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Figure 1. Artist’s conception of the evolution of the Big Bang (top – credit: NASA) and the Little Bang
(bottom – credit: Paul Sorensen and Chun Shen).

Of course, the Big and Little Bangs are quite di↵erent in other aspects: Their expansion rates
di↵er by about 18 orders of magnitude; the Little Bang’s expansion is 3-dimensional and driven
by pressure gradients, not 4-dimensional and controlled by gravity; Little Bangs evolve on time
scales of ioctoseconds, not billions of years; distances are measured in femtometers rather than
light years. Most importantly, the Little Bang Standard Model is still under construction. This
overview discusses recent progress of the edifice.

2. Eccentricity fluctuations, anisotropic flows, and flow fluctuations

We can observe only one Big Bang (the one that produced our universe), but at the Relativistic
Heavy-Ion Collider (RHIC) and Large Hadron Collider (LHC) we have experimentally created
and studied billions of Little Bangs. Each Little Bang is di↵erent: Highly successful
phenomenology based on hydrodynamic evolution models [8, 4] has taught us that the initially
very dense quark-gluon matter created in heavy-ion collisions reaches approximate local thermal
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Big bang

Can we learn little bang from big bang?

Heinz(13)

Little bang

T~ ΛQCD



Learning QCD from cosmology

- # of relativistic species  
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7

8
⇥ 12 = 96.25. The Higgs boson and the gauge bosons W±, Z0 annihilate next. This happens

roughly at the same time. At T ⇠ 10 GeV, we have g? = 96.26 � (1 + 3 · 3) = 86.25. Next,

the bottom quarks annihilate (g? = 86.25 � 7

8
⇥ 12 = 75.75), followed by the charm quarks

and the tau leptons (g? = 75.75 � 7

8
⇥ (12 + 4) = 61.75). Before the strange quarks had

time to annihilate, something else happens: matter undergoes the QCD phase transition. At

T ⇠ 150 MeV, the quarks combine into baryons (protons, neutrons, ...) and mesons (pions, ...).

There are many di↵erent species of baryons and mesons, but all except the pions (⇡±
,⇡

0) are

non-relativistic below the temperature of the QCD phase transition. Thus, the only particle

species left in large numbers are the pions, electrons, muons, neutrinos, and the photons. The

three pions (spin-0) correspond to g = 3 · 1 = 3 internal degrees of freedom. We therefore get

g? = 2 + 3 + 7

8
⇥ (4 + 4 + 6) = 17.25. Next electrons and positrons annihilate. However, to

understand this process we first need to talk about entropy.

Figure 3.4: Evolution of relativistic degrees of freedom g?(T ) assuming the Standard Model particle content.
The dotted line stands for the number of e↵ective degrees of freedom in entropy g?S(T ).

3.2.3 Conservation of Entropy

To describe the evolution of the universe it is useful to track a conserved quantity. As we will

see, in cosmology entropy is more informative than energy. According to the second law of

thermodynamics, the total entropy of the universe only increases or stays constant. It is easy to

show that the entropy is conserved in equilibrium (see below). Since there are far more photons

than baryons in the universe, the entropy of the universe is dominated by the entropy of the

photon bath (at least as long as the universe is su�ciently uniform). Any entropy production

from non-equilibrium processes is therefore total insignificant relative to the total entropy. To

a good approximation we can therefore treat the expansion of the universe as adiabatic, so that

the total entropy stays constant even beyond equilibrium.
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Exercise.—Derive (3.2.51). Notice that this is nothing but the ideal gas law, PV = NkBT .

By comparing the relativistic limit (T � m) and the non-relativistic limit (T ⌧ m), we see

that the number density, energy density, and pressure of a particle species fall exponentially (are

“Boltzmann suppressed”) as the temperature drops below the mass of the particle. We interpret

this as the annihilation of particles and anti-particles. At higher energies these annihilations

also occur, but they are balanced by particle-antiparticle pair production. At low temperatures,

the thermal particle energies aren’t su�cient for pair production.

Exercise.—Restoring finite µ in the non-relativistic limit, show that

n = g
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E↵ective Number of Relativistic Species

Let T be the temperature of the photon gas. The total radiation density is the sum over the

energy densities of all relativistic species

⇢r =
X

i

⇢i =
⇡
2

30
g?(T )T

4
, (3.2.54)

where g?(T ) is the e↵ective number of relativistic degrees of freedom at the temperature T . The

sum over particle species may receive two types of contributions:

• Relativistic species in thermal equilibrium with the photons, Ti = T � mi,

g
th

? (T ) =
X

i=b

gi +
7

8

X

i=f

gi . (3.2.55)

When the temperature drops below the mass mi of a particle species, it becomes non-

relativistic and is removed from the sum in (3.2.55). Away from mass thresholds, the

thermal contribution is independent of temperature.

• Relativistic species that are not in thermal equilibrium with the photons, Ti 6= T � mi,
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We have allowed for the decoupled species to have di↵erent temperatures Ti. This will be

relevant for neutrinos after e+e� annihilation (see §3.2.4).

Fig. 3.4 shows the evolution of g?(T ) assuming the Standard Model particle content (see

table 3.2). At T & 100 GeV, all particles of the Standard Model are relativistic. Adding up

- Equation of state

Through radiation (= relativistic species)
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Figure 1: The modification of the energy density, per logarithmic frequency in-
terval, for primordial gravitational waves from the QCD transition.

For a fixed mode ka that crosses the horizon after the phase transition the
amplitude h is constant during the transition, the transfer function is one. Now,
consider a mode kb that crosses the horizon before the transition. Its amplitude
decays proportionally to ahc/a. From Eq. (5) we find

Ωg(kb) ∝ k2
pha

2
hc ∝ g−1/3

b , (12)

where we have used Eq. (11) and kph = H at horizon crossing. The constants of
proportionality have been neglected in Eq. (12), because they drop out from the
transfer function below. Comparing the differential energy spectrum for modes
that cross into the horizon before the transition and for modes that cross into
the horizon after the transition gives the ratio

Ωg(f ≫ f⋆)

Ωg(f ≪ f⋆)
=

(

ga
gb

)
1

3

≈ 0.696 , (13)

for the QCD transition, which coincides with the numerical integration in Fig. 1.
The size and position of the step in the logarithmic spectrum is independent of
the order of the transition!

The result (13) is in agreement with the entropy conservation of subhorizon
gravitational waves. However, for superhorizon modes the entropy is not defined.

Let us estimate the slope of the step in the transfer function. From the
Friedmann equation and the 1st law of thermodynamics we obtain the Hubble

6

Schwarz (98)
Through dark matter ?

・Drop of Ωgw at f ~ 10-7Hz
・Expansion history of Universe

・PBH abundance w/M⦿



Axion dark matter
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Axion as dark matter

- T ~ f      Symmetry breaking

azimuthal symmetry
axion is massless

- T ~ 0.1 GeV 
Axion acquires potential through the non-perturbative 
effect of QCD matters.

