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Intro: plane wave
 So, what kind of wave is suitable for representing the free electron?

◦ [particle’s energy] :

◦ [particle’s momentum] : <latexit sha1_base64="V9v+kKG8AtP/T0vyHLUJHdpErcw=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIR7bLgxmUF+4A2lMl00g6ZmQwzE6GE7PwBt/oH7sStP+IP+B1O2yxs64ELh3Pu5d57QsmoNp737ZQ2Nre2d8q7lb39g8Oj6vFJRyepwqSNE5aoXog0YVSQtqGGkZ5UBPGQkW4Y38387hNRmibi0UwlCTgaCxpRjIyVugPJw0zmw2rNq3tzuOvEL0gNCrSG1Z/BKMEpJ8JghrTu+540QYaUoZiRvDJINZEIx2hM+pYKxIkOsvm5uXthlZEbJcqWMO5c/TuRIa71lIe2kyMz0aveTPzP66cmagQZFTI1RODFoihlrknc2e/uiCqCDZtagrCi9lYXT5BC2NiElraECsXE5BUbjL8awzrpXNX9m/r1w3Wt2SgiKsMZnMMl+HALTbiHFrQBQwwv8ApvzrPz7nw4n4vWklPMnMISnK9f8UuYKg==</latexit>ppp (instinsic)

<latexit sha1_base64="MkIoPwsUZv/ZYajda2crfJitGtE="></latexit>

(wave) ⇠ superposition (over kkk) of e�i!kkkt+ikkk·xxx 

De Broglie-Einstein relationship

<latexit sha1_base64="sQDJ/1mOgqtSR/dQ1Wgm9Fi4G3M="></latexit>

 (t,xxx) ⇠ e�iEpppt+ippp·xxx
⇣
= e+ipµx

µ
⌘

note: (metric) = diag(-1,1,1,1); 
taking afterward:

matter-wave form (plane wave) :

<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp

<latexit sha1_base64="IrgTRZ8rOZSr+XnbQ4/nq6MZoXE=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwFZLa2mRXEMFlBfuANJTJdNoOnUnCzEQoIXt/wK3+gTtx62/4A36Hk7aCFT1w4XDOvdx7TxAzKpVlfRiFtfWNza3idmlnd2//oHx41JFRIjBp44hFohcgSRgNSVtRxUgvFgTxgJFuML3K/e49EZJG4Z2axcTnaBzSEcVIacm7HqT9mAdpnGWDcsUyXadev3CgZVqWW3UbmriuazdsaGslRwUs0RqUP/vDCCechAozJKVnW7HyUyQUxYxkpX4iSYzwFI2Jp2mIOJF+Oj85g2daGcJRJHSFCs7VnxMp4lLOeKA7OVIT+dvLxb88L1Ejx09pGCeKhHixaJQwqCKY/w+HVBCs2EwThAXVt0I8QQJhpVNa2RIINCUqK+lgvr+H/5NO1bQvzdptrdJ0lhEVwQk4BefABg3QBDegBdoAgwg8gifwbDwYL8ar8bZoLRjLmWOwAuP9C71TmlM=</latexit>

Eppp

This widely-used form well represents

◦ instinsic nature of the momentum

◦ dispersion relation between Ep and p.

<latexit sha1_base64="v5V60vmmDt8O3zYv6J1fN+4SHcI=">AAACCHicbVBLSgNBFOyJvxh/UZduGoPgKsyIaDZCwI3LCOYDyRDedDpJk56esfuNEIZcwAu41Ru4E7fewgt4DjvJLExiwYOi6j3qUUEshUHX/XZya+sbm1v57cLO7t7+QfHwqGGiRDNeZ5GMdCsAw6VQvI4CJW/FmkMYSN4MRrdTv/nEtRGResBxzP0QBkr0BQO0kt8ZBqDpDWV2vG6x5JbdGegq8TJSIhlq3eJPpxexJOQKmQRj2p4bo5+CRsEknxQ6ieExsBEMeNtSBSE3fjp7ekLPrNKj/UjbUUhn6t+LFEJjxmFgN0PAoVn2puJ/XjvBfsVPhYoT5IrNg/qJpBjRaQO0JzRnKMeWANPC/krZEDQwtD0tpAQaRhwnBVuMt1zDKmlclL2r8uX9ZalaySrKkxNySs6JR65JldyRGqkTRh7JC3klb86z8+58OJ/z1ZyT3RyTBThfv7JwmOo=</latexit>

~ = c = 1

<latexit sha1_base64="yzcRTHGmcIIoXBPb579TXd09hAM="></latexit>

Eppp =

⇢
ppp2

2m
(non-relativistic),

p
ppp2c2 +m2c4 (relativistic)

�



Intro: how about locality?
 On the other hand, we remember → 
  wave profile needs to be localised.

<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp
(?)

 In conclusion,

• On the other hand, however, the plane wave lacks some nature  
of quantum particles, at least the locality.

• The plane-wave description of quantum particles 
 well describes part of necessary properties of particles.

By use of a localised wave (wave packet), 
we can overcome this difficulty and obtain 
the full information of quantum transitions!

[A. Tonomura, Proceedings of the National Academy of Sciences, USA, 102, 14952 (2005]



Gaussian expansion
• Expansion by free Gaussian wave functions: 

• In plane-wave limit σ→∞, 

• fσ,X,P(x) → Gaussian wave packet, 

• centered around X+(t­T)V.

�̂(x) =

Z
d3X d3P

(2⇡)3

h
f�,X,P (x) Â(�, X,P ) + h.c.

i

<latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit>

Gaussian basis
D �&977.&3�'&7.7�78&8*�#&����P)*B3*)�'=

TJ
�

�

�

hx|�,X,P i / eiP ·(x�X)e�
(x�X)2

2�
<latexit sha1_base64="tf7tRiL4N1jku580/8yCpJP+GGU="></latexit><latexit sha1_base64="tf7tRiL4N1jku580/8yCpJP+GGU="></latexit><latexit sha1_base64="tf7tRiL4N1jku580/8yCpJP+GGU="></latexit><latexit sha1_base64="osVaK95C5nXWpcciLRHJeEln+5I="></latexit>

 Key: Fields can be expanded in any complete sets of bases. 
  → Perturbations under normalised bases are possible. ➜ Gaussian!

 Gaussian basis

 Form (@ Schrödinger Pic.):
<latexit sha1_base64="oEJQDw7bles2dibnLJc1ZAvv6IQ="></latexit>

' eiPPP ·(xxx�XXX)� (xxx�XXX)2

2�

 Expansion of Scalar operator 
 (in Int. Pic.):

(when T=0)

Wave function of Gaussian wave packet 
(X is defined @ T) 

Annihilation op. 
for the corresponding wave-packet state

<latexit sha1_base64="fTI3s0UrR4CiknFjusGySNUoZVw="></latexit>

|Pi = Â†(P) |0i ,
h
P = {�, X0(= T ),XXX| {z }

=:X

,PPP}
i

the one-particle state

◦

◦

[Ishikawa, Shimomura (0508303), Ishikawa, Oda (1809.04285)]

(a coherent state)

<latexit sha1_base64="z778cbjg6BD1pJjTihznYXk8bHM=">AAACG3icbVDLSgMxFM34rPU16tJNsAgupMyUol0W3LisYB/QKSWTZqahSWZIMmIZ5z/c+CtuXCjiSnDh35hOZ6GtBwKHc87l5h4/ZlRpx/m2VlbX1jc2S1vl7Z3dvX374LCjokRi0sYRi2TPR4owKkhbU81IL5YEcZ+Rrj+5mvndOyIVjcStnsZkwFEoaEAx0kYa2jWPIREyAr2Y++l9Bh+gp2jI0flc6WUFaWXQk3l0aFecqpMDLhO3IBVQoDW0P71RhBNOhMYMKdV3nVgPUiQ1xYxkZS9RJEZ4gkLSN1QgTtQgzW/L4KlRRjCIpHlCw1z9PZEirtSU+ybJkR6rRW8m/uf1Ex00BikVcaKJwPNFQcKgjuCsKDiikmDNpoYgLKn5K8RjJBHWps6yKcFdPHmZdGpV96Jav6lXmo2ijhI4BifgDLjgEjTBNWiBNsDgETyDV/BmPVkv1rv1MY+uWMXMEfgD6+sHk92hHA==</latexit>

hxxx|�,XXX,PPP i normalisable! 
(plane-wave limit: σ→∞)

Centre Position 
at a certain time T

<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

P

X

√σ

Gaussian basis



S-matrix in Gaussian basis
 S-matrix (1→2) def.:

<latexit sha1_base64="rwT4HwvihsIJNrRMSUcLgqB+910="></latexit>h
Pi = {�i, X

0
i (= Ti),XXXi| {z }

=:Xi

,PPP i}
i

<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

This describes the amplitude for the finite probability/frequency 
of the event with fully-described initial & final particle states!

in 
free state

[Note: as in the plane-wave basis, 
  but by the creation/annihilation 
  operators for wave packets]

out 
free state

“additional” 
information

Normalisability of Gaussian 
can makes S itself finite! 



 S-matrix (1→2) def.:
<latexit sha1_base64="rwT4HwvihsIJNrRMSUcLgqB+910="></latexit>h
Pi = {�i, X

0
i (= Ti),XXXi| {z }

=:Xi

,PPP i}
i

<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

This describes the amplitude for the finite probability/frequency 
of the event with fully-described initial & final particle states!

<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin

<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout ~√σ1 ~√σ2

~√σ0X0(@t=T0)
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

P1 P2

P0

all possible configurations 
(up to an order)

Normalisability of Gaussian 
can makes S itself finite! 

(Tout-Tin being 

finite in general)

in 
free state

X1(@t=T1) X2(@t=T2)

◦ First proposal by coherent state:
[Ishikawa, Shimomura (0508303)]

◦ Claims on various phenomena 
by Ishikawa-san et. al.

e.g. [Ishikawa, Jinnouchi, Kubota, 
  Sloan, Tatsuishi (1901.03019)]

Experiment by the same group → (1907.01264)

[Note: as in the plane-wave basis, 
  but by the creation/annihilation 
  operators for wave packets]

out 
free state

<latexit sha1_base64="QvZ8llYvZ1amfASTqR22vzSoT60="></latexit>

(22Na ! 22Ne⇤e+⌫, e+(e�) ! 2�)

S-matrix in Gaussian basis



Short Summary

in 
free state

out 
free state<latexit sha1_base64="ttx+XgBAqkBJlCV/gVrVRo+Qlxg="></latexit>

SPW = hppp1, ppp2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|PPP 0i

<latexit sha1_base64="fky7IDnO0/MB4yDxzP+6fdfdiuQ="></latexit>

= (2⇡)4�4(Pout � Pin)⇥ (iMPW)

<latexit sha1_base64="rwT4HwvihsIJNrRMSUcLgqB+910="></latexit>h
Pi = {�i, X

0
i (= Ti),XXXi| {z }

=:Xi

,PPP i}
i

<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

in 
free state

out 
free state

 plane-wave S-matrix:

 Gaussian S-matrix:

For the same focused physical 1→2 process,

◦ with partial information

◦ not suitably normalised

◦ with full information

◦ normalised appropriately

more 
informative

suitable limits/ 
marginalisations

not equal ( )
“additional” 
information

(note: we can similarly construct those for m→n processes.)



Short Summary

 plane-wave S-matrix:

 Gaussian S-matrix:

◦ with partial information

◦ not suitably normalised

◦ with full information

◦ normalised appropriately

<latexit sha1_base64="I6BjYodkBEACxeHiybMq8WCUbsE=">AAACDHicbVDLTsJAFL3FF+KDqks3E4mJK9ISoi6JblxiFDCBSqbDFCZMH5mZmpDSX/AH3OofuDNu/Qd/wO9wCl0IeJKbnJxzb+7JcSPOpLKsb6Owtr6xuVXcLu3s7u2XzYPDtgxjQWiLhDwUDy6WlLOAthRTnD5EgmLf5bTjjq8zv/NEhWRhcK8mEXV8PAyYxwhWWuqb5WnPx2pEME/u0uljrW9WrKo1A1oldk4qkKPZN396g5DEPg0U4VjKrm1FykmwUIxwmpZ6saQRJmM8pF1NA+xT6SSz4Ck61coAeaHQEyg0U/9eJNiXcuK7ejNLKZe9TPzP68bKu3QSFkSxogGZP/JijlSIshbQgAlKFJ9ogolgOisiIywwUbqrhS+uwGOq0pIuxl6uYZW0a1X7vFq/rVcaV3lFRTiGEzgDGy6gATfQhBYQiOEFXuHNeDbejQ/jc75aMPKbI1iA8fULi9mbuw==</latexit>

|S|2 itself is well defined.

is ill defined.
<latexit sha1_base64="RqKjRRgKSQextwOHT//WQ6+E/xQ=">AAACDHicbVBLTgJBFOzBH+KHUZduJhITV2SGEHVJdOMSo3wSGElP84AOPZ90vzGSgSt4Abd6A3fGrXfwAp7DBmYhYCUvqVS9l3opLxJcoW1/G5m19Y3Nrex2bmd3bz9vHhzWVRhLBjUWilA2PapA8ABqyFFAM5JAfU9AwxteT/3GI0jFw+AeRxG4Pu0HvMcZRS11zPz4rtNGeMKk2piMH0ods2AX7RmsVeKkpEBSVDvmT7sbstiHAJmgSrUcO0I3oRI5EzDJtWMFEWVD2oeWpgH1QbnJ7PGJdaqVrtULpZ4ArZn69yKhvlIj39ObPsWBWvam4n9eK8bepZvwIIoRAjYP6sXCwtCatmB1uQSGYqQJZZLrXy02oJIy1F0tpHiSDgEnOV2Ms1zDKqmXis55sXxbLlSu0oqy5JickDPikAtSITekSmqEkZi8kFfyZjwb78aH8TlfzRjpzRFZgPH1C3NCm6w=</latexit>

|SPW|2

<latexit sha1_base64="3YE4pUFvzIFkczW6B81xabCZN6g="></latexit>

dP = |S|2 d
3XXX1d3ppp1
(2⇡)3

d3XXX2d3ppp2
(2⇡)3

<latexit sha1_base64="1UQ45Hw5sGxVBtzEhMv3Ic69axU="></latexit>

d� =
|SPW|2

T

(V )d3ppp1
(2⇡)3

(V )d3ppp2
(2⇡)3

(dimensionful, 
 relative frequency)

(dimensionless, 
 absolute frequency)

External states are characterised 
by momenta.

External states are characterised 
by momenta and positions of centres.

For the same focused physical 1→2 process,
(note: we can similarly construct those for m→n processes.)



Contents

1. Gaussian S-matrix 

2. Anomalous kinetic effect in quarkonium decay 
NEXT

[Ishiwaka,Jinnouchi, KN, Oda 
(ongoing)]



Two contributions in P
 Technically, it is straightforward to derive the form of P (full prob.).

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

p1

p2
P

free stable

state

free stable

state

free stable

state

<latexit sha1_base64="iclG7EpuceMgMGAW1snQSyAErOA="></latexit>

P =

Z
|S|2 d

3XXX1d3ppp1
(2⇡)3

d3XXX2d3ppp2
(2⇡)3

proportional to (Tout - Tin),  
‘Fermi’s Golden rule’

Constant in (Tout - Tin)

<latexit sha1_base64="3szpq40xIxSBHsFY3A/hQdN9W9U="></latexit>

' �(Tout � Tin) +�P

for large limit 
of  σ’s

(averaged frequency) 
× (time interval)

“correction” 
to “averaging”

Understandable naturally. 

