
= �⌫2 +

�

2
'2,

<latexit sha1_base64="ssxtEfj/bYjzsxc/ckwOpIBq410="></latexit>

IB(a
2) =

Z 1

0
dx x2 ln

⇣
1� e�

p
x2+a2

⌘
, a2 =
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T 2
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RG invariance

... D(V0 + V1) = 0
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Effective potential at this order is RG invariant.

@1-loop

- MS-bar scheme -



�i⌃(';T ) =
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Need of resummation
Perturbative expansion breaks down at high T.
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sizable at

Daisy resummation

mass is shifted by �T 2

24
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Resummed effective potential
[Parwani (92) etc.]

Dominant T-dep. terms are added and subtracted in the Lagrangian.

Resummed 1-loop effective potential

⌃(T ) =
�T 2

24
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M2 = m2 + ⌃(T ) = �⌫2 +
�

2
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where cB: const.

This resummed Veff is often used to study EWPT in BSM.

thermal CT

LB = LR + LCT
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
LR � 1

2
⌃(T )�2

�
+


LCT +

1

2
⌃(T )�2

�

<latexit sha1_base64="CJ1utMi0pOyzlQD74yy/450HTi0="></latexit>

new 0th-order part new counterterm (CT)



V HTE
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Solutions of 1-loop beta functions (MS-bar)

RG non-invariance of resummed Veff

After thermal resummation, RG invariance is broken.

- common argument in the literature -

Using HTE, resummed 1-loop Veff takes the form

Include 2-loop corrections to restore RG invariance!way-out

counterterm (CT)
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V HTE
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Adding the mu-dependent term into Veff,  

RG non-invariance of resummed Veff

HTE of resummed 2-loop Veff
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RG invariance is restored to O(λ2) “in the high-T limit”.

- common argument in the literature -

Questions
- Why should we use the ordinary β function for ν2 even in the resummed 
perturbation theory?

[Arnold and Espinosa, PRD47 (1993) 3546]

- What happens if HTE is not used? (*HTE of V2 is not valid in EWBG-favored regions)



β-functions in the resummed theory

We expand bare ν2 as
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After resummation, T-dependent divergences at 1-loop level arise from
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(1) MS-bar scheme:

(2) Our scheme:

* T-dep. div. are cancelled by higher-order terms

β—functions (in our scheme)
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From scale-independence of bare ν2 * all-order sum = 0

required by RG-invariance of Veff (at least 2-loop order)

�(1)
⌫2 =

�

16⇡2
(⌫2 � ⌃)
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At 1-loop level * self-coupling �(1)
� =
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<latexit sha1_base64="UMN6fkvi+pnk1f0ZXAaDZk4tGJA="></latexit>

⌫2B = ⌫2
 
1 +

1X

n=1

bn(�)

✏n

!
+ ⌃(T )

1X

n=1

b̃n(�)

✏n
, ⌃(T ) =

�T 2

24
<latexit sha1_base64="evCG1tl2qIYPRSJrvR65SvhzL+M="></latexit>



RG invariance of resummed Veff
Using HTE, resummed 1-loop Veff takes the form
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@2-loop
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- 2 schemes give the same potential “in the high-T limit”.

V HTE
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Solutions of 1-loop beta functions

- However, total Veff satisfies RGE in our scheme (not in the MS-bar scheme).

cancelled!

Veff is RG invariant even at this order in our scheme.

- The difference could get bigger for ν2 << Σ(=λT2/24).  



Numerical analysis
Inputs: µ̄0 = 90, v(µ̄0) = 50, m�(µ̄0) = 90, T = 250
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[�(µ̄0) ' 10]
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no RG improvement

@1-loop
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- Our scheme gives less scale dependences at 1-loop level.
- Application to other models (1st-order PT case) is the next step.