θ=0

→ dark matter
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Topological susceptibility

Free energy：F(θ, T) = -ln Z/VEffective field theory treatment
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1.1 General framework

Given the strong bounds on its couplings, the axion field can be safely treated as a non-

dynamical external field. Its potential is completely determined by the dependence of the

QCD partition function on the θ-angle, which enters the pure gauge part of the QCD

Euclidean Lagrangian as

Lθ =
1

4
F a
µν(x)F

a
µν(x)− iθq(x), (1.1)

where

q(x) =
g2

64π2
ϵµνρσF

a
µν(x)F

a
ρσ(x) (1.2)

is the topological charge density. The θ-dependent part of the free energy density can be

parametrized as follows

F(θ, T ) ≡ F (θ, T )− F (0, T ) =
1

2
χ(T )θ2s(θ, T ) (1.3)

where χ(T ) is the topological susceptibility at θ = 0,

χ =

∫

d4x⟨q(x)q(0)⟩θ=0 =
⟨Q2⟩θ=0

V
(1.4)

(Q =
∫

d4x q(x) is the global topological charge and V = V/T ), while s(θ, T ) is a di-

mensionless even function of θ such that s(0, T ) = 1. The quadratic term in θ, χ(T ), is

proportional to the axion mass, while non-linear corrections in θ2, contained in s(θ, T ),

provide information about axion interactions. In particular, assuming analyticity around

θ = 0, s(θ, T ) can be expanded as follows [8]

s(θ, T ) = 1 + b2(T )θ
2 + b4(T )θ

4 + · · · , (1.5)

where the coefficients bn are proportional to the cumulants of the topological charge distri-

bution. For instance b2, which is related to quartic interactions terms in the axion potential,

can be expressed as

b2 = −
⟨Q4⟩θ=0 − 3⟨Q2⟩2θ=0

12⟨Q2⟩θ=0
. (1.6)

The function F(θ, T ), related to the topological properties of QCD, is of non-perturbative

nature and hence not easy to predict reliably with analytic methods. This is possible only

in some specific regimes: chiral perturbation theory (ChPT) represents a valid approach

only in the low temperature phase; at high-T , instead, a possible analytic approach is the

Dilute Instanton Gas Approximation (DIGA). DIGA predictions can in fact be classified

in two groups: those that make only use of the DIGA hypothesis itself (i.e. that just

relies on the existence of weakly interacting objects of topological charge one), and those

that exploit also perturbation theory, the latter being expected to hold only at asymptot-

ically high values of T . Using only the dilute gas approximation one can show that the

θ-dependence of the free energy is of the form (see e.g. [9, 10])

F (θ, T )− F (0, T ) ≃ χ(T )(1− cos θ) , (1.7)
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Axion abundance

Figure 2. This plot shows the T dependence of the Hubble parameter H and the axion mass m.

For a given decay constant f , the temperature T⇤ with 3H(T⇤) = m(T⇤) is uniquely de-
termined. Figure 2 shows the evolution of the Hubble parameter H and the axion mass m for
f = 108 GeV (blue) and f = 1012 GeV (orange). Notice that as long as the phenomenological
constraint on f , given in Eq. (2.7), is satisfied, the QCD axion commences the oscillation in
the QCD epoch, taking T⇤ ⇠ O(GeV). For a comparison, we also show the axion mass for
f = 1018 GeV, for which, the axion mass has already reached m0 at T = T⇤.

The Fourier modes in the range (3.1) exponentially grow as ��̃k / e
µkm⇤t with the

dimensionless growth rate µk, which is roughly estimated as

µk '

s✓
m(T )

m⇤

◆
2

�

✓
k

am⇤

◆
2

(3.3)

for �̃ ⇠ ⇡. For a smaller k, the growth rate becomes larger. In the limit k/a ⌧ m(T ), µk

is given by µk ' m(T )/m⇤, implying that the growth rate µk becomes larger and larger as
m(T ) increases.

The clump formation becomes more probable as �̃i is closer to ⇡ and as the initial
amplitude of the fluctuation ��i is larger. Meanwhile, when the amplitude of the initial
fluctuation ��i is larger than the initial deviation from the top of the potential |�̃i � ⇡|, one
spatial patch rolls down towards �̃ = 0 and another towards �̃ = 2⇡, leading to formation of
domain walls. Therefore, an initial condition where the clump formation is the most probable
but the domain wall formation can be marginally avoided, we employ

�̃i = ⇡ ⇥ (1� 10�8) , ��̃i = ⇡ ⇥ 10�8
. (3.4)

The initial velocity of �̃ is determined by imposing the slow-roll condition as

d�̃

dt̃

����
t̃=t̃i

= �
Ṽ�̃(�̃i)

3Hi/m⇤
= �

✓
T⇤
Ti

◆
2 7.64 ⇥ 10�8

(f/1012GeV)2(m⇤/10�9eV)2(1 + (Ti/Tc)b)
sin �̃i. (3.5)

Figure 3 shows the time evolution of �̃ and ��̃k. Here, the temperature of radiation is
used as a corresponding time variable. The wavenumber k is set to k/(a⇤m⇤) = 0.1, which
satisfies the condition for the tachyonic instability, (3.1). The temperature in the horizontal
axis is normalized by T⇤ to compare the evolution for different values of f , for which the
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instanton gas approximation (DIGA) holds, the potential of the QCD axion, �, is given by

V (�) = �QCD(T )(1� cos(�/f)). (2.2)

The potential form slightly differs from the one computed from the low energy effective
Lagrangian in Ref. [64]. A detailed study about the potential form of the QCD axion and the
coupling with the standard model sector can be found, e.g., in Refs. [65–68].

For T > Tc, as the temperature decreases, the mass of axion, given by

m(T ) =
q
�QCD(T )/f , (2.3)

increases as m(T ) / T
�b/2. Meanwhile, for T < Tc, m(T ) approaches to a constant value,

given by
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The axion commences oscillation at T⇤ satisfying 3H(T⇤) = m(T⇤) ⌘ m⇤ with H(T ) the
Hubble parameter, and for T⇤ > Tc, T⇤ is given by

T⇤ ' 1.0GeV

✓
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f

◆0.16

. (2.5)

Then, one can obtain the final QCD axion abundance as (see also Refs. [66, 69, 70])

⌦ah
2 = 0.10

 
f �̃i

1012GeV

!
1.16

F (�̃i), (2.6)

where  is O(1) numerical factor characterizing nonadiabaticity and F (�̃i) is anharmonic
correction factor which is a function of the initial value of �̃ = �/f , which becomes significant
when the initial value is placed near the top of the cosine potential. The anharmonic correction
F (�̃i) was computed, e.g., in Refs. [69, 71, 72]. Note that the QCD axion with the decay
constant being f ⇠ 1012 GeV and the initial value being �̃i ⇠ 1 saturates the DM relic
abundance in the Universe, corresponding to the upper bound of the so called "classical
axion window" [73], given by

4⇥ 108GeV < f < 1012GeV, (2.7)

where the lower bound comes from neutrino burst duration of SN1987A [74]. Note that this
upper bound includes a large ambiguity, because ⌦ah

2 highly depends on the cosmological
scenario.

2.2 Potential of ALPs

In the case of ALPs, the potential can take a more general form, since it is not necessarily
determined by the QCD physics. It is known that ALPs predicted in string theory generically
acquire multiple cosine terms through the non-perturbative corrections as

V (�) = �

nX

i=1

⇤4

i cos

✓
�

fi
+⇥i

◆
+ const., (2.8)
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2 axion scenarios

i) PQ symmetry was broken during inflation 

ii) PQ symmetry got broken after  inflation 

Δθ ~ O(1)

f ≧ Hinf

Δθ << 1

f < Hinf

T ~ ΛQCD �⇢a
⇢̄a

⌧ 1
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AMC formation in post-inflationary scenario
T

ΛQCD Teqf

Vaquero, Redondo, Stadler (18)

Gravitational collapse
Virialization

Eggmeier et al(19)

See also Fluery&Moore(15),…

See also Kavanagh et al. (20), Xaio et al.(21)
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Axion minicluster (AMC) search 

axion clump

v ~ 10-3c

- Microlensing
  - Pulsar Timing array

 …. and so on

typical velocity 
 of DM
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If yes, a detection of AMC gives the upper bound on f.

f < Hinf/2π < 1013 GeV (PLANCK/BICEP/Keck)

Is AMC the smoking gun of 
post-inflation scenario?

Is that true?



PQ symmetry broken during inflation  
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T ~ ΛQCD

f ≧ Hinf

Δθ << 1

�⇢a

⇢̄a
⇠ O(1)
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Direct interaction w/QCD matters (~ radiation)

ρrad

xi

Inhomogeneous Universe 6F4!GF-!��6LD!F�� ���� FK�M2%M��

less dilution → high density axion

more dilution → low density axion

Figure 2. This plot shows the T dependence of the Hubble parameter H and the axion mass m.