We try to see the structure lying beneath.

[Ishikawa, Oda (1809.04285)]



1. When the wave-packet effect becomes significant?

 The plane-wave calculation includes only the pure bulk part.

 In the S-matrix, when we focus on momentum-non-conserving 
 (off-shell) part, the difference between the bulk and boundary 
 becomes significant.

Let me remind you that:

Configurations where the boundary parts are dominant.

A valid phase space is nallow, near kinetic threshold.

Beyond the simplest calculation



2. How about the 2→2 full scattering, including the production part?

 The full format of S for the resonant process (ϕϕ ➔ Φ ➔ ϕϕ) is available.
[Ishiwaka,KN,Oda 

(2006.14159, 2102.12032]

time

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�

decayproduction

<latexit sha1_base64="dmNxYmNRKOTMr7IzTSLfeLRwyns="></latexit>

T (decay)
in

<latexit sha1_base64="kE16ATGP+7Splo7z5J5mPfDi5qg="></latexit>

T (decay)
out

◦ It is necessary for full analyses.

◦ More knowledge on 
(Note: within “1→2”, this is 
  a parameter.)

<latexit sha1_base64="dmNxYmNRKOTMr7IzTSLfeLRwyns="></latexit>

T (decay)
in

◦ Full analysis of P(ϕϕ ➔ Φ ➔ ϕϕ) 
is not yet due to the complicated 
phase space..

<latexit sha1_base64="ssTLdJhthir8jRD9p5O1B6SsOYM=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKJPppBk6mYSZG6GELvwBt/oH7sStn+IP+B0mbRa29cCFwzn3cu89XiyFQdv+tkobm1vbO+Xdyt7+weFR9fikY6JEM95mkYx0z6OGS6F4GwVK3os1p6Enedeb3OV+94lrIyL1iNOYuyEdK+ELRjGXBnEghtWaXbfnIOvEKUgNCrSG1Z/BKGJJyBUySY3pO3aMbko1Cib5rDJIDI8pm9Ax72dU0ZAbN53fOiMXmTIifqSzUkjm6t+JlIbGTEMv6wwpBmbVy8X/vH6CfsNNhYoT5IotFvmJJBiR/HEyEpozlNOMUKZFdithAdWUYRbP0hZP0wnHWSULxlmNYZ10rurOTf364brWbBQRleEMzuESHLiFJtxDC9rAIIAXeIU369l6tz6sz0VrySpmTmEJ1tcvQWGWpg==</latexit>

�

<latexit sha1_base64="ssTLdJhthir8jRD9p5O1B6SsOYM=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKJPppBk6mYSZG6GELvwBt/oH7sStn+IP+B0mbRa29cCFwzn3cu89XiyFQdv+tkobm1vbO+Xdyt7+weFR9fikY6JEM95mkYx0z6OGS6F4GwVK3os1p6Enedeb3OV+94lrIyL1iNOYuyEdK+ELRjGXBnEghtWaXbfnIOvEKUgNCrSG1Z/BKGJJyBUySY3pO3aMbko1Cib5rDJIDI8pm9Ax72dU0ZAbN53fOiMXmTIifqSzUkjm6t+JlIbGTEMv6wwpBmbVy8X/vH6CfsNNhYoT5IotFvmJJBiR/HEyEpozlNOMUKZFdithAdWUYRbP0hZP0wnHWSULxlmNYZ10rurOTf364brWbBQRleEMzuESHLiFJtxDC9rAIIAXeIU369l6tz6sz0VrySpmTmEJ1tcvQWGWpg==</latexit>

�

<latexit sha1_base64="ssTLdJhthir8jRD9p5O1B6SsOYM=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKJPppBk6mYSZG6GELvwBt/oH7sStn+IP+B0mbRa29cCFwzn3cu89XiyFQdv+tkobm1vbO+Xdyt7+weFR9fikY6JEM95mkYx0z6OGS6F4GwVK3os1p6Enedeb3OV+94lrIyL1iNOYuyEdK+ELRjGXBnEghtWaXbfnIOvEKUgNCrSG1Z/BKGJJyBUySY3pO3aMbko1Cib5rDJIDI8pm9Ax72dU0ZAbN53fOiMXmTIifqSzUkjm6t+JlIbGTEMv6wwpBmbVy8X/vH6CfsNNhYoT5IotFvmJJBiR/HEyEpozlNOMUKZFdithAdWUYRbP0hZP0wnHWSULxlmNYZ10rurOTf364brWbBQRleEMzuESHLiFJtxDC9rAIIAXeIU369l6tz6sz0VrySpmTmEJ1tcvQWGWpg==</latexit>

�

<latexit sha1_base64="ssTLdJhthir8jRD9p5O1B6SsOYM=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKJPppBk6mYSZG6GELvwBt/oH7sStn+IP+B0mbRa29cCFwzn3cu89XiyFQdv+tkobm1vbO+Xdyt7+weFR9fikY6JEM95mkYx0z6OGS6F4GwVK3os1p6Enedeb3OV+94lrIyL1iNOYuyEdK+ELRjGXBnEghtWaXbfnIOvEKUgNCrSG1Z/BKGJJyBUySY3pO3aMbko1Cib5rDJIDI8pm9Ax72dU0ZAbN53fOiMXmTIifqSzUkjm6t+JlIbGTEMv6wwpBmbVy8X/vH6CfsNNhYoT5IotFvmJJBiR/HEyEpozlNOMUKZFdithAdWUYRbP0hZP0wnHWSULxlmNYZ10rurOTf364brWbBQRleEMzuESHLiFJtxDC9rAIIAXeIU369l6tz6sz0VrySpmTmEJ1tcvQWGWpg==</latexit>

�

<latexit sha1_base64="1qKEZCyqn7jrb61wFkT6p89KxcI=">AAACGHicbZDJSgNBEIZ74hbjFvWYy2AQ4iXMSNAcA148RsgGSRx6OjVJk56F7hoxDHPwNXwBr/oG3sSrN1/A57CzHExiQcPH/1dRXb8bCa7Qsr6NzMbm1vZOdje3t39weJQ/PmmpMJYMmiwUoey4VIHgATSRo4BOJIH6roC2O76Z+u0HkIqHQQMnEfR9Ogy4xxlFLTn5QsPpITxiwoP0PpljSWn3Ik2dfNEqW7My18FeQJEsqu7kf3qDkMU+BMgEVaprWxH2EyqRMwFprhcriCgb0yF0NQbUB9VPZkek5rlWBqYXSv0CNGfq34mE+kpNfFd3+hRHatWbiv953Ri9al/fF8UIAZsv8mJhYmhOEzEHXAJDMdFAmeT6ryYbUUkZ6tyWtriSjgHTnA7GXo1hHVqXZfuqXLmrFGvVRURZUiBnpERsck1q5JbUSZMw8kReyCt5M56Nd+PD+Jy3ZozFzClZKuPrF61goS4=</latexit>

T (scat)
in

<latexit sha1_base64="+iIrciE+ccy7fPlSByWc737WiVI=">AAACGnicbZDJSgNBEIZ7XGPcoh5FGAxCvIQZCZqLEPDiMUI2SMahp1NJmvQsdNeIYZiTr+ELeNU38CZevfgCPoed5WASCxo+/r+Kqv69SHCFlvVtrKyurW9sZray2zu7e/u5g8OGCmPJoM5CEcqWRxUIHkAdOQpoRRKo7wloesObsd98AKl4GNRwFIHj037Ae5xR1JKbO7muuR2ER0zCGNP7ZMoFpf3zNHVzeatoTcpcBnsGeTKrqpv76XRDFvsQIBNUqbZtRegkVCJnAtJsJ1YQUTakfWhrDKgPykkm30jNM610zV4o9QvQnKh/JxLqKzXyPd3pUxyoRW8s/ue1Y+yVnYQHUYwQsOmiXixMDM1xJmaXS2AoRhook1zfarIBlZShTm5uiyfpEDDN6mDsxRiWoXFRtC+LpbtSvlKeRZQhx+SUFIhNrkiF3JIqqRNGnsgLeSVvxrPxbnwYn9PWFWM2c0Tmyvj6BTpcogA=</latexit>

= T (scat)
out

input parameters 
of  scattering



2. How about the 2→2 full scattering, including the production part?

 We consider the scheme of approximation for “ϕϕ ➔ Φ ➔ ϕϕ”.
[Ishiwaka,Jinnouchi,KN,Oda 

(ongoing)]

time

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�

decayproduction

<latexit sha1_base64="dmNxYmNRKOTMr7IzTSLfeLRwyns="></latexit>

T (decay)
in

<latexit sha1_base64="kE16ATGP+7Splo7z5J5mPfDi5qg="></latexit>

T (decay)
out

<latexit sha1_base64="ssTLdJhthir8jRD9p5O1B6SsOYM=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKJPppBk6mYSZG6GELvwBt/oH7sStn+IP+B0mbRa29cCFwzn3cu89XiyFQdv+tkobm1vbO+Xdyt7+weFR9fikY6JEM95mkYx0z6OGS6F4GwVK3os1p6Enedeb3OV+94lrIyL1iNOYuyEdK+ELRjGXBnEghtWaXbfnIOvEKUgNCrSG1Z/BKGJJyBUySY3pO3aMbko1Cib5rDJIDI8pm9Ax72dU0ZAbN53fOiMXmTIifqSzUkjm6t+JlIbGTEMv6wwpBmbVy8X/vH6CfsNNhYoT5IotFvmJJBiR/HEyEpozlNOMUKZFdithAdWUYRbP0hZP0wnHWSULxlmNYZ10rurOTf364brWbBQRleEMzuESHLiFJtxDC9rAIIAXeIU369l6tz6sz0VrySpmTmEJ1tcvQWGWpg==</latexit>

�

<latexit sha1_base64="ssTLdJhthir8jRD9p5O1B6SsOYM=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKJPppBk6mYSZG6GELvwBt/oH7sStn+IP+B0mbRa29cCFwzn3cu89XiyFQdv+tkobm1vbO+Xdyt7+weFR9fikY6JEM95mkYx0z6OGS6F4GwVK3os1p6Enedeb3OV+94lrIyL1iNOYuyEdK+ELRjGXBnEghtWaXbfnIOvEKUgNCrSG1Z/BKGJJyBUySY3pO3aMbko1Cib5rDJIDI8pm9Ax72dU0ZAbN53fOiMXmTIifqSzUkjm6t+JlIbGTEMv6wwpBmbVy8X/vH6CfsNNhYoT5IotFvmJJBiR/HEyEpozlNOMUKZFdithAdWUYRbP0hZP0wnHWSULxlmNYZ10rurOTf364brWbBQRleEMzuESHLiFJtxDC9rAIIAXeIU369l6tz6sz0VrySpmTmEJ1tcvQWGWpg==</latexit>

�

<latexit sha1_base64="ssTLdJhthir8jRD9p5O1B6SsOYM=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKJPppBk6mYSZG6GELvwBt/oH7sStn+IP+B0mbRa29cCFwzn3cu89XiyFQdv+tkobm1vbO+Xdyt7+weFR9fikY6JEM95mkYx0z6OGS6F4GwVK3os1p6Enedeb3OV+94lrIyL1iNOYuyEdK+ELRjGXBnEghtWaXbfnIOvEKUgNCrSG1Z/BKGJJyBUySY3pO3aMbko1Cib5rDJIDI8pm9Ax72dU0ZAbN53fOiMXmTIifqSzUkjm6t+JlIbGTEMv6wwpBmbVy8X/vH6CfsNNhYoT5IotFvmJJBiR/HEyEpozlNOMUKZFdithAdWUYRbP0hZP0wnHWSULxlmNYZ10rurOTf364brWbBQRleEMzuESHLiFJtxDC9rAIIAXeIU369l6tz6sz0VrySpmTmEJ1tcvQWGWpg==</latexit>

�

<latexit sha1_base64="ssTLdJhthir8jRD9p5O1B6SsOYM=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKJPppBk6mYSZG6GELvwBt/oH7sStn+IP+B0mbRa29cCFwzn3cu89XiyFQdv+tkobm1vbO+Xdyt7+weFR9fikY6JEM95mkYx0z6OGS6F4GwVK3os1p6Enedeb3OV+94lrIyL1iNOYuyEdK+ELRjGXBnEghtWaXbfnIOvEKUgNCrSG1Z/BKGJJyBUySY3pO3aMbko1Cib5rDJIDI8pm9Ax72dU0ZAbN53fOiMXmTIifqSzUkjm6t+JlIbGTEMv6wwpBmbVy8X/vH6CfsNNhYoT5IotFvmJJBiR/HEyEpozlNOMUKZFdithAdWUYRbP0hZP0wnHWSULxlmNYZ10rurOTf364brWbBQRleEMzuESHLiFJtxDC9rAIIAXeIU369l6tz6sz0VrySpmTmEJ1tcvQWGWpg==</latexit>

�

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�<latexit sha1_base64="Vol0Z6zhODbcYmv/EfI7ONMQ1L4=">AAACAnicbVDLSgMxFM3UV62vqks3wSK4KjMi2mXBjcsK9gHtUDLpnTZMZjIkd4QydOcPuNU/cCdu/RF/wO8wfSxs64HA4Zx7OTcnSKUw6LrfTmFjc2t7p7hb2ts/ODwqH5+0jMo0hyZXUulOwAxIkUATBUropBpYHEhoB9Hd1G8/gTZCJY84TsGP2TARoeAMrdTuKRQxmH654lbdGeg68RakQhZo9Ms/vYHiWQwJcsmM6Xpuin7ONAouYVLqZQZSxiM2hK6lCbMhfj47d0IvrDKgodL2JUhn6t+NnMXGjOPATsYMR2bVm4r/ed0Mw5qfiyTNEBI+DwozSVHR6d/pQGjgKMeWMK6FvZXyEdOMo21oKSXQLAKclGwx3moN66R1VfVuqtcP15V6bVFRkZyRc3JJPHJL6uSeNEiTcBKRF/JK3pxn5935cD7nowVnsXNKluB8/QLOQJgU</latexit>⌦

◦ We assume the factorisation 
   (for a resonance, it will works.)

◦ The final-state profile is 
   determined in the decay part.