[any mass units]



Band structure effect on 
sphaleron process

Koichi Funakubo (Saga U), Kaori Fuyuto (Los Alamos Natl Lab)

Ref. arXiv:1612.05431

based on the collaborators with



B+L violation
- (B+L) is violated by a chiral anomaly in EW theories.

Vacuum transition (instanton)

Transition rate at finite-E [Ringwald, NPB330,(1990)1, Espinosa, NPB343 (1990)310]

[’t Hooft, PRL37,8 (1976), PRD14,3432 (1976)]

- But, instanton-based calculation is not valid at E≿Esph

[Funakubo, Otsuki, Takenaga, Toyoda, PTP87,663(’92), PTP89,881(’93)]

Bounce is more appropriate (transition between the finite-E states)

-> Reduced model

instanton-based

[Aoyama, Goldberg, Ryzak, PRL60, 1902 (’88)]

[H. Tye, S. Wong, PRD92,045005 (’15)]

holy-grail function

F (0) = �1
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|F (Esph)| ⌧ 1?
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Tye-Wong’s work

F(E)

(instanton calculus)

F(E) = 0 for E>Esph  (Tye-Wong) ∵ a band structure 

[H. Tye, S. Wong, PRD92,045005 (2015)]

Tye-Wong 

E0≃15 TeV



Reduced model
[Funakubo, Otsuki, Takenaga, Toyoda, PTP87, 663 (1992), PTP89, 881 (1993)]Sphaleron解を求める

saddle point = least-energy path上のmaximum-energy configuration

NCS=1

NCS=0

vacuum

vacuum

Energy

configuration
space

least-energy path/gauge trf. = noncontractible loop
!

highest symmetry config.

! 4次元SU(2) gauge-Higgs doublet系 !

L = −1
4
F a

µνF
aµν + (DµΦ)† DµΦ− λ

(
Φ†Φ− v2

2

)2

DµΦ = (∂µ − igAµ) Φ, Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν], Aµ = Aa
µ

τa

2

— Sphaleron Transition — 39/47

μ(-∞)=0, μ(+∞)=π: vacuum, 

μ(tsph)=π/2: sphaleron

[Aoyama, Goldberg, Ryzak, PRL60, 1902 (1988)]

- We construct a reduced model by adopting 

a Manton’s ansatz. 

Non-contractible loop

(least energy path)

μ          ⇒ μ(t)

sphaleron
Let us promote μ to a dynamical variable:

[H. Tye, S. Wong, PRD92,045005 (2015)]



where

Classical action

- We quantize this system and evaluate energy spectrum.
-> band structure



Band structure
this work Tye-Wong

Band Centre E Band Width Band Centre E Band Width
14.054 0.0744 ? ?
13.980 0.0741 ? ?

⫶ ⫶ ⫶ ⫶
9.072 0.0104 9.113 0.0156
9.044 4.85x10-3 9.081 7.19x10-3

9.012 1.61x10-3 9.047 2.62x10-3

⫶ ⫶ ⫶ ⫶
0.1015 1.88x10-199 0.1027 ~10-177

0.03383 1.31x10-202 0.03421 ~10-180

Esph=9.08 TeV Esph=9.11 TeV

# of band <Esph = 158 # of band <Esph = 148 

Band gaps still exist E>Esph due to nonzero reflection rate. 

Esph

Units: TeV



Transition factor

Δ(E) ≃
sum of band widths up to E

energy (E)

instanton calculus

band picture
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 0

 0  2000  4000  6000  8000  10000 12000 14000 16000 18000

lo
g 1

06
(E

)

E [GeV]

tunneling factor

suppression 

disappears!!

- Exponential suppression at E≪Esph 
is due to the tiny band width.

- density of state is restricted.

Band picture: 

Question: Can this modification affect EWBG? 



Impact on EWBG
Energy

sphaleron

instanton

Ncs0-1 1

Esph

no suppression inside

the band.If ΓB is not suppressed, 


B would be washed out!!

blue: ordinary case

typical EWBG region

red: band case
For T=100 GeV, Γ/ΓA = 1.06.