For a given decay constant f , the temperature T⇤ with 3H(T⇤) = m(T⇤) is uniquely de-
termined. Figure 2 shows the evolution of the Hubble parameter H and the axion mass m for
f = 108 GeV (blue) and f = 1012 GeV (orange). Notice that as long as the phenomenological
constraint on f , given in Eq. (2.7), is satisfied, the QCD axion commences the oscillation in
the QCD epoch, taking T⇤ ⇠ O(GeV). For a comparison, we also show the axion mass for
f = 1018 GeV, for which, the axion mass has already reached m0 at T = T⇤.

The Fourier modes in the range (3.1) exponentially grow as ��̃k / e
µkm⇤t with the

dimensionless growth rate µk, which is roughly estimated as

µk '
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(3.3)

for �̃ ⇠ ⇡. For a smaller k, the growth rate becomes larger. In the limit k/a ⌧ m(T ), µk

is given by µk ' m(T )/m⇤, implying that the growth rate µk becomes larger and larger as
m(T ) increases.

The clump formation becomes more probable as �̃i is closer to ⇡ and as the initial
amplitude of the fluctuation ��i is larger. Meanwhile, when the amplitude of the initial
fluctuation ��i is larger than the initial deviation from the top of the potential |�̃i � ⇡|, one
spatial patch rolls down towards �̃ = 0 and another towards �̃ = 2⇡, leading to formation of
domain walls. Therefore, an initial condition where the clump formation is the most probable
but the domain wall formation can be marginally avoided, we employ

�̃i = ⇡ ⇥ (1� 10�8) , ��̃i = ⇡ ⇥ 10�8
. (3.4)

The initial velocity of �̃ is determined by imposing the slow-roll condition as

d�̃

dt̃

����
t̃=t̃i

= �
Ṽ�̃(�̃i)

3Hi/m⇤
= �

✓
T⇤
Ti

◆
2 7.64 ⇥ 10�8

(f/1012GeV)2(m⇤/10�9eV)2(1 + (Ti/Tc)b)
sin �̃i. (3.5)

Figure 3 shows the time evolution of �̃ and ��̃k. Here, the temperature of radiation is
used as a corresponding time variable. The wavenumber k is set to k/(a⇤m⇤) = 0.1, which
satisfies the condition for the tachyonic instability, (3.1). The temperature in the horizontal
axis is normalized by T⇤ to compare the evolution for different values of f , for which the
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Indirect interaction w/QCD matters (~ radiation)

ρrad
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Through eq. .… 
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Linear perturbation

at longitudinal gauge  

energy-momentum tensors for the axion and the radiation are not independently conserved.
Writing down the energy conservation equation for the radiation, which includes the energy
flow from the QCD matters (radiation) to the axion, we obtain

⇣̇

H
' �

⇢̇

4H⇢
V�⇢��r , (3.13)

where the term in the right hand side describes the energy flow, which vanishes once the
potential of the axion ceases to depend on the temperature. Using Eqs. (3.8) and (3.13),
we can eliminate Ar and ⇣ in Eq. (3.9). The evolution of ��r in superhorizon scales can
be determined without consulting the primordial amplitude of ⇣, reproducing the result in
Ref. [27].

In the QCD epoch, the energy fraction of the axion is still much smaller than the one
of the radiation, satisfying

⇢a

⇢

����
T=Tc


⇢m

⇢

����
T=Tc

'
Teq

Tc
' 10�8

,

where the inequality is saturated when the axion is the dominant component of the dark
matter. When we further ignore the terms suppressed by ⇢a/⇢ ' ⇢a/⇢tot, we obtain

��̈r + 3H��̇r + V����r ' 0 , (3.14)

which coincides with the equation of motion for the axion in the absence of the metric per-
turbation in the superhorizon limit (see Fig. 12 in Appendix).

3.3 Newtonian gauge

Next, we consider the Newtonian gauge, where the line element is given by

ds
2 = �(1� 2�)dt2 + a

2(t)(1 + 2�)dx2
. (3.15)

Here, the lapse perturbation is given by ��, since the anisotropic pressure vanishes. Ignoring
the non-linear contributions of the metric perturbations, the Klein-Gordon equation is given
as

@
2
t �+ 3H@t�� (1� 4�)

@
2
x

a2
�+ 4@t�@t�+ (1� 2�)V�(�, ⇢) = 0 , (3.16)

where the axion is kept non-perturbative. Perturbing also about the field fluctuation of the
axion, we obtain

@
2
t ��+ 3H@t��+

✓
k
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◆2

��+ 4�̇@t�+ V����� 2V��+ V�⇢�⇢ = 0 , (3.17)

which can be obtained also by choosing the Newtonian gauge in Eq. (3.5). Here and here-
after, for notational brevity, we simply express the background axion field and the axion
perturbation in Newtonian gauge as � and ��, distinguishing the later from ��r. Using the
Hamiltonian constraint (3.6), we can express the perturbation of the radiation density, �⇢, as

3H2
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� = 4⇡G�⇢tot ' 4⇡G�⇢ (3.18)
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δφ: Inhomogeneity of axion
Φ: Gravitational potential

4� ⇠ 4⇡G�⇢
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+ GR corrections

Equations
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For Δ<<1, the self-interaction 
was initially important.



Linear perturbation: Δ=O(1)

energy-momentum tensors for the axion and the radiation are not independently conserved.
Writing down the energy conservation equation for the radiation, which includes the energy
flow from the QCD matters (radiation) to the axion, we obtain
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we can eliminate Ar and ⇣ in Eq. (3.9). The evolution of ��r in superhorizon scales can
be determined without consulting the primordial amplitude of ⇣, reproducing the result in
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where the inequality is saturated when the axion is the dominant component of the dark
matter. When we further ignore the terms suppressed by ⇢a/⇢ ' ⇢a/⇢tot, we obtain
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which coincides with the equation of motion for the axion in the absence of the metric per-
turbation in the superhorizon limit (see Fig. 12 in Appendix).

3.3 Newtonian gauge

Next, we consider the Newtonian gauge, where the line element is given by
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energy-momentum tensors for the axion and the radiation are not independently conserved.
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Figure 5. This plot shows the evolution of |��r/⇣p| for � = 0.9⇡ and riso = 10�5. The left panel is
for b = 0 and f = 2⇥1014GeV, and the right one is for b = 8.2 and f = 109GeV. The wavenumbers are
k/(acHc) = 10�6 (purple), 10�4 (red), 10�2 (green), 1 (yellow), and 102 (blue). Here, we don’t show
it, but the amplitude of k/(acHc) = 104 also follows a similar evolution to the one for k/(acHc) = 102,
while it oscillates much more rapidly. In this case, there is direct interaction between the axion and
the radiation, and the self-interaction is negligible. Even in this case, at around T = Tc, a wide
range of wavenumbers with k/(acHc) � 10�4 are enhanced by the gravitational instability due to the
adiabatic mode.

As discussed in Sec. 4.1.1, the direct interaction with QCD matters is much more im-
portant than the indirect one. Therefore, when all the source terms are properly taken into
account, axion clumps can be formed for a wider initial condition without assuming the ex-
treme tuning. Then, it is natural to expect that axion clumps can survive much longer,
because the Hubble friction can remain important enough to shut off the number changing
process, diminishing the self-interaction of the axion. We will investigate this possibility
closely in the rest of this paper.

4.2 Dephasing of axion through interaction with radiation

In this subsection, computing ��r by solving Eq. (3.19) numerically, we study the impact of
the instability mechanisms i), ii), iii), and iv). We consider two cases, with and without the
tuning of the initial condition. As discussed in the previous subsection, iii) and iv) become
important only when the axion was tuned around the potential maximum.