◦ The intermediate Φ state is 
   NOT a free asymptotic state. 
   We take account of this nature by

<latexit sha1_base64="iaU3T+zdxmvOCphqqpubkpwrgmA=">AAACJnicbVDLSsNAFJ34rPUVdekmWIR2UxIp2mVBCi4r2Ac0IUwmN+3QyYOZiVBCvsHf8Afc6h+4E3Hnyu9w2mZhWw9cOJxzL/fe4yWMCmmaX9rG5tb2zm5pr7x/cHh0rJ+c9kSccgJdErOYDzwsgNEIupJKBoOEAw49Bn1vcjvz+4/ABY2jBzlNwAnxKKIBJVgqydVrbdes2knoZZ3cNWuGLWNVlPmQtfMly9UrZt2cw1gnVkEqqEDH1X9sPyZpCJEkDAsxtMxEOhnmkhIGedlOBSSYTPAIhopGOAThZPOXcuNSKb4RxFxVJI25+nciw6EQ09BTnSGWY7HqzcT/vGEqg6aT0ShJJURksShImaH+nuVj+JQDkWyqCCacqlsNMsYcE6lSXNricTwBmZdVMNZqDOukd1W3ruuN+0al1SwiKqFzdIGqyEI3qIXuUAd1EUFP6AW9ojftWXvXPrTPReuGVsycoSVo378Nq6S/</latexit>

E0(PPP 0) ! Ẽ0(PPP 0)
<latexit sha1_base64="czPkUyuoRBfmRrzXQkP6wpbPd40="></latexit>

=
q
PPP 2

0 +m2
� � i��m�

<latexit sha1_base64="jInGT9X72FsyCQUz0kmqbgORwZc="></latexit>

' E0(PPP 0)� i
m�

2E0(PPP 0)
��

(Weisskopf-Wigner Approximation)



 So, the `best’ process to see a wave-packet instinsic nature requires

◦ domination of the boundary contribution, e.g., via a narrow phase space

◦ resonant production & decay

+

◦ experimental anomalies being reported

<latexit sha1_base64="Lh/1HbGH6+7S9V6YJPd6KN3c3NI=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexK0BwDXjxGMQ9IQpid9CZDZmeXmVkhLMEf8Kp/4E28+i3+gN/hJNmDSSxoKKq66e7yY8G1cd1vJ7exubW9k98t7O0fHB4Vj0+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx/fzvzWEyrNI/loJjH2QjqUPOCMGis9dNN+seSW3TnIOvEyUoIM9X7xpzuIWBKiNExQrTueG5teSpXhTOC00E00xpSN6RA7lkoaou6l80un5MIqAxJEypY0ZK7+nUhpqPUk9G1nSM1Ir3oz8T+vk5ig2ku5jBODki0WBYkgJiKzt8mAK2RGTCyhTHF7K2EjqigzNpylLb6iYzTTg g3GW41hnTSvyt51uXJfKdWqWUR5OINzuAQPbqAGd1CHBjAI4AVe4c15dt6dD+dz0ZpzsplTWILz9Qu5vZXM</latexit>

{



 So, the `best’ process to see a wave-packet instinsic nature requires

◦ domination of the boundary contribution, e.g., via a narrow phase space

◦ resonant production & decay

+

◦ experimental anomalies being reported

<latexit sha1_base64="Lh/1HbGH6+7S9V6YJPd6KN3c3NI=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexK0BwDXjxGMQ9IQpid9CZDZmeXmVkhLMEf8Kp/4E28+i3+gN/hJNmDSSxoKKq66e7yY8G1cd1vJ7exubW9k98t7O0fHB4Vj0+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx/fzvzWEyrNI/loJjH2QjqUPOCMGis9dNN+seSW3TnIOvEyUoIM9X7xpzuIWBKiNExQrTueG5teSpXhTOC00E00xpSN6RA7lkoaou6l80un5MIqAxJEypY0ZK7+nUhpqPUk9G1nSM1Ir3oz8T+vk5ig2ku5jBODki0WBYkgJiKzt8mAK2RGTCyhTHF7K2EjqigzNpylLb6iYzTTg g3GW41hnTSvyt51uXJfKdWqWUR5OINzuAQPbqAGd1CHBjAI4AVe4c15dt6dD+dz0ZpzsplTWILz9Qu5vZXM</latexit>

{
We found such a process! 
⇒ heavy quarkonium decays into mesons near kinetic threshold

<latexit sha1_base64="J84cYAhe0YDX2yRhLywWkuXygQQ=">AAAB/nicbVDLSgNBEJyNrxhfUY9eFoPgxbArQT1JwIvHiOYByRpmJ73JkNnZZaZXCEvAH/Cqf+BNvPor/oDf4STZg0ksaCiquunu8mPBNTrOt5VbWV1b38hvFra2d3b3ivsHDR0likGdRSJSLZ9qEFxCHTkKaMUKaOgLaPrDm4nffAKleSQfcBSDF9K+5AFnFI10D49n3WLJKTtT2MvEzUiJZKh1iz+dXsSSECQyQbVuu06MXkoVciZgXOgkGmLKhrQPbUMlDUF76fTUsX1ilJ4dRMqURHuq/p1Iaaj1KPRNZ0hxoBe9ifif104wuPJSLuMEQbLZoiARNkb25G+7xxUwFCNDKFPc3GqzAVWUoUlnbouv6BBwXDDBuIsxLJPGedm9KFfuKqXqdRZRnhyRY3JKXHJJquSW1EidMNInL+SVvFnP1rv1YX3OWnNWNnNI5mB9/QIJOJX1</latexit>

e�

<latexit sha1_base64="bUeFxz0nQzjwTQI4SXfUNz2o5ls=">AAAB/nicbVDLSgNBEJyNrxhfUY9eFoMgCGFXgnqSgBePEc0DkjXMTnqTIbOzy0yvEJaAP+BV/8CbePVX/AG/w0myB5NY0FBUddPd5ceCa3Scbyu3srq2vpHfLGxt7+zuFfcPGjpKFIM6i0SkWj7VILiEOnIU0IoV0NAX0PSHNxO/+QRK80g+4CgGL6R9yQPOKBrpHh7PusWSU3amsJeJm5ESyVDrFn86vYglIUhkgmrddp0YvZQq5EzAuNBJNMSUDWkf2oZKGoL20umpY/vEKD07iJQpifZU/TuR0lDrUeibzpDiQC96E/E/r51gcOWlXMYJgmSzRUEibIzsyd92jytgKEaGUKa4udVmA6ooQ5PO3BZf0SHguGCCcRdjWCaN87J7Ua7cVUrV6yyiPDkix+SUuOSSVMktqZE6YaRPXsgrebOerXfrw/qcteasbOaQzMH6+gUGCJXz</latexit>

e+

<latexit sha1_base64="Qho8SYVB4tbkyFMfBqchMoGj1mY=">AAACAXicbVDLSgNBEJyNrxhfUY9eBoPgKexKUE8S8OIxgnlAsoTeySQZM7O7zPQKYcnJH/Cqf+BNvPol/oDf4STZg0ksaCiquunuCmIpDLrut5NbW9/Y3MpvF3Z29/YPiodHDRMlmvE6i2SkWwEYLkXI6yhQ8lasOahA8mYwup36zSeujYjCBxzH3FcwCEVfMEArNToDUAq6xZJbdmegq8TLSIlkqHWLP51exBLFQ2QSjGl7box+ChoFk3xS6CSGx8BGMOBtS0NQ3Pjp7NoJPbNKj/YjbStEOlP/TqSgjBmrwHYqwKFZ9qbif147wf61n4owTpCHbL6on0iKEZ2+TntCc4ZybAkwLeytlA1BA0Mb0MKWQMOI46Rgg/GWY1gljYuyd1mu3FdK1Zssojw5IafknHjkilTJHamROmHkkbyQV/LmPDvvzofzOW/NOdnMMVmA8/ULxeKXgg==</latexit>�

<latexit sha1_base64="gHobI+/6sBpXyRiYzgGC9i944Nc=">AAACDHicbVBLSgNBFOyJvxg/GXXppjEIrsKMiLqSgBuXEcwHkiH0dN4kTXo+dL8Rw5AreAG3egN34tY7eAHPYSeZhUmsVVH1HlWUn0ih0XG+rcLa+sbmVnG7tLO7t1+2Dw6bOk4VhwaPZazaPtMgRQQNFCihnShgoS+h5Y9up37rEZQWcfSA4wS8kA0iEQjO0Eg9u5zSLsITZjRWdEL7PbviVJ0Z6Cpxc1IhOeo9+6fbj3kaQoRcMq07rpOglzGFgkuYlLqphoTxERtAx9CIhaC9bFZ8Qk+N0qeBiQ7iCOlM/fuRsVDrceiby5DhUC97U/E/r5NicO1lIkpShIjPg4JUUozpdAXaFwo4yrEhjCthulI+ZIpxNFstpPiKjQAnJTOMuzzDKmmeV93L6sX9RaV2k09UJMfkhJwRl1yRGrkjddIgnKTkhbySN+vZerc+rM/5acHKf47IAqyvX2N6mwE=</latexit>

u or d

<latexit sha1_base64="Sloz4zdTDyvEdt+0db3mJ91nVqE=">AAACInicbVDLSsNAFJ34rPUVdelmsBRclUREXUnBjUsFq4W2lMn0pg6dZMLMjVhCvsDf8Afc6h+4E1eCa7/DSQ1i1bM6nHMP994TJFIY9Lw3Z2Z2bn5hsbJUXV5ZXVt3NzYvjUo1hxZXUul2wAxIEUMLBUpoJxpYFEi4CkYnhX91A9oIFV/gOIFexIaxCAVnaKW+W+8qaxfpLM1pF+EWM6o0tfzbGOR9t+Y1vAnoX+KXpEZKnPXdj+5A8TSCGLlkxnR8L8FexjQKLiGvdlMDCeMjNoSOpTGLwPSyyTs5rVtlQEN7RahipBP1ZyJjkTHjKLCTEcNr89srxP+8TorhUS8TcZIixPxrUZhKiooW3dCB0MBRji1hXAt7K+XXTDOOtsGpLYFmI8C8aovxf9fwl1zuNfyDxv75fq15XFZUIdtkh+wSnxySJjklZ6RFOLkjD+SRPDn3zrPz4rx+jc44ZWaLTMF5/wSGraVN</latexit>

u or d<latexit sha1_base64="Egdv9CGUO6SRhv11acPKKoQmgNc=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK4KomIupKCG5ct2Ae0sUymN+3QyYOZm2II+QJ/wK3+gTtx61f4A36H0zYL23rgwuGcezmX40aCK7Ssb6Owtr6xuVXcLu3s7u0flA+PWiqMJYMmC0UoOy5VIHgATeQooBNJoL4roO2O76Z+ewJS8TB4wCQCx6fDgHucUdTSY6PfQ3jCdAR0kmT9csWqWjOYq8TOSYXkqPfLP71ByGIfAmSCKtW1rQidlErkTEBW6sUKIsrGdAhdTQPqg3LS2deZeaaVgemFUk+A5kz9e5FSX6nEd/WmT3Gklr2p+J/XjdG7cVIeRDFCwOZBXixMDM1pBeaAS2AoEk0ok1z/arIRlZShLmohxZV0DJiVdDH2cg2rpHVRta+ql43LSu02r6hITsgpOSc2uSY1ck/qpEkYkeSFvJI349l4Nz6Mz/lqwchvjskCjK9frHWbWQ==</latexit>

Qheavy

<latexit sha1_base64="k5nZT6PHxgqRsTrZWjOjLUPYQDA=">AAACFnicbVDLSsNAFJ3UV62vqitxEyyCq5JIUVdScOOyBfuANpTJ9LYdOnkwc1MsIfgb/oBb/QN34tatP+B3OGmzsK0HBg7n3MO9c9xQcIWW9W3k1tY3Nrfy24Wd3b39g+LhUVMFkWTQYIEIZNulCgT3oYEcBbRDCdRzBbTc8V3qtyYgFQ/8B5yG4Hh06PMBZxS11CuedANtp+m4nvS6CI8Yj4BOpkmvWLLK1gzmKrEzUiIZar3iT7cfsMgDH5mgSnVsK0QnphI5E5AUupGCkLIxHUJHU596oJx49oXEPNdK3xwEUj8fzZn6NxFTT6mp5+pJj+JILXup+J/XiXBw48TcDyMEn80XDSJhYmCmfZh9LoGhmGpCmeT6VpONqKQMdWsLW1xJx4BJQRdjL9ewSpqXZfuqXKlXStXbrKI8OSVn5ILY5JpUyT2pkQZh5Im8kFfyZjwb78aH8TkfzRlZ5pgswPj6BZ6noLA=</latexit>

Qheavy

(heavy, vector) 

quarkonium

meson

(anti-) 

meson



Anomaly in heavy quarkonium decays
 For each heavy vector quarkonium (V), two dominant decay branches 
  are “V→P+P-” and “V→P0P0”.

 for Qheavy = s (strange quark)

◦ P+ is the EM-charged one; (anti-particle of P+) = P-

◦ P- is the EM-neutral one; (anti-particle of P0) = P0

 The following experimental anomalies are reported in 
  ratios of branching fractions.

<latexit sha1_base64="WKo8f7Ne91AeTVgUMjFhjcjciW0="></latexit>

R(�) :=
Br(� ! K+K�)

Br(� ! K0K0)
= 1.44928± 0.031506

 for Qheavy = c (charm quark)
<latexit sha1_base64="3+l1eUOihsQ8H3Tvj3SSqGTRT1M="></latexit>

R( ) :=
Br( ! D+D�)

Br( ! D0D0)
= 0.798085± 0.010191

<latexit sha1_base64="ozcG2k+DqeG3LmjpUlDcOMxIEkg="></latexit>

R(�)PW =
�(� ! K+K�)

�(� ! K0K0)
= 1.51558± 0.00330

<latexit sha1_base64="OY+MoiUxYdA+WAhTZqmRtm3+D6o="></latexit>

R( )PW =
�(�! D+D�)

�(�! D0D0)
= 0.691545± 0.004636

(PDG globat fit)

(PDG globat fit)

(via PDG results)

(via PDG results)

~2σ

~9σ!!!

<latexit sha1_base64="8cBAruyhCsV/dmUfUI843qyRI+4="></latexit>

(� ⇠ ss, K+ ⇠ us, K0 ⇠ ds)

<latexit sha1_base64="hnK4y9QFOW3BRG7Yr3CqT7mklyQ="></latexit>

( ⇠ cc, D+ ⇠ cd, D0 ⇠ cu)

<latexit sha1_base64="mRRQ83vcZsDrmVMKBfwNPcIHcyo=">AAACHHicbVDLSgNBEJyNrxhfUY8eHAxCvITdEDTHgBePEUwiJEuYnfQmQ2YfzPQqYcnR3/AHvOofeBOvgj/gdzh5HExiQUNR1U13lxdLodG2v63M2vrG5lZ2O7ezu7d/kD88auooURwaPJKRuveYBilCaKBACfexAhZ4Elre8Hritx5AaRGFdziKwQ1YPxS+4AyN1M2fduKBoB0JPirRHyBTKnqkE7Ho2GX7opsv2CV7CrpKnDkpkDnq3fxPpxfxJIAQuWRatx07RjdlCgWXMM51Eg0x40PWh7ahIQtAu+n0kTE9N0qP+pEyFSKdqn8nUhZoPQo80xkwHOhlbyL+57UT9KtuKsI4QQj5bJGfSIoRnaRCe0IBRzkyhHElzK2UD5hiHE12C1s8xYaA45wJxlmOYZU0yyXnslS5rRRq1XlEWXJCzkiROOSK1MgNqZMG4eSJvJBX8mY9W+/Wh/U5a81Y85ljsgDr6xcXHaEm</latexit>

� $ �(1020)

<latexit sha1_base64="3AgLhTd7dAcPzN2uZr5BJFC8uzU=">AAACHHicbVDLTgJBEJzFF+IL9ejBicQEL2RXiXAk8eIRE3kkQMjs0AsTZh+Z6dUQwtHf8Ae86h94M15N/AG/wwH2IGAlnVSqutPd5UZSaLTtbyu1tr6xuZXezuzs7u0fZA+P6jqMFYcaD2Womi7TIEUANRQooRkpYL4roeEOb6Z+4wGUFmFwj6MIOj7rB8ITnKGRutnTdqQFbUvwUIn+AJlS4SOdivmrUsm+6GZzdsGega4SJyE5kqDazf60eyGPfQiQS6Z1y7Ej7IyZQsElTDLtWEPE+JD1oWVowHzQnfHskQk9N0qPeqEyFSCdqX8nxszXeuS7ptNnONDL3lT8z2vF6JU7YxFEMULA54u8WFIM6TQV2hMKOMqRIYwrYW6lfMAU42iyW9jiKjYEnGRMMM5yDKukfllwrgvFu2KuUk4iSpMTckbyxCElUiG3pEpqhJMn8kJeyZv1bL1bH9bnvDVlJTPHZAHW1y9SJaFK</latexit>

 $  (3770)



 In the plane-wave calculation, R(Φ) and R(ψ) depend on only 
  the masses in the isospin-symmetric limit (g+ = g0).

