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This symmetry not only defines “energy” but also leads to its conservation. 
(Noether’s 1st theorem)

In a flat spacetime, energy is a conserved charge of time translational symmetry.

Does this hold in general relativity (GR) ?

Obstruction Noether’s 2nd theorem

E. Noether, Gott. Nacho. 1918(1918)235-257 [arXiv:physics/0503066[physics]].

I. Is energy conserved in general relativity ?
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time translation 2 general coordinate transformation (gauge symmetry)

Local (gauge) symmetry Off-shell conserved current
conservation as an identity

In this poster, I will explain our answer to the above question: 

(1) The matter energy can be defined in GR. 

(2) The matter energy is not conserved in general. 

(3) There exists a conserved charge as a generalization of the matter energy.  



Lagrangian density Action
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S⌦ =

Z

⌦
ddxL

EOM for scalar

gravity

Einstein equation 

Set up
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L = LG + L� + LA
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Infinitesimal gauge transformations are given by

δAa
µ = fabcAb

µθ
c +

1

g
∂µθ

a =
1

g
[Dµθ]

a, (3.13)

δφ = iθa(T a)φ, δφ† = −iφ†T aθa, (3.14)

where θa(x) is an infinitesimal parameter.

3.2 Various currents

Nµ
m[θ] :=

∂Lm

∂φ,µ
δφ+ δφ†

∂Lm

∂φ†,µ
= −i(Dµφ)†T aφθa + iφ†T aDµφθa =

1

g
Jµ,aθa, (3.15)

Kµ
m[θ] := Nµ

m[θ] +
∂Lm

∂Aa
µ

1

g
θa = 0, (3.16)

Jµ
m[θ] := Nµ

m[θ]−Kµ
m[θ] = Nµ

m[θ] =
1

g
Jµ,aθa, (3.17)

Nµ
G[θ] :=

∂LG

∂Aa
ν,µ
δAa

ν = −1

g
Fµν,a[Dνθ]

a, (3.18)

Kµ
G[θ] := Nµ

G[θ] + (EAa
µ
− Jµ,a)

θa

g
=

1

g
∂ν(F

νµ,aθa), (3.19)

Jµ
G[θ] := Nµ

G[θ]−Kµ
G[θ] = −1

g
[DνF

νµ]aθa ≈ −1

g
Jµ,aθa, (3.20)

and

Nµ
m+G[θ] =

1

g
{Jµ,aθa + F νµ,a[Dνθ]

a} , (3.21)

Kµ
m+g[θ] = Kµ

G[θ], (3.22)

Jµ
m+G[θ] = −1

g
EAa

µ
θa ≈ 0, (3.23)

where

∂µN
µ
m+G[θ] = ∂µJ

µ
m+G[θ] = −EAa

µ
δAa

µ − Eφδφ− δφ†Eφ† ≈ 0, (3.24)

∂µK
µ
m+G[θ] =

1

g
∂µ∂ν(F

νµ,aθa) = 0. (3.25)

4 Simple analysis: general relativity

4.1 Set up

For general relativity, we have

LG =
1

2κ

√
−g(R− 2Λ), κ := 4πGN , (4.1)

Lm =
√
−g

[
−1

2
gµν∂µφ∂νφ− V (φ)

]
, (4.2)

LA =
√
−g

[
−1

4
FµνF

µν − 1

2
m2AµA

µ

]
, Fµν = ∂µAν − ∂νAµ. (4.3)
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scalar

massive vector

<latexit sha1_base64="dgZqIwiT+JsTkpqMg3zCoTpHMB0="></latexit>

EAµ =
p
�g

⇥
r⌫F

⌫µ �m2Aµ
⇤
= 0 EOM for vector
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Egµ⌫ = �
p
�g

2


Rµ⌫ � 1

2
gµ⌫(R� 2⇤)� 2(Tµ⌫

� + Tµ⌫
A )

�
= 0
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E� =
p
�g

⇥
r2�� V 0(�)

