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Atiyah-Singer I5ZUE 3 on B Z kiR
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IndD = 393 /d4:136“’/p0trFWFpa

OB EDTFEEIL.
FEDOHA T T4 %FOEE+ 0 DDiracHER
Dy =20

DEEOEM-BDHA T T 4 DEEOEE,

INHEHA ZILEIEZE—UEHLT, BEE42F D7 =
I AV TEIEELLAD?

[Atiyah and Singer, 1968]
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Atiyah-Patodi-Singer T8 % F F£[1975]
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B b, HA T ILFRED A 0N
(domain-wall) 77 = /L < 4 > TIE2E
rHEEAMLTHABTAY T b

 MIBE 7L > b —7APSTEREIE D B E =1L [F0nogi,
Yamaguchi 2017]

CHBET LY K Y —HAPSIESER (ASHMEEOZHE
5L) OBTERLDIFHIELEA [F, Furuta, Matsuo, Onogi,
Yamaguchi, Yamashita 2019]

« 8T — BB DILAF Kawai, Matsuki, Mori, Nakayama,
Onogi, Yamaguchi 2019]

« TR ITD Mod-two APS FE# [F, Furuta, Matsuki, Matsuo,
Onogi, Yamaguchi, Yamashita 2020]

* Curved lattice ~®D % F [Aoki, F, in progress]

« 18T EASTER DI FHIE VL [F, Furuta, Matsuo, Onogi,
Yamaguchi, Yamashita, in progress]
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Ee&tOdDirac 7 =)L IF

S = -/X d*x YDy (z)

X :4-d flat Euclidean space
D = ~+"(0, +1A,)
Y. ¢ 4x4 Dirac’s gamma matrices satistying

{'Yua 'Yl/} — 25W/-

A, : SU(N) gauge field
A,u _ ZAZTOL We take T'¢ Hermitian
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Chirality JE&= T & axial U(1) Z 14

Chirality operator 75 = —7Y1727Y374
satisfies

{757’7%} — 07 W% — 14)(47 Vg = 5.

Massless Dirac fermion action is invariant under
the axial U(1) rotation :

U= ¥ = exp(—iars)y,
=P = pexp(—iays) giows peicrs — p.



R1FA(?)

For I -dependent angle Cv(LL‘)

eia(x)75 Deia(a?)75 — D+ 7;’7“’758,u04(33)

By partial integration,

S = d*z D (x
/X D (x)

:/ d*x ' DY’ (z) — z/ d*x a(z)0, [V s ()]

X X

5> O (WY () = 07



REEDICH T baxial U2 FES

Z = / (DY Diple 1]

/[ w/Dw ] — S’ '+ [ d xa(az)BHJg(a:).

Jacobian D & f(with @Y 75 IE B L) A .
Fujikawa method [Fujikawa 1979]:

J # 1 is obtained with heat-kernel
regularization (axial U(1) anomaly).
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Pauli-Villars(PV)1E BlJ{t

E & % 7D bosonic spinor 35 = I mICINZ 5

S:/Xd x¢D¢(x)+/deqb(D+M)¢(a;)

det D

z= [(DoDv) [1DsDse = P

* 725 GMRICT B1EH 5 &7 S APVIEANETS
AT /< —DEBEHRTES5—DTH.




Axial U(1) 2 #8 with PVi5

JacobianlZ 7 z I I AV ERY THF v I,
Z = / [Dy D] / [DépDgle"

— [ (DD [(DFD1 e St/ & ] et ot o],

PV mass term
Cancell

With infinitesimal Oz($), we obtain

O (JE () = 2M (@' v5¢'(x))
1
5| @)

LHS. =0, <1Z’y57“¢ + q§v57“¢> — PV regularized current.

= 2Mtr [75



Axial U1) ETEFRITEEEN HIRNS

Is this anomaly?

1
O (J5 (x)) = 2Mtr DM (z,x)
YES, it is ! 5
— 327T26Wp"trFWFpa(x)

Axial U(1) EFEF 1L

1. 1EBIMb 7= 5w Dexplicit symmetry
breaking T®» 5,

2. TNIFBE=EEN HIRNS.
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Hints: 1 B 1
Mtr [%D—I—M] = tr [75(1 — D/]\I)1 — DQ/MQI

SHVPTLE L Foo (1)

Only even number of gamma matrices are in D

For f(z) — 1}% F0) =1, f(oo) =0, ™ (2)z]s0 = 0.
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1 1
/d4xMtr [%D n M] (x,x) = 353 /d4x5“”p"trFWFpg(x)

314 = winding number (1 > X X > ).
AR DN ?