It should be good since mu ~ md ~ O(1) MeV, 
while ms ~ O(102) MeV and mc ~ O(1) GeV.

where g+ is the e�ective dimensionless coupling, while g0 is the counterpart (instead of g+) for the decay
� ! K0K0. In the limit of exact SU(2) flavor symmetry, we get g+ = g0 (see e.g. [2]). In the ordinary
plane wave formalism, the decay width takes the form,

�
�
� ! K+K�� = 2

3

✓
g2+
4⇡

◆
|k|3

m2
�

,

|k| = 1

2

�
m2

� � 4m2
K+

�1/2
, (1.5)

where the corresponding values for � ! K0K0 are obtained after replacements (g+ ! g0 and mK+ !
mK0) straightforwardly. Combining them leads us to the result

Rth :=
� (� ! K+K�)

�
⇣
� ! K0K0

⌘
�����
th

=:

✓
g2+
g20

◆
RFGR2 (1.6)

=

✓
g2+
g20

◆ 
m2

� � 4m2
K+

m2
� � 4m2

K0

!3/2

. (1.7)

Based on the above PDG-Live digits, we get

RFGR2 = 1.51558 ' 1.516, (1.8)

where the error here would be negligible up to the rounded digits. In Ref. [2] (as a quotation of the
analysis done in Ref. [3]), the radiative correction factor (in the ordinary QFT formalism), ⌘ = 1.042,
was reported (see also [4–6]).1

When we take the following non-relativistic limit in the relativistic form in Eq. (1.5),

��!KK
plane =

g2

48⇡m2
�

�
m2

� � 4m2
K

�3/2

=
g2

48⇡m2
�

[(m� � 2mK) (m� + 2mK)]
3/2

! g2

48⇡m�(2mK)
(4mK)

3/2 (m� � 2mK)
3/2 , (1.9)

where we used the relationship m� ' 2mK except for the factor (m� � 2mK)
3/2, so we get

��!KK
plane ! g2m2

K

12⇡m�

✓
m� � 2mK

mK

◆3/2

, (1.10)

which is equivalent to the previous form with E0 = m�, E1 ' mK ' E2.

2 Form Factor

We focus on the following form for a non-relativistic bound state composed of the heavy quark Q (x1, s1)
and the anti-quarkQ (x2, s2) at a certain time, wherex1,2 and s1,2 are their positions and spins, respectively,

|V (QQ),P i :=
X

s01,s
0
2

Z
dx1dx2e

iP ·x1+x2
2 Fs01,s

0
2
(x1 � x2)Q

† (x1, s
0
1)Q

†
(x2, s

0
2) |0i , (2.1)

1When we compare Eq. (1.3) and Eq. (1.8) simply, the discrepancy is ⇠ 3� without the radiative correction, and the
discrepancy becomes more than 5� with the radiative correction (⌘ = 1.042).
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◦

◦

◦
<latexit sha1_base64="v+TDfUJOjUZZfaltNC2kc1Jc5zM="></latexit>

m� = 1019.461± 0.016MeV

◦ <latexit sha1_base64="Ui0dDgRQjRX+9rQkD9zAfGJIu/k="></latexit>

�� = 4.249± 0.013MeV
<latexit sha1_base64="jGLDvY/PBSm13mXS2xFaBmX5NlE="></latexit>

mK+ = 493.677± 0.016MeV
<latexit sha1_base64="X+EHkB+6Y2ECfI7XoV/oS8LHyYI="></latexit>

mK0 = 497.611± 0.013MeV

◦
◦

◦
<latexit sha1_base64="rOayAfF/VUH81APCAlaF9G64m2Y=">AAACIXicbVDLSgNBEJyNrxhfUY9eBqPgQZZdDcaLEPDiRVAwUciGMDvpJENmdpeZXjEs+QF/wx/wqn/gTbyJd7/DScxBowUNRVU33V1hIoVBz3t3cjOzc/ML+cXC0vLK6lpxfaNu4lRzqPFYxvomZAakiKCGAiXcJBqYCiVch/3TkX99C9qIOLrCQQJNxbqR6AjO0Eqt4o5qBYkR9IQeViqHboUGiaKeW6bBfoBwh9k51IetYslzvTHoX+JPSIlMcNEqfgbtmKcKIuSSGdPwvQSbGdMouIRhIUgNJIz3WRcalkZMgWlm42+GdNcqbdqJta0I6Vj9OZExZcxAhbZTMeyZaW8k/uc1UuwcNzMRJSlCxL8XdVJJMaajaGhbaOAoB5YwroW9lfIe04yjDfDXllCzPuCwYIPxp2P4S+oHrn/kli/LperxJKI82SLbZI/4pEKq5IxckBrh5J48kify7Dw4L86r8/bdmnMmM5vkF5yPLwlooXg=</latexit>
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Isospin breaking and QED corrections do not resolve the discrepancy of R(Φ).
[Branon,Escribano,Lucio,Pancheri, hep-ph/0003273]

(mΦ-2mK+ ~ 32MeV, 

mΦ-2mK0 ~ 24MeV)

(mψ-2mD+ ~ 34MeV, 

mψ-2mD0 ~ 44MeV)



Form of S-matrix

the S-matrix is rephrased as

S = ige�cNd
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Here, we mention that the replacement of the argument happened in above from the original definition of
G(T) in [9] as T ! T� �t

2⌧0
.

The di�erential decay probability in the current formalism is provided as [9]

dP =
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where the helicity-averaged e�ective coupling in � ! KK is

|ge�c|2 :=
g2

3

X
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µ
1 � P µ

2 )|
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3
(P 1 � P 2)

2. (3.20)
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p
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p
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the following asymptotic leading form for G(T) has been estimated [9],
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where they originate from the bulk, the in-boundary and the out-boundary regions of the time, respectively.
We have defined a sign function for a complex variable,

sgn(z) :=

8
><

>:

+1 for Re[z] > 0 or (Re[z] = 0 and Im[z] > 0),

�1 for Re[z] < 0 or (Re[z] = 0 and Im[z] < 0),

0 for z = 0,

(3.23)

7

form factor for the quarkonium

the overall factor ought to be modified as

eF (p) ! 4⇡p
2⇡R0

1

(2⇡)3/2
1

p2 + 1
R2

0

. =

✓
1

⇡
p
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◆
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p2 + 1
R2

0

. (2.11)

Now we get
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✓
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2

◆
= Ss1,s2

0

@ 1

⇡
p
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1
�p1�p2

2

�2
+ 1

R2
0

1

A . (2.12)

Here, we focus on the situation where a vector meson V decays into two light pseudo-scalar mesons
P1 and P2 and the masses of the two pseudo-scalar mesons are almost the same (due to the approxi-
mated flavour-isospin SU(2) symmetry) and the mass relation is near the decay threshold mV ⇡ 2mP .
Therefore, we can treat the process as a non-relativistic one and thus we conclude that

p1 � p2 ' P V = P 1 + P 2 ) mP (V 1 � V 2) , (2.13)

so

eFs1,s2

✓
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◆
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⇡
p
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1
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R0mP (V 1�V 2)
2
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+ 1

. (2.14)

The overall factor (and the spin part) may be absorbed into the coupling constant and we focus on the
factor

eF (|V 1 � V 2|) :=
1

⇣
R0mP (V 1�V 2)

2

⌘2
+ 1

. (2.15)

as the form factor for the matrix elements of the meson decays (with mV ⇡ 2mP ) in the rest system.

3 Basic formulation

We adopt the notation for formulating of the ‘0’ ! ‘1’ + ‘2’ decay in the Gaussian wave packet formalism
in Ref. [9]. As an example, we focus on the specific case [� ! KK (K = K0 or K+)]. The Gaussian
S-matrix with taking account of the decay e�ect of the initial particle is described as

S = ige�c
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which is almost equivalent of Eq. (27) of Ref. [9], but additionally the delaying nature of the initial particle
‘0’ is taken into account (discussed in the next paragraph). In Eq. (3.1), integrals over the intermediate
point (meaning the point of the interaction) in the four-dimensional spacetime (t,x) are performed. Here,
we provide a brief introduction to the variables (see Section 3.1 of [9] more details):

4

◦ 

(as the normalised Fourier transform of

where Fs01,s
0
2
(x1 � x2) is a wavefunction for the bound state; Q† (x1, s01) and Q

†
(x2, s02) are creation

operators for the corresponding states; and |0i is the vacuum (see [7, 8]).
We consider the following matrix element
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2 )

, (2.2)

where X := (x1+x2)/2, r := x1�x2, and we (at this stage) do not seriously consider the normalisation
of the form factor eFs1,s2

�p1�p2
2

�
. Hereafter, we assume the separable form,
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2

◆
, (2.3)

and focus on the momentum part. We adopt the wavefunction of the ground state under the Coulomb
potential in the position space,

F (r) :=
1p
2⇡R0

e�
r

R0

r
, (2.4)

where the parameter R0 can be estimated by use of the QCD coupling strength ↵s and a mass of the heavy
quark mQ as

1

R0
' ↵smQ. (2.5)

The Fourier-transformed one is calculated as

eF (p) :=
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where we used the result
Z 1
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dr sin(pr) e�
r

R0 =
p
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0

(for R0 > 0 and p � 0) . (2.9)

When we normalise eF (p) under the condition
Z

dp
��� eF (p)

���
2

= 1, (2.10)
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additional terms 
due to decaying initial state

rescaling factor

Note for � ! KK (and others) in Gaussian wave packet formalism
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*

Shiv Nadar University, Department of Physics

Ver. 30 June 2022, (06h 32min in Indian ST)

1 Associated information

1.1 � ! KK

The PDG Live information [1] on masses and lifetimes/total decay width is

• mK± = (493.677± 0.016) MeV, ⌧K± = (1.2380± 0.0020)⇥ 10�8 s.

• mK0 = (497.611± 0.013) MeV, ⌧K0
S
= (8.954± 0.004) ⇥ 10�11 s, ⌧K0

L
= (5.116± 0.021) ⇥

10�8 s.

• m� = (1019.461± 0.016) MeV, �� = (4.249± 0.013) MeV.

We focus on the (ratio of) the decay widths by the strong interaction; � (� ! K+K�) and� (� ! K0
SK

0
L).

The PDG Live information [1] on the branching ratios,

Br
�
� ! K+K�� = (49.2± 0.5)%, Br

�
� ! K0

SK
0
L

�
= (34.0± 0.4)%, (1.1)

which result in

� (� ! K+K�)

� (� ! K0
SK

0
L)

=
Br (� ! K+K�)

Br (� ! K0
SK

0
L)

= 1.45± 0.023, (1.2)

where the error was estimated privately by use of the Gaussian error propagation formula. Note that the
ratio

� (� ! K0
SK

0
L)

� (� ! K+K�)

is separately reported and the PDG-combined value is 0.690± 0.015 [1], which corresponds to

� (� ! K+K�)

� (� ! K0
SK

0
L)

' 1.45± 0.03. (1.3)

The decay � ! K+K� is described by the e�ective Lagrangian density

L = ig+�
µ
⇥
K+@µK

� �K�@µK
+
⇤
, (1.4)

*e-mail: kenji.nishiwaki@snu.edu.in . This note is based on discussions with Kenzo Ishikawa (Hokkaido Univ.),
Osamu Jinnouchi (Tokyo Inst. Tech.) and Kin-ya Oda (Tokyo Woman’s Christian Univ.).
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the S-matrix is rephrased as
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Here, we mention that the replacement of the argument happened in above from the original definition of
G(T) in [9] as T ! T� �t

2⌧0
.

The di�erential decay probability in the current formalism is provided as [9]
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where the helicity-averaged e�ective coupling in � ! KK is

|ge�c|2 :=
g2

3

X

helicity
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2. (3.20)

In the limit,
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the following asymptotic leading form for G(T) has been estimated [9],
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where they originate from the bulk, the in-boundary and the out-boundary regions of the time, respectively.
We have defined a sign function for a complex variable,

sgn(z) :=

8
><

>:

+1 for Re[z] > 0 or (Re[z] = 0 and Im[z] > 0),

�1 for Re[z] < 0 or (Re[z] = 0 and Im[z] < 0),

0 for z = 0,

(3.23)
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After we execute the V+ integral by use of the formula in Eq. (4.28), we get
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where the concrete form of the V� integral is
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which is apparently convergent.
It is noted that the following integral,
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where Abulk ! 1 under the limit ⌧0 ! 1. By use of the formulas with (a > 0),
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and the Taylor expansion around one of the stationary points (V+, V�) = (V s
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we perform the integrals adopting the saddle-point approximation, which leads to
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We can check easily that the variable,
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13

Under the non-relativistic approximation, we get
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Now, we focus on the kinetic region (V+ ' 0 and V� > 0) and thus only the first one is relevant in our
calculation,
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which goes to zero in the limit ⌧0 ! 1. Also we can see
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saddle-point approx.
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Fbulk :=

exponentially suppressed for large σK “exponential” resonance

“polynomial” resonance

NO exponential suppression 
for large σK

Note: we took Tout → ∞, directly calculating 
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Br(� ! K+K�) and Br(� ! K0K0)

common 
factor

bulk time scale



Predictions for Branching Ratios
 For 
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� ! K+K� and � ! K0K0

Parameters:

within saddle-point 

approx.
Experimental data are available.

Overall normalisation 
does not contribute to the ratio R(Φ).
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R0 ~ 10-3 [MeV-1] fits R(Φ) well, irrespective of  σK!
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Predictions for Branching Ratios
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Parameters:

within saddle-point 

approx.
Experimental data are available.

Overall normalisation 
does not contribute to the ratio R(ψ).

wave-packet profile
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Constraints via Resonant shape
 For 
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The latest e-e+→Φ→K+K- data by CMD-3 (2018) 
⇒ determining σ(e-e+→Φ) and mΦ by global fit. 

[1710.02989 (CMD-3)]

suggested as in R(Φ)

Precise experimental data 

restrict the valid region of  σK!

Preliminary
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suggested as in R(ψ)

Current experimental data is consistent 

with the wide region of  σD. 

⇒ More data is necessary.

Preliminary



Summary & Discussion
1. The S-matrix in Gaussian wave packet contains full information of 

  the quantum particles. ➜ More informative & regularised. 

2. The experimental observations of R(Φ) and R(ψ) are explained 
  by the wave-packet nature.

[discussion/what I would like to do in future]

• full format for the Gaussian S-matrix 

• general discussions on frequency/probability 

• more applications for (new) physics systems 

• so on …
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Details on S(Φ ➔ ϕϕ)

3.2 Spacetime integral over position of interaction point

One can exactly perform the Gaussian integrals over the interaction point x = (t,x) in
Eq. (27) to get
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where we have defined the window function:
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in which

erf(z) :=
2p
⇡

Z
z

0

e�x
2

dx (60)

is the Gauss error function. In the small and large |z| limits, its (asymptotic) expansion reads,
respectively,

erf(z) =
2zp
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z3
�
, (61)

erf(z) = sgn(z) + e�z
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where we have defined a sign function for a complex variable:

sgn(z) :=

8
><

>:

1 for <z > 0 or (<z = 0 and =z > 0),

�1 for <z < 0 or (<z = 0 and =z < 0),

0 for z = 0.