⇤
= 0
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Tµ⌫
� , Tµ⌫

A : Energy momentum tensor (EMT) for matters



(infinitesimal) general coordinate transformations
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�⇠� = 0
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�⇠x
µ = ⇠µ
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�gµ⌫(x) = �⇠↵,µ(x)g↵⌫(x)� ⇠↵,⌫(x)gµ↵(x)
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�⇠Aµ = �⇠↵,µA↵
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�⇠�,↵ 6= @↵(�⇠�)Since the transformation does not commute with derivatives:
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�̄⇠�,↵ = @↵(�̄⇠�) we introduce commute with derivatives
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�̄⇠� := �⇠�� �,��⇠x
�

II. Noether’s 2nd theorem

An individual action is invariant
<latexit sha1_base64="t3iQRJ9ahOwxvEsVvd5EaxsBB6k="></latexit>

�⇠S�,⌦ = 0
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S�,⌦ :=

Z

⌦
ddxL�, � = G,�, A.
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G↵,� = 0 d constraints among EOMs (Bianchi identity, etc.)
<latexit sha1_base64="aqTTG3xxR5811tGmHiMbVFSf4Eo="></latexit>

2. General ⇠µ and an arbitrary choice of ⌦.
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⌦
ddx ⇠↵G↵,� +

Z

⌦
ddx @µK

µ
�[⇠] = 0.
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@µK
µ
�[⇠] = 0. conserved current
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1. Choose ⇠µ(x) = ⇠µ,↵(x) = ⇠µ,↵�(x) = 0 at a boundary of an arbitrary ⌦.
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Kµ
G[⇠] =

1

2

p
�gr⌫

h
r[µ⇠⌫]

i
= Aµ

⌫⇠
⌫ +Bµ

⌫
↵⇠⌫ ,↵ + Cµ

⌫
↵�⇠⌫ ,↵�Explicitly
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Kµ
A[⇠] = @⌫

⇥p
�gFµ⌫A↵⇠

↵
⇤
= Dµ

⌫⇠
⌫ + Eµ

⌫
↵⇠⌫ ,↵
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Kµ
� [⇠] = 0

arbitrary ξν <latexit sha1_base64="JqoDw4iWVzRYSd1EK3COiaLYKzA="></latexit>

@µA
µ
⌫ = 0

These conservation equations hold for arbitrary off-shell  .gμν, ϕ, Aμ
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@µK
µ
G[⇠] = 0 off-shell conserved current density (covariant)
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conserved for an arbitrary vector ⇠

Komar energy, ADM energy, Wald entropy, asymptotic charges
referred as Quasi-local (energy)
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@µA
µ
⌫ = 0 off-shell conserved current density (non-covariant)
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Aµ
⌫ =

p
�g

2

h
2Rµ

⌫ + gµ↵��
�⌫,↵ � g↵��µ

↵�,⌫

i
Einstein’s pseudo-tensor
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�g (Tµ

⌫ + tµ⌫)
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tµ⌫ :=
1

2


Rµ

⌫ +
�µ⌫
2
(R� 2⇤) + gµ↵��

�⌫,↵ � g↵��µ
↵�,⌫

�
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@µE
µ
⌫ = 0



Pros

1. “energy” current is always conserved.

a total energy is conserved in general relativity (?)

2. total “energy” can be evaluated by a surface integral 

quasi-local energy
<latexit sha1_base64="sq7kRXgKKSi/ub4F0wwQKl22cSA="></latexit>

EQ[⇠] =

Z

V
[dd�1x]µK

µ
G[⇠] =

1

2

Z

@V
[dd�2x]µ⌫

p
�gr[µ⇠⌫]
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Ept =

Z

V
[dd�1x]µA

µ
0 = �

Z

@V
[dd�2x]µ⌫B̃

⌫
0
µ pseudo-tensor
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Aµ
⌫ = �@↵B̃

↵
⌫
µ
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B̃↵
⌫
µ :=

1

2
B[↵

⌫
µ] � 1

3
@�C

[↵
⌫
µ]�

“Energy” from Noether’s 2nd theorem 



Cons

1. non-dynamical (off-shell) conservation, which is a purely kinematical constraint.

