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Intro: plane wave

[J So, what kind of wave is suitable for representing the free electron?

2
o [particle’s energy] : E, = {QP; (non-relativistic), v/p2c2 + m2c* (relativistic)}
m

o [particle’s momentum] : P (instinsic)

& (wave) ~ superposition (over k) of e~ ?wkitik2

lie-Einstein relationship note: (metric) = diag(-1.1,1.1):
taking afterward: 7 = c =1

De Brod

matter-wave form (plane wave) :

(L@ ~ e Bt (=t

This widely-used form well represents

o instinsic nature of the momentum

o dispersion relation between E, and p.




Intro: how about locality?

[J On the other hand, we remember —
wave profile needs to be localised.

—-}p (?) P
o’ >

[A.Tonomura, Proceedings of the National Academy of Sciences, USA, 102, 14952 (2005]
[J In conclusion,

® The plane-wave description of quantum particles
well describes part of necessary properties of particles.

® On the other hand, however, the plane wave lacks some nature
of quantum particles, at least the locality.

By use of a localised wave (wave packet),
we can overcome this difficulty and obtain
the full information of quantum transitions!




(Gaussian basis

[Ishikawa, Shimomura (0508303), Ishikawa, Oda (1809.04285)]
M Key: Fields can be expanded in any complete sets of bases.

— Perturbations under normalised bases are possible. =» Gaussian!

™ Gaussian basis ({x\a,X,P)} normalisable!

Rlane-wave limit: = x)

¢ Form (@ Schrodinger Pic.):

i (x—X)2
~ iP-(x—X) 5
L (a coherent state) (when T=0))

Centre Position
at a certain time T

¢ Expansion of Scalar operator
(in Int. Pic.):

; d° X d?’P
O¢($):/ [faxp J[( XPB—FhC} \
(2 T
Wave function of Gaussnan wave |oa(:ket—T Annihilation op.
(X is defined @ T) for the corresponding wave- Da@
P) = A1(P)|0), |P={0.X"(=7).X.P}

H/_/
—: X

the one-particle state




S-matrix in Gaussian basis

a ouf in_
. free state _i (Tout g4 gD ( t)free state
o S-matrix 1=2) def.: | S := (P, Po|Te " /Tin e (1D )

[Note: as in the plane-wave basis, D,
but by the creation/annihilation [
operators for wave packets]

-

This describes the amplitude for the finite probability/frequency
of the event with fully-described initial & final particle states!

“additional” see——""""

: , Normalisability of Gaussian
information can makes S itself finite!




S-matrix in Gaussian basis

ft out

free state

out (1)
& Smatrix (1=2) def.: | & := (Py, Py|Te " Jrin 4 Hind () p )
Pi = {05, Xi (= Tz’)aX’iaPi}}

but by the creation/annihilation
operators for wave packets]

[Note: as in the plane-wave basis, [

-

in )
Jree state

_/_/

This describes the amplitude for the finite probability/frequency
of the event with fully-described initial & final particle states!

all possible configurations
(up to an order)

Normalisability of Gaussian
can makes S itself finite!

X

o First proposal by coherent state:
[Ishikawa, Shimomura (0508303)]

o Claims on various phenomena

by Ishikawa-san et. al.

e.q. [Ishikawa, Jinnouchi, Kubota,
Sloan, Tatsuishi (1901.03019)]

Experiment by the same group — (1907.01264)
(**Na — **Ne*etv,et(e”) = 29)



Short Summary

For the same focused physical 1—=2 process,

(note: we can similarly construct those for m—n processes.)

f out in )
free state - Tout gy (7 (1 (t jcree state
- - [X° —1 : in
3k plane-wave S-matrix: p1,p2|Te " /Tin 2 Py)

o with partial information

o not suitably normalised

_J
not equal M HOTE
WL 4 { informative
b fres State T (I) free state
P, e —i [moutdt H ) (t)
3 Gaussian S-matrix: S := (P1,P2|Te fm i Po)

o with full information

o normalised appropriately

“additional” 2
information ™ '




Short Summary

For the same focused physical 1—=2 process,

(note: we can similarly construct those for m—n processes.)