(63)

From Eq. (58), we see that the S-matrix is exponentially suppressed unless the momentum
is nearly conserved, �P ⇠ 0. This is also the case for the energy conservation �! ⇠ 0 except in
the boundary regions, at which the translational invariance is explicitly broken; see Sec. 3.4
below. As said above, the overlap exponent R gives another suppression when the wave
packets do not overlap.

3.3 Separation of bulk and boundary e↵ects

It is convenient to separate the window function (59) into the bulk part and the in- and
out-boundary ones:

G(T) = Gbulk(T) +Gin-bdry(T) +Gout-bdry(T) , (64)
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Figure 1: Schematic figure for a configuration with fixed ⇧A = (PA, XA) with A = 0, 1, 2.
(�A are kept fixed throughout this paper.) Each wave packet is defined at time TA as a free
Gaussian wave packet centered at XA. Within our leading saddle-point approximation, the
widths of the wave packets do not change in time, see Eq. (18), and therefore it does not
really matter at which time each wave packet is set to be the free Gaussian wave packet. The
wave packets intersect at the time T, around which the interactions occur most. XA is the
location of the center of each wave packet at the (arbitrarily chosen) reference time t = 0. At
time t, the location of the center moves to ⌅A(t) = XA + V At.

3.1 Saddle-point approximation in plane-wave limit

With the leading saddle-point approximation (18) in the large width expansion for all the in
and out wave packets, we obtain the S-matrix for a given configuration (⇧0,⇧1,⇧2):11
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, (27)

where the symbols indicate the following:

• EA are the on-shell energies:

EA :=
q
m2

A
+ P 2

A
(A = 0, 1, 2), (28)

with m0 := m� and ma := m� (a = 1, 2) being their masses. (This is mere a rephrasing
of Eq. (3).)

• V A are the corresponding group velocities:

V A :=
PA

EA

. (29)

11Recall that we abbreviate (�0,⇧0;�1,⇧1;�2,⇧2) to (⇧0,⇧1,⇧2).
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We may freely choose either variable PA or V A, which are in one-to-one correspondence.

• p
�s is the spatial size of the interaction region:

�s :=

 
2X

A=0

1

�A

!�1

. (30)

Hereafter, we abbreviate e.g.
P

2

A=0
to
P

A
. (We also let the lower-case letters a, b, . . .

run for the final states 1 and 2 such that
P

a
:=
P

2

a=1
, etc.)

• The overline denotes the following weighted sum (and not the complex conjugate): For
arbitrary scalar and three-vector quantities CA and QA, respectively, we define

C := �s
X

A

CA

�A
, Q := �s

X

A

QA

�A
. (31)

We further define, for any QA,

�Q2 := Q2 �Q
2
, (32)

where Q2 = �s
P

A

Q2

A

�A

and Q
2
= Q · Q = �2

s

P
AB

Q
A
·Q

B

�A�B

, which follow from the
definition (31).

• p
�t is the time-like size of the interaction region:

�t :=
�s

�V 2
. (33)

• T is what we call the intersection time, around which the interaction occurs:

T := �t
V ·X� V ·X

�s
=

V ·X� V ·X
�V 2

, (34)

where XA = ⌅A(0) is the location of the center of each wave packet at our reference
time t = 0:

XA := XA � V ATA. (35)

• R is what we will call the overlap exponent that gives the suppression factor accounting
for the non-overlap of the wave packets at the intersection point:

R :=
�X2

�s
� T2

�t
. (36)

• We define the mometum and energy shifts, etc:

�P := P 1 + P 2 � P 0, �E := E1 + E2 � E0, �! := �E � V · �P . (37)

• “i [· · · ]” denotes the irrelevant pure imaginary terms that are independent of x. We will
neglect them hereafter as they disappear when we take the absolute square of S.
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Note that each quantity defined in the above list is a fixed real number for a given configuration
of the wave packets (⇧0,⇧1,⇧2). Later we will treat Xa (a = 1, 2) as variables of six degrees
of freedom; others T, Xa, and R are dependent ones. (If we vary the final state momenta,
then P a (a = 1, 2) also become variables; others V a, �t, �P , �E, and �! become dependent
ones accordingly.)

For any pair of three-vectors QA and Q0
A
(A = 0, 1, 2), we get

Q ·Q0 �Q ·Q0 = �2

s


�Q1 · �Q0

1

�0�1
+

�Q2 · �Q0
2

�0�2
+

(�Q1 � �Q2) · (�Q0
1 � �Q0

2)

�1�2

�
, (38)

where we define, for any QA,
12

�Qa := Qa �Q0. (39)

Note that we always have �Q1 � �Q2 = Q1 �Q2. Especially,

�Q2 = �2

s

"
(�Q1)

2

�0�1
+

(�Q2)
2

�0�2
+

(�Q1 � �Q2)
2

�1�2

#

= �2

s

"
(Q1 �Q0)

2

�0�1
+

(Q2 �Q0)
2

�0�2
+

(Q1 �Q2)
2

�1�2

#
, (40)

or more concretely,

�X2 = �2

s

"
(�X1)

2

�0�1
+

(�X2)
2

�0�2
+

(�X1 � �X2)
2

�1�2

#
, (41)

�V 2 = �2

s

"
(�V 1)

2

�0�1
+

(�V 2)
2

�0�2
+

(�V 1 � �V 2)
2

�1�2

#
. (42)

Then we get

�t =
1

�s

"
(�V 1)

2

�0�1
+

(�V 2)
2

�0�2
+

(�V 1 � �V 2)
2

�1�2

#�1

, (43)

T = ��s�t


�X1 · �V 1

�0�1
+

�X2 · �V 2

�0�2
+

(�X1 � �X2) · (�V 1 � �V 2)

�1�2

�
, (44)

R = �s

(
(�X1)

2

�0�1
+

(�X2)
2

�0�2
+

(�X1 � �X2)
2

�1�2

� �s�t


�X1 · �V 1

�0�1
+

�X2 · �V 2

�0�2
+

(�X1 � �X2) · (�V 1 � �V 2)

�1�2

�
2
)
. (45)

Note that for a parent particle at rest, P 0 = 0, we may simply replace �V a ! V a. Expressions
in various limits are shown in Appendix C.

Let us prove the non-negativity of R. In general, the weighted average for any real
vector Q satisfies

�Q2 = Q2 �Q
2
=

�
Q�Q

�2 � 0. (46)

12The abuse of notation for � in Eq. (37) should be understood.
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2
=

�
Q�Q

�2 � 0. (46)

12The abuse of notation for � in Eq. (37) should be understood.
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plane-wave basis

 Plane wave — the standard tool for describing particles:

 Basis (@ Schrödinger Pic.): 

(plane wave: the eigenstate of     )
<latexit sha1_base64="cJxZIbzy6TQuUGCvW8YxM2Kq28M=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfju5nffqLasEQ+2omiocBDyWJGsHVSu6dElKlpv1zxq/4caJUEOalAjka//NUbJCQVVFrCsTHdwFc2zLC2jHA6LfVSQxUmYzykXUclFtSE2fzcKTpzygDFiXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTGN2HGpEotlWSxKE45sgma/Y4GTFNi+cQRTDRztyIywhoT6xIquRCC5ZdXSeuiGlxVLx9qlfptHkcRTuAUziGAa6jDPTSgCQTG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwCp2o/L</latexit>ppp      completely undetermined

<latexit sha1_base64="PhS7Gycy+IIKuzLfowEBpYb0VjE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21okg1JVixLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aJkk1oQ2S8ES3I2woZ5I2LLOctpWmWESctqLR7dRvPVJtWCIf7FjRUOCBZDEj2Dqp1VUiyp4mvXLFr/ozoGUS5KQCOeq98le3n5BUUGkJx8Z0Al/ZMMPaMsLppNRNDVWYjPCAdhyVWFATZrNzJ+jEKX0UJ9qVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZkyq1VJL5ojjlyCZo+jvqM02J5WNHMNHM3YrIEGtMrEuo5EIIFl9eJs2zanBZPb+/qNRu8jiKcATHcAoBXEEN7qAODSAwgmd4hTdPeS/eu/cxby14+cwh/IH3+QO2Ao/T</latexit>xxx
(non-normalisable mode)

 Expansion of Scalar operator (in Int. Pic.):

◦

Wave function of plane wave
Annihilation op. 

for momentum-p state

◦

the one-particle state

[QFT textbooks]

(ignoring the overall factor e-iEt)

<latexit sha1_base64="mmtP2Qmy2UlpxHgIiJjf3MVu6zI="></latexit>

�̂(x) =

Z
d3pppp

(2⇡)3(2Eppp)

h
e+ip·xâppp + h.c.

i

<latexit sha1_base64="7GrFDj7i3hpKBG8gW1cwdLmbh2A="></latexit>

|pppi = â†ppp|0i

<latexit sha1_base64="V+NZdtaMtcdDoHyAXyt62aiSFRY=">AAACMXicbVDLSgMxFM34tr6qLt0Ei+BCyoyIuhTduFSwKnRqyaS3NZhJQnJHLOP8khv/RNy4UMStP2H6EJ8HAodz7uHmnsRI4TAMn4KR0bHxicmp6dLM7Nz8Qnlx6dTpzHKocS21PU+YAykU1FCghHNjgaWJhLPk6qDnn12DdUKrE+waaKSso0RbcIZeapYPY8lURwKNTZrkNwW9HTBT0Nh+OlYb1CW4yAWNN7583tL4mSua5UpYDfugf0k0JBUyxFGz/BC3NM9SUMglc64ehQYbObMouISiFGcODONXrAN1TxVLwTXy/sUFXfNKi7a19U8h7avfEzlLneumiZ9MGV66315P/M+rZ9jebeRCmQxB8cGidiYpatqrj7aEBY6y6wnjVvi/Un7JLOPoSy75EqLfJ/8lp5vVaLu6dbxV2dsf1jFFVsgqWScR2SF75JAckRrh5I48kmfyEtwHT8Fr8DYYHQmGmWXyA8H7B9Hpqpw=</latexit>

hxxx|pppi / eippp·xxx

<latexit sha1_base64="bDa60NkwjHbnm+St5Fu3w33zUlc="></latexit>

hx|pppi / ei p·x
���
p0=Eppp

<latexit sha1_base64="mzxf/0H//pvkImW3jdttYbE4bKE=">AAACJXicbVBNSwMxEM36bf2qevQSLIIXy64U7UGh4MWjglWhW0s2nW2D2eySzErLun/Gi3/FiwdFBE/+FdNaQVsfDLy8N0NmXpBIYdB1P5yp6ZnZufmFxcLS8srqWnF949LEqeZQ57GM9XXADEihoI4CJVwnGlgUSLgKbk8G/tUdaCNidYH9BJoR6ygRCs7QSq3ikS+Z6kigPXpPj+nPy0+iIOvlVoObbE9Qv8swO81bPkIPs1AD5BTzVrHklt0h6CTxRqRERjhrFV/9dszTCBRyyYxpeG6CzYxpFFxCXvBTAwnjt6wDDUsVi8A0s+GVOd2xSpuGsbalkA7V3xMZi4zpR4HtjBh2zbg3EP/zGimG1WYmVJIiKP79UZhKijEdREbbQgNH2beEcS3srpR3mWYcbbAFG4I3fvIkudwvewflynmlVKuO4lggW2Sb7BKPHJIaOSVnpE44eSBP5IW8Oo/Os/PmvH+3TjmjmU3yB87nF1IXpTA=</latexit>

hx| = hxxx|e�iĤfreet∙

∙
<latexit sha1_base64="qA8untRHizjXDnYgHGxjKExEJYs=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFFkpJpGg3haIblxXsBZpYJtNpO3QyCTMTaQl9Aje+ihsXirh17c63cdJmoa0HBj7+/xzOnN8LGZXKsr6NtfWNza3tzE52d2//4NA8Om7JIBKYNHHAAtHxkCSMctJUVDHSCQVBvsdI2xtfJ377gQhJA36npiFxfTTkdEAxUlrqmfkJrEHnig4Lk3sLOiVYqKliKQEn9L14Mku8Ys/MWWVrXnAV7BRyIK1Gz/xy+gGOfMIVZkjKrm2Fyo2RUBQzMss6kSQhwmM0JF2NHPlEuvH8nBnMa6UPB4HQjys4V39PxMiXcup7utNHaiSXvUT8z+tGalB1Y8rDSBGOF4sGEYMqgEk2sE8FwYpNNSAsqP4rxCMkEFY6wawOwV4+eRVa52X7oly5reTq1TSODDgFZ6AAbHAJ6uAGNEATYPAInsEreDOejBfj3fhYtK4Z6cwJ+FPG5w8vUJkN</latexit>

x =
⇣
x0 (= t), xxx

⌘

Int. Pic. Sch. Pic.

4d position

<latexit sha1_base64="IzASp4gta2te5A/bBaAiMMlnKSI="></latexit>⇣
Eppp =

q
ppp2 +m2

�

⌘



 So, what can we do in the plane-wave formalism?

◦

◦

<latexit sha1_base64="HbSjM53jDZ3EsyDqCMc2/s5nR0A="></latexit>

 (t,xxx) =
1p

2EpppV
e�iEpppt+ippp·xxx

<latexit sha1_base64="cgSXy9LxwY4rgkG9gSlGGc+3eQs="></latexit>

[(PW) phase space] =
(V )d3ppp1
(2⇡)3

(V )d3ppp2
(2⇡)3

 
<latexit sha1_base64="Cf1kuwXYG6jPbO9/bgk8VyHXCoo="></latexit>

= (2⇡)4�4(Pout � Pin)
1

2Ein
|MPW|2 d3ppp1

2E1(2⇡)3
d3ppp2

2E2(2⇡)3
⇥ T

<latexit sha1_base64="hUeKchfB5pOnLEkh05u76XTAQYU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUJJS1KXgxmVFa4U0lsn0th06eTBzI5Y0H+Fv+ANu9Q/ciVsXfofTNgtfBwYO59zXnCCRQqPjvFtz8wuLS8ullfLq2vrGpr21fa3jVHFo8ljG6iZgGqSIoIkCJdwkClgYSGgFw7OJ37oDpUUcXeEoAT9k/Uj0BGdopI59OL7stBHuMWu08vFtjbZRhKCpNxOTgZlNdcI45H7HrjhVZwr6l7gFqZACjY792e7GPA0hQi6Z1p7rJOhnTKHgEvJyO9VgRg9ZHzxDI2Y2+9n0UzndN0qX9mJlXoR0qn7vyFio9SgMTGXIcKB/exPxP89LsXfiZyJKUoSIzxb1UkkxppOEaFco4ChHhjCuhLmV8gFTjKPJ8ceWQLEhYF42wbi/Y/hLrmtV96hav6hXTk+KiEpkl+yRA+KSY3JKzkmDNAknD+SJPJMX69F6td6s91npnFX07JAfsD6+APAdp4Y=</latexit>

|SPW|2 ⇥ [phase space]

“literal normalisation”

well defined 
(The volume is cancelled out.)

ill-defined! 
(since T→∞)

What is calculable?



What is calculable?
 So, what can we do in the plane-wave formalism?

