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Dark matter
Dark matter

- evident from cosmological observations

- cosmic microwave background (CMB)…

- essential to form galaxies in the Universe

- one of the biggest mysteries
- astronomy, cosmology, particle physics…

5%

27%

68%
dark energydark matter

baryon

cosmic energy budget

Gravitational probes

- complementary to direct, indirect and collider searches

- how the star distribution changes w/ properties of dark matter

- all known properties of dark matter are derived in this way 
(including its existence; SM neutrinos are too hot to form galaxies)
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- interactions among dark matter particles
- hard to probe in other searches

 M ∼ 1010 M⊙

Elbert et al., MNRAS, 2015

cuspy

cored

Self-interacting dark matter (SIDM)

- dark matter density profile inside 
a halo turns from cuspy to cored

- cored profile “appear to” provide 
better fit to astronomical data

σ/m ∼ 1 cm2/g ∼ 1 barn/GeV

Self-interacting dark matter
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SIDM workshop during June 19-30 2023

Growing interests

8/17/23, 7:10 PMSelf-Interacting Dark Matter: Models, Simulations and Signals (18-June 30, 2023): Overview · Agenda (Indico)
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Self-Interacting Dark Matter: 
Models, Simulations and Signals
The lack of signals in terrestrial searches for dark matter
indicates that dark matter may reside in its own sector and
carry its own forces. The existence of such a dark sector has
profound implications for cosmic structure formation, as it
generically predicts that dark matter has self-interactions.
Recent studies show that gravothermal collapse, a
characteristic feature of dark matter self-interactions, can
occur in viable Self-Interacting Dark Matter (SIDM) models,
which open up exciting possibilities for discovery. SIDM may
also provide a solution to the too-big-to-fail problem and the
diversity problem of field galaxies, which are long-standing
puzzles in astrophysics.

This workshop will focus the discussions on SIDM models,
simulations, and astronomical signals, as well as the current
status of the small-scale structure issues. It will provide a rare
opportunity for the experts from different fields to discuss the
latest results, identify targets for a breakthrough, and
exchange ideas for future progress in this promising research
area.

The workshop on Self-Interacting Dark Matter: Models,
Simulations and Signals aims to bring together leading
experts from diverse research backgrounds, including particle
physics model building, numerical simulations, and
astrophysical observations, all working in the beautiful setting
of the medieval town of Pollica in Southwestern Italy (Cilento
region). The workshop is scheduled for the dates of 19th to
30th of June 2023.

Location: The workshop will take place in Castello dei
Principi Capano, see the map for also nearby restaurant

Jun 18 – 30, 2023
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Shin'ichiro Ando, GRAPPA

Arpit Arora, University of Pennsylvania
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- focusing on SIDM but 50+ participants

- quickly developing and many things to do 
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Contents
Brief history of SIDM

- (1st stage) core vs cusp problem and constant cross section

- (2nd stage) cosmic-ray anomalies and velocity-dependent cross section 

Frontier of SIDM (3rd stage)

Model-building aspects

- Sommerfeld enhancement and indirect detection

- strong self-interaction and gravothermal collapse

- diversity problems: dwarf spiral galaxies and satellite galaxies
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銀河のダークハロー構造の多様性： 
自己相互作用するダークマターの観点から

鎌　田　歩　樹
〈基礎科学研究院　純粋物理理論研究団 34126韓国大田広域市〉

e-mail: akamada@ibs.re.kr

宇宙のダークマターは天文学から素粒子物理学にまで及ぶ現代物理学の最大の謎の一つである．
我々がダークマターについて知っていることのほとんどは，重力的相互作用を通じて宇宙の構造を
観測することで得られたものである．近年このようなダークマターの重力的探査が見直されてい
る．重力的探査では他の方法では探査することが難しいダークマターの性質を調べることができ
る．ダークマター粒子の自己相互作用はその代表である．本稿では，自己相互作用するダークマ
ターが再注目されるようになった経緯について筆者の主観で概観する．特に，自己相互作用する
ダークマターが通常の物質であるバリオンと “共謀” しながら，観測されている銀河の回転曲線の
多様性をどうやって説明するのかについて詳しく議論する．

1. は じ め に
宇宙マイクロ波背景放射の揺らぎの精密観測に
代表されるように，現代宇宙論は一般相対性理論
を基礎として，宇宙がどう成長してきて今に至る
のかを明らかにしてきた．その結果，驚くべきこ
とに，宇宙の構造がダークマターと呼ばれる未知
の重力源によって支えられていることがわかっ
た．また，ダークマターが満たすべきいくつかの
性質が明らかになっており，素粒子標準模型には
ダークマターの候補となる粒子が存在しないこと
さえわかっている．ダークマターの正体は天文学
から素粒子物理学にまで及ぶ現代物理学の最大の
問題の一つである．
特に，素粒子標準模型の別の大問題である階層

