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1. Physics Motivation

2. Theory
(a) Expansions-by-regions technique
(b) EFT: potential-NRQCD
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1. Physics Motivation
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Ag < Agep ~ 1 fm
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Bottomonium spectrum Charmonium/bottomonium level splittings
KIBEIRRIM LIS EEBR X ER{E &consistent (< 1 or 20y,)

EERD (K% BREN—HREL

Level splitting Exp. Pert. QCD based

Recksiegel YS 02,03

P e 2e1(1P)=x0(1P) 95 56434 -
xe2(1P)=x 1 (1P) 46 43 +24
o J [ W-n(1S) 113 88 +26
%I]E; =S======== mmmmmme—— W (28)7(29) 53 38436
xe E(IP)=he(1P)  —0.1+0.3 —0.8408
%ﬁ s==s==s==  ammeme--- T (18)-np(18) 623+32 v 44+11
T (28)-n5(28) 24+5 37 21+8 -
T(38)-n5(39) - 1249
Xy C(AP)~hp(1P) 0.6 +1.0%% ~0.4£0.2
s x5 F(2P)—hp(2P) 05+ 1.0 —0,240.1
1P) — ypo(1P) 33 +1 23477
P pert. QCD 1.0 coutomb );;:Elf’; —ﬁ:gll’; 19 18477
@NLO spectrum X01(2P) — xpo(2P) 24+ 1 14477
Kiyo, YS Yb2(2P) — xp1(2P) 13 11477
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2. Theory
(a) Expansion-by-regions technique
(b) EFT

BCL




2(a) Expansion-by-regions Technigque

Beneke, Smirnov

EFTAMull theoryD IL—THEREEDKIIZHELTNSHD
HRNERTITEE5EZ S,
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Expansion-by-regions of QQ scattering diagram

Ig : c.m. frame
= ! (1712 2 5
=~ o p1 = (JIpl* + m4,p)
/I\°<‘ °<\l/l —k > >
el o p2 = (JIpI* + m?,—p)
= = 7
— k = (0, k)
D2 Py — p2 —k
Master integral D =4-—2¢
dPl 1

m)P Qpy- L+ 12+i0)(—2p, - 1+ 12 +i0)(I1Z +i0)[(l — k) + i0]

i <1 log(—t/ 2)) 1 | Vs —4m2 — /s +0(0) t
= — —log(—t/m 0 €)  exac
82t \e Js(s — 4m?) S\ Vs = am2 +/s
1 1 -2 p1>  3Ipl* _
= NNE (; - log(|k| /m2)> (1 o atg ot 1/m expansion
32m m|p| kl
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Expansion-by-regions of QQ scattering diagram

dPl

Py p1 + 1 p1 + k
—> —>
d' d’ - —>
- = p1 = (VIpI* + m?,p)
11! SV 1—k - "
o =, p2 = (VIpI* + m?,—p)
i °< -
— k= (0, k)
P2 p2 — 1 p2 —k

1

= j 2m)P 2py - L+ 12 +i0)(=2p, - L+ 12 +i0)(1* + i0)[(l — k)* + i0]

1 L2 161> 3lpl*
qr(g—logdkl ) (1= otz + s+

1/m expansion

SMEEEE |F), k|~ B (m~1, =0, 0DELRTOEE < 1)

B 1
32m m|p| |k
4 regions
Hard region: °~1, |[|~1
Soft region: 1°~B, |U|~B

Potential region: 1°~ B2, |[|~ B

Ultrasoft region:  1°~ 82, |[|~ B2

FNZENDregionh>DHFE DM
EARODIUMEREEZ 5,
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Expansion-by-regions of QQ scattering diagram

P1 p1+1 pt+k
= = _ )
o o r1 = (JIp|* + m?,p)

113 QVik p. = B + m2, )
. . B,

— — k= (0, k)

p2 pZ_l pz_k

dPl 1

2m)P Qpy -1+ 12+i0)(—2p, - 1+ 12 +i0)(I1? +i0)[(l — k)* +i0]

1 1, , pl1*  3Ipl* _
P \e 0g(| | /mIYNL -zt o+ 1/m expansion

4 regions NMEBHE |), k|~ (m~1, =0, 0NELETHEE < 1)
Hard region: °~ 1, |l|~1
Soft region: 1°~p, |f|~/? B? B? B 32

ex.