4.2.1 Without tuning of initial condition

Figure 5 shows the evolution of KK: the transfer function |��r/⇣
p
k | with various wavenumbers

k̃ = k/(acHc) for b = 0 (left) and for b = 8.2 (right). To highlight the significant enhancement
of ��r due to the direct interaction, described by S3, we also show the evolution for b = 0, in
which S3 vanishes because of the absence of the direct interaction. In this case, the indirect
interaction i), described by S1 and S2, is the only source of the instability. For b = 0, We
choose the PQ scale f = 2 ⇥ 1014GeV so that the oscillation starts roughly at the same
temperature as f = 109GeV and b = 8.2. The initial amplitude of the fluctuation of the
axion is set to riso = 10�5, where riso is defined as |��̃r(ti)|/(

p
P⇣/k̃

3/2).
Both for b = 0 and b = 8.2, the axion isocurvature perturbation in a wide range of the

wavenumbers k/(acHc) � O(10�4) is enhanced, being sourced by the adiabatic perturbation.
Comparing the right and left panels of Fig. 5 shows the impact of the direct interaction, which
dominates the impact of the indirect interaction at the subhorizon scales. This enhancement
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Cosmic expansion makes Bose enhancement inefficient.
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Parametric Resonance in cosmology

V(φ)

φ

V(φ)

φ

V(φ) ~ m2φ2

Onset of oscillation
Hosi ~ m

T ~ 1/m ~ 1/Hosi 

Hosi ~ m2

m1

m1 >> m2

m2

T ~1/m1  << 1/Hosi ~ 1/m2

(also due to temp. dep.of m)



Power spectrum of axion density perturbation

where on the second equality, we have ignored the perturbation of the axion energy density,
which is suppressed by ⇢a/⇢

2

Using the dimensionless conformal time ⌘, we obtain the field equation for the axion
perturbation in Newtonian gauge, ��, at linear perturbation as

@
2
⌘��̃+

2

⌘
@⌘��̃+ k̃

2
��̃+ ⌘

2 �

(Hcf)2
Ṽ�̃�̃��̃ = S1 + S2 + S3 , (3.19)

where the source terms are given by

S1 ⌘ �4@⌘�@⌘�̃ , S2 ⌘ 2�⌘2Ṽ�̃

�

(Hcf)2

S3 ⌘
1

4
Ṽ�̃⌘

3 �⇢

⇢

d

d⌘

�

(Hcf)2
=

1

2
Ṽ�̃

 
�+ ⌘@⌘�+

k̃
2

3
⌘
2�

!
⌘
3 d

d⌘

�

(Hcf)2
, (3.20)

and the normalized wavenumber k̃ is defined as

k̃ ⌘ k/(acHc)

with ac and Hc being the scale factor and the Hubble parameter at T = Tc. Here, we have
eliminated �⇢, using Eq. (3.18). The source term S3 appears as a consequence of the direct
interaction between the QCD axion and QCD matters (radiation), which is encoded as the
temperature dependence of the axion mass. Because of the non-vanishing direct interaction,
the energy momentum tensors for the axion and radiation are not separately conserved for
T � Tc. Once the axion mass becomes independent of the temperature for T < Tc, since the
direct interaction vanishes, S3 also vanishes. Meanwhile, the other source terms S1 and S2

appear due to the indirect interaction through gravity. Therefore, these terms do not vanish
as well as after the axion mass becomes independent of the temperature.

When the total matter of the Universe is barotropic, satisfying the adiabatic condition,
and the anisotropic pressure vanishes, the equation of motion for � is given by

"
@
2
t +H(4 + 3c2s)@t +

(✓
csk

a

◆2

+ 3(c2s � w)H2

)#
�k(t) = 0 . (3.21)

For w = c
2
s = 1/3, we can solve Eq. (3.21) analytically, obtaining

�k(t) = 2⇣pk
sin yk � yk cos yk

y
3
k

(3.22)

where ⇣
p
k denotes the primordial amplitude of ⇣ and yk is defined as

yk(t) ⌘
1
p
3

k

aH
=

1
p
3

k

acHc

a

ac
=

1
p
3

k

acHc
⌘ . (3.23)

In Ref. [31], the possibility of axion clump formation was addressed, focusing on the self-
interaction of the QCD axion. In this analysis, the contributions of the adiabatic perturbation,
S1, S2, S3 were simply ignored (see Table 1). In Ref. [1], considering the indirect interaction,

2This approximation should be more carefully examined, as it approaches to the matter-radiation equality.
As is known, the density perturbation of dark matter dominates the one of radiation even before the equality
[28, 29] for the slow solution [30].

– 9 –

10�2 10�1 100 101 102 103 104 105 106 107 108

k̃

10�14

10�12

10�10

10�8

10�6

10�4

10�2

100

102

k̃
3 |
��

a,
r/
� a
|2

� = 10�5�

� = 10�4�

� = 0.9�

Figure 8. The spectrum of the axion energy density perturbation for b = 8.2, riso = 10�5 at ⌘ = 1.
The blue solid line and the orange dot-dashed line corresponds to � = 10�5

, 10�4 at each decay
constant f that equals to the total dark matter abundance, respectively. The green dashed line
corresponds to � = 0.9 at f = 109[GeV].

Figure 9. The transfer functions of the axion energy density perturbations for b = 8.2, riso = 10�5

at ⌘ = 1. We set the decay constants as the same between the axion abundance and the total dark
matter abundance, which is related by Eq. (2.20).
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break down of perturbation

- Radiation sources δρa only in sub horizon scales
- Resonance peak for fine-tuned IC,  Δ << 1

6F4!GF-!��6LD!F�� ���� FK�M2%M��

Pζ=2.1x10-9



Axion abundance
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For Δ<<1, Ωa is enhanced due to the delayed oscillation. 
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Figure 3. The left panel shows the ratio of the axion abundance to the dark matter. The black curve
corresponds to ⌦a = ⌦DM = 0.23. The horizontal axis denotes the initial deviation from the potential
maximum, � ⌘ �̃i � ⇡. The right panel shows the corresponding value of f for a given �, when the
QCD axion saturates the dark mater abundance, corresponding to the black curve in the left panel.

3.1 Perturbed equations before gauge fixing

Using the metric perturbations A, B, D, and E, we express the line element as

ds
2 = �(1 + 2AY )dt2 � 2aBYidtdx

i + a
2 ((1 + 2DY )�ij + 2EYij) dx

i
dx

j
, (3.1)

where a is the scale factor. Following Refs. [25, 26], we expand the linear perturbations with
a complete set of the scalar harmonic function Y defined on the spatial slicing. In this paper,
we assume the spatially flat background. Using these metric perturbations, we introduce the
curvature perturbation

R ⌘ D + E/3 , (3.2)

which gives the spatial Ricci scalar on a time constant surface, s
R, as s

R = 4(k/a)2RY , and
the shear for the normal vector to the constant time slicing, �g as

�g ⌘
a

k
Ė �B . (3.3)

Both of R and �g are not gauge invariant quantities, since they transform as

R ! R�H�t , �g ! �g �
k

a
�t , (3.4)

when we change the time slicing as t ! t+ �t.
The perturbed equation at linear order is given by

��̈+ 3H��̇+ V����+

✓
k

a

◆2

��

+ V�⇢�⇢� �̇Ȧ+ 2V�A+ �̇

✓
3Ṙ�

k

a
�g

◆
= 0 , (3.5)

– 6 –

1010

1011

1012

f
[G
eV

]

Numerical Points

Fitting Function:�1/ ln[0.38�]

10�8 10�7 10�6 10�5 10�4 10�3 10�2 10�1 100

� = � � �̃i

10�2

10�1

100

E
rr
or

Figure 3. The left panel shows the ratio of the axion abundance to the dark matter. The black curve
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maximum, � ⌘ �̃i � ⇡. The right panel shows the corresponding value of f for a given �, when the
QCD axion saturates the dark mater abundance, corresponding to the black curve in the left panel.