2. physical meaning is unclear. Is it indeed energy ?

conservation only from a gravity action, blind for matters, whose information is 
encoded via Einstein eq. (EoM). 

3. Ambiguity from a choice of  (quasi-local), or non-covariance (pseudo-tensor).ξμ

4. Ambiguity from a total divergence term, which does not change EoM.
<latexit sha1_base64="zQJBSKIvhiaKk5aQVeeKn9ZKx2w="></latexit>

LG ! LG + @µ(
p
�gMµ)

<latexit sha1_base64="0ak5W08W8hHSLE4cSGP8hCDpD38="></latexit>

K↵
G[⇠] ! K↵

G[⇠] +
p
�g

h
⇠[µr⌫M

⌫] �M [µr⌫⇠
⌫]
i

E. Noether, Gott. Nacho. 1918(1918)235-257 [arXiv:physics/0503066[physics]].

which by substitution of their values for ∆x and δu, provided f is assumed to depend on only first
derivatives of the u’s, goes over into

∂f

∂x
p(x) +

{

∑ ∂f

∂ui
−
∂f

∂u′

i

u′

i + f

}

p′(x) +

{

∑ ∂f

∂u′′

i

}

p′′(x) = 0

(identically in p(x), p′(x), p′′(x)). This system of equations has solutions for as few as two functions
u(x) actually containing the derivatives, namely

f = (u′

1 − u′

2)Φ

(

u1 − u2,
e−u1

u′

1 − u′

2

)

,

where Φ stands for an arbitrary function of the specified arguments.
Hilbert enunciates his assertion to the effect that the failure of proper laws of conservation of

energy is a characteristic feature of the “general theory of relativity.” In order for this assertion to
hold good literally, therefore, the term “general relativity” should be taken in a broader sense than
usual, and extended also to the forgoing groups depending on n arbitrary functions.27

27This again confirms the correctness of a comment of Klein’s that the term “relativity” current in physics is
replaceable by “invariance relative to a group.” (“Über die geometrishen Grundlagen der Lorentzgruppe,” Jhrber. d.
Deutsch. Math. Vereinig. 19 (1910), p. 287, reprinted in the Phys. Zeitschrift.)

14



III. Noether’s 1st theorem in GR
Invariance of the matter action implies
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0 = �⇠S�,⌦ =
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ddx

�
�̄⇠L� + L�,↵�⇠x

↵ + @↵(�⇠x
↵)L�

�
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� = �, A
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= @↵(L��⇠x
↵)
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If a transformation ⇠µ = ⇣µ satisfies

Noether’s 1st theorem for
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g is a background field
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The current for a special ⇣ is conserved.
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We can define a new current
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Noether’s 1st theorem

on-shell conservedTherefore

<latexit sha1_base64="hIn+5pR4WkJZD2BngJ6hwDhzCrY="></latexit>

A gauge field g can be o↵-shell as well as on-shell.

where a new conserved current is given by
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Condition and conserved current were proposed to define a conserved charge 
in general relativity from a different point of view in

S. Aoki, T. Onogi and S. Yokoyama, Int. J. Mod. Phys. A36 (2021) 2150098.

S. Aoki, T. Onogi and S. Yokoyama, Int. J. Mod. Phys. A36 (2021)2150201
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massive vector
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If our method is applied to the total action

Noether’s 1st theorem ?

However on-shell trivial

Noether’s 2nd theorem 
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Is the energy in this definition conserved ?

the condition is trivially satisfied.

conserved “energy” standard definition of energy in  limitκ → 0

the condition is satisfied.
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1. If a stationary Killing vector, satisfying rµ⇠⌫ +r⌫⇠µ = 0, exists,
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Ex. If a metric gµ⌫ doesn’t depend on x0, ⇠µ = ��µ0 is a Killing vector.
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3. Energy E is not conserved for a generic gµ⌫ .