Potential region: [0~ B2, |[|~ B 2py L+ 17 = 2\1? +m21°—2p-1 +5V5 ~ 2

Ultrasoft region: 10~ B2, |I|~ B 0(?) DREIRZ
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‘ 2(b) EFT: Potential-NRQCD Brambilla, Pineda, Soto, Vairo

EFT of a QQ bound state and Ultrasoft gluons.

as~f .
EFTMdynamical’i B HE: 666666

Q,0: p'—m,p°—m < B?m, |p| S Pm Potential quark, antiquark

g k°,|l:| < B%m  Ultrasoft gluon

#th B H E [Lintegrate out

B )
Hard Q, Q,g :‘:': kONBZ
Soft Q,0Q, g [Lintegrate out o Lk |E| ~p
Potential g —=p= '.;E
L ) Potential gluon
Potential-NRQCD ~

-

7 = JDAsznp DYt exp int d3%,d3%, YH{iD, — H(¥1, %, By — igA, By — igh)

J




F| Potential-NRQCD — N

/ = jDAH' j Dl/) Dlp-l- exp ll f dt d3£1d3f2 lp-l-{lDt - H\(fl,fz,ﬁl — itqj, ﬁz — l(qj)}lll
g

J

Q

¢

On-shell&tELIR1EZ full pert. QCD & pNRQCD T matching.
a;~B DEFADEBRXRT.
EFHFOEEAREXICHSIRGEIREBLUS gluonDBEERAZRT

. a Iy - -
lla— H]t/)(xl,xz;t) =0

R Y)

pP1 p2 Cras ¢y 5 S
————+ —=83(¥; — X)) +

2m  2m  |xX; —X,| m? (%1 = %)

1 . . . . . 1
zz Oi(xl,xz,pl,pz) <: EEFﬁﬁ:non'rel.Eﬁﬁ:ﬁgﬁﬁ

C;
m2r3

H(%y, %2, 1, P2) = L-S+-

mhi



F| Potential-NRQCD —

/ = JDAH' j Dl/) Dlp-l- exp lf dt d3£1d3f2 lpT{lDt - H\(fl,fz,ﬁl — itqj, ﬁz — l(qj)}lll
L T S ENRRAE
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X

¢

On-shell&tELIR1EZ full pert. QCD & pNRQCD T matching.
a.~f DERADEXRT.
=  Lpnrqep is how known up to NNNLO.



o Titard, Yndurain; Pineda, Yndurain
P C ﬁ’ Kniehl, Penin, Smirnov, Steinhauser
m r Kiyo, Anzai, YS; Smirnov, Steinhauser
, Y5 &g
—Cr =2 (2 - {Bo log(w™r®) + au
T 47
—+ ] ) 2
p , @s G5 m
— = Cr (2] B2 log? (1) 4 ]+ (B + 2Buan) log(w®r?) + as |
4m? T 47 3
WCFG_’_& n 305'&5 — = CF'D-'S " 1 CACF&'2T
+——— 0%(7) s LS — (Pg + —-Tirjpjpi) - ==
m? 2m?2r3 2m?2r 72 2mr?
CF'D-'.B 52 (S T_'.)z 47 y .
- S — s - 28t - 3)8 D),
m r r
known

largely unknown
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EFRMIE: level splitingD S REIEETEIZFEZ D,
7R VN
- 2-loop QQ scattering diagram4E ik
- AE/IWEETORK = AHW5—8EH
- IBP idIZ&AE#1E = 150D TRE2—ES
5i&
- YRIA—FEH DIMEBRIZXSE5EH
- Expansion-by-regions& @ consistency check
- Y H
- NI )Lh=T7 > DR TE (matching/exp.-by-regions)



" A
SEDBEE
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EFRMIE: level splitingD S REIEETEIZFEZ D,

AR
- Soft & potential regionMER DT E 4

pinch singularity, single-pole potential contr.