◦
<latexit sha1_base64="HbSjM53jDZ3EsyDqCMc2/s5nR0A="></latexit>

 (t,xxx) =
1p

2EpppV
e�iEpppt+ippp·xxx

<latexit sha1_base64="cgSXy9LxwY4rgkG9gSlGGc+3eQs="></latexit>

[(PW) phase space] =
(V )d3ppp1
(2⇡)3

(V )d3ppp2
(2⇡)3

<latexit sha1_base64="Cf1kuwXYG6jPbO9/bgk8VyHXCoo="></latexit>

= (2⇡)4�4(Pout � Pin)
1

2Ein
|MPW|2 d3ppp1

2E1(2⇡)3
d3ppp2

2E2(2⇡)3
⇥ T

<latexit sha1_base64="20+Q8j76o+in5EYZOcoeHQJ40l0="></latexit>

|SPW|2 ⇥ [phase space]

T<latexit sha1_base64="i/y49w/wGm/YsDUz3hVhlu7AB00="></latexit>

= (2⇡)4�4(Pout � Pin)
1

2Ein
|MPW|2 d3ppp1

2E1(2⇡)3
d3ppp2

2E2(2⇡)3

 
<latexit sha1_base64="hUeKchfB5pOnLEkh05u76XTAQYU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUJJS1KXgxmVFa4U0lsn0th06eTBzI5Y0H+Fv+ANu9Q/ciVsXfofTNgtfBwYO59zXnCCRQqPjvFtz8wuLS8ullfLq2vrGpr21fa3jVHFo8ljG6iZgGqSIoIkCJdwkClgYSGgFw7OJ37oDpUUcXeEoAT9k/Uj0BGdopI59OL7stBHuMWu08vFtjbZRhKCpNxOTgZlNdcI45H7HrjhVZwr6l7gFqZACjY792e7GPA0hQi6Z1p7rJOhnTKHgEvJyO9VgRg9ZHzxDI2Y2+9n0UzndN0qX9mJlXoR0qn7vyFio9SgMTGXIcKB/exPxP89LsXfiZyJKUoSIzxb1UkkxppOEaFco4ChHhjCuhLmV8gFTjKPJ8ceWQLEhYF42wbi/Y/hLrmtV96hav6hXTk+KiEpkl+yRA+KSY3JKzkmDNAknD+SJPJMX69F6td6s91npnFX07JAfsD6+APAdp4Y=</latexit>

|SPW|2 ⇥ [phase space]

well defined!

The friquency per time (= Γ: decay rate) 
is well defined and calculatble.

◦



<latexit sha1_base64="yVzdEPkJ1PE4yXbhHhcLrDQ+tg0="></latexit>

Ĥint(t) =

Z
d
3
xxx



2

⇣
�̂�̂�̂

⌘
In the case of ,

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="+nlQIJkqhKRKWYoATGAwE6RhaJk=">AAACIXicbVDLSgNBEJyN7/ha9ehlMArxEnZV1IsQ9OJFiGAekA1hdtJJhsw+mOkVw7I/4G/4A171D7yJN/HudziJOWi0oKGo6qa7y4+l0Og471ZuZnZufmFxKb+8srq2bm9s1nSUKA5VHslINXymQYoQqihQQiNWwAJfQt0fXIz8+i0oLaLwBocxtALWC0VXcIZGatu7gl61Uw/hDtNKPcuKXqUvqIcR9eK+GNU+PWvbBafkjEH/EndCCmSCStv+9DoRTwIIkUumddN1YmylTKHgErK8l2iIGR+wHjQNDVkAupWOv8nonlE6tBspUyHSsfpzImWB1sPAN50Bw76e9kbif14zwe5pKxVhnCCE/HtRN5HUPDuKhnaEAo5yaAjjSphbKe8zxTiaAH9t8RUbAGZ5E4w7HcNfUjsoucelw+ujQvl8EtEi2SY7pEhcckLK5JJUSJVwck8eyRN5th6sF+vVevtuzVmTmS3yC9bHFycJo1Q=</latexit>

iMPW(� ! ��) =
<latexit sha1_base64="tG4c8yDjFBu3dkecxSuJeLlonXA=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxDcGGZU1I0QdOMygvlAZghvOj1Jk56eprtHCEMO4AXc6g3ciVuP4QU8h51kFiax4EFR9R71qFBypo3rfjtLyyura+uFjeLm1vbObmlvv6GTVBFaJwlPVCsETTkTtG6Y4bQlFYU45LQZDu7GfvOJKs0S8WiGkgYx9ASLGAFjJf8Gn2KG/QFICZ1S2a24E+BF4uWkjHLUOqUfv5uQNKbCEA5atz1XmiADZRjhdFT0U00lkAH0aNtSATHVQTb5eYSPrdLFUaLsCIMn6t+LDGKth3FoN2MwfT3vjcX/vHZqousgY0KmhgoyDYpSjk2CxwXgLlOUGD60BIhi9ldM+qCAGFvTTEqoYEDNqGiL8eZrWCSNs4p3WTl/uChXb/OKCugQHaET5KErVEX3qIbqiCCJXtArenOenXfnw/mcri45+c0BmoHz9Quof5j+</latexit>

= �i ,

<latexit sha1_base64="UC8O7uBi4Kp1YBNA4u9df8fxOtc="></latexit>

�(� ! ��) =
2

32⇡m�

s

1�
4m2

�

m2
�

◦

□
the plane-wave amplitude; 

taking a simple form, 
easily derived via Feynman rules

As we know very well,

p1

p2
P(=p1+p2)

(for Pin = 0)



Gaussian expansion
• Expansion by free Gaussian wave functions: 

• In plane-wave limit σ→∞, 

• fσ,X,P(x) → Gaussian wave packet, 

• centered around X+(t­T)V.

�̂(x) =

Z
d3X d3P

(2⇡)3

h
f�,X,P (x) Â(�, X,P ) + h.c.

i

<latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit>

Gaussian basis
D �&977.&3�'&7.7�78&8*�#&����P)*B3*)�'=

TJ
�

�

�

hx|�,X,P i / eiP ·(x�X)e�
(x�X)2

2�
<latexit sha1_base64="tf7tRiL4N1jku580/8yCpJP+GGU="></latexit><latexit sha1_base64="tf7tRiL4N1jku580/8yCpJP+GGU="></latexit><latexit sha1_base64="tf7tRiL4N1jku580/8yCpJP+GGU="></latexit><latexit sha1_base64="osVaK95C5nXWpcciLRHJeEln+5I="></latexit>

 Key: Fields can be expanded in any complete sets of bases. 
  → Perturbations under normalised bases are possible. ➜ Gaussian!

 Gaussian basis

 Form (@ Schrödinger Pic.):
<latexit sha1_base64="oEJQDw7bles2dibnLJc1ZAvv6IQ="></latexit>

' eiPPP ·(xxx�XXX)� (xxx�XXX)2

2�

 Expansion of Scalar operator 
 (in Int. Pic.):

(when T=0)

Wave function of Gaussian wave packet 
(X is defined @ T) 

Annihilation op. 
for the corresponding wave-packet state

<latexit sha1_base64="fTI3s0UrR4CiknFjusGySNUoZVw="></latexit>

|Pi = Â†(P) |0i ,
h
P = {�, X0(= T ),XXX| {z }

=:X

,PPP}
i

the one-particle state

◦

◦

[Ishikawa, Shimomura (0508303), Ishikawa, Oda (1809.04285)]

(a coherent state)

<latexit sha1_base64="z778cbjg6BD1pJjTihznYXk8bHM=">AAACG3icbVDLSgMxFM34rPU16tJNsAgupMyUol0W3LisYB/QKSWTZqahSWZIMmIZ5z/c+CtuXCjiSnDh35hOZ6GtBwKHc87l5h4/ZlRpx/m2VlbX1jc2S1vl7Z3dvX374LCjokRi0sYRi2TPR4owKkhbU81IL5YEcZ+Rrj+5mvndOyIVjcStnsZkwFEoaEAx0kYa2jWPIREyAr2Y++l9Bh+gp2jI0flc6WUFaWXQk3l0aFecqpMDLhO3IBVQoDW0P71RhBNOhMYMKdV3nVgPUiQ1xYxkZS9RJEZ4gkLSN1QgTtQgzW/L4KlRRjCIpHlCw1z9PZEirtSU+ybJkR6rRW8m/uf1Ex00BikVcaKJwPNFQcKgjuCsKDiikmDNpoYgLKn5K8RjJBHWps6yKcFdPHmZdGpV96Jav6lXmo2ijhI4BifgDLjgEjTBNWiBNsDgETyDV/BmPVkv1rv1MY+uWMXMEfgD6+sHk92hHA==</latexit>

hxxx|�,XXX,PPP i normalisable! 
(plane-wave limit: σ→∞)

Centre Position 
at a certain time T

<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

P

X

√σ

Gaussian basis



Gaussian wavefunction

Gaussian expansion
• Expansion by free Gaussian wave functions: 

• In plane-wave limit σ→∞, 

• fσ,X,P(x) → Gaussian wave packet, 

• centered around X+(t­T)V.

�̂(x) =

Z
d3X d3P

(2⇡)3

h
f�,X,P (x) Â(�, X,P ) + h.c.

i
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Wave function of Gaussian wave packet 
(X is defined @ T) 

◦

[Ishikawa, Oda (1809.04285)](skippable) 

details
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f�,X,PPP (x) :=

Z
d3pppp
2Eppp

hx|pppihppp|�, X,PPP i
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(⌅⌅⌅(t) :=XXX + VVV (PPP )(t� T ), VVV (PPP ) := PPP/EPPP )

saddle-point approx. for a large σ

Int. Pic.

Gaussian state

Position of Centre of  
the Gaussian peak at the time (t)

~√σ
P

Ξ(t)

on-shell condition
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(some details on Gaussian state)
(skippable) 

details

◦ Normalisable:
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◦ Coherent:
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�x2
i =

�

2
, �p2i =

1

2�
(i = x, y, z)

◦ Non-orthogonal:
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◆

◦ Over-complete:
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◦ Algebra of Creation/Annihilation operators:
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 When 
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S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

Tree-level decay
• Tree level decay  

• By Te­i∫dt H = 1 ­i∫dt H +…  

• With H 〜 κ Φφφ 

• Result: S 〜 ∫d4x f1* f2* f0
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h⇧1,⇧2| Û(TQmi, TBM) |⇧0iUa"V
� . Uk9V

�i i?2 }`bi Q`/2` BM i?2 .vbQM b2`B2b URjV-
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P1 P2

Summing over 
all the spacetime points here!
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details
(Wick contraction for on-shell part])

2.4 Gaussian S-matrix

Now we compute the probability amplitude under the assumption (28):

S = hout;�3,⇧3;�4;⇧4 | in;�1,⇧1;�2,⇧2i

= h�3,⇧3;�4,⇧4| e
iĤfreeToute�iĤTouteiĤTine�iĤfreeTin |�1,⇧1;�2,⇧2i

= h�3,⇧3;�4,⇧4|Texp

✓
�i

Z
Tout

Tin

dt ĤI

int(t)

◆
|�1,⇧1;�2,⇧2i

=: h�3,⇧3;�4,⇧4| Ŝ |�1,⇧1;�2,⇧2i , (36)

where ĤI

int
(t) = eiĤfreet

⇣
Ĥ � Ĥfree

⌘
e�iĤfreet is the interaction Hamiltonian in the interaction

picture. In the plane-wave S-matrix, one subtracts the first term in the Dyson series (36),
write Ŝ = 1̂ + iT̂ , and concentrate on the transition amplitude from T̂ . In the Gaussian
formalism, we do not need such regularization of dropping the first term 1̂ because the inner
product of the free states would remain finite even for identical momenta.3 When we integrate
over the final state momenta P 3 and P 4, the contribution from 1̂ would automatically drop
out even if we take the plane-wave limit after all the computations. Hereafter, we omit the
trivial term h�3,⇧3;�4,⇧4 |�1,⇧1;�2,⇧2i from S when we call it “transition amplitude”.

In this paper, we consider the following simplest interaction Hamiltonian:

ĤI

int(t) =


2

Z
d3x �̂2(x) �̂(x) , (37)

where �̂ and �̂ are given in Eq. (1). The tree-level transition amplitude is given by

S =
(�i)2

8

Z
Tout

Tin

dt

Z
d3x

Z
Tout

Tin

dt0
Z

d3x0

⇥ h0|Tx,x0 Â�3(⇧3) Â�4(⇧4) �̂(x) �̂(x) �̂(x) �̂
�
x0
�
�̂
�
x0
�
�̂
�
x0
�
Â†

�1
(⇧1) Â

†
�2
(⇧2) |0i , (38)

where Tx,x0 is the time ordering with respect to x and x0 only. Hereafter, we concentrate on
the s-channel process because it is dominant in the near on-shell process of our interest.

For example, a part of the s-channel process is

S �
(�i)2

8

Z
Tout

Tin

dt

Z
d3x

Z
Tout

Tin

dt0
Z

d3x0

⇥ h0|Tx,x0Â�3(⇧3) Â�4(⇧4) �̂(x) �̂(x) �̂(x) �̂
�
x0
�
�̂
�
x0
�
�̂
�
x0
�
Â†

�1
(⇧1) Â

†
�2
(⇧2) |0i . (39)

The Wick contraction with the external line gives, for example,

Â�3(⇧3) �̂(x) =

Z
d6⇧f⇤

�;⇧(x)
h
Â�3(⇧3) , Â

†
�(⇧)

i

=

Z
d6⇧

Z
d3pp
2E�(p)

h�;⇧ |�,pi h�,p |�, xi h�3;⇧3 |�,�;⇧i

=

Z
d3pp
2E�(p)

h�3;⇧3 |�,pi h�,p |�, xi

= f⇤
�3;⇧3

(x) , (40)

3 Recall Eq. (23) for an explicit formula for particular equal-time packets.
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for a final state
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�(⇧) |0i , |⇧1,⇧2iUa"V
��

=
1p
2
Â†
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iĤ7`22TA |⇧Ai
Ua"V
 X LQi2 �HbQ

i?�i r2 ?�p2 r`Bii2M i?2 bi�i2b BM 1[X UkRV �b i?2 iBK2@BM/2T2M/2Mi a+?`ƺ/BM;2` #�bBb bi�i2b- `�i?2` i?�M i?2
BMi2`�+iBQM #�bBb QM2b- BM i?2 b2Mb2 i?�i i?2v �`2 BM/2T2M/2Mi Q7 i?2 iBK2 +QQ`/BM�i2 t i?�i rBHH �TT2�` H�i2` BM
Ĥ
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BMi(t) = eiĤ7`22tĤBMie�iĤ7`22t Bb i?2 BMi2`�+iBQM

>�KBHiQMB�M BM i?2 BMi2`�+iBQM TB+im`2X
�b Bb r2HH FMQrM- i?2 2tT`2bbBQM URkV Bb #�/Hv /Bp2`;2Mi r?2M b[m�`2/- #2BM; T`QTQ`iBQM�H

iQ i?2 KQK2MimK@bT�+2 /2Hi� 7mM+iBQM �4(0)X �HbQ- QM2 M22/b iQ BMb2`i �M BM}MBi2bBK�H BK�;@
BM�`v T�`i 7Q` i?2 BMi2`�+iBQM >�KBHiQMB�M #v ?�M/ BM Q`/2` iQ K�F2 i?2 T2`im`#�iBQM URjV
+QMp2`;2MiX h?Bb Bb #2+�mb2 i?2 Qp2`H�T #2ir22M TH�M2 r�p2b +�M M2p2` #2 bmTT`2bb2/ MQ
K�ii2` ?Qr `2KQi2 T�bi �M/ 7mim`2 QM2 KQp2b QM- r?B+? Bb i?2 `2�bQM r?v QM2 M22/b r�p2
T�+F2ib UNV �M/ URyV 7Q` +QKTH2i2 i`2�iK2Mi Q7 i?2 S@K�i`BtX h?2 +Hmbi2` /2+QKTQbBiBQM M2p2`
Q++m`b 7Q` i?2 BM}MBi2Hv bT`2�/ TH�M2 r�p2b- r?BH2 Bi /Q2b 7Q` T`QT2`Hv /2}M2/ r�p2 T�+F2ibX

kXk :�mbbB�M #�bBb
LQr r2 brBi+? 7`QK i?2 TH�M2@r�p2 #�bBb iQ i?2 :�mbbB�M #�bBbX .2i�BH2/ MQi�iBQMb 7Q` i?Bb
bm#b2+iBQM +�M #2 7QmM/ BM �TT2M/Bt �X