. 1 B 1
/d xMtr [%D%—M] (x,x) = MTr [%DJrM]

= It 75(1_D/M)1_;2/M2]
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Atiyah-Singer 5 %€ 1

For A # 0,

- }75, D} = 0.
DyslA) = 45 DIA) = —idys |\
therefore 5|A) x| —A) and (A|y5|A) = 0.

K 1 1
M || = >0
= > (AhslA) =ngp —n-
A=0
= [ dtaererinE,, F
Ny —N- = o0 et Pt Fop ()



Pauli-Villars IE B¢ (Z &£ 5 Atiyah-
Singer 182 £ &

Atiyah-Singer IE8UEE = s FE B DKFZEFEIED T,
ZNITEEED LIRNT.

1. RHS is winding number,
2.LHSis T4+ —n— ASABONUS from {~5, D} = 0.
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Massive Dirac fermion

BODESE (X PV 15)%ZFF DDirac fermion & 2.5

det(D + m)
det(D — M) . pauii-villars

—IBZSUN)ICED, EZE[IXMBERITI SV ~
RIBROIBWI—0 Uy RERE T D,




Axial U(1) Zifa

JIIl=AVvEBEZxKEL.
BED=HPVIEDEBEEE L ESD: m— M >0,

& 5(C axi ZIAT k IEIBDNFS
Ef\é-(t:_l'%xial U1) Z_Tn [OEL. BEBODRFSZR

My — M@Ee%%e%%w = — M)

det(D+ M)  det(D—M)

det(D— M) _ det(D — M)




Atiyvah-Singer index 138

axial U(1) EFEFE D S Atiyah-Singer IEEHBIR,

[ )

det(D+ M)  det(D—M) 1 / 4 T
det(D — M) det(D— M) <P [T 532 [ 47 ) (=1)
~

I = Atiyah-Singer index!
E) BB(CHA SILEINE(XfE>TULVEL,
AT B DIRZE: M massive 7;:)b57r‘/0)|59§1%ﬁ75:
(> TI B Z define” ULTEBEDIH?

(We use anomaly rather than symmetry.)




“New” Atiyah-Singer index

det(D + M)  detivs(D+M) HA+M IA LM
det(D— M) detivs(D—M) [l , idA-m

= exp [Z;T (Z SgNA 4\ — Z sgn)\M)

At M A_M

A+ eigenvalues of y5(D £ M).

1
I = 5 n(vs(D + M)) —n(ys(D — M))]|.
1 reg reg
= on(ys(D+ M) nH) =) =)
A>0 A<O0
LWm: h A Z NItz ELR < THERARE

B AOF— REEITTIEZEIT B U,



eta N2 &= D

reg reg

:Z—Z H =~v5(D+ M).

A>0 A<O0

Zﬂ%fﬁ%’i?w L —XRELTEZTET,

n(H) =

*HD

=]

du TrHe “H”

e

HaIf of Gaussian integral

BEIXE OIS AL,

* UV FEBX (big H near u=0) IZEER7CHPVIEDEF 5
Ex v L BRRIDEEEED TR
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N2 EDIEF:ETE

UTFzE>T,

Hy =v(D+ M), Hi=n~5(D+M)y(D+M)=—-D*+ M

\
/

2M [
n(He) === [ duTrys(1£ D/M) e (CD7HMD
VT Jo ——
Do not contribute. cven ’)/'u S
2M [°°
— :ﬁ du e~ M T]f%e'“?D2
0 Weak coupling expansion
+1

= 353 /d4:1: eMPotrF Foo(x) + O(1/M)



Atiyah-Singer 1523 T 12
LITOIRBEENKY LD Z & % EFHm CTHED
HHTENTET,

| | 1 .

S = (o) = o [ de Pt F (0
Hy =~5(D £ M).

) A1 eta RE R AEEE T L L ABEOR T

TIIEH,

FFIRBRVEIRIZTE 2 H°?



H(m) =v5(D+m) OEHB(E
+

For Dp =0, H(m)p=ysm¢p =

chirality
For Do #0, {H(m),D} =0.
FDOTEDERIE  H(m)pr, = Amda,
LRSS DRERT H(m)Doy, = —AnDoy
R D(T— X ANEEITIED 75 W),
£4-. H(m)> = —D* +m?
JYVEBEIFBEEtrtODDL ZOREAEZHRAWNT

A = £1/22 4 m?

AN



Spectrum of H(m) = v5(D + m)

i ' Am
N—

Am = —M é
n_ modes \

A = /02 + m?