Comparison
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EQ[⇠] with 8⇠ or Ept

Noether 
(symmetry) 1st (time translation) 2nd (general coordinate tr.)

Conservation dynamical (on-shell) constraint (off-shell)

total energy not conserved in general always conserved(?)

defined from matter action gravity action (matter via Einstein eq.)

ambiguity

yescovariance yes/no

no
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a choice of ⇠, a total divergence term

physical 
interpretation

matter energy

matter + gravitational energy ?
unclear

no gravitational energy 
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A solution is known as a Kodama vector for a spherically symmetric system. Kodama’80

1st order linear PDE

There exists a conserved charge more general than energy in GR.

S. Aoki, T. Onogi and S. Yokoyama, Int. J. Mod. Phys. A36 (2021)2150201
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If an initial value �(x0,8 ~x)) is given at x0, �(x) for other x0 is easily obtained.

is conserved if the following condition is satisfied.

What is a physical meaning ?
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For example, take (⇣)µ(x) = ��(x)�µ0 , then the condition becomes
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not conserved

ds2 = �(dx0)2 + a2(x0)g̃ijdx
idxj

EMT (perfect fluid)

covariant conservation rµT
µ
⌫ = 0

energy

Freedman-Lemaitre-Robertson-Walker metric
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charge 

conserved !

Ex. Homogeneous and isotropic expansing Universe
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ȧ

a

P

⇢
+ (d� 1)

ȧ
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energy density

Physical interpretation of the charge

Entropy of the Universe is conserved during its expansion.

e(x0) = ρ(x0)v(x0)s(x0) = e(x0)β(x0)

charge density

v(x0) = a(x0)d−1

volume density

ds
dx0

=
de
dx0

β + e
dβ
dx0

= ( de
dx0

+ P
dv
dx0 ) β Tds = de + Pdv

1st law of thermodynamics

S entropy β =
1
T

inverse temperature

·β
β

= (d − 1)
P
ρ

·a
a

> 0 Temperature of the Universe decreases as it expands, so as to conserve 
the total entropy.

dβ
dx0

= (d − 1)
·a
a

Pβ
ρ

= P
dv
dx0

β
e

∵

A space-time behaves like an adiabatic piston ?



In a more generic spacetime, we can not show that a conserved charge 
satisfies the 1st law of thermodynamics, thus it may be a more general 
one than an entropy. 

Since such a general conserved charge is unknown, however, we temporarily 
call it an ”entropy”.  Regardless of its name, it remains true that there always 
exists a conserved matter charge in general relativity as a consequence of 
Noether’s 1st theorem for the matter sector.



1. We have proposed a (new) definition for the matter energy in GR. 

A. The matter energy is not conserved in general. 

2. We have proposed a new method to define a conserved matter Noether’s 
charge for a global symmetry which is a part of a local (gauge) symmetry, in 
the presence of the (background) gauge field. 

A. The conserved charge corresponds to the entropy in GR. 

B. The electric charge can be defined for a U(1) gauge theory. 

C. It is possible to define charges for non-abelian gauge theories.

V. Conclusion and discussion

Ref.  Sinya Aoki,  “Noether’s 1st theorem with local symmetries”, arXiv:2206.00283[hep-th].

A conserved total energy = energy for matters + energy for gravitational field ?

Unfortunately, Noether’s 1st theorem does not give such a quantity.



Backup



Examples of conserved energy
S. Aoki, T. Onogi and S. Yokoyama, Int. J. Mod. Phys. A36 (2021) 2150098.