- Offshell operator O [&lE

vanish for onshell tree-level amplitude
CYRLDZNRZRBHIEILVEEXpP.-by-regionsZiE T L5IZR 25,

1-loop TILFRIRFE o
2-loopTIXESGESH M,
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1. Heavy quarkonium® ¥ D motivation: TFIK. it

2. Theory

(a) Expansion-by-regions technique } EE

(b) EFT potential-NRQCD

LoNrRQeD = Y1 (%, %p; t) {lDt H(x1 Xy, D1 — lgA Dy — lgA)}l/)(Xl X} t)

3. H, D5B2)L—TUTDES
IR, S&. R

&7 —UnE % ENRRME AM(X+

TDEE

oa@@0+

VAR, E) +
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3 loops

0.5

QCD Potential

pert. QCD vs. lattice Ao

MS
0.14

,1 -
*lZ 007
ol = 0.035
S -3
22 ne=0
= f
~ |
= = JLQCD
a .
S -5t ¢ Takahashi et al.
N
e Necco, Sommer
_6 F
_71
0.05 0.1 0.15 0.2 0.25 T
- Aﬁ-lomp r = T_U
T MS )

Anzai, Kiyo, YS

Smirnov, Smirnov, Steinhauser

/1



" _ u dependence and convergence of M,5(15)

s
Y
by

M (15) [GeV]
= o)
Z
[ . o) !
Z
Z
—
[ = |
M (15) [GeV]

—% g o —
//// i 3400

= LO \

=
i

NNNLO

34351 \
A\NNLO

‘r

\
\
\

\
\u

NLO

u [GeV]

u [GeV]

e Y(1S):

° Y (25) :

M~y@15y =9.94—-0.10—-0.15-0.20 — 0.26 GeV (Pole-mass scheme)
=8.43+0.72+0.25+0.07 — 0.02 GeV (MS scheme)

M~y@2sy =9.94-0.06—0.11—0.22 — 0.41 GeV (Pole-mass scheme)
=8.43+1.17+0.26 + 0.10 — 0.04 GeV (MS scheme)
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Potential-NRQCD

TGS EBRA
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On-shellgtELIR1EZ full pert. QCD & pNRQCD T matching.
a;~B DEFADEZRT.

=  Lpnrqep is how known up to NNNLO.
Hldsystematici BB (& H Kk Eho7=,

1 2 Q
Zwﬁ KEDT T, QBB RTEFT D

YEEFIETORR N 0 OTEFHEREE,

jd‘*x Z(x) £ 0y YT, %; t)ikji
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~— 0,0: p°—m,p’—m < B*m(~aim)

5 Lz
g: K°|K| s pZm
=EFNFOEFHAEXICHEI 2R
'Y
. a Iy - -
la—H Y(xq,%5;t) =0
I’_I\zﬁ% ﬁ%_ CFaS +Cl53(f _:)_C))_l_ Cz Z,S')_I_,”
2m  2m  |X; — X,| m? L7272 m2y3

1 A o> o - > 1
= EWOi(xpxz;pl:pz) <:| m BB = non-rel. &
[

7= j DA, j Dy Dyt exp Ii ] dt A%, d33, WHiD, — ARy, %9 By — igd, By — igd) )

— Q
//
7 A ENUNEEMFRNRETEOT
. o EFNEREEM.

[d*x Z(x) - tr[é Y1 (&, % )]

Y ZEFILITIEE —
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| Asymptotic expansion of a diagram and Wilson coeffs in EFT

LS LS =dideq 1
k2(p — k)?[(k — q)* + M?] q%(p — q)?

\C
2

I 4_ q in the case p*« M*
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| Asymptotic expansion of a diagram and Wilson coeffs in EFT

k q
2 7N - 1
=Jd 2 02— )% + M2 E(p — )°
N

p >k —gq in the case p*« M*
L L H L H H
- L L L - L
H
L L H L H H

1 D Dy, 4D
@ = _1 Q - O :j dPk e <I> f dPk dPq
M?2 k4[k2 + M2] k*[(k — q)2+M2] q4

Operators and Wilson coeffs in EFT



‘ Expansion-by-regions Technique H /Efﬁszgg\tgeo‘;%’\ggggf_gggw335f:
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Simplified example: Beneke, Smirnov

o0 pE B
/u P rm D) m<1EW

R N K1 ARy (R
0 p+m 0 p+1p P

pkl1 pR1>m

\\Ii
NG ‘”’*‘
Contribution of each scale
given by contour integral
around singularity
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%ﬁ%#ﬁiii*ﬂo)iki . Mg, Myp, (mt); A, |Vcb|
—> Kiyo, Mishima, Takaura, Hayashi ft &M £ E# %%