('-?

* plane'Wave S-matrix: |S |2 i< ill defined. (dimensionful,
, o , PW relative frequency)
o with partial information Spwl? (V)dPp1 (V)dps
o not suitably normalised dl’ = T (27)3 '\ (27)3
\_ Y,

\ \

External states are characterised
by momenta.

(dimensionless,
absolute frequency)

3K Gaussian S-matrix: S|? itself is well defined.

o with full information dP = |S|? d3X13p1 d3X23p
(27) :

o normalised appropriately

External states are characterised
by momenta and positions of centres.
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Two contributions in P

.| Techmcally, lt IS stralghtforward to derive the form of P (full prob.).
[Ishikawa, Oda (1809.04285)]

table P
freeskb\e % ‘8‘2 dBX dgp d3 de j 15
m)?  (2m)

...... |
T, “eeskb\e Tout — m) + AP

" @ ] T

proportional to (Tout- Tin),  Constant in (Tout- Tin)
‘Fermi’s Golden rule’

(averaged frequency)  “correction”
x (time interval) to “averaging”




Beyond the simplest calculation

1. When the wave-pac

Let me remind you t

et effect becomes significant?

nat:

¢ The plane-wave calculation includes only the pure bulk part.

- Configurations where the boundary parts are dominant.

¢ In the S-matrix, when we focus on momentum-non-conserving
(off-shell) part, the difference between the bulk and boundary
becomes significant.

—P A valid phase space is nallow, near kinetic threshold.




How about the 2 =2 full scattering, including the production part?

production

input parameters

\_ of scattering __“/

'he full format of S for the resonant process (P = ® = dP) is available.

[Ishiwaka,KN,Oda
(2006.14159,2102.12032]

o It is necessary for full analyses.

o More knowledge on
(Note: within “1—2", this Is
a parameter.)

o Full analysis of P(ddp > & > ¢
is not yet due to the complicated
phase space..




2. How about the 2—=2 full scattering, including the production part?

¢ We consider the scheme of approximation for “op 2> ® > dP”.

production

time

—

[Ishiwaka,Jinnouchi,KN,Oda
(ongoing)]

o We assume the factorisation
(for a resonance, it will works.)

o The final-state profile is
determined in the decay part.

o The intermediate @ state is
NOT a free asymptotic state.
We take account of this nature by

Eo(Po) — EQ(P())

(Weisskopf-Wigner Approximation)



[J So, the "best’ process to see a wave-packet instinsic nature requires
o domination of the boundary contribution, e.g., via a narrow phase space
o resonant production & decay

-+

o experimental anomalies being reported



[J So, the "best’ process to see a wave-packet instinsic nature requires
o domination of the boundary contribution, e.g., via a narrow phase space
o resonant production & decay

-+

o experimental anomalies being reported

We found such a process!
=> heavy quarkonium decays into mesons near kinetic threshold




Anomaly in heavy quarkonium decays

(] For each heavy vector quarkonium (V), two dominant decay branches
are “V—P+P-" and “V—POp0”,

o P+ is the EM-charged one; (anti-particle of P+) = P-

o P-is the EM-neutral one; (anti-particle of P0) = Po

] The following experimental anomalies are reported in
ratios of branching fractions.

- fOr Qheavy =S (strange quark) (¢ ~ 557 K+ ™~ ug, KO ™ d§) ¢ NS ¢(1020)
+ —
R(¢) := Br(¢ — K ﬁ) = 1.44928 £ 0.031506 (PDG globat fit)
Br(¢ — KOKDO)
I KTK~ ~20
R(¢p)pw = (9 = _) = 1.51558 4 0.00330 (via PDG results)
(¢ — KOKDO)
€ for Qneawy = € (charm quark) (¢ ~ ce, DT ~cd, D° ~ cu) Y < P(3770)
+ —
R() := Br(y = D D_) = 0.798085 £ 0.010191 (PDG globat fit)
Br(y — DODO) —
T(¢ DD o

R(Y)pw — 0.691545 + 0.004636 (via PDG results)

~ T(¢ — DODO)



(] In the plane-wave calculation, R(®) and R(p) depend on only

the masses in the isospin-symmetric limit (g. = go).