3.1 Perturbed equations before gauge fixing

Using the metric perturbations A, B, D, and E, we express the line element as

ds
2 = �(1 + 2AY )dt2 � 2aBYidtdx
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dx

j
, (3.1)

where a is the scale factor. Following Refs. [25, 26], we expand the linear perturbations with
a complete set of the scalar harmonic function Y defined on the spatial slicing. In this paper,
we assume the spatially flat background. Using these metric perturbations, we introduce the
curvature perturbation

R ⌘ D + E/3 , (3.2)

which gives the spatial Ricci scalar on a time constant surface, s
R, as s

R = 4(k/a)2RY , and
the shear for the normal vector to the constant time slicing, �g as

�g ⌘
a

k
Ė �B . (3.3)

Both of R and �g are not gauge invariant quantities, since they transform as

R ! R�H�t , �g ! �g �
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�t , (3.4)

when we change the time slicing as t ! t+ �t.
The perturbed equation at linear order is given by
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Oscillation starts earlier as

�52K%2 .,���7U4E /(��9

(black line: Ωa=Ωc)

constant being f ⇠ 1012 GeV and the initial value being �̃i ⇠ 1 saturates the DM relic
abundance in the Universe, corresponding to the upper bound of the so called "classical
axion window" [22], given by

4⇥ 108GeV < f < 1012GeV, (2.15)

where the lower bound comes from neutrino burst duration of SN1987A [23]. Note that this
upper bound includes a large ambiguity, because ⌦ah

2 highly depends on the cosmological
scenario.

Meanwhile, when the axion was initially located around the potential maximum, taking
a large initial misalignment, as considered in Refs. [1, 24], the abundance constraint becomes
much tighter than the one in Eq. (2.15). In what follows, we calculate the abundance con-
straint on f , using the adiabatic invariant

I(T ) ⌘
⇢a(T )/m(T )

s(T )
, (2.16)

which remains constant during an adiabatic evolution [21]. Our numerical computation shows
that I(T ) becomes almost constant after several cycles of oscillation as well as for �̃i ' ⇡.
Using I(T ), let us define

Î(T ) ⌘
s0m0h

2

⇢cr
I(T ) =

s0m0

3M2
pl

✓
h

H0

◆2

I(T ) . (2.17)

Once Î approaches to a constant value, it directly gives the present axion abundance as

⌦ah
2 =

1

�
Î(T⇤⇤) , (2.18)

where T⇤⇤ denotes a reference temperature after I(T ) is settled down to a constant value and
� characterizes a possible change of I(T ) after T⇤⇤ as

I(T⇤⇤) = �I(T0) . (2.19)

The left panel of Fig. 3 shows the axion abundance for a given PQ scale f (or a axion mass
ma) and a given initial misalignment �̃i. The black line shows the contour with ⌦ah

2 = 0.11,
corresponding to the case when the QCD axion saturates the total dark matter abundance.
The right panel shows the corresponding value of f for each value of � for ⌦ah

2 = 0.11. The
orange dots are the numerical values and the blue curve is the fitting function, given by

✓
f(�)

1011[GeV]

◆
= �

1

[log (0.38�)]
, (2.20)

which approximates the numerical result with a few % error for � ⌧ 1. This extends the
analysis in Ref. [21] to a smaller value of �. An analytical derivation of the fitting function
f(�) was intended in Ref. [20] based on a somewhat rough argument.

3 Linear evolution of axion inhomogeneity

In this section, we summarize the perturbed Klein-Gordon equation for the QCD axion in
two different gauges: uniform density slicing and Newtonian gauge. The former/latter is
convenient to solve the superhorizon/subhorizon evolution, respectively.

– 5 –

For Ωa=Ωc, i.e., DM=axion

fitting
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AMC formation 

Figure 8. The spectrum of the axion energy density perturbation for b = 8.2, riso = 10�5 at ⌘ = 1.
The blue solid line and the orange dot-dashed line corresponds to � = 10�5

, 10�4 at each decay
constant f that equals to the total dark matter abundance, respectively. The green dashed line
corresponds to � = 0.9 at f = 109[GeV].
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Figure 9. The transfer functions of the axion energy density perturbations for b = 8.2, riso = 10�5

at ⌘ = 1. We set the decay constants as the same between the axion abundance and the total dark
matter abundance, which is related by Eq. (2.20).
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T~Tc

δρa/ρa reaches O(1) at T=Tc, 
1) Pζ > 10-3 at k~acHc

2) For Pζ ~10-9, fine-tuned IC w/Δ < 10-3

6F4!GF-!��6LD!F�� ���� FK�M2%M��

Enhancement at T=Tc

x Pζ → ~ <(δρa/ρa)2> 

more direct int. 

more resonance



Future issues

T

ΛQCD Teqfa

Gravitational collapse
Virialization

AMC formation in pre-inflation scenario?

1) Pζ > 10-3

TReheating

2) Fine-tuned IC

Lattice sim. 
in progress 

N body sim., peak theory,….

if Pζ > 10-2
O(M⦿) PBH 

* More realistic input from QCD physics



like 
particle 

✔

✖

ALP dark matter

If time permits….



nHz GW signature from ALP dark matter
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Phys. Rev. Lett. 126. (2021) 12, 121301 
Kitajima, Soda, Y.U. 
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ALP dark matter w/GUT scale f

axion w/ f~1015-16GeV

Model building
9S2#%+����F44%K� &,��

2

ment mechanism with initial angle ✓i = �i/f which is set
before or during inflation2.

As shown below, the interaction with the axion amplifies
the gauge fields exponentially. Although the axion can in-
teract with the Standard Model photon, the photon acquires
a thermal effective mass in the Universe filled with charged
particles, which is much larger than the Hubble parameter, i.e.
the axion mass at the onset of the oscillation. In that case, the
gauge field production is kinematically prohibited. Therefore,
we assume that the gauge fields are hidden photons which are
not thermalized at the onset of the axion oscillation.

To see the exponential growth, let us decompose the Fourier
mode of the gauge fields into two circular polarization modes
as A(k, t) = A+(k, t)e+(k)+A�(k, t)e�(k) with the circu-
lar polarization bases, which satisfy k̂ ·e± = 0 and ik̂⇥e± =

±e± with k̂ ⌘ k/|k|. In the linear approximation, the axion
is assumed to be homogeneous in the equation of motion for
the gauge fields. In this case, the dynamics of each circular
polarization mode is determined by the following equation of
motion,

Ä± +HȦ± +

 
k2

a2
⌥

k

a

↵�̇

f

!
A± = 0. (6)

This equation implies that, depending on the sign of �̇, one of
the two circular polarization modes can be tachyonic, leading
to the exponential amplification of the gauge field amplitude.

Nonlinear dynamics – Once the tachyonic instability
turns on, the gauge fields grow exponentially and the energy
density of the gauge fields eventually becomes comparable to
that of the axion. Then the gauge field production is saturated
and the linear approximation is broken down. In particular,
the produced gauge fields start to affect the axion dynamics
through the right hand side in Eq. (3), producing inhomoge-
neous modes of the axion. After that, the two polarization
modes no longer evolve independently, but they are mixed
through the interaction with nonzero mode axions. In addi-
tion, the subsequent rescattering process significantly mod-
ifies the momentum distributions of both the axion and the
gauge fields. Therefore, one needs to solve the nonlinear dy-
namics of the system to accurately compute the GW sources
and the relic axion abundance.

We have directly solved the equations of motion (3) and (5)
by performing numerical lattice simulations which enable us
to analyze accurately the fully nonlinear dynamics. The num-
ber of grid points in the discretized lattice space is 256

3 and
the comoving box size is (⇡/2)m�1 for ↵ = 18 or (⇡/4)m�1

for ↵ = 20, 25, 30. Fig. 1 shows the evolution of the energy

2 In general, the initial value of the axion fluctuates but such initial fluctua-
tions, as long as they are sufficiently small, do not affect the dynamics of
the gauge fields since the self-resonance is inefficient in the cosine poten-
tial case [27, 28]. However, if the axion potential deviates from the cosine
type, the self-interaction can induce resonant amplifications of axion fluc-
tuations [29, 30], potentially affecting the dynamics of the gauge fields.
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FIG. 1. The evolution of the energy density of the axion (red),
the gauge fields (green) and ⌦GW ⇥ 104 (blue). For a comparison,
we also show the adiabatic evolution without gauge field production
by the thin dotted red line. We have taken f = 1016 GeV, m =
2⇥ 10�14 eV, ✓i = 2 and ↵ = 30 (solid) and 18 (dashed).

density of the axion, ⇢� (red lines) and the gauge fields, ⇢A
(green lines) in terms of the scale factor divided by the one at
the onset of the axion oscillation, defined by H = m. The
figure shows that the growth of the gauge fields terminates
when its energy density catches up that of the axion, namely
a/aosc ' 15 for ↵ = 30, which implies that the dynamics
enters the nonlinear regime after that.