éAm::+WL

' n4 modes




| e— |
| E—

Spectral flow = AS F52X = n N Z &=

Ny =B, SEICH > -EBEOHK
n_ =1IEASBEIZH->T-BEHEOH

Ny — n_ =spectral flowof H(m) m e |-M, M|
—7. BBEL—2EDOIEAN/EDLEAN)EY]
HE n(H(m)) (&2 DI/

Sn(H(M)) = Sn(H(=M)) = ny —n_

SFRME, (BROAPSTERIE 2 MLIEE BB TIEA L)



Massless= // ; Massive=
R TR D R CEA %
K°(pt) ~ K'(1,0I)

With chirality operator Without chirality operator

ﬁ/%l:% ((j:_:zt\-&—g— % o



TR ETHA ZILEFRED
AN TLE->TH, R(massless) Tl

7"511 bﬂfok < TH. #F(massive) Tl

\//

We cannot define i

| N — N_

i/ T

i * Provided that
| H(M)

have gaps.
/\ (we must avoid

" Aoki-phase.)
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Atiyah-Patodi-Singer (APS)T5 24 F £ [1975]

reg reg
n(H)=> —)_
. . A>0 A<0
4 - 3D
IndD|apsb.c. = 3972 /d mEWPJtTFMVFPU_?KZD )
L SERA SHURTT TR I

IBHROBHDHBEIE. BFEOTEETIEZHA 7 ILIIRE
2R D7=5. YIEBEunfriendly(GEREPTHY7Z:)APSIE SR

ST R
> FDY &L Tnon-local R T —RXAZE2hNH 5,




APSTEZTEIR & bR O Y A LEESEIR

NROYDILigIEIEE (&

ABB(bulk) (FHEFIE . v v TDHB(massive) 7 )L
V%R, CTHXRE(edge)lTEZEMDSIWVWF v YT LR
(massless)’&Dirac 7 T ILS A VA IR,

Figure from
Wikipedia
)
. L
__4_\}; N’?_:“"“‘ on :):{rlr,!/
=
v Surface states

2005 Kane etal [C&DoTF =

2007 &R [Koenig et al.]. / \

—v*rm | leve




APSIEZUEIR & bR A Y AILAEHBIA

Witten 2015 : symmetry protected topological #i&
EKDINILD-T v I 5ZAPSIEHTIEBE CTE 5,

[Related works: Metlitski 15, Seiberg- Witten 16, Tachikawa-Yonekura 16&18, Freed-Hopkins 16,
Witten 16, Yonekura 16&19, Witten-Yonekura 19...]

fermion

oath integrals  Zedge X exp(—imn(iD3*P)/2)  T-anomalous

1
Lbulk X €xp <’I,7T 3972 / d4xew,potr[FWFpa])
T
*a>0 T-anomaldus

J -7
ZedgeZbulk X (_1) — (_1) mm) Tis protected !
1 'D3D
J = 2/ d4xeuupgtr[F“”F’”]—n(z )

EIAH L < Hh o, FBE = massive fermion D EE R (Z3EHE
FHIEREGEFEF TES>THA ZLBEAE—-FDPBRELRDH?



APS 15 5R 51

4D (Euclidean)BfZE T massless Dirac operator
Z x4 >0 OEBTEZ D,

(ERDBERT T FH) Ay =0 gauge
D:74(84_|_B), B:747@Dz
APS 15557 £ {2k * Gauge group is U(1) or SU(N).

CLe

* Metric is flat.
C NIFIEFFTMI (need all eigenfunction of B).
TH 5 &[> BROERFERKED,
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Y)I8 E friendly 7B SRS & &

1. BREN B -7 X OmEICEBELREICNTT
% [a %ﬁﬁ\l%b 5 i’?

7M¥75 i% @ I K%TT%&

EE)= 4 R,
= O AER = LR T

ITll

I'I'I

+ >Hh451) T4 IFERE

Ny, N HFB X Windex 1 FTETET L THA
TIEEST D ?
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=7 LR —LERILE L7




MBEV L > R —72E &S

CF%:'“ Tl

. ERTR EE‘? CHZD"NAI'NB D, —> PPET
ONSFIBAN S ZHRETIERL FAAY
T4 —=ILD&H B () ZIRIETH B,

o _
> @l




IR 7L > R —ER & T
fF%:

2.