Particle Data Group 2016

m IUP) = o(3+)
14P) = o)

Charge = —% e Bottom = —1

Charge = % e Charm = +1
b-QUARK MASS

c-QUARK MASS The first value is the “running mass" T, (u = ) in the MS scheme,
and the second value is the 1S mass, which is half the mass of the 7(15)

The c-quark mass corresponds to the “running” mass m. (u = m¢) in
the MS scheme. We have converted masses in other schemes to the

MS_MASS (GeV) 1S MASS (GeV) DOCUMENT ID TECN

DOCUMENT I g OUR EVALUATION of MS Mass. See the ideogram below.
11.27 +0.03] OUR EVALUATION See the ideogram below. -
1.246 +0.023 1kiyo 16 THEO 466 F0-0! OUREVALUATION of 15 Mass. See the ideogram below.
1.27150.0095 2 CHAKRABOR..15 LATT 4.1974+0.022 4.671 + 0.024 1 kiyo 16 THEO
1.288 +0.020 3 DEHNADI 15 THEO 4.183+0.037 4.656 + 0.041 < ALBERTI 15 THEO
1.348 +0.046 4 CARRASCO 14 LATT &igs+0 a2 T e 3BENEKE 15 THEO
1.26 £0.05 =0.04 5 ABRAMOWICZ13C COMB 4.176+0.023 4.648 + 0.026 4DEHNADI 15 THEO

+0.03 6 407 +017 453 +0.19 5 ABRAMOWICZ14A HERA
1,24 X003 _g07 ALEKHIN 13 THED 4.201+0.043 4.676 + 0.048 6 AYALA 14A THEO
1.282 +0.011 +0.022 7 DEHNADI 13 THEO 421 +0.11 4.69 + 0.12 7 BERNARDONI 14 LATT
1.286 +0.066 8 NARISON 13 THEO :igzigxg =0.008 :-g;g i g-gg; =10.000 gfgg‘“ igo I:ﬁ)

9 > . . X

B89, 007 SAMOYLOV 13 NOMD 4.24740.034 4.727 + 0.039 10 ycHA 13 THEO

1.36 +0.04 =£0.10 10 ALEKHIN 12 THEO A "2&LnnkRa A718 L nn77 11 napicnn 12 TUEN




"

Expansion-by-regions Technique Beneke, Smirnov

EFTAMull theoryD IL—TELEED KSIZ
SELTWAHLDEBHIEBEMITEEZ S,

Simple example (2 scales): m? « M?

[ m? 1
M (W) = [ @y GT D)7 + M) O

- ettt + et
B pp2+m2 P |p2 + M? p T ™ | p2 4 m2| p2 + M2
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Expansion-by-regions Technique Beneke, Smirnov

EFTAMull theoryD IL—TELEED KSIZ
SELTWAHLDEBHIEBEMITEEZ S,

Simple example (2 scales): m? « M?
m? 1
o)+ ®
! (MZ) P o2 +m2)(p? + M?)
p* S m? K M? m?* & M* < p?

= di S [ } d’p Tp, ! !
B pp2+m2 P |p2 + M? P im? p? + m?| p? + M?
7

—
-~
—
I
=
N
hd_[s
<
=
o))
+
\./
[y
~
= <
I
=
N
I
o
+
\/ ’N
/



m | EFT®dynamicalis B HE: I

~— 0,0 P°—m,p°—m < B*m, |p| < Pm

5 fthI&integrate out
g: k0,|k| < B%m

BF N 0BEIHARERICHI 2T 6‘56666

w —
7N X
lla— H]lp(xl,xz;t) =0

_ pi . Ds Crats C1

= — 4+ =6 — X)) +
2m  2m  |X; — X,| m? (%1 = %)

C, - -
m2r3L.S+m

T)

1 1
=Zﬁ0i(xlix2'p1'p2) <: Egﬁﬁ T :Bﬁﬁﬁ

0 = S
IR gluonéDFEE: i— - Dy, Py = Vi —igA(X,,t)

dt
ZEMMRER:
FT=x% —X%, &ETdEr~p i~(PBm)~t &Y rk° r |§| +8 « 1 TEH,

e

S T . r . 1 .
p (X + % t) - A,(X,t) £ % VA (X, t) + grirjaiajAM(X, t) + -
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Potential-NRQCD

= jDA”le/J Dl/)-l- exp lfdt dsfldsfz l/)-l-{l& _H\(fllleﬁl - lg/i) ﬁz -

=I5 % EmER

igh)hp

~N

J

EFNZFOEFAERICREI2NRR
ll— — H] Y (X, %5;t) =0

_ pi . Ds Cras C1
- + - 1S - +
2m  2m  [X; — X,

T)

6 (X, — %) +

1 A - - - - 1
— Z m 0; (%1, X2, D1, P2) <: E B +
l

&

X

-

L-S 4.