-> Band effect has little effect.

- EWBG remains intact even if the 
band exists.

- Structure below the top of 

the barrier is essentially irrelevant. 

K. Funakubo, K. Fuyuto, E.S., 1612.05431



Tye-Wong: 

We may observe (B+L)-changing processes at colliders.

Sphaleron

courtesy CERN
possible?

13 TeV proton-proton collision machine

proton

proton

W

W

7 TeV

7 TeV



Δ(B+L)≠0 process 

Transition amplitude

[Funakubo, Otsuki, Takenaga, Toyoda, PTP87, 663 (1992), PTP89, 881 (1993)]

tunneling initial statefinal state

- overlap issue: suppressions from <f|φ,π> and <φ,π|i> (few-to-many suppression).
Initial/final states

Path integral using coherent state |φ,π>

(evaluated by WKB approximation)Tunneling

- Tunneling factor:
band picture

e�Sclassical
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Overlap factor

100 200 300 400

0.2

0.4

0.6

0.8

1.0

- cross section ∝ |α1|2…|αn|2

Inner product between n particle state and coherent state:

- |α|2 has a peak at k=mW.

classical configuration (bounce, sphaleron)



Creation of sphaleron from the 2 energetic particles is difficult.

Few-to-many suppression
Case1: 2 -> sphaleron Sphaleron
For |p1|=|p2|≃Esph/2

W

W

difficult to produce about 80 W bosons.

Sphaleron

⫶

Case2: 2 -> n W -> sphaleron 80 W bosons
n≃80 since Esph/√2mW

W

W
↵80
W = e�80| ln↵W | ⇠ 10�118

<latexit sha1_base64="XvNL4xXFfQwy6txx56o8LkDSjZA="></latexit>

↵W =
g2

4⇡
⇠ 1

30
<latexit sha1_base64="NRGAL6pcCS87wQNxP+yGaqYiurQ="></latexit>

Producing additional W boson costs “g”.



• We have discussed the renormalization scale dependence of the 
resummed effective potential and proposed a scheme in which RG 
invariance is manifest order by order in resummed perturbation 
theory.

Summary

• We also discussed the band effect (claimed by Tye and Wong) on 
the sphaleron processes at zero and non-zero temperatures.  


• Band effect has virtually no impacts on EWBG and is unlikely to 
affect (B+L)-violating processes at colliders unless the few-to-
many suppression is overcome somehow. 

part 1

part 2



Backup



Resonant tunneling

(Bþ L)-conserving direction so the (Bþ L)-violating direc-
tion is leftwithE < Esph, andone still has togo throughbarrier
tunneling. As reviewed below, this energy transfer takes care
of the “few-to-many” suppression.
We agree with this estimate for a single sphaleron.

However, we claim that multisphaleron processes can
drastically change the picture. The effective QM
(Bþ L)-conserving degrees of freedom impact only the
prefactor of the tunneling rate in our QM model. When
E > Esph, i.e., the exponential tunneling suppression factor
vanishes, the (Bþ L)-violating degree of freedom is
described by a simple plane wave, and the prefactor yields
only a phase space factor. For the 14 TeV proton-proton
energy, in addition to the parton distribution suppression
factor (which is around 10−6), the phase space suppression
factor from the prefactor yields

κðEqq > EsphÞ≃ 2d=2

d

!
1 −

Esph

Eqq

"
d=2

∼ 10−3 ð4Þ

which is quoted in Ref. [1] for d ∼ 4.
So there is a huge discrepancy between this value and

that in Eq. (3). It is clear that both estimates involve
assumptions based on intuitions as well as approximations
remaining to be fully justified. Since our result (4) sounds
counter intuitive with respect to the conventional wisdom,
we shall explain our argument in some detail. The key point
is the resonant tunneling (or simply the resonance) phe-
nomenon, which is present only in multisphaleron proc-
esses. Pictorially, this point is summarized in Fig. 1. To
quantify this picture, we reduce the electroweak theory to a
QM system, where the Bloch wave solution for a periodic
sphaleron potential captures this resonance phenomenon.
This paper provides an argument/justification for our
Bloch wave treatment and the estimate of κ in Ref. [1].
In particular, the assumptions going into the analysis is
presented for further examinations.
The rest of the paper goes as follows. Section II