性問題*1と深く関係している未知の新粒子であ
るウィンプが，ダークマターの有力な候補とし
て，過去数十年にわたって精力的に探査されてき
た．ウィンプ・ダークマターによる原子核反跳を
探す直接検出実験や，ウィンプ・ダークマターの
対消滅が作る高エネルギー宇宙線を探す間接検出
実験 [1]，さらには高エネルギー加速器でウィン
プを直接生成する実験が挙げられる．一方，精力
的な探査にもかかわらず，ウィンプ・ダークマ
ターの有力な手がかりは見つかっておらず，厳し
い制限が設けられつつある．ウィンプ・ダークマ
ターの可能性が否定されたわけではないものの，
ダークマターの新しい可能性・探査戦略が考えら
れはじめている [2].
このような流れの中で，ダークマターの重力的

*1 電弱対称性の破れと量子重力のスケールが，なぜ16桁も離れているのかという問題．素粒子標準模型を超える物理を
考える上で，階層性問題の解決（例えば超対称性）は過去数十年にわたって指導原理となってきた．しかし，驚くべ
きことに，欧州原子核研究機構（CERN）で行われている大型ハドロン衝突型加速器（LHC）実験で，階層性問題を
解決する新物理から期待されていた新粒子（例えば超対称性粒子）が未だ発見されていない．ウィンプ同様，階層性
問題とその解決にも見直しが必要になっており，非常にエキサイティングな時期にいると言える．

EUREKA

Dark Matter Self-interactions and Small Scale Structure

Sean Tulin1, ⇤ and Hai-Bo Yu2, †

1Department of Physics and Astronomy,
York University, Toronto, Ontario M3J 1P3, Canada

2Department of Physics and Astronomy,
University of California, Riverside, California 92521, USA

(Dated: May 9, 2017)

Abstract
We review theories of dark matter (DM) beyond the collisionless paradigm, known as self-interacting

dark matter (SIDM), and their observable implications for astrophysical structure in the Universe. Self-
interactions are motivated, in part, due to the potential to explain long-standing (and more recent) small
scale structure observations that are in tension with collisionless cold DM (CDM) predictions. Simple
particle physics models for SIDM can provide a universal explanation for these observations across a wide
range of mass scales spanning dwarf galaxies, low and high surface brightness spiral galaxies, and clusters
of galaxies. At the same time, SIDM leaves intact the success of ⇤CDM cosmology on large scales. This
report covers the following topics: (1) small scale structure issues, including the core-cusp problem, the
diversity problem for rotation curves, the missing satellites problem, and the too-big-to-fail problem, as well
as recent progress in hydrodynamical simulations of galaxy formation; (2) N-body simulations for SIDM,
including implications for density profiles, halo shapes, substructure, and the interplay between baryons
and self-interactions; (3) semi-analytic Jeans-based methods that provide a complementary approach for
connecting particle models with observations; (4) constraints from mergers, such as cluster mergers (e.g.,
the Bullet Cluster) and minor infalls, along with recent simulation results for mergers; (5) particle physics
models, including light mediator models and composite DM models; and (6) complementary probes for
SIDM, including indirect and direct detection experiments, particle collider searches, and cosmological
observations. We provide a summary and critical look for all current constraints on DM self-interactions
and an outline for future directions.

⇤Electronic address: stulin@yorku.ca
†Electronic address: haiboyu@ucr.edu
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Astrophysical Tests of Dark Matter Self-Interactions

Susmita Adhikari1, 2*, Arka Banerjee1, Kimberly K. Boddy3, Francis-Yan Cyr-Racine4,
Harry Desmond5, 6, 7†, Cora Dvorkin8, Bhuvnesh Jain9, Felix Kahlhoefer10,

Manoj Kaplinghat11, Anna Nierenberg12, Annika H. G. Peter13,
Andrew Robertson14, Jeremy Sakstein8, 15, Jesús Zavala16

1 Department of Physics, Indian Institute of Science Education and Research, Homi Bhaba Road, Pashan,
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3 Department of Physics, University of Texas at Austin, Austin, TX, 78712, USA

4 Department of Physics and Astronomy, University of New Mexico, Albuquerque, New Mexico 87106,
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7 Institute of Cosmology & Gravitation, University of Portsmouth, Dennis Sciama Building, Burnaby
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15 Department of Physics & Astronomy, University of Hawaii, Watanabe Hall, 2505 Correa Road,

Honolulu, HI 96822, USA
16 Center for Astrophysics and Cosmology, Science Institute, University of Iceland, Dunhagi 5, 107

Reykjavik, Iceland

Abstract

Self-interacting dark matter (SIDM) arises generically in scenarios for physics beyond the
Standard Model that have dark sectors with light mediators or strong dynamics. The self-
interactions allow energy and momentum transport through halos, altering their structure and
dynamics relative to those produced by collisionless dark matter. SIDM models provide a
promising way to explain the diversity of galactic rotation curves, and they form a predictive
and versatile framework for interpreting astrophysical phenomena related to dark matter.