S E:

. ERTR

SERICHZDNIDNH B, —

Y):

1E

BT

ONEJFRFAESRIETIERLS, RXAAY
VA —=ILDH B (F)ZRIETH %o

BRFENA T YT« TRIGL AEEEZ R

FINETH D, massless — massive (in

bulk)



IR 7L > R —ER & T

CF%:'“ Tl

CEABEBRICHEZFDNIDNH D, > YPET
MONRZFFIBRNELEHRATIERLS, FXAY
VA —ILDH B () ZrRANTH 5o

2. BRFEEHAZY T4 TG BEF=ZF
E‘ﬁ‘(;\%’(%%o massless — massive (in
u

3. BREGIIFTEZDZHDTIEHRL BRI ESS
LLL_IS\/\%T%%O

il
1A




IBE 7L K —AF

TV &
fF%:'“ Tl
. E AT

SERICHZFDNMIMH B, > YPET
W"ONEZR>IBFRETEZSHRAETIERLS, B ALY
A —ILD&H B (F)Z R TH 5,
2.

SREFHFIEIHA T T 4TRGBS AEHEZR
g_?l‘(;\é'tﬁéo massless — massive (in
u

BREETIFTEZIDZDELDTIFHELE
ICZESNNE T Do

3.

RO\

4, BERICENWAT Yy IV E— Y HRE|IZR-INRE,




NA AT =)L T I F

[Jackiw-Rebbi 1976, Callan-Harvery 1985, Kaplan 1992 ...]
BUF D & S7massive Dirac operatorz® 2%,
Dyp + Me(xy), €(xy) = sgnay

SAEKIZER D1 VSR o

BElEDRNSTZXx4=0 TXExr,
WHVRBIBRFEHEHFTEI AL,

) Lattice QCD TfFEbnsd & =(BD)&ERThH 1
;J/_\IjTELE_\!\EK —g_o




WEET L K —APSIEROER
[F-Onogi-Yamaguchi 2017]
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iD3D)
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: ul
— 909 d4a:e y gtr[F“VFPU]
3272 2a>0 prp

R, ZOFAXZBE/IDIFTETRT,




S T

B D%
1

1 75(D—|—M€(£IZ4))

2
1. EAHEER,

Hp 5T
o) = V(D + Me(24))}?

2. FL—RAZFHET 22 REEN,

3. BHEAET %,



——

)| DT
] 1 (D + Me(z)
Hp T

HHow) = Vivs(D + Me(z4))}2

2
1. 1EBIMb7Z 3 3N
Pauli-Villars subtractlc]?n

V5(D — M)

_ 2 \/{% D My)}*
2. L —RX%ZFHIT 522 R 2 S

Mo > M

3. BHEARET %o



——

)| DT
] 1 (D + Me(z)
Hp T

HHow) = Vivs(D + Me(z4))}2

2
1. 1EBIMb7Z 3 3N
Pauli-Villars subtractlc]?n

V5(D — M)

_ 2 \/{% D My)}*
2. L —RX%ZFHIT 522 R 2 S

{v5(D + Me(24))}?  0EBBEHSR

Mo > M

3. BHEARET %o

[Cf. Kobayashi and Yonekura 2021]



domain-wall 7 T )L S A > DR X%

{15(D + Me(z4))}2p = [-02 + M?—2M~,0(24)] ¢ = N2

DEDTERIE p(14) ® ePT  3xasnEESOTEE

1

P o(a) = —m= (€M7 — 7™
1 : ‘
w _ . tw|xyg| ~ —iw|xy|
Pheloe) = (o2 + M) (i F A1 (i Myl
P58 (24)= vV Me~Mleal, Ty PE—FHRENE ]
w,edge |  w,edge
w = \/p2+M2_)\421D 74(70:':,6/0 o __SO:I:,Q/O

)\edge — :—|p| Ty YE— FlEmassless !



MEBRET L > R — IR REMN
—TILRBEER T > > v L DGR

58 RHCRIEITNTUT DRI FHZmlcd
EN® 5,

8 w,e e
[3x4 + M€($4)] Yoy 8 (1)

x4=0

1. ZOFRGIEITH.
2. N4 Z )T« 3MRIcI. AEHEZRD,

3. c_d)xﬁ: IFFTRLUEDTIEGLS, RTVI+y
K> TYEBNICEZSNTEHDTH S,

(APSZ[L%E?* tFEldEe< £25)




N TEEDEE

TvwIE— REf9 (massless 7D Tnonlocal)

Sn(Hpw )5 = = 37 6010 (@) sgn(How) 19 (@) = = S(iD°°) o
edgemodes
JINILD BB (EWVWD TlocalGEDED TE(T D)

ln(HDW)bulk _ % Z (¢bulk)TSgn(HDW)¢bulk

2
bulkmodes
1
- / B 2e(24) ey tre FP FP (2) + O(1 /M),
v 1 1

PV ﬁBﬁj\ _577(HPV> — 6472 /d4le E,uupatrchjFpJ(x> + O(l/M)
1 reg 1 / 4 U(iDBD)
= = 406,100 b [FHY FP7]
27’](’)/5(D+M6($4))) 327.‘.2 :1:4>O $€’u P I'[ ] 9

T anomaly D bulk-edge THF B © 7,
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COERILIHICIELLNDH,?