contains a brief review of our QM analysis. Section III

reviews the “few-to-many” argument which provides an
intuitive picture for the earlier estimate. We agree that
there is a “few-to-many” suppression factor in the quark-
quark scattering concerning the sphaleron. This “few-to-
many” exponential suppression factor together with the
tunneling suppression for the single sphaleron case is
briefly reviewed in Sec. IV. We believe that this result is
qualitatively correct for the single (not multiple) sphaleron
case, that κ (3) is exponentially small according to existing
opinion even for E > Esph. Section V presents our key
motivation and argument. Together with an old argument
repeated in the Appendix, we explain why multisphaleron
processes are very important. First, the multisphaleron
processes are not multiply suppressed. Instead, on aver-
age, they should only be singly suppressed (comparable to
that for a single sphaleron), while under the right con-
dition (the resonant tunneling or resonance phenomenon),
the process may be faster than that for a single sphaleron.
This is our main difference from the existing belief.
Instead of working directly with the electroweak theory,
we propose in Sec. VI a reduction of the electroweak
theory to a QM model for this process, which is studied in
Ref. [1]. Section VII explains the direction of the periodic
sphaleron potential for the QM setup. Because of the
presence of fermions, this direction for the Chern-Simons
variable is different from that for the jθi vacuum. Here we
assume the fermions are massless. We then consider the
Bloch waves for energies above the sphaleron energy in
Sec. VIII. These Bloch waves are simply free plane waves
in QM. Section IX introduces the masses for the fermions,
where we argue that the overall feature we are interested
in, namely the (Bþ L)-violating scattering above the
sphaleron energy, is only slightly modified. Section X
discusses the number of effective QM degrees of freedom
when the QFT problem is reduced to a QM problem. Here
we attempt to extract this information from the QM
models studied in the literature. This crude order-of-
magnitude analysis suggests that there are about d ∼ 4
such effective (Bþ L)-conserving dimensions. Section XI
discusses our estimate of the value of κ quoted in Eq. (4)
and in Ref. [1]. This is clearly different from the
exponentially small κ value in Eq. (3). The discussion
is presented in Sec. XII and Sec. XIII gives a summary of
our picture versus the prevalent picture. The Appendix
reviews an old argument why the resonant tunneling
phenomenon, well understood in QM, should be present
in QFT.

II. BRIEF REVIEW

Let the SU(2) gauge and Higgs fields take field con-
figurations Aνðx; μðtÞÞ and Φðx; μðtÞÞ with sphaleron
solutions at xi at time ti, where i ¼ 1; 2;… Integrating
out the sphaleron solutions yields the one-dimensional
quantum mechanical (QM) system for μðtÞ [1,19],

FIG. 1. An example of how two hard incoming W bosons can
give up their energy to a sphaleron. In the “few-to-many” process,
each additional W boson costs a power of the gauge coupling g
while its coupling to the left sphaleron (denoted by the shaded
disc) gains back a factor of g−1. For a W boson propagating
between 2 sphalerons, we gain a factor of 1=g2 for an off-shell
boson and a factor of 1=g4 for an on-shell boson. The solid lines
stand for the fermions.
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Few-to-many suppression can be compensated by “resonant tunneling”.

- Producing additional W boson in the initial state costs g. However, such g is 
cancelled once it is attached to sphaleron because its coupling to sphaleron is g-1.