AMbi2�/ Q7 i?2 TH�M2@r�p2 2tT�MbBQM UkV- QM2 K�v �HbQ 2tT�M/ i?2 7`22 }2H/ BM i2`Kb Q7
i?2 �MMB?BH�iBQM �M/ +`2�iBQM QT2`�iQ`b Q7 i?2 7`22 :�mbbB�M r�p2,

 ̂UAV(x) =

Z /3X /3P

(2⇡)3

h
f ,�;X,P (x) Â ,�(X,P ) + f⇤
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� ⇡ e�iĤ7`22t |⇧0iUa"V

� (t ! TBM),
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�iĤt

|Qmi;⇧1,⇧2i
U>V
��

⇡ |⇧1,⇧2i
Ua"V
��

(t ! TQmi),

`2bT2+iBp2HvX

d

BM r?B+? T /2MQi2b i?2 iBK2@Q`/2`BM; �M/ ĤUAV
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f ,�;X,P (x) Â ,�(X,P ) + f⇤

 ,�;X,P (x) Â†
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iĤ7`22T |⇧i
Ua"V
 ,

r?2`2 t = x
0 �M/ T = X

0 BM ⇧ = (X,P ) �b �Hr�vbX

e

BM r?B+? T /2MQi2b i?2 iBK2@Q`/2`BM; �M/ ĤUAV
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 ,�(X,P )

i
, UR9V

r?2`2 p
� Bb i?2 rB/i? Q7 i?2 r�p2 T�+F2ic X Bb i?2 HQ+�iBQM Q7 +2Mi2` �i iBK2 T U�M/ r2 r`Bi2

+QHH2+iBp2Hv X =
�
X0,X

�
= (T,X) �b b�B/ �#Qp2Vc �M/ P Bb Bib +2Mi`�H KQK2MimKX q2 �HbQ

mb2 i?2 b?Q`i?�M/ MQi�iBQM

⇧ := (X,P ) , ⇧ := (X,P ) , /6⇧ :=
/3X /3P

(2⇡)3
, UR8V

bQ i?�i

 ̂UAV(x) =

Z
/6⇧

h
f ,�;⇧(x) Â ,�(⇧) + f⇤
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•First defined in momentum space 

•Position-space wave function as its Fourier transform

, for finite Tin & Tout, S becomes
<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

free out-state free in-state

Tree-level decay
• Tree level decay  

• By Te­i∫dt H = 1 ­i∫dt H +…  

• With H 〜 κ Φφφ 

• Result: S 〜 ∫d4x f1* f2* f0
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/3x ĤUAV
BMi(x) + · · · , Uk8V

i?2 S@K�i`Bt #2+QK2b

S = i

Z
TQmi

TBM

/t
Z

/3x Ua"V
��

h⇧1,⇧2| L̂UAV
BMi(x) |⇧0iUa"V

�

=
i

2

Z
TQmi

TBM

/t
Z

/3x Ua"V
��

h⇧1,⇧2| �̂UAV(x) �̂UAV(x) |0i h0| �̂UAV(x) |⇧0iUa"V
�

=
ip
2

Z
TQmi

TBM

/t
Z

/3x f⇤
�,�1;⇧1

(x) f⇤
�,�2;⇧2

(x) f�,�0;⇧0(x) . UkeV

j :�mbbB�M S@K�i`Bt, b2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
LQr r2 +QKTmi2 i?2 :�mbbB�M S@K�i`BtX AM a2+X jXR- r2 Q#i�BM i?2 S@K�i`Bt BM i?2 H2�/BM;
b�//H2@TQBMi �TT`QtBK�iBQM UR3V 7Q` i?2 H�`;2 rB/i?b 2tT�MbBQMX AM a2+X jXk- r2 2t�+iHv
BMi2;`�i2 Qp2` i?2 bT�+2iBK2 TQbBiBQM x Q7 i?2 BMi2`�+iBQM TQBMiX AM a2+X jXj- r2 b2T�`�i2 i?2
#mHF �M/ #QmM/�`v 2z2+ibX AM a2+X jX9- � HBKBi Q7 H�`;2 �`;mK2Mi Bb i�F2M iQ ;2i bQK2 T?vbB+�H
BMbB;?iX � b+?2K�iB+ };m`2 7Q` i?Bb b2+iBQM Bb T`2b2Mi2/ BM 6B;X RX

jXR a�//H2@TQBMi �TT`QtBK�iBQM BM TH�M2@r�p2 HBKBi
qBi? i?2 H2�/BM; b�//H2@TQBMi �TT`QtBK�iBQM UR3V BM i?2 H�`;2 rB/i? 2tT�MbBQM 7Q` �HH i?2 BM
�M/ Qmi r�p2 T�+F2ib- r2 Q#i�BM i?2 S@K�i`Bt 7Q` � ;Bp2M +QM};m`�iBQM (⇧0,⇧1,⇧2),Ry

S ! ip
2

 
2Y

A=0

(⇡�A)
�3/4 1p

2EA

!
e�

�t

2 (�!)2��s

2 (�P )2�R
2 +i[··· ]

⇥
Z

TQmi

TBM

/t e�
1

2�t
[t�(T+i�t�!)]

2
Z

/3x e�
1

2�s

⇥
x�

�
X+V t�i�s�P

�⇤2
, UkdV

r?2`2 i?2 bvK#QHb BM/B+�i2 i?2 7QHHQrBM;,
3 LQi2 ?Qr2p2` i?2 Bbbm2 BM 7QQiMQi2 jX
N aQ 7�`- r2 ?�p2 MQi +QMbB/2`2/ �Mv #QmM/�`v 2z2+i �b r2 �bbmK2 ?2`2 i?�i i?2 BMi2`�+iBQMb �`2 M2;HB;B#H2

�i TBM �M/ TQmic b22 �HbQ 7QQiMQi2 jX
Ry _2+�HH i?�i r2 �##`2pB�i2 (�0,⇧0;�1,⇧1;�2,⇧2) iQ (⇧0,⇧1,⇧2)X

3

LQi2 i?�i i?2b2 BM �M/ Qmi bi�i2b #2+QK2 +HQb2- BM i?2 b2Mb2 Q7 1[X UkkV- iQ i?2 7`22 bi�i2b UkRV-
r?B+? �`2 b[m�`2@BMi2;`�#H2 �M/ Q7 }MBi2 MQ`KX3 h?Bb Bb BM +QMi`�bi iQ i?2 TH�M2@r�p2
S@K�i`Bt URRV- r?B+? Bb i?2 BMM2` T`Q/m+i #2ir22M i?2 bi�i2b i?�i #2+QK2 +HQb2 iQ i?2 TH�M2
r�p2b U9V- r?B+? �`2 MQi b[m�`2@BMi2;`�#H2- MQi 2H2K2Mib Q7 i?2 >BH#2`i bT�+2- �M/ ?2M+2 MQi
i?2 T?vbB+�H bi�i2bX .m2 iQ i?Bb }MBi2M2bb Q7 i?2 :�mbbB�M S@K�i`Bt- i?2 T`Q#�#BHBiv 7Q` i?2
i`�MbBiBQM |BM;⇧0iU>V

� ! |Qmi;⇧1,⇧2iU>V
��

Bb bBKTHv Bib b[m�`2, |S|2XN h?2`2 Bb MQ M22/ Q7 i?2
?�M/@r�pBM; �`;mK2Mi Q7 i?2 KQK2MimK /2Hi� 7mM+iBQM �4(0) #2+QKBM; bT�+2iBK2 pQHmK2
2i+X

lbBM; 1[X UkkV- r2 ;2i

S ⇡ Ua"V
��
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⌘ [Ishikawa, Oda (1809.04285)]
S-matrix of the simplest 1➔2: Φ ➔ ϕϕ

[Reminder]
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iĤ7`22TA |⇧Ai
Ua"V
 X LQi2 �HbQ

i?�i r2 ?�p2 r`Bii2M i?2 bi�i2b BM 1[X UkRV �b i?2 iBK2@BM/2T2M/2Mi a+?`ƺ/BM;2` #�bBb bi�i2b- `�i?2` i?�M i?2
BMi2`�+iBQM #�bBb QM2b- BM i?2 b2Mb2 i?�i i?2v �`2 BM/2T2M/2Mi Q7 i?2 iBK2 +QQ`/BM�i2 t i?�i rBHH �TT2�` H�i2` BM
Ĥ
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BMi(t) = eiĤ7`22tĤBMie�iĤ7`22t Bb i?2 BMi2`�+iBQM

>�KBHiQMB�M BM i?2 BMi2`�+iBQM TB+im`2X
�b Bb r2HH FMQrM- i?2 2tT`2bbBQM URkV Bb #�/Hv /Bp2`;2Mi r?2M b[m�`2/- #2BM; T`QTQ`iBQM�H

iQ i?2 KQK2MimK@bT�+2 /2Hi� 7mM+iBQM �4(0)X �HbQ- QM2 M22/b iQ BMb2`i �M BM}MBi2bBK�H BK�;@
BM�`v T�`i 7Q` i?2 BMi2`�+iBQM >�KBHiQMB�M #v ?�M/ BM Q`/2` iQ K�F2 i?2 T2`im`#�iBQM URjV
+QMp2`;2MiX h?Bb Bb #2+�mb2 i?2 Qp2`H�T #2ir22M TH�M2 r�p2b +�M M2p2` #2 bmTT`2bb2/ MQ
K�ii2` ?Qr `2KQi2 T�bi �M/ 7mim`2 QM2 KQp2b QM- r?B+? Bb i?2 `2�bQM r?v QM2 M22/b r�p2
T�+F2ib UNV �M/ URyV 7Q` +QKTH2i2 i`2�iK2Mi Q7 i?2 S@K�i`BtX h?2 +Hmbi2` /2+QKTQbBiBQM M2p2`
Q++m`b 7Q` i?2 BM}MBi2Hv bT`2�/ TH�M2 r�p2b- r?BH2 Bi /Q2b 7Q` T`QT2`Hv /2}M2/ r�p2 T�+F2ibX

kXk :�mbbB�M #�bBb
LQr r2 brBi+? 7`QK i?2 TH�M2@r�p2 #�bBb iQ i?2 :�mbbB�M #�bBbX .2i�BH2/ MQi�iBQMb 7Q` i?Bb
bm#b2+iBQM +�M #2 7QmM/ BM �TT2M/Bt �X

AMbi2�/ Q7 i?2 TH�M2@r�p2 2tT�MbBQM UkV- QM2 K�v �HbQ 2tT�M/ i?2 7`22 }2H/ BM i2`Kb Q7
i?2 �MMB?BH�iBQM �M/ +`2�iBQM QT2`�iQ`b Q7 i?2 7`22 :�mbbB�M r�p2,

 ̂UAV(x) =

Z /3X /3P

(2⇡)3

h
f ,�;X,P (x) Â ,�(X,P ) + f⇤
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iĤ7`22t |xiUa"V
 , |⇧i

UA"V
 = e
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•First defined in momentum space 

•Position-space wave function as its Fourier transform

, for finite Tin & Tout, S becomes
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dt Ĥ
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Tree-level decay
• Tree level decay  

• By Te­i∫dt H = 1 ­i∫dt H +…  

• With H 〜 κ Φφφ 

• Result: S 〜 ∫d4x f1* f2* f0
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h⇧1,⇧2| Û(TQmi, TBM) |⇧0iUa"V
� . Uk9V

�i i?2 }`bi Q`/2` BM i?2 .vbQM b2`B2b URjV-
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�iĤt

|Qmi;⇧1,⇧2i
U>V
��

⇡ |⇧1,⇧2i
Ua"V
��

(t ! TQmi),

`2bT2+iBp2HvX

d

BM r?B+? T /2MQi2b i?2 iBK2@Q`/2`BM; �M/ ĤUAV
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iĤ7`22t |xiUa"V
 , |⇧i

UA"V
 = e
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Ĥ

UAV(t)- i?2 BMi2`�+iBQM >�KBHiQMB�M BM i?2 BMi2`�+iBQM TB+im`2X UPi?2`rBb2 i?2 irQ@T�`iB+H2 bi�i2 rQmH/ ?�p2
irQ `272`2M+2 iBK2b T1 �M/ T2 K2�MBM;H2bbHvXV

d A7 r2 K�v i�F2 T0 = TBM �M/ T1 = T2 = TQmi- r2 rQmH/ Q#i�BM

e
�iĤt
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f ,�;X,P (x) Â ,�(X,P ) + f⇤

 ,�;X,P (x) Â†
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BMi(t) = eiĤ7`22tĤBMie�iĤ7`22t Bb i?2 BMi2`�+iBQM

>�KBHiQMB�M BM i?2 BMi2`�+iBQM TB+im`2X
�b Bb r2HH FMQrM- i?2 2tT`2bbBQM URkV Bb #�/Hv /Bp2`;2Mi r?2M b[m�`2/- #2BM; T`QTQ`iBQM�H

iQ i?2 KQK2MimK@bT�+2 /2Hi� 7mM+iBQM �4(0)X �HbQ- QM2 M22/b iQ BMb2`i �M BM}MBi2bBK�H BK�;@
BM�`v T�`i 7Q` i?2 BMi2`�+iBQM >�KBHiQMB�M #v ?�M/ BM Q`/2` iQ K�F2 i?2 T2`im`#�iBQM URjV
+QMp2`;2MiX h?Bb Bb #2+�mb2 i?2 Qp2`H�T #2ir22M TH�M2 r�p2b +�M M2p2` #2 bmTT`2bb2/ MQ
K�ii2` ?Qr `2KQi2 T�bi �M/ 7mim`2 QM2 KQp2b QM- r?B+? Bb i?2 `2�bQM r?v QM2 M22/b r�p2
T�+F2ib UNV �M/ URyV 7Q` +QKTH2i2 i`2�iK2Mi Q7 i?2 S@K�i`BtX h?2 +Hmbi2` /2+QKTQbBiBQM M2p2`
Q++m`b 7Q` i?2 BM}MBi2Hv bT`2�/ TH�M2 r�p2b- r?BH2 Bi /Q2b 7Q` T`QT2`Hv /2}M2/ r�p2 T�+F2ibX

kXk :�mbbB�M #�bBb
LQr r2 brBi+? 7`QK i?2 TH�M2@r�p2 #�bBb iQ i?2 :�mbbB�M #�bBbX .2i�BH2/ MQi�iBQMb 7Q` i?Bb
bm#b2+iBQM +�M #2 7QmM/ BM �TT2M/Bt �X

AMbi2�/ Q7 i?2 TH�M2@r�p2 2tT�MbBQM UkV- QM2 K�v �HbQ 2tT�M/ i?2 7`22 }2H/ BM i2`Kb Q7
i?2 �MMB?BH�iBQM �M/ +`2�iBQM QT2`�iQ`b Q7 i?2 7`22 :�mbbB�M r�p2,

 ̂UAV(x) =

Z /3X /3P

(2⇡)3

h
f ,�;X,P (x) Â ,�(X,P ) + f⇤
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•First defined in momentum space 

•Position-space wave function as its Fourier transform
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Wick’s theorem 
for A and A† (@LO)
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⌘ [Ishikawa, Oda (1809.04285)]
S-matrix of the simplest 1➔2: Φ ➔ ϕϕ

[Reminder]

 When 



 When , for finite Tin & Tout, S becomes
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Tree-level decay
• Tree level decay  

• By Te­i∫dt H = 1 ­i∫dt H +…  

• With H 〜 κ Φφφ 

• Result: S 〜 ∫d4x f1* f2* f0
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⌘ [Ishikawa, Oda (1809.04285)]
S-matrix of the simplest 1➔2: Φ ➔ ϕϕ

“(classical) trajectories” 
⇒ charactering the S-matrix

a secondary 

variable



Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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• Feature 2  :
The limit (σs→∞ and σt→∞) ⇒ 

Recovery of the energy-momentum 
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Result of S(Φ ➔ ϕϕ)



Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

~ √σs

~ √σt

∝ R

~√σ1 ~√σ2

~√σ0

P1 P2

P0

X1(@T1) X2(@T2)

X0(@T0)

Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

• Feature 3  : Terms are classified into “bulk” and “boundary”.