Fig. 2 shows the evolution of the comoving number density
spectrum of the gauge fields after the gauge field production is
saturated. The spectrum has a sharp peak soon after the satu-
ration, i.e. at a/aosc = 16, but it is broaden and flatten as time
goes on. It is nothing but the consequence of the nonlinear
dynamics. As a result, the spectrum is significantly deformed
from the one at the saturation, implying the significant depar-
ture from the one obtained by the linear analysis.

Fig. 3 shows the ↵-dependence of the resultant comoving
number density spectra of the gauge fields (solid lines) and
the axion (dashed lines). For ↵ = 18, the sharp peak is kept in
the spectrum, indicating that the nonlinear effect is not so ef-
ficient. On the other hand, the spectrum was significantly de-
formed through the nonlinear effect for ↵ � 20. Meanwhile,
we have found that for ↵  17, the growth of the gauge fields
stops before the saturation due to the cosmic expansion. The
threshold value changes for different choices of f , m and ✓i.

Relic axion dark matter abundance – Fig. 1 also shows
that the axion energy density drops suddenly at the satuation,
leading to the suppression of the relic axion abundance com-
pared to the case without gauge field productions (thin dotted
red line). The suppression factor, ✏, can be as small as ⇠ 10

�2,
as also pointed out in [23] in the QCD axion case. Thus, we
obtain the relic axion abundance at present as

⌦ah
2
⇠ 2.8✏

⇣g⇤osc
10

⌘�1/4 ⇣ m

10�14eV

⌘1/2✓ f✓i
1016GeV

◆2

,

(7)

Weakly coupled

  

Current constraints on ALPs                                        

Sigl & Trivedi, 2018, (arXiv:1811.07873)

Mass allowed over ~30 orders of magnitude !!!
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anthropic window

non-thermal production



Recall reheating 

Transition from inflation to thermalized Universe
Traschen, Brandenberger (90), Kofman, Linde, Starobinsky (97) 
Khlebnikov, Tkachev (96), ….  

Drawing from Chatrchyan et al. (20)

Gravitational Waves (GWs)
Typically very high frequency



Bottom-line story

Detectable GWs via pulsar observations

Drawing from Chatrchyan et al. (20)

Radiation dominated thermalized universe
e.g. T = MeV

Axion like Particle (ALP) dark matter

Relic ALP becomes DM, dominating 
the Universe around  T~eV



nHz GW from pulsar timing array (PTA)

Time residual of periodic emissions from pulsars  
                                                            (rapidly rotating NSs)  
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with a0 the present scale factor and g⇤Sosc the effective rel-
ativistic degrees of freedom in entropy density at the onset
of the axion oscillation. For f ⇠ 10

16 GeV, the axion with
m ⇠ 10

�14 eV, which gives the observed dark matter abun-
dance, predicts the GWs in nHz range with ⌦GWh2

⇠ 10
�15

for aosc/aem = O(0.1).
To obtain the accurate GW spectrum in this scenario, we

have numerically solved the evolution of GWs together with
the dynamics of the axion and the gauge fields by the lat-
tice simulation formulated in [31]. The evolution of ⌦GW is
shown by the blue lines in Fig. 1. The generation of the GWs
continues even after the saturation, being affected by the non-
linear dynamics of the gauge fields and the axion such as the
rescattering. In particular, as shown in Fig. 4, which shows
the evolution of the spectrum of ⌦GW, i.e. d⌦GW/d ln k, for
↵ = 30, the spectrum is broaden and the maximum amplitude
becomes larger after the system enters the nonlinear regime.
The former is because the spectrum of the gauge fields be-
comes broader as shown in Fig. 2. In most cases, compared to
the numerical result, (12) underestimates the amount of GWs
because the emission after the saturation is ignored.

Fig. 5 shows the prediction of the present GW spectrum
together with the sensitivity of SKA (the cyan line) [11] in
the case where the axion gives a consistent value with the ob-
served dark matter abundance. Here, ⌦(±)

GW denotes the con-
tribution of either of two circular polarization modes to the
total ⌦GW. Fig. 5 indicates that the GWs from the axion dark
matter are detectable by SKA, providing a new window for
axion dark matter search. The spectrum has a sharp peak for
↵ = 20, and as ↵ increases, the width of the spectrum be-
comes broader. Accordingly, the height of the spectrum drops
by O(0.1). Therefore this model can predict both a highly
peaked spectrum and a broadly extended spectrum depending
on ↵.

Let us address whether the reported signal by NANOGrav
[7] can be accounted for in this scenario. It requires
d⌦GWh2/d ln ⌫ ⇠ 10

�9 in nHz range. Since the density
of emitted GWs roughly scales as ⌦GW / f4 and ⌦GW ⇠

10
�15 - 10�14 for f = 10

16 GeV (see Fig. 5), one needs
f ⇠ 2 - 4 ⇥ 10

17 GeV to explain the NANOGrav data. In
that case, however, the relic axion abundance becomes two or
three orders of magnitude larger than the observed dark matter
abundance. Then, one needs further suppression mechanism
for this scenario to work with such a large decay constant.

As is shown in Fig. 5, this scenario predicts not only the
detectable GW signal but also the circular polarization of the
GW. Fig. 6 shows the time evolution of the difference between
two circular polarization modes of the density parameter of
the GW, ⌦GW and the energy density of the gauge fields, ⇢A.
The predicted asymmetry of the circular polarization is 1 - 10
% depending on the coupling. It is possible in principle to
detect the circular polarization with pulsar timing arrays by
observing an anisotropy of GWs [32, 33].

Discussion – In this letter, we focus only on the axion
playing a role of the dark matter. Specifically, for the GUT
scale decay constant, i.e. f ⇠ 10

16 GeV, the axion mass
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FIG. 4. The evolution of the spectrum of ⌦GW after the saturation
for the same setup as in Fig. 2.
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FIG. 2. The evolution of the spectrum of comoving number den-
sity of the gauge fields (a3nA) after the saturation normalized by
a3
oscmf2. We have taken f = 1016 GeV, m = 2 ⇥ 10�14 eV,

✓i = 2, and ↵ = 30.
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where, g⇤osc is the effective relativistic degrees of freedom
at the onset of the axion oscillation. Note that nonzero mode
axions dominantly contribute to the abundance [23]. If a string
axion with f ⇠ 10

16 GeV accounts for the present dark matter
component, the observed dark matter abundance determines
the corresponding axion mass as m ⇠ 10

�14 eV for ✏ ⇠ 10
�2.

Gravitational wave emission – The explosively generated
gauge fields can source the stochastic background of GWs,
which is given by the tensor component of the metric pertur-
bation, hij , defined in the background flat-FRW Universe as
follows

ds2 = �dt2 + a2(�ij + hij)dx
idxj . (8)

The perturbed Einstein equation for the tensor mode deter-
mines the evolution of the GW,

ḧij + 3Hḣij �
1

a2
r

2hij =
2

M2
P

⇧
TT
ij , (9)

where ⇧
TT
ij is the transverse-traceless part of the anisotropic

stress. In the system of our interest, the anisotropic stress is
given by the traceless part of

⇧ij = �
1

a2
@i�@j�+

1

a2
EiEj +

1

a2
BiBj . (10)

where Ei = Ȧi and Bi = ✏ijk@jAk/a are respectively the
electric and magnetic components of the gauge fields.