This property suggests that multiple sphaleron processes
are not as suppressed as one naively expects. Furthermore,
for incoming energy E ≫ mW, there can be up to E=mW
number of bosons going on-shell. Each boson propagator
reaching the resonance pole goes like

1

p2 −m2
W þ imWΓW

→
−i

mWΓW
∝

1

αW

since the W-boson decay width goes like ΓW ∼ αWmW .
So we gain a factor of 1=αW when the W boson hits the
resonance pole. That is, each on-shell W boson between the
two sphalerons can provide a factor of 1=α2W to the process.
We interpret this to be a resonant tunneling phenomenon
when all (or a large enough number) of the intermediate
particles hit their respective on-shell poles while E < Esph.
With E ∼mW=αW , we can easily gain on average a factor

(with D a positive constant of order unity)

α−D=αW
W ∼ exp

!
þDj ln αW j

αW

"
ð14Þ

In this simple exercise of power counting of the coupling
αW , D in Eq. (14) can be bigger than A in Eq. (7). This
picture illustrates that double (and multiple) sphaleron
processes not only are not doubly suppressed, but can,
under the right circumstances, actually enhance the tunnel-
ing processes relative to the single sphaleron process. A few
comments are in order here:

(i) Note that this “resonance” effect will be absent if we
perform the tunneling process by rotating to Euclid-
ean time. Such a “Euclidean time” calculation will
naively yield a multiply suppressed tunneling rate,
which suggests that multisphaleron processes are
multiply suppressed and so totally negligible.

(ii) The enhancement factor due to the resonance phe-
nomenon should persist even for E > Esph. In fact,
higher energy allows more on-shell bosons, allowing
further enhancement. Strictly speaking, this reso-
nance phenomenon is no longer tunneling related,
but is intimately related to the existence of two (or
more) barriers.

(iii) The resonance phenomenon is present as long as
there is an “infinite” sum of coherent paths to
enhance the rate. Here, the Δn ¼ %1 (Bþ L)-
violating process is enhanced by the presence of
the second sphaleron without having to go through
it. That is, the second sphaleron plays a catalytic role
in enhancing the single sphaleron (i.e., Δn ¼ %1)
process. This possibility has been illustrated with the
so called catalyzed tunneling example [29,30] in a
similar but different context.

VI. REDUCTION TO A QM PROBLEM

So it is important to consider multiple sphaleron proc-
esses in some detail. To study the multisphaleron processes

in the electroweak theory is clearly very challenging. Since
we are mostly interested in how the resonance phenomenon
impact on the (Bþ L)-violating rate, we like to reduce the
problem to a simpler problem without losing this phe-
nomenon. In principle, we can cast the electroweak theory
in the functional Schrödinger form, identify the (Bþ L)-
violating direction as the most probable escape path
(MPEP) [31], integrate out the fields and then drop the
degrees of freedom (d.o.f.) that are not directly relevant to
the exponential suppression factor. Since the (Bþ L)-
conserving d.o.f. are orthogonal to the MPEP, they may
contribute to the pre-factor in the tunneling rate, but not the
exponent [29,30]. The only d.o.f. we keep now is the
Chern-Simons number for the gauge field, which is
responsible for the (Bþ L)-violation, and we shall come
back later to estimate the number of (Bþ L)-conserving
d.o.f. and discuss their impact on the (Bþ L)-violating
rate. In contrast, as we shall review below, in some of the
earlier versions of QM models, the (Bþ L)-conserving
d.o.f. is not orthogonal to the (Bþ L)-violating direction.
So the resulting physics can be quite different.
Instead of the Chern-Simons number, we could have

chosen to keep the Hopf invariant for Higgs field instead.
Since the gauge and the Higgs fields couple closely to each
other for the sphaleron solutions, we can identify the
Chern-Simons number with the Hopf invariant [24]. The
end result yields a one-dimensional QM system with the
Chern-Simons number as the dynamical quantum variable
obeying the Schrödinger equation [1]. As the multiple-
sphaleron feature yields a periodic potential, the discrete
translational symmetry allows us to solve it easily with the
Bloch waves. Since the tunneling suppression is still rather
severe for E < Esph, we focus on E≳ Esph, and the Bloch
wave solution allows us to go smoothly from E < Esph to
E≳ Esph. Our estimate of the (Bþ L)-violating scattering
rate is based on this analysis.
We can see the above picture in another way. A soliton