T'3

PR

a — -
IR gluonéDFEE: i— - Dy, Py = Vi —igA(X,,t)

ot
ZEMBER:

FT=x% —X%, &ETdEr~p i~(PBm)~t &Y rk° r |§| +8 « 1 TEH,

-

e

S T R . 1 .
p (X + % t) - A,(X,t) £ % VA (X, t) + grirjaiajAu(X, t) + -



Titard, Yndurain; Pineda, Yndurain

H, = P C E’ Kniehl, Penin, Smirnov, Steinhauser
m r Kiyo, Anzai, YS; Smirnov, Steinhauser
-~ g g
H, = — Cp — (—) '{50 lﬂg(# r }+f11}
T 47
. p , Qs [ag)\? 12,2 ™ 12,2
Hy =~ = Cp =2 (22) 7 {82 [log? (02r®) + To] 4+ (Bu + 280a1) log(w™r?) + as
4m T 4 3
?TCFG_’S n 30}?&'5 - = CF'D-'S Y 1 CACFC\!%
+ 2 (7 2m2rd 5 2m3r (p + ;’Pﬂ‘jpjpi) C 2mr?
("F'D-'S 52 (5 T_'.)z 47 > o
- - — 257 — 3)6°%(+ },
2m? {:r‘3 r5 3 ( o7 (r)
ﬁg = known
ﬁ4 = largely unknown
e Y(1S5): ﬂfT{lS) =8.43+0.72+ 0.25 4+ 0.07 — 0.02 GeV
e T(2S): Mvyps) =843+ 117+ 0.26 + 0.10 — 0.04 GeV

Kiyo, Mishima, YS



- Soft & potential regionDIEFDLREME (LIL—TDHE)

P1 p1 +1 p1+ k

— —> —>
°< °<
o o

(e S l—k
= =
o o

— —> —>

b2 p2 — p, — k
pinch singularity single-pole potential contr.

BRILES TH. AT S LDMROS—EIZEFIL T, potential/softDF &
EELE-AN. WEMIZIZreasonable, (BN EICEHET A EHAEER
M, FEARIHAAE, )
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Slides from Skwarnicki’s plenary talk at Lepton-FPhoton 2003

Lepton-Photon 2002 Heawy Quarkonia Tomasz Skwarnicki 16 =

Predictions for hyperfine splitting ratio

« For 20 years theorists were exposed to the experimental value of
AM,=M(y(25))-M(n.(2S)) which was wrong by a factor of 2

* Predictions for AM,s/AM, ¢ Old exp.
= value
S 4 : New exp.
D - value -
) - .
o w .
=2 _[ Lattice QCD . 3637.7+4.4 MeV
o % S M.Okamoto et al ] o
L oW — 7 ) CP_PACS] ] . H WCA R [
23 A pNROCD ( i | (BABAR 02
PRD®5, 094508(2002 | ri— KK
% 3 g- 5.Recksiegel,Y.Sumino ) . : ( ) - Vol &
Z E hep-ph/0305178 " — b WCLEGOF ee—
| 7] e ri— K K
. I — [ 1
Modern potential 1 L ] bl Lo
model [ — = gt Jy X
TA Lahde, : : 7
NP A714,183(2003 ] ! BELLE 02 wmmm
1882009 L . LT B KKK
| I i 1 & [ I & 1 i 1 i ! :
Co N ) 0. =0 =Ry oL ED O.=0 1.0C v ool A
—— ' | - -
H. Ito, Prog. of Theor. 2. N, Jena PLB123, by
Phys. 84, 94 (1990) 445 (1983). "ﬂ’MZS‘J"ﬂ"ME el

535480 SEO0 SRED Je40 SEED SEED
Mazs (Mev)

CL=14% scale factor=1.3
New measurements of mass are
consistent