It should be good since my ~ mq ~ O(1) MeV,
while ms ~ O(102) MeV and mc ~ O(1) GeV.

[Branon,Escribano,Lucio,Pancheri, hep-ph/0003273]
¢ Isospin breaking and QED corrections do not resolve the discrepancy of R(®).

2 (gh\ kP o me = 1019.461 + 0.016 MeV MeV
oI'(p— K"K ):3<4+)‘ ’27 ’ m¢—2m\<+’“32Me\/
T) m o I'y = 4.249 = 0.013 MeV o 2MKO 24
1
k| =5 (m —4mis)' ", omger = 493.677+0.016 MeV

0 Mo = 497.611 £ 0.013 MeV
Frara o (Br(¢p — KtK™) =49.1 & 0.5%)

o (Br(¢p = K2K";) ~ Br(¢ — K°K°) = 33.9 £ 0.4%)
o My = 3773.7 + 0.4 MeV M
oIy =272+ 1.0MeV W
o mp+ = 1869.66 & 0.05 MeV
0 mpo = 1864.84 £ 0.05 MeV
o (Br(¢vy = DTD™) = 41 £ 4%)
o (Br(¢p — DYDO) = 5255%)




Form of S-matrix (for¢— K"Kk~ /K°K")
g2 \

— 9 K K—i_a K_ — K_a K+ . . ‘geffc‘2 =g “SM(PO) (Piu_PQM)’Q
949" | e }gJ, = go (2 g) is suggested via ’ hgy
L +igod* [KoauKO — KOc‘?MKO} the isospin symmetry (u&d) = %2(P1 — P,
i p

rescaling factor

3/4
) )e 7 (W) =5 0P -5 (2770)/ V2o, G(F)

\ K' form factor for the quarkonium

additional terms
F(Vi—Vy|) =

due to decaying initial state (ROmP(‘Q/I— 2)) 1

(as the normalised Fourier transform of

F(r) = 1 e T )
o V 27TRO r




Resultant Forms (for ¢ » k7K~ /KK9)

Under the non-relativistic approximation, we get (Vi=Vi£Vy)
: B 1B V2 (1+4(m —QmK)QTOQ)l/4 (e — 2mg)? 1 v
saddle-point approx. (v*.v®):= (0, N 2[ e 4m%{702] )
rr— bulk time scale 3/4
Y [ g°myNie o mgy — 2mK 1 vV m KO'KVB
© Houlk 127myFr By mk@ [ 4777%702] {2 Lert (

m;{JKS( 2’7’0 (m¢ — 2mK -+ \/1 -|—4

] (m —2mK)2Tg>
Frak = ' ' - —— (> 0)
common 4 °

lactor exponentially suppressed for large o “exponential” resonance

saddle-point approx. VP =0, no saddle point for V_

Tin—
m3-Nje 70
127T77’L¢E1E2

O Pboundary

2
_<9

NO exponential suppression

for large Ok “polynomial” resonance

€ Note: we took Tour = oo, directly calculating Br(¢ — K+ K~) and Br(¢ — K°KO)



Predictions for Branching Ratios pgamme®

Overall normalisation
does not contribute to the ratio R(®).

] For ¢ - K™K~ and ¢ — K'KO

Parameters: mg, Mg+ (= mg-), mgo (= Mzz), 7o (= F;l); Ry, aK,XK;Nd <«.-——~‘)
_. . ‘. ol

<addie-paint
. . . QpproX
Experimental data are available. wave-packet profile
ok = 0.001[MevV 2] MeV ? ]

vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv

1.70F

Plane-Wave (+10) - 1'65f
1.601
PDG (+10) [
© 1.55¢

Plane-Wave (+1o) -

1.50F

1.401 1 1045 o o o o o o o o o -




Predictions for Branching Ratios pgamme®

Overall normalisation
does not contribute to the ratio R(®).