First, let us make a crude estimation of the peak amplitude
of the GWs sourced by gauge fields or inhomogeneous ax-
ions which are amplified by the oscillating axion. Assuming
for simplicity that the dominant fraction of the GWs is emit-
ted around the saturation, the peak amplitude of the GW is
roughly estimated as

k2

a2em
hij(tem) ⇠

⇢src(tem)

M2
P

⇠

✓
mf✓i
MP

◆2 ✓aosc
aem

◆3

, (11)

where aem is the scale factor at the emission, t = tem, and
⇢src is the energy density of the source fields, which becomes
comparable to the energy density of the homogeneous mode
of the axion at tem. Then, one obtains the density parame-
ter of the GW, ⌦GW = M2

P hḣij ḣiji/(4⇢cr) (with the critical
density ⇢cr), at the emission as [30]

⌦GW(tem) ⇠

✓
k

aemm

◆�2 ✓ f✓i
MP

◆4 ✓aosc
aem

◆2

, (12)

and at present as ⌦GWh2
= ⌦rh2

⌦GW(tem), where
⌦rh2

' 4.15⇥ 10
�5 is the present density parameter of radi-

ation component and  is given by  ' 1.8g⇤em/g
4/3
⇤S em with

g⇤em and g⇤S em being the effective degrees of freedom in en-
ergy density and entropy density at the emission.3 Note that
the typical wavenumber of emitted GWs is k/aem ⇠ m. For
example, for f = 10

16 GeV, ✓i = 2, m = 2 ⇥ 10
�14 eV and

↵ = 30, we found aem/aosc ' 15 from Fig. 1 and then we
obtain ⌦GW(tem) ⇠ 2⇥10

�11 (⌦GWh2
⇠ 7⇥10

�16) which
shows an acceptable agreement with the numerical result (see
Fig. 4 and 5).

The GW frequency at present is related to the axion mass
as follows [29, 30]

⌫ =
k

2⇡a0
⇠ 0.1nHz

g1/4⇤osc

g1/3⇤Sosc

k

aoscm

⇣ m

10�14eV

⌘ 1
2
, (13)

3 Eqs. (11) and (12) are more generically applicable to the GW production
during radiation domination whose source fields are generated by homoge-
neously oscillating axions with general m and f as addressed in the GW
forest scenario [30].
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oscmf2. We have taken f = 1016 GeV, m = 2 ⇥ 10�14 eV,
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where, g⇤osc is the effective relativistic degrees of freedom
at the onset of the axion oscillation. Note that nonzero mode
axions dominantly contribute to the abundance [23]. If a string
axion with f ⇠ 10

16 GeV accounts for the present dark matter
component, the observed dark matter abundance determines
the corresponding axion mass as m ⇠ 10

�14 eV for ✏ ⇠ 10
�2.

Gravitational wave emission – The explosively generated
gauge fields can source the stochastic background of GWs,
which is given by the tensor component of the metric pertur-
bation, hij , defined in the background flat-FRW Universe as
follows

ds2 = �dt2 + a2(�ij + hij)dx
idxj . (8)

The perturbed Einstein equation for the tensor mode deter-
mines the evolution of the GW,

ḧij + 3Hḣij �
1

a2
r

2hij =
2

M2
P

⇧
TT
ij , (9)

where ⇧
TT
ij is the transverse-traceless part of the anisotropic

stress. In the system of our interest, the anisotropic stress is
given by the traceless part of

⇧ij = �
1

a2
@i�@j�+

1

a2
EiEj +

1

a2
BiBj . (10)

where Ei = Ȧi and Bi = ✏ijk@jAk/a are respectively the
electric and magnetic components of the gauge fields.

First, let us make a crude estimation of the peak amplitude
of the GWs sourced by gauge fields or inhomogeneous ax-
ions which are amplified by the oscillating axion. Assuming
for simplicity that the dominant fraction of the GWs is emit-
ted around the saturation, the peak amplitude of the GW is
roughly estimated as

k2

a2em
hij(tem) ⇠

⇢src(tem)

M2
P

⇠

✓
mf✓i
MP

◆2 ✓aosc
aem

◆3

, (11)

where aem is the scale factor at the emission, t = tem, and
⇢src is the energy density of the source fields, which becomes
comparable to the energy density of the homogeneous mode
of the axion at tem. Then, one obtains the density parame-
ter of the GW, ⌦GW = M2

P hḣij ḣiji/(4⇢cr) (with the critical
density ⇢cr), at the emission as [30]

⌦GW(tem) ⇠

✓
k

aemm

◆�2 ✓ f✓i
MP

◆4 ✓aosc
aem

◆2

, (12)

and at present as ⌦GWh2
= ⌦rh2

⌦GW(tem), where
⌦rh2

' 4.15⇥ 10
�5 is the present density parameter of radi-

ation component and  is given by  ' 1.8g⇤em/g
4/3
⇤S em with

g⇤em and g⇤S em being the effective degrees of freedom in en-
ergy density and entropy density at the emission.3 Note that
the typical wavenumber of emitted GWs is k/aem ⇠ m. For
example, for f = 10

16 GeV, ✓i = 2, m = 2 ⇥ 10
�14 eV and

↵ = 30, we found aem/aosc ' 15 from Fig. 1 and then we
obtain ⌦GW(tem) ⇠ 2⇥10

�11 (⌦GWh2
⇠ 7⇥10

�16) which
shows an acceptable agreement with the numerical result (see
Fig. 4 and 5).

The GW frequency at present is related to the axion mass
as follows [29, 30]

⌫ =
k

2⇡a0
⇠ 0.1nHz

g1/4⇤osc

g1/3⇤Sosc

k

aoscm

⇣ m

10�14eV

⌘ 1
2
, (13)

3 Eqs. (11) and (12) are more generically applicable to the GW production
during radiation domination whose source fields are generated by homoge-
neously oscillating axions with general m and f as addressed in the GW
forest scenario [30].
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since           , GWs are circularly polarized!
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with a0 the present scale factor and g⇤Sosc the effective rel-
ativistic degrees of freedom in entropy density at the onset
of the axion oscillation. For f ⇠ 10

16 GeV, the axion with
m ⇠ 10

�14 eV, which gives the observed dark matter abun-
dance, predicts the GWs in nHz range with ⌦GWh2

⇠ 10
�15

for aosc/aem = O(0.1).
To obtain the accurate GW spectrum in this scenario, we

have numerically solved the evolution of GWs together with
the dynamics of the axion and the gauge fields by the lat-
tice simulation formulated in [31]. The evolution of ⌦GW is
shown by the blue lines in Fig. 1. The generation of the GWs
continues even after the saturation, being affected by the non-
linear dynamics of the gauge fields and the axion such as the
rescattering. In particular, as shown in Fig. 4, which shows
the evolution of the spectrum of ⌦GW, i.e. d⌦GW/d ln k, for
↵ = 30, the spectrum is broaden and the maximum amplitude
becomes larger after the system enters the nonlinear regime.
The former is because the spectrum of the gauge fields be-
comes broader as shown in Fig. 2. In most cases, compared to
the numerical result, (12) underestimates the amount of GWs
because the emission after the saturation is ignored.

Fig. 5 shows the prediction of the present GW spectrum
together with the sensitivity of SKA (the cyan line) [11] in
the case where the axion gives a consistent value with the ob-
served dark matter abundance. Here, ⌦(±)

GW denotes the con-
tribution of either of two circular polarization modes to the
total ⌦GW. Fig. 5 indicates that the GWs from the axion dark
matter are detectable by SKA, providing a new window for
axion dark matter search. The spectrum has a sharp peak for
↵ = 20, and as ↵ increases, the width of the spectrum be-
comes broader. Accordingly, the height of the spectrum drops
by O(0.1). Therefore this model can predict both a highly
peaked spectrum and a broadly extended spectrum depending
on ↵.