Schwarzschild black hole energy

ds2 = − (1 + u)dτ2 − 2udτdr + (1 − u)dr2 + r2dΩ2
d−2

Eddington-Finkelstein coordinates

u(r) := δu(r) −
2Λr2

(d − 2)(d − 1) δu(r) := −
2GMθ(r)

rd−3

 with  handles 
singularity at 
θ(r) θ(0) = 0

r = 0
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r = 0
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 constant surfaceτ

stationary Killing vector
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⇠µ = ��µ⌧



Einstein equation
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Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ = 2Tµ⌫
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Tµ⌫ = 0 at r 6= 0

If we calculate carefully, we obtain
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T ⌧
⌧ =

d� 2

16⇡G

@r(rd�3�u)

rd�2
= � (d� 2)M

8⇡

�(r)

rd�2
= T r

r
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rd�3
= � 1

8⇡

@r�(r)

rd�3
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rd�3�u(r) = �2GM✓(r)

black hole is not a vacuum solution to Einstein equation.

cf. Coulomb potential by a point charge is NOT a vacuum solution to Maxwell eq.

∇2( 1
r ) = 0 ∇2( 1

r ) ∝ δ(x)r 6= 0

Einstein/Maxwell equations are distributional equations.
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EBH = �
Z

dd�1x
p
�gT ⌧

⌧ =
(d� 2)⌦d�2

8⇡

Z 1

0

dr@r(M✓(r)) =
(d� 2)⌦d�2

8⇡
M

energy of black hole
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at d = 4



stationary spherically symmetric ds2 = �f(r)(dx0)2 + h(r)dr2 + r2g̃ijdx
idxj

with perfect fluid EMT

3

which leads to a form proportional to a delta function:

T 0
0 =

d− 2

16πGNrd−2
∂r
(
rd−3F

)
= −ρ

δ(r)

rd−2
. (15)

We here insert the step function θ for the singular term in
(6), so that F (r) = δf(r)θ(r) and δ(r) = dθ(r)

dr . Thus the
matter energy momentum tensor Tµ

ν for the black hole
can be understood as a distribution. We can calculate E
as the volume integral, which also leads to (12), justifying
the use of the step function to handle the singularity at
r = 0.

3-2. Reissner-Nordström black hole

Below we present a more illuminative computation
of a mass of a charged black hole in general d dimen-
sions, whose metric is given in (5) by replacing f(r) with
fq(r) = f(r) + d−3

d−28πGNq2r−2(d−3), together with the

gauge potential Aµ = (− q
rd−3 + q

rd−3
+

)δ0µ, where q, r+ are

constants[17]. This configuration of gravitational and
gauge fields satisfies the equations of motion given by

Gµν + Λgµν = 8πGN (TG
µν + TA

µν), ∇µF
µ
ν = Jν , (16)

where Fµν := ∇µAν − ∇νAµ and TA
µν := Fµ

αFνα −
1
4gµνFαβFαβ . Here TG

µν and Jν explicitly represent
the singular contributions of the metric and the gauge
potential at r = 0, respectively. Explicitly (TG +
TA)00 is given in (15) by replacing F with Fq = F +
d−3
d−28πGNq2r−2(d−3).
Since this metric is also static, the energy defined by

(7) is conserved. However this charge diverges, due to
the contribution of the electromagnetic field. Physically,
this divergence can be interpreted as the self-energy for
the charged point particle. Indeed it remains even for the
flat space-time with M = 0 and Λ = 0. Classically, the
charged black hole has the infinite energy due to the infi-
nite electromagnetic energy. Thus the renormalization as
well as the quantization of the gauge field on the curved
space are needed to fix this problem, as was so on the
flat space.
Fortunately, since ∇µ(TG)µ0 = 0 (thus ∇µ(TA)µ0 =

0), we can define an energy from the covariantly con-
served TG alone without electromagnetic energy as

(TG)00 = − (d− 2)

16πGdrd−2
∂r
(
rd−3F (r)

)
, (17)

where F is given before. We thus obtain

EG =

∫
dd−2&x

∫
dr
√
|g|(TG)00ξ

0 = Vd−2ρ, (18)

which reproduces the result in the special case of [17].
This system allows another conserved quantity, thanks

to the invariance under the U(1) gauge transformation by
δAµ = ∂µθ, which leads to

∂µj
µ = 0, jµ = ∇ν

(√
|g|Fµν

)
(19)

without using the Maxwell equation. According to
our prescription, Qc =

∫
dd−2x

∫
dr
√
|g|J0 with J0 =

j0/
√
|g| gives the conserved electric charge, which is eval-

uated asQc = Vd−2(d−3)q. At d = 4 for k > 0, Qc = 4πq.