] For ¢ - K*K~ and ¢ — K°KO

Parameters: mg, Mg+ (= mg-), mgo (= Mzz), 7o (= F;l); Ry, aK,XK;Nd <~.~”)

A _point
st re e sr iy Ao ety i saddie
» < > with o,

Experimental data are available. wave-packet profile
ok = 0.001[MeV 2] ok = 0.01[Mev ?]

vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv

1.70F

1.651

Plane-Wave (t10) -

PDG (+10)




Predictions for Branching Ratios

[] For v — D"D™ and ¢y — D°DO

Parameters: my,, Mp+ (: mD—)a M po (: mm)yﬂp (Z Fil); Ry, op,

Experimental data are available.

= 0.001[MeV 2]

0.8;-__

0.5}

Plane\Wave (+10)

T T T T T

0.000

0.002

0.004 0.006

0.008

0.0

10

pRELIMINARY

Overall normalisation

does not contribute to the ratio R(W).

&

wave-packet profile

}X‘?\;Ndéa‘-—-—‘fj

<addie-paint
ApDI0%

op = 0.01[MevV 2]

S o'

Plane-Wave (+10)

AR

0.002

0.004
Ry [MeV!]

Ry [MeV 1]

op = 0.1[MeV 2]

0.000

0.002

0.004 0.006

Ry [Mev 1]

0.010

0.006

0.008

0.010



Predictions for Branching Ratios pgamme®

Overall normalisation
does not contribute to the ratio R(LIJ).

[] For v — D"D™ and ¢y — D°DO

Parameters: my, mp+ (= mp-), mpo (= mpg), Ty (= I',"); Ro, JD,\M\Nd &

< . >Wfo@d\ew

Experimental data are available. wave- Dacket Droflle

0.
0.
>
~ 0
0.
0. .
o 000 0.002 0.004 0.006 0.008 0.010
0.000" 0.002 0.004 0.006 0.008 0.010
., Op = 0.1[MeV ?] Ry [Mev !]
Ry [MeV™!] .

0.000 0.002 0.004 0.006 0.008 0.010

Ry [Mev 1]



Constraints via Resonant shape

pRELIMINARY

] For ¢ - K™K~ and ¢ — K°K©

(Rg=0.001MeV !;

PLB779(2018))

Preci

g

= r

w 1000

© 500¢

A [

Z I

}q 100*

i 50

/]\ L

< 10*

T 5m = = = =m =m = m =

- ~

o 1: W%} 3

e 10-¢ 0.001 0.010 0.100 1 10 100
ox [MeV?]

/p./- |
restrict the valid region of Ok

suggested as in R(P)

___ ___

| Wave- ket =====--- Breit-Wigner
| )
ok=1[MeV2],Ry=0.001[MeV!]; Peak-fit
2500'"'|""I"'|||""I""I""I""
— i Datal for Fits
I |
— 2000} : -
2 : |
& 1500+ ' -
T I
|
S 1000+ ! .
T |
| [ : ® PLB779(2018)
Y 500+ | -
" ! _
@) | ',4' : e |
0 gess® ) oy, = EEw |
990 1000 1010 1020 1030 1040 1050 1060
M [MeV] [1710.02989 (CMD-3)]

The latest e.et—>P—K*K- data by CMD-3 (2018)
= determining o(e-et—®) and me by global fit.




Constraints via Resonant shape pgenme®®

[] For v — D"D™ and ¢y — D°DO

BaBar+Belle+BES+CLEO)

(Ro=0.001MeV!;

(9)]
o

=
o

(8
T I.....

[
T T

Xz(e+e—-» Y — DD) / (DOFS) | Min

0.001 0.010 0.100 1 10

op [MeV™?]