has size 1=mW while 2 hard particles colliding with enough
energy to create it must have energy of order mW=αW, so
the time involved is correspondingly very short. However,
as suggested in Ref. [32], the sphaleron case is different.
Although the instanton, which is closely related to the
sphaleron, is localized in Euclidean time, the corresponding
Lorentzian time needs not be as localized. Although the
spatial size of a sphaleron is small, the Lorentzian time
needed to overcome the sphaleron barrier can be quite long.
Let us express the sphaleron solution in terms of the spatial
coordinates x⃗ and a parameter μ, so AclðxÞ ¼ Aclðx⃗; μÞ and
ΦclðxÞ ¼ Φclðx⃗; μÞ [19]. Here we may treat μ as a function
of time. For example, a typical single instanton solution
treats μ≃ t̂ for Euclidean time t̂ with a SOð4Þ symmetry.
Here we shall stay in Lorentzian spacetime.
Recall the Chern-Simons number n. Going from n ¼

μ=π ¼ 0 (at t ¼ −∞) to n ¼ μ=π ¼ 1 (at t → þ∞) implies
that the universe goes from a vacuum with baryon number

BARYON NUMBER VIOLATING SCATTERINGS IN … PHYSICAL REVIEW D 96, 093004 (2017)
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- If intermediate W’s are on-shell, it gives a factor 1/g2(propagator) x 1/g2(couplings) 
= 1/α2W~103 for each W boson.

Naive power counting given in the papers 



Sphaleron in SU(2) gauge-Higgs system

We consider the static classical solution.



Noncontractible loop

- saddle point = maximum energy

along the least energy path

-> μ=π/2

- vacuum -> μ=0,π.

where Sphaleron解を求める
saddle point = least-energy path上のmaximum-energy configuration

NCS=1

NCS=0

vacuum

vacuum

Energy

configuration
space

least-energy path/gauge trf. = noncontractible loop
!

highest symmetry config.

! 4次元SU(2) gauge-Higgs doublet系 !

L = −1
4
F a

µνF
aµν + (DµΦ)† DµΦ− λ

(
Φ†Φ− v2

2

)2

DµΦ = (∂µ − igAµ) Φ, Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν], Aµ = Aa
µ

τa

2

— Sphaleron Transition — 39/47

sphaleron



Ansatz



Energy functional

Equations of motion for the sphaleron

with the boundary conditions

input:



Sphaleron energy



Comparison with Tye-Wong’s work

A0 Sphaleron mass Method for band 
structure

this work A0≠0 μ-dependent WKB w/ 3 
connection formulas

Tye-Wong A0=0 μ-independent Schroedinger eq. 
numerically

We use the Manton’s ansatz with 

Some differences between our work and Tye-Wong’s (TW’s).

N.B.
If A0=0 is naively adopted with the Manton’s ansatz, an unwanted divergence 
would appear in DΦ at the region r=∞. -> some prescription is needed!!

[Aoyama, Goldberg, Ryzak, PRL60, 1902 (1988)]



Classical action

f, h are determined by the EOM for the sphaleron.



Eigenvalue problem

Band energy is determined by solving

Hamiltonian:

with 3 connection formulas 

depending on energy.

[N.L.Balazs, Ann.Phys.53,421 (1969)]

linear potential

parabolic potential
over-barrier



Vacuum decay rate at finite-T
[Affleck, PRL46,388 (1981)]

Band case:

≃14 GeV

≃0.42 ≃0.51

Ordinary case: 



Quantum mechanics analogy

overlap with the coherent state

n-dim. 

1-dim.

coherent state: 

a state w/ definite particle numbers:
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