: time of overlap (around which three wave packets overlap).

<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)

Result of S(Φ ➔ ϕϕ)

determined by the trajectories 
(configurations of 
external particles)

“window function”



Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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0 7Q` z = 0X
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Bb M2�`Hv +QMb2`p2/- �P ⇠ 0X h?Bb Bb �HbQ i?2 +�b2 7Q` i?2 2M2`;v +QMb2`p�iBQM �! ⇠ 0 2t+2Ti BM
i?2 #QmM/�`v `2;BQMb- �i r?B+? i?2 i`�MbH�iBQM�H BMp�`B�M+2 Bb 2tTHB+BiHv #`QF2Mc b22 a2+X jX9
#2HQrX �b b�B/ �#Qp2- i?2 Qp2`H�T 2tTQM2Mi R ;Bp2b �MQi?2` bmTT`2bbBQM r?2M i?2 r�p2
T�+F2ib /Q MQi Qp2`H�TX

jXj a2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

<latexit sha1_base64="QCg18z+tXbFsvFN99dAqOiAKckE=">AAACE3icbVBLSgNBFOyJvxh/UcGNm8YgxE2YUVGXQRe6jJAfJEPo6bxJmnTPjN09QhhzDC/gVm/gTtx6AC/gOewkszCJBQ+Kqvd4RXkRZ0rb9reVWVpeWV3Lruc2Nre2d/K7e3UVxpJCjYY8lE2PKOAsgJpmmkMzkkCEx6HhDW7GfuMRpGJhUNXDCFxBegHzGSXaSJ38wW2xLYju+5IMkuroBLcVE/DQyRfskj0BXiROSgooRaWT/2l3QxoLCDTlRKmWY0faTYjUjHIY5dqxgojQAelBy9CACFBuMsk/wsdG6WI/lGYCjSfq34uECKWGwjOb46xq3huL/3mtWPtXbsKCKNYQ0OkjP+ZYh3hcBu4yCVTzoSGESmayYtonklBtKpv54pl+QI9yphhnvoZFUj8tORels/vzQvk6rSiLDtERKiIHXaIyukMVVEMUPaEX9IrerGfr3fqwPqerGSu92UczsL5+ARsHniA=</latexit>

G(T) '
<latexit sha1_base64="zF/9xOO0l9wSxrwkfEyXar4vx0c="></latexit>

1

2


sgn

✓
T� Tin + i�t�!p

2�t

◆
� sgn

✓
T� Tout + i�t�!p

2�t

◆�

<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

“bulk”

ap
proxim

ate
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“(in) boundary”

“(out) boundary”
<latexit sha1_base64="F0pP5Q2lzabIVplNiIOWV89h79o="></latexit>
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<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

• Significant Feature: Terms are classified into “bulk” and “boundary”.

: time of overlap (around which three wave packets overlap).

Bulk & Boundary terms



Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

<latexit sha1_base64="QCg18z+tXbFsvFN99dAqOiAKckE=">AAACE3icbVBLSgNBFOyJvxh/UcGNm8YgxE2YUVGXQRe6jJAfJEPo6bxJmnTPjN09QhhzDC/gVm/gTtx6AC/gOewkszCJBQ+Kqvd4RXkRZ0rb9reVWVpeWV3Lruc2Nre2d/K7e3UVxpJCjYY8lE2PKOAsgJpmmkMzkkCEx6HhDW7GfuMRpGJhUNXDCFxBegHzGSXaSJ38wW2xLYju+5IMkuroBLcVE/DQyRfskj0BXiROSgooRaWT/2l3QxoLCDTlRKmWY0faTYjUjHIY5dqxgojQAelBy9CACFBuMsk/wsdG6WI/lGYCjSfq34uECKWGwjOb46xq3huL/3mtWPtXbsKCKNYQ0OkjP+ZYh3hcBu4yCVTzoSGESmayYtonklBtKpv54pl+QI9yphhnvoZFUj8tORels/vzQvk6rSiLDtERKiIHXaIyukMVVEMUPaEX9IrerGfr3fqwPqerGSu92UczsL5+ARsHniA=</latexit>

G(T) '
<latexit sha1_base64="zF/9xOO0l9wSxrwkfEyXar4vx0c="></latexit>
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<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>
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“bulk” 
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“(in) boundary” 

⇒ no counterpart in PW

“(out) boundary” 

⇒ no counterpart in PW
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(= 0, 1, 2)Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

• Significant Feature: Terms are classified into “bulk” and “boundary”.

: time of overlap (around which three wave packets overlap).

[in the causality point of view]

Bulk & Boundary terms
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 In “1→2”,

• Bulk part is “time-universal”. As expected, we can show

[Marginalised rate 
 per (Volume) & (Time), 
 from Sbulk @ P0→0]
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Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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(the decay width from Splane-wave)
(σs→∞ and σt→∞: “plane-wave limit”)
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 In “1→2”,
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Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Bb M2�`Hv +QMb2`p2/- �P ⇠ 0X h?Bb Bb �HbQ i?2 +�b2 7Q` i?2 2M2`;v +QMb2`p�iBQM �! ⇠ 0 2t+2Ti BM
i?2 #QmM/�`v `2;BQMb- �i r?B+? i?2 i`�MbH�iBQM�H BMp�`B�M+2 Bb 2tTHB+BiHv #`QF2Mc b22 a2+X jX9
#2HQrX �b b�B/ �#Qp2- i?2 Qp2`H�T 2tTQM2Mi R ;Bp2b �MQi?2` bmTT`2bbBQM r?2M i?2 r�p2
T�+F2ib /Q MQi Qp2`H�TX

jXj a2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

• No counterpart of boundary terms exists in Splane-wave. 

• Suppression via energy-non-conservation is relaxed as 

“Exponential” → “Power” [∴Enhancement].

<latexit sha1_base64="xzlTj8EBtQ4NNXkpqi9YKUxjDkM="></latexit>

�e�
(T�Tin)2

2�t
+�t

2 (�!)2�i�!(T�Tin)

i
p
2⇡�t [�! � i(T� Tin)/�t] <latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

“(in) boundary”

<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)

Result of S(Φ ➔ ϕϕ)



 In “1→2”,

Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.

jXk aT�+2iBK2 BMi2;`�H Qp2` TQbBiBQM Q7 BMi2`�+iBQM TQBMi
PM2 +�M 2t�+iHv T2`7Q`K i?2 :�mbbB�M BMi2;`�Hb Qp2` i?2 BMi2`�+iBQM TQBMi x = (t,x) BM
1[X UkdV iQ ;2i

S =
ip
2
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A

(⇡�A)
�3/4 1p

2EA

!
e�

�t

2 (�!)2��s

2 (�P )2�R
2 (2⇡�s)

3/2p2⇡�tG(T) , U83V

r?2`2 r2 ?�p2 /2}M2/ i?2 rBM/Qr 7mM+iBQM,

G(T) :=

Z
TQmi

TBM

/tp
2⇡�t

e
� 1

2�t
(t�T�i�t�!)

2

=
1

2


erf

✓
T� TBM + i�t�!p

2�t

◆
� erf

✓
T� TQmi + i�t�!p

2�t

◆�
, U8NV

BM r?B+?

erf(z) :=
2p
⇡

Z
z

0
e�x

2/x UeyV

Bb i?2 :�mbb 2``Q` 7mM+iBQMX AM i?2 bK�HH �M/ H�`;2 |z| HBKBib- Bib U�bvKTiQiB+V 2tT�MbBQM `2�/b-
`2bT2+iBp2Hv-

erf(z) =
2zp
⇡
+O

�
z3
�
, UeRV

erf(z) = sgn(z) + e�z
2

✓
� 1p

⇡z
+O

�
z�3
�◆

, UekV

r?2`2 r2 ?�p2 /2}M2/ � bB;M 7mM+iBQM 7Q` � +QKTH2t p�`B�#H2,

sgn(z) :=

8
><

>:

1 7Q` <z > 0 Q` U<z = 0 �M/ =z > 0V-
�1 7Q` <z < 0 Q` U<z = 0 �M/ =z < 0V-
0 7Q` z = 0X

UejV

6`QK 1[X U83V- r2 b22 i?�i i?2 S@K�i`Bt Bb 2tTQM2MiB�HHv bmTT`2bb2/ mMH2bb i?2 KQK2MimK
Bb M2�`Hv +QMb2`p2/- �P ⇠ 0X h?Bb Bb �HbQ i?2 +�b2 7Q` i?2 2M2`;v +QMb2`p�iBQM �! ⇠ 0 2t+2Ti BM
i?2 #QmM/�`v `2;BQMb- �i r?B+? i?2 i`�MbH�iBQM�H BMp�`B�M+2 Bb 2tTHB+BiHv #`QF2Mc b22 a2+X jX9
#2HQrX �b b�B/ �#Qp2- i?2 Qp2`H�T 2tTQM2Mi R ;Bp2b �MQi?2` bmTT`2bbBQM r?2M i?2 r�p2
T�+F2ib /Q MQi Qp2`H�TX

jXj a2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

• No counterpart of boundary terms exists in Splane-wave. 

• Suppression via energy-non-conservation is relaxed as 

“Exponential” → “Power” [∴Enhancement]. 

• Suppression via distances between time domains is relaxed e.g., in

<latexit sha1_base64="hs1VSgrjFA7CW/vB6YEODzK9VBs=">AAACFHicbZBLTgJBEIZ78IX4Ql24cNORmOCGzKhRlyQudIkJCAkQ0tPUQIeeR7prTMhkruEF3OoN3Bm37r2A57AHWAj4J538+asqVf25kRQabfvbyq2srq1v5DcLW9s7u3vF/YNHHcaKQ4OHMlQtl2mQIoAGCpTQihQw35XQdEe3Wb35BEqLMKjjOIKuzwaB8ARnaKJe8eiu3PEZDj3FRkk9PaMdHUcasFcs2RV7IrpsnJkpkZ lqveJPpx/y2IcAuWRatx07wm7CFAouIS10Yg0R4yM2gLaxAfNBd5PJB1J6apI+9UJlXoB0kv6dSJiv9dh3TWd2rF6sZeF/tXaM3k03EUEUIwR8usiLJcWQZjRoXyjgKMfGMK6EuZXyIVOMo2E2t8U1gADTggHjLGJYNo/nFeeqcvFwWapWZ4jy5JickDJxyDWpkntSIw3CSUpeyCt5s56td+vD+py25qzZzCGZk/X1Cxwnnq0=</latexit>

G(T) �

<latexit sha1_base64="xzlTj8EBtQ4NNXkpqi9YKUxjDkM="></latexit>

�e�
(T�Tin)2

2�t
+�t

2 (�!)2�i�!(T�Tin)

i
p
2⇡�t [�! � i(T� Tin)/�t] <latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

“(in) boundary”

<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin

<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout
<latexit sha1_base64="78YmNijiPXR3qC2Qmz1YgMt/Oh8=">AAACB3icdVDLSgMxFM3UV62vqks3wSK4KkmVPnYFNy4r9AWdoWTSTBuayQxJRihDP8AfcKt/4E7c+hn+gN9hpq1gRQ8EDufcyz05fiy4Ngh9OLmNza3tnfxuYW//4PCoeHzS1VGiKOvQSESq7xPNBJesY7gRrB8rRkJfsJ4/vcn83j1TmkeybWYx80IyljzglBgruW5IzCRQZJq258NiCZURQhhjmBFcqyJLGo16BdchziyLElihNSx+uqOIJiGThgqi9QCj2HgpUYZTweYFN9EsJnRKxmxgqSQh0166yDyHF1YZwSBS9kkDF+rPjZSEWs9C305mGfVvLxP/8gaJCepeymWcGCbp8lCQCGgimBUAR1wxasTMEkIVt1khnRBFqLE1rV3xbS/MzAu2mO/fw/9Jt1LG1fLV3XWp2VxVlAdn4BxcAgxqoAluQQt0AAUxeARP4Nl5cF6cV+dtOZpzVjunYA3O+xcrdpqM</latexit>

T <latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t

<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx P0’ P1’
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More on Window function

3.2 Spacetime integral over position of interaction point

One can exactly perform the Gaussian integrals over the interaction point x = (t,x) in
Eq. (27) to get
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in which
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is the Gauss error function. In the small and large |z| limits, its (asymptotic) expansion reads,
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where we have defined a sign function for a complex variable:

sgn(z) :=
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1 for <z > 0 or (<z = 0 and =z > 0),

�1 for <z < 0 or (<z = 0 and =z < 0),

0 for z = 0.

(63)

From Eq. (58), we see that the S-matrix is exponentially suppressed unless the momentum
is nearly conserved, �P ⇠ 0. This is also the case for the energy conservation �! ⇠ 0 except in
the boundary regions, at which the translational invariance is explicitly broken; see Sec. 3.4
below. As said above, the overlap exponent R gives another suppression when the wave
packets do not overlap.

3.3 Separation of bulk and boundary e↵ects

It is convenient to separate the window function (59) into the bulk part and the in- and
out-boundary ones:

G(T) = Gbulk(T) +Gin-bdry(T) +Gout-bdry(T) , (64)
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is the step function.14

We note that Gbdry(z) is discontinuous at <z = 0 but the combination
���ez2Gbdry(z)
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2

is

continuous and finite everywhere on the complex z plane (except at the origin z = 0); see
Fig. 2. Especially in the limit |z| ! 1, we obtain15
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14As we see in Eq. (70), this step function appears only at T = Tin/out and hence does not contribute when
summed with Gbdry and integrated over T. That is, it appears only at <z = 0 and does not contribute when
integrated over <z in Fig. 2. This might be non-vanishing for a more realistic non-Gaussian wave packet.

15 In terms of the relevant combination, we get
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Figure 2: Normalized boundary function
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The explicit formula in the boundary limit
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where
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is the Dawson function, whose (asymptotic) expansions read
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More explicitly, the large
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In Fig. 3, we plot Gbdry right at either boundary T = Tin/out.

3.4 Limit of large argument

In the limit

|T� Tin + i�t�!|p
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16We have assumed T� Tin/out + i�t�! 6= 0 in writing sgn2 = 1.
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