; nsistent
rimental data 1S &
Current expe N de region of

cessay-

with the .
_, More data is N€

suggested as in R(\W)

12

Wave-pa

op=10[MeV?],Ry=0.001[MeV!]; Peak-fit

= = e ———

Breit-Wigner

10

[nb]

o(e+te- - Yy — DD)

.
—— — —— — — — —
.

'S -
)
N
. . F

T - . - - - |
. i ® CLEO (from DD(y)§
[| &I ® BABAR -

¥y @ BELLE L

® BES .

~§
~
~
. ~,
-
-
~E
c"maa

3760

M

[MeV ] |
[Shamov,Yu,Todyshev, PLB 769 (2017) 187] |

D. ee'—y—D*D- and D°DY data by CLEO, Babar, Belle, BES
= determining o(e-et—Ww) and my by global fit.




Summary & PRiscussion

1. The S-matrix in Gaussian wave packet contains full information of

the quantum particles. <» More informative & regularised.

2. The experimental observations of R(®) and R(\W) are explained
by the wave-packet nature.

[discussion/what I would Like to do in fubture]

o full format for the Gaussian S—makrix
o general discussions on frequency/probability
o more applications for (new) physics systems

@ SO OM L N 2




BACKUP SLIDES




Detalls on S(CD — M [Ishikawa, Oda (1809.04285)]

~N
— ]. o Os
e S =— ( (ro4) 3/4 ) e~ 3 (0w =5 (P ~3 (27T03)3/2 V2mo; G(%)
- 2E,
2 ¥ 2
dt _ 1 1040w f — = —T
0 GE)i= | e T et(s) = 7z | e
erf<(z_crin —|—i0't($CU> B f<(z—Tout ‘I"iUt(SLU)]
\/20-75 - \/20',5
_J

5P::P1—|—P2—PO
SE := By + Ey — E,

dw:=0E -V -6P




Detalls on S(CD — M [Ishikawa, Oda (1809.04285)]

1| 2 2 _ 2] —
.« o) = — (5V1) ) (5V2) | (5V1 5V2) | 5Qa — Qa _ QO
Os 0001 0002 0102
c oo oo [0XL OV X5 0V, (6X = 0X,) - (V) — V)
- opor 0 ogon 0109 ’

N NCE SVRCE 2Y g CE S = )

0001 0002 0102

\

5%1 y 5V1 | 5%2 . 5V2 | (5%1 — 5%2) . (5V1 — 5V2)}2

— 0s0¢ ! |
0001 0009 0102

/



plane-wave basis

[QFT textbooks]

[4] Plane wave — the standard tool for describing particles:

¢ Basis (@ Schrodinger Pic.): ((x\p} x e'P?® ]

(plane wave: the eigenstate of P ) -— X completely undetermined
_ (non-normalisable mode)

¢ Expansion of Scalar operator in Int. P

IC
0= [ [[w %p}hc (5= o)
\/ 27T 2E Annihilation op.

Wave function of Dlane wave for momentum-p state
( . )
1p-x
— gl (z|p) x e
‘p> o p‘0> 0=F,
the one-particle state = (2" (=1), x
(ignoring the overall factor e-ift) A Dos?tg‘ t
+ (o] = (oo
_ Int. Pic. Sch. Pic. )




What is calculable?

[J So, what can we do in the plane-wave formalism?

e w(t,if}) — \/% o tEpttipz “literal normalisation”
) v Vg pl V% p2
27T

o|(PW) phase space|] =

& |Spw/|? x [phase space]
1 d’p1  d’ps

4 ou Pin P T
= (2m)°0% (Pous = Pun) 5 2, (27) 2By (27 )%

-~/ —>
well defined ill-defined!

(The volume is cancelled out.) (since T— o)

2
PW|



What is calculable?