]‘ re
Ind(Daps) = Sn(HpH)

(E— iR DIREBCRITEIRIANTEDII DD ?
ty N7y TI3EENICHIEERICER %,

0 0 _

APS Domain-wall fermion
1. BEYODDirac JBEF 1. BED®H %Dirac JHEEF
2. FEEFTHIRSRGMY 2. FEFTHIRSFR A (BN SIER)
3. A ZINIMEOBEEE X, 3. 110 TILEFE<AEEFHEO,
4. T IRENIENE L, 4, Ty IRENEND (N REEDIR),

5. BANZEZHRAELDEE 5. BROBWEZKRALDOEE



WFEH DB E DAL S A

THEENOE ERZ(FIEHFT U,
Mikio Furuta (U. Tokyo)
Shinichiroh Matsuo (Nagoya U.)
Mayuko Yamashita (Kyoto U.)

Translations of
MATHEMATICAL
: MONOGRAPHS

Index Theorem. 1




THE ATIYAH-PATODI-SINGER INDEX AND DOMAIN-WALL FERMION DIRAC OPERATORS

HIDENORI FUKAYA, MIKIO FURUTA, SHINICHIROH MATSUO, TETSUYA ONOGI, SATOSHI YAMAGUCH],
AND MAYUKO YAMASHITA

ABsTrRACT. We introduce a mathematician-friendly formulation of the physicist-friendly derivation [8] of the
Atiyah-Patodi-Singer index. Our viewpoint sheds some new light on the interplay among the Atiyah-Patodi-
Singer boundary condition, domain-wall fermions, and edge modes.

From Ver.1 in arXiv:1910.01987

N\ EEH (F-Furuta-Matsuo-Onogi-Yamaguchi-Yamashita 2019)

For any APS index of a massless Dirac
operator on a even-dimensional Riemannian
manifold X with boundary, there exists a
massive (domain-wall) Dirac operator on a
closed manifold, sharing its half with X, and
Its eta invariant Is equal to the original index.


https://arxiv.org/abs/1910.01987

U FHIEERA DT

We Introduce an extra dimension and consider
a Dirac operator on the higher dim. manifold.

DD _ 0 05 + v5(D*P + m(z4,x5))
—05 + v5(D*P + m(z4, 25)) 0

)

0 forxy, =0& 25 =0

M forxs >0& x5 >0
m(xTyq,T5) =
— M, otherwise

L4

With 2 different evaluations,

we can show

1
Ind(D®P) = Ind(Daps) = 51(Hpw)
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(APS index on a lattice)

Summary and discussion
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continuum lattice
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APS Tryse? | Mps be Not known
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continuum attice
AS —5105(D = M) | ~Lnsu(Dw — 20)
APS —Sns(D—eM)) | =Su(os(Dw —=M))?
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[F, Kawai, Matsuki, Mori, Nakayama, Onogi, Yamaguchi, 2019]
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[F, Kawai, Matsuki, Mori, Nakayama, Onogi, Yamaguchi, 2019]
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* Bulk part is similar to that of AS index [H.Suzuki 1998].
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continuum lattice
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continuum lattice
AS St(ys(D — M)) | Sf(ys(Dw — M))

Sf = spectral flow (from PV operator with positive mass)
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[F, Furuta, Matsuki, Matsuo, Onogi, Yamaguchi, Yamashita 2020]

continuum lattice
AS St(ys(D — M)) | Sf(ys(Dw — M))
APS Sf(ys(D —eM)) | St(ys(Dw — eM))
mod-two AS |5t ( _p PV (i )
mod-two APS Sf’( ey ) S (o —eny M)

Sf’ = mod-two spectral flow : counting zero-crossing pairs from PV op.
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Back-up slides



Theorem 1: APS index = index with
infinite cylinder

In the original paper by APS, they showed

<)-«E€

Index w/ APS b.c. = Index with infinite
cylinder attached to the original boundary
(w.r.t. square integrable modes).

* On cylinder, gauge fields are constant in
the extra-direction.



Theorem 2: Localization (& product
formula)

By giving position-dependent "mass”, we can
localize the zero
modes to "massless”
lower-dimensional
surface and the
Index Is given by
the product:

rface

Ind(vs(D% + 0, + ivsM(s))) = Ind(D?) x Ind(~s0s + M(s))



Theorem 3: |In odd-dim,
APS index = boundary eta-invariant

[FaFA--

exists only in even dimensions.
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