3-3. BTZ black hole

As a final example, we compute a charge different from
a mass. To this end we consider a BTZ black hole and
compute its angular momentum [18]. The metric

ds2 = −f(r)dt2 +
1

f(r)
dr2 + r2(dφ− ω(r)dt)2, (20)

where

f(r) =
r2

L2
− 2GNMθ(r) +

G2
NJ2

4r2
, ω(r) =

GNJ

2r2
, (21)

with M,J are constants, satisfies the Einstein equation
in three dimensions. We insert the step function to the
constant part to emphasize that this solution is valid ex-
cept the origin.

This BTZ black hole has not only a Killing vector with
respect to the time translation but also the one which
rotates the system, ξµ = δµφ . As in the previous cases
the first one defines the mass, which can be similarly
computed as E = M

4 . On the other hand, the second
Killing vector define an angular momentum:

Pφ =

∫
d2x
√
|g|T 0

φ. (22)

T 0
φ is computed from the Einstein tensor as T 0

φ =
− 1

16πGNr∂r
(
r3ω′(r)

)
. Thus we find Pφ = J

8 , which re-
produces the known result [18].

4. MASS OF A COMPACT STAR

Our formula for the conserved charge leads to non-
trivial corrections to a mass of a compact star.

4-1. Oppenheimer-Volkoff equation

Let us consider the energy momentum tensor for the
fluid, given by

T 0
0 = −ρ(r), T r

r = P (r), T i
j = δijP (r), (23)

where ρ(r) is the energy density and P (r) is the pres-
sure. The Oppenheimer-Volkoff equation[19, 20] for the
metric eq. (5) with 1/f(r) in the second term replaced
by another function h(r) becomes

−dP (r)

dr
=

GNρ(r)M(r)

rd−2

(
1 +

P (r)

ρ(r)

)
h(r)

×
{
d− 3 +

rd−1

(d− 2)M(r)

(
8πP (r)− 2Λ

(d− 1)GN

)}
,(24)

r1

R

⇢(r)

outside star
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f(r) =
1

h(r)
= 1� 2GM(R)

r
Schwarzschild metric
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M(R) = 4⇡

Z R

0
dr r2⇢(r)

Energy of compact star

ADM mass  
(a type of quasi-local energy)
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E = �
Z

d2x

Z 1

0
dr

p
�g T 0

0 = 4⇡

Z R

0
dr

p
f(r)h(r)r2⇢(r)our energy
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E = M(R)� 4⇡G4

Z R

0
dr

p
f(r)h3(r) rM(r) (⇢(r) + P (r))

observed 
gravitational mass

correction due to the 
internal structure of the star

<latexit sha1_base64="HILrV+OtZxaDUUolH73W15XamS8="></latexit>

:= �E

difference

Newtonian limit
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�E ' G

2

Z
d3x ⇢(x)�(x) < 0
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�(x) = �
Z

d3y
⇢(y)

|x� y|Newton potential
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M(R) ' E0 +
G

2

Z
d3x ⇢(x)�(x)
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E0 : energy without gravity
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E ' E0 +G

Z
d3x ⇢(x)�(x) matter energy in the presence of Newton potential

consistent with our “derivation”

off-shell conserved “energy” including gravitational contribution implied by Noether’s 
2nd theorem

<latexit sha1_base64="xbx/XnSIS5o15KwSG8IVVN4ZOt8="></latexit>

M(R) ' E +
G

2

Z
d3xr�(x) ·r�(x) = E0 �

G

2

Z
d3x d3y

⇢(x)⇢(y)

|x� y|

a factor “1/2”