[J So, what can we do in the plane-wave formalism?

o Y(t,x) = : e thpltipe

VY () g, (V)aps
o|(PW) phase space|] = amE (2r)

& |Spw/|? x [phase space]

1
— (27‘-)454(P0ut — Pin)

2F;n,

d3p1 d3p2

‘Mpw’Q X T

2E1 (27’(’)3 2E2 (27’(’)3

) |Spw|? % [phase space]
1
— (27T)454(Pout — Rn)

1

‘ d3p1 d3p2
2Ein

2E1 (27’(’)3 2E2 (27’(’)3

Mpw|?

well defined!

The friquency per time (= I': decay rate)
is well defined and calculatble.




W e\\
W
AS

the plane-wave amplitude:

. g K [a~n taking a simple form,
o In the case of H;jp(t) = /d & 9 (q)¢€b) / easily derived via Feynman rules
p1 ,
5 0 4
o iMpw (P — ¢P) = o< = TR,




(Gaussian basis

[Ishikawa, Shimomura (0508303), Ishikawa, Oda (1809.04285)]
M Key: Fields can be expanded in any complete sets of bases.

— Perturbations under normalised bases are possible. =» Gaussian!

M Gaussian basis ({x\a,X,P)} normalisable!

Rlane-wave limit: = x)

¢ Form (@ Schrodinger Pic.):

i (x—X)2
~ iP-(x—X) 5
L (a coherent state) (when T=0))

Centre Position
at a certain time T

¢ Expansion of Scalar operator
(in Int. Pic.):

; d° X d?’P
O¢($):/ [faxp J[( XPB—FhC} \
(2 T
Wave function of Gaussnan wave |oa(:ket—T Annihilation op.
(X is defined @ T) for the corresponding wave- Da@
P) = A1(P)|0), |P={0.X"(=7).X.P}

H/_/
—: X

the one-particle state




ABLE Gaussian wavefunction

\ ) [Ishikawa, Oda (1809.04285)]
pett™ X d’P :
gb(il?) — (27‘_)3 [fU’X’p($3A(O', X, P) —+ hC}

Wave function of Gaussian wave !oa(:ket—T
(X is defined @ T)

d?’p Int. Pic.
o fox,p(2) = (@|p){plo, X, P)
\/ 2Ep Gaussian state
_ (E)S/ : / P ip@—X)-5(p—P)?
\V 2p0(2ﬂ-)3/2 pV=F

saddle-point approx. for a large O

3/4 3/2 on-shell condition A
() | (21) N e |
7-‘- 0- 2P (27-‘-) ------------- PO:EP
D)=X+V(P)t~T), V(P)=P/Ep) = BRI
Position of Centre of IR o]
the Gaussian peak at the time (t) ==l i Sme
_ T U N )




uwep8 (some details on Gaussian state)
oA

- A
o Normalisable: (o, X,Plo,X,P) =
o Coherent: §z2 = =, 6p? = 1 (i = x,9, 2)
Tt 27 Y 90 ’
o Non-orthogonal:
0} 3/4 /2 01 / ! D/ /
<0‘,X7P|0'/7X/7P’>:<_I> e 4JA( —X') =5 (P— P)-|-2 (cP+o'P)-(X—-X")
o)
. o+o ., o l+4o!
oA = 5 o7 = >
d° X d°P .
o Over-complete: / o, X, P)(o,X,P| =1
(2m)°
\ J
N

o Algebra of Creation/Annihilation operators:
Ao, T,X,P), AT/, T, X',P"| = (6,T,X,Plo’, T,X", P

 (others) =0




S-matrix of the simplest 122: ® > o b

[Ishikawa, Oda (1809.04285)]
O When H;.(t) = /dBm - (Ci)g%) , for finite Tin & Tour, S becomes

free out-state f Tt » H(I) t free in-state
S = <7>1, PQ‘TQ vy, int ( ‘730>

(Hz‘ — {Xz',Pz‘})

k T]——+ out W
Wick’s t 3 *

for /Al\cansd Ae*(zginO) /m dt d°z f¢701KHl ) fgbﬁiﬂz (:IL‘) fq)io;ﬂo (x)

W,

“Wave-packet Feynman Rule”

Summing over
all the spacetime points here!