Let us address whether the reported signal by NANOGrav
[7] can be accounted for in this scenario. It requires
d⌦GWh2/d ln ⌫ ⇠ 10

�9 in nHz range. Since the density
of emitted GWs roughly scales as ⌦GW / f4 and ⌦GW ⇠

10
�15 - 10�14 for f = 10

16 GeV (see Fig. 5), one needs
f ⇠ 2 - 4 ⇥ 10

17 GeV to explain the NANOGrav data. In
that case, however, the relic axion abundance becomes two or
three orders of magnitude larger than the observed dark matter
abundance. Then, one needs further suppression mechanism
for this scenario to work with such a large decay constant.

As is shown in Fig. 5, this scenario predicts not only the
detectable GW signal but also the circular polarization of the
GW. Fig. 6 shows the time evolution of the difference between
two circular polarization modes of the density parameter of
the GW, ⌦GW and the energy density of the gauge fields, ⇢A.
The predicted asymmetry of the circular polarization is 1 - 10
% depending on the coupling. It is possible in principle to
detect the circular polarization with pulsar timing arrays by
observing an anisotropy of GWs [32, 33].

Discussion – In this letter, we focus only on the axion
playing a role of the dark matter. Specifically, for the GUT
scale decay constant, i.e. f ⇠ 10

16 GeV, the axion mass
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FIG. 4. The evolution of the spectrum of ⌦GW after the saturation
for the same setup as in Fig. 2.
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FIG. 2. The evolution of the spectrum of comoving number den-
sity of the gauge fields (a3nA) after the saturation normalized by
a3
oscmf2. We have taken f = 1016 GeV, m = 2 ⇥ 10�14 eV,

✓i = 2, and ↵ = 30.
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where, g⇤osc is the effective relativistic degrees of freedom
at the onset of the axion oscillation. Note that nonzero mode
axions dominantly contribute to the abundance [23]. If a string
axion with f ⇠ 10

16 GeV accounts for the present dark matter
component, the observed dark matter abundance determines
the corresponding axion mass as m ⇠ 10

�14 eV for ✏ ⇠ 10
�2.

Gravitational wave emission – The explosively generated
gauge fields can source the stochastic background of GWs,
which is given by the tensor component of the metric pertur-
bation, hij , defined in the background flat-FRW Universe as
follows

ds2 = �dt2 + a2(�ij + hij)dx
idxj . (8)

The perturbed Einstein equation for the tensor mode deter-
mines the evolution of the GW,

ḧij + 3Hḣij �
1

a2
r

2hij =
2

M2
P

⇧
TT
ij , (9)

where ⇧
TT
ij is the transverse-traceless part of the anisotropic

stress. In the system of our interest, the anisotropic stress is
given by the traceless part of

⇧ij = �
1

a2
@i�@j�+

1

a2
EiEj +

1

a2
BiBj . (10)

where Ei = Ȧi and Bi = ✏ijk@jAk/a are respectively the
electric and magnetic components of the gauge fields.

First, let us make a crude estimation of the peak amplitude
of the GWs sourced by gauge fields or inhomogeneous ax-
ions which are amplified by the oscillating axion. Assuming
for simplicity that the dominant fraction of the GWs is emit-
ted around the saturation, the peak amplitude of the GW is
roughly estimated as

k2

a2em
hij(tem) ⇠

⇢src(tem)

M2
P
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✓
mf✓i
MP

◆2 ✓aosc
aem

◆3

, (11)

where aem is the scale factor at the emission, t = tem, and
⇢src is the energy density of the source fields, which becomes
comparable to the energy density of the homogeneous mode
of the axion at tem. Then, one obtains the density parame-
ter of the GW, ⌦GW = M2

P hḣij ḣiji/(4⇢cr) (with the critical
density ⇢cr), at the emission as [30]

⌦GW(tem) ⇠

✓
k

aemm

◆�2 ✓ f✓i
MP

◆4 ✓aosc
aem

◆2

, (12)

and at present as ⌦GWh2
= ⌦rh2

⌦GW(tem), where
⌦rh2

' 4.15⇥ 10
�5 is the present density parameter of radi-

ation component and  is given by  ' 1.8g⇤em/g
4/3
⇤S em with

g⇤em and g⇤S em being the effective degrees of freedom in en-
ergy density and entropy density at the emission.3 Note that
the typical wavenumber of emitted GWs is k/aem ⇠ m. For
example, for f = 10

16 GeV, ✓i = 2, m = 2 ⇥ 10
�14 eV and

↵ = 30, we found aem/aosc ' 15 from Fig. 1 and then we
obtain ⌦GW(tem) ⇠ 2⇥10

�11 (⌦GWh2
⇠ 7⇥10

�16) which
shows an acceptable agreement with the numerical result (see
Fig. 4 and 5).

The GW frequency at present is related to the axion mass
as follows [29, 30]

⌫ =
k

2⇡a0
⇠ 0.1nHz

g1/4⇤osc

g1/3⇤Sosc

k

aoscm

⇣ m

10�14eV

⌘ 1
2
, (13)

3 Eqs. (11) and (12) are more generically applicable to the GW production
during radiation domination whose source fields are generated by homoge-
neously oscillating axions with general m and f as addressed in the GW
forest scenario [30].
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where, g⇤osc is the effective relativistic degrees of freedom
at the onset of the axion oscillation. Note that nonzero mode
axions dominantly contribute to the abundance [23]. If a string
axion with f ⇠ 10

16 GeV accounts for the present dark matter
component, the observed dark matter abundance determines
the corresponding axion mass as m ⇠ 10

�14 eV for ✏ ⇠ 10
�2.

Gravitational wave emission – The explosively generated
gauge fields can source the stochastic background of GWs,
which is given by the tensor component of the metric pertur-
bation, hij , defined in the background flat-FRW Universe as
follows

ds2 = �dt2 + a2(�ij + hij)dx
idxj . (8)

The perturbed Einstein equation for the tensor mode deter-
mines the evolution of the GW,

ḧij + 3Hḣij �
1
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2hij =
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P
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ij , (9)

where ⇧
TT
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given by the traceless part of
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where Ei = Ȧi and Bi = ✏ijk@jAk/a are respectively the
electric and magnetic components of the gauge fields.

First, let us make a crude estimation of the peak amplitude
of the GWs sourced by gauge fields or inhomogeneous ax-
ions which are amplified by the oscillating axion. Assuming
for simplicity that the dominant fraction of the GWs is emit-
ted around the saturation, the peak amplitude of the GW is
roughly estimated as
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where aem is the scale factor at the emission, t = tem, and
⇢src is the energy density of the source fields, which becomes
comparable to the energy density of the homogeneous mode
of the axion at tem. Then, one obtains the density parame-
ter of the GW, ⌦GW = M2

P hḣij ḣiji/(4⇢cr) (with the critical
density ⇢cr), at the emission as [30]

⌦GW(tem) ⇠
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and at present as ⌦GWh2
= ⌦rh2

⌦GW(tem), where
⌦rh2

' 4.15⇥ 10
�5 is the present density parameter of radi-

ation component and  is given by  ' 1.8g⇤em/g
4/3
⇤S em with

g⇤em and g⇤S em being the effective degrees of freedom in en-
ergy density and entropy density at the emission.3 Note that
the typical wavenumber of emitted GWs is k/aem ⇠ m. For
example, for f = 10

16 GeV, ✓i = 2, m = 2 ⇥ 10
�14 eV and

↵ = 30, we found aem/aosc ' 15 from Fig. 1 and then we
obtain ⌦GW(tem) ⇠ 2⇥10

�11 (⌦GWh2
⇠ 7⇥10

�16) which
shows an acceptable agreement with the numerical result (see
Fig. 4 and 5).

The GW frequency at present is related to the axion mass
as follows [29, 30]
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3 Eqs. (11) and (12) are more generically applicable to the GW production
during radiation domination whose source fields are generated by homoge-
neously oscillating axions with general m and f as addressed in the GW
forest scenario [30].
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since           , GWs are circularly polarized!

Higher resolution simulation in progress
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Current constraints on ALPs                                        

Sigl & Trivedi, 2018, (arXiv:1811.07873)

Mass allowed over ~30 orders of magnitude !!!
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