>» U




&M (Wick contraction for on-shell part])

@Eﬁl&“ [Ishikawa, Oda (1809.04285)]
[ \
I, = {X}, X;,P;}
r 1 A A N—
> A1) 40) - [ nszn(@) [Ag ) Afan] X
| d3p
for a final state _ 6 . : :
~ [en | Ty @H1L19:p) (0:p16.2) (0Tl g0 1)
d°p

— ;3;1_[3 (x)



S-matrix of the simplest 122: ® = ¢

[Ishikawa, Oda (1809.04285)]
O When H;.(t) = /d% - (Ci)g%) , for finite Tin & Tour, S becomes

free out-state f Tt » H( I t free in-state
S = <7D1,772‘T6 vy, int ‘73()>

(H ‘= {X’L)PZ})

Wick’s th 8 1K Lout 3 7 [ W
Ick’s theorem * *

for A and At (@LO) E/Tln dt/d Zqub,al;Hl (m) f¢,02;H2($) f<I>,c70,H0 $)

- y

[Reminder]

[Details of Gaussian (on-shell) wave functions]

f\p,g;n(a?) _ (E)3/4 d3

T

(27) 3/2

2pY (

saddle-point approx. for a large @

o\3/4 [ 27\ /2 1
0" (7)) e




S-matrix of the simplest 122: ® = ¢

[Ishikawa, Oda (1809.04285)]
O When H;.(t) = /d% - (Ci)g%) for finite Tin & Tour, S becomes

free out-state f Tt » H( I t free in-state
S = <7D1,7)2‘T6 vy, int ( ‘730>

)
—> a Tout [ )

Wick’s th LR 3 * *
for /Al\cansd Ai?gf]@ - ﬁ T dt / d°x fqb o111 (x) fgb,o'z I15 (z) fo,00:11, ()
w

[Reminder]

Uniform linear motion
_ 9
f\P,a;H(x) ~ of the centre (= Peak!)

o\3/4 [ 21\ 3/ 1
() Ama




S-matrix of the simplest 122: ® = ¢

[Ishikawa, Oda (1809.04285)]
O When H;.(t) = /d% - (i)g%) , for finite Tin & Tour, S becomes

free out-state f Tt » H( T) t free in-state
S = <7>1,772‘T6 vy, int ( ‘73()>

(H — {X’L?PZ})
Wick’s th I (‘iﬁ} Tout 3 “{ W
Ick’s theorem | “™v dt | &3z £ *

for A and At (@LO) \/5/1—1 / f¢701;H1 (J;) f 70-2;1_[2 (Qj) fq)70-07H0 'CE)
t \ 1n J

P1 A\ g P2

N e J v

TOUE ----- r o ’”\/0'1 ~\/0'2

. | “classical) trajectories” {
>3 = charactering the S-matrix |

g—- S i (
Secoﬂda /1
a kﬂe

A overlap domain of

yar! |

/7 — the wave packets”

= depending on the trajectories




Result of S(P-> @)

v
normalisation factors overlaps of the wave packets

of Gaussians

(including approximated
Energy-Momentum conservation)




Result of S(P = db)

v (H (o) ¥4 )e Do Corr-Q o)

A(=0,1,2) 2EA

o ( & )
|||
\

Feature @ * Geometrical variables
characterise S.

(5CL) ~oF = Eout — Ein7 OP = Pout — Pin)




Feature @: Geometrical variables e Feature@ .
characterise S.

(0w ~ OF := Eoui — Ein, 6P := Pou; — Pin)
Recovery of the energy-momentum

The limit (0;— o and g2 x) =

v o P2 conservation
e Note:
: \N\/O-Z
‘ 3 0 —>00
X




Result of S(® = dP)

(H (WOA)_3/4 ) 6_%(5w)2_7(5P)2_§ (271'(75)3/2 /—271'(775

A(=0,1,2) 284

- determined by the trajectories
(configurations of
external particles)




Bulk & Boundary terms

(H (WOA)_3/4 ) 6_%(5w)2_7(5P)2_§ (271'(75)3/2 /—271'(775 . 4

A(=0,1,2) 2EA

~ 5% | % (52— b (T-Tin) Togary” o
e 20¢ 2 “\\“\ bO E
iv2moy [0w — i(8) — Tin) /0] A E .
T o

$ 2 |

oo 1@-




Bulk & Boundary terms

. 1 - o B 1
S = _Z_/{ (H (WOA)_3/4 ) 6_%(500)2_T(5P)2_§ (27T(73)3/2 \ /27T0't

A(=0,1,2) 2EA

® Significant Feature: Terms are classified into “bulk” and “boundar

;

% time of overlap (around which three wave packets overlap

Z R : A o R R S D O A R s S S e R A e e s D o R R R T D e e A e s S e TR e D s R s D e R RN e e ¥

4 1 % T, + 100w < ‘ﬁ— out T 1010w
Il ™~ — |sgn —selh | \/

[in the causality point of view]

. 9
e @;Z;n) - ‘72t (5w)2—i5w(‘Z—Tin]

i/ 210y [ow — i (Y
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Bz sl

e 20¢
|

i 2m0y [0w — i (@) — Tous) /oe)\
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Result of S(P = db)

- | =
S= H (o 4) 3/ ! e~ 3 (0w)° =5 (0P ~3 (270,)%% V2moy G(T)
. A(=0,1,2) 284

_—

& In“1-2”,

® Bulk part is “time-universal”. As expected, we can show

R

[I\/Iarg;-iln—algg(;r_a;é j‘ [ fngO(:in) / H X ;d*P; _

per (Volume) & (Time), 1L (277)3 J\Sbu1k|2

L 4 Py—0

(O-S_’OO and (0 iam doo) ”planE'Wave Iimit”) F(plane_wave)

R e R

— Y (the decay width from Sjane.wave)
- . _ )
1 — Tin 040 — Tou 040 ”
G(‘Z) > . lsgn (‘Z \/%wt w) ~sem (3 \/%wt w>] l “b\)“‘ [
5

L Czjin Tout y




Result of S(® = <|><|>

™ In“1-2”,
® No counterpart of boundary terms exists in Splane-wave.
® Suppression via energy-non-conservation is relaxed as

“Exponential” = “Power” [..Enhancement].




Result of S(P = db)
. | =
P (H (7TO'A)_3/4 ! ) e~ 3 (0w) =5 (6P) —3 (27‘(’0’8)3/2 V2o G(T)
A
-

2K

A(=0,1,2)

-

™ In“1-2”,
® No counterpart of boundary terms exists in Splane-wave.
® Suppression via energy-non-conservation is relaxed as

“Exponential” = “Power” [..Enhancement].

® Suppression via distances between time domains is relaxed e.g., in
r:m I’q\\ ‘ PO, P1, II,'\\‘ | :

1
i /
|

-




ABLE More on Window function |

SRIPP g shikawa, Oda (1809.04285)
e
= erf(z) := 2 /Z e " du
o G(T) = Tous ¢ L~y (t=T—iordw)’ VT Jo
T \/ 27T0't
o 1 {erf(‘l — frin -+ i0t5w> B erf<‘3 — Tout + z’atéw)}
2 V204 V204

O G(‘Z) — Gbulk(‘z) + Gin—bdry(‘z) + Gout—bdry (‘z)

1 (Tm < (S < Tout)
T — T, + io‘téw ~Jo (T < Ty or Tyt < %),
dery(z) (Z = \/Tl't ) Goun(T) = < 0(ow) (T=T)
4 \9(—5(,0) (T = Tout)
T o ,
Ghuk(T) := 5 )} :
: I
Gin—bdry((‘z) .= § 9

1| T — Tout + 100w

Gout—bdry(‘z) c= 5 \/1327]5 ! )} :




N~

L
|z[>1

(We utilised this approximation in the main part.)

o erf(z) ~ sgn(z) +6_z2( 1 )

[Ishikawa, Oda (1809.04285)]