This review provides a comprehensive explanation of the physical effects of dark mat-
ter self-interactions in objects ranging from galactic satellites (dark and luminous) to clus-
ters of galaxies and the large-scale structure. The second major part describes the methods
used to constrain SIDM models including current constraints, with the aim of advancing tests
with upcoming galaxy surveys. This part also provides a detailed review of the unresolved
small-scale structure formation issues and concrete ways to test simple SIDM models. The

*susmita@iiserpune.ac.in
†harry.desmond@port.ac.uk
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- dwarf galaxies appear to 
prefer a cored profile

Core vs cusp problem (1994)

1st stage of SIDM
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Oh et al., AstroJ, 2011

prediction
data

SIDM as an explanation (1999)
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Observational evidence for self-interacting cold dark matter

David N. Spergel and Paul J. Steinhardt
Princeton University, Princeton NJ 08544 USA

Cosmological models with cold dark matter composed of
weakly interacting particles predict overly dense cores in the
centers of galaxies and clusters and an overly large number
of halos within the Local Group compared to actual obser-
vations. We propose that the conflict can be resolved if the
cold dark matter particles are self-interacting with a large
scattering cross-section but negligible annihilation or dissipa-
tion. In this scenario, astronomical observations may enable
us to study dark matter properties that are inaccessible in the
laboratory.

Flat cosmological models with a mixture of ordinary
baryonic matter, cold matter, and cosmological constant
(or quintessence) and a nearly scale-invariant, adiabatic
spectrum of density fluctuations are consistent with stan-
dard inflationary cosmology and provide an excellent fit
to current observations on large scales (! 1 Mpc).1 How-
ever, an array of observations on galactic and subgalactic
scales (≤ few Mpc) appears to conflict with the struc-
ture formation predicted by analytical calculations and
numerical simulations. The predictions are based on the
standard view of cold dark matter as consisting of parti-
cles with weak self-interactions, as well as weak interac-
tions with ordinary matter.

A generic prediction for weakly self-interacting dark
matter, independent of other details of the cosmological
model, is that cold dark matter forms triaxial halos with
dense cores and significant dense substructures within the
halo. Yet, lensing observations of clusters2 reveal central
regions (roughly galactic scale) with nearly spherical low
density cores. Dwarf irregular galaxies appear to have
low density cores3–6 with much shallower profiles than
predicted in numerical simulations.7, 8 The persistence
of bars in high surface brightness galaxies imply that
galaxies like our own Milky Way also have low density
cores.9 Observations of the Local Group reveal less than
one hundred galaxies,10 while numerical simulations11, 12

and analytical theory13, 14 predict that there should be
roughly one thousand discrete dark matter halos within
the Local Group.

In this paper, we propose that the inconsistencies with
the standard picture may be alleviated if the cold dark
matter is self-interacting with a large scattering cross-
section but negligible annihilation or dissipation. The
key feature is that the mean free path should be in the
range 1 kpc to 1 Mpc at the solar radius, where the dark
matter density is about 0.4 GeV/cm3. The large scatter-

ing cross-section may be due to strong, short-range in-
teractions, similar to neutron-neutron scattering at low-
energies, or weak interactions mediated by the exchange
of light particles (although not so light as to produce a
long-range force). Depending on the interaction and the
mean free path, the requisite mass for the dark matter is
in the range 1 MeV to 10 GeV. For the purposes of our
proposal, only two-body scattering effects are important
so either repulsive or attractive interactions are possible.
Exchanged particles should be massive enough that they
are not radiated by the scattering of dark matter parti-
cles in the halo.

We are led to consider self-interactions because ordi-
nary astrophysical processes are unlikely to resolve the
problems with standard, weakly interacting dark matter.
Consider the dwarf galaxy problem. One might suppose
that supernova explosions15 could cause the galactic core
density to be made smoother; but, while the explosions
suppress star formation in dwarf galaxies, numerical sim-
ulations16 find that starbursts in dwarfs are very ineffi-
cient at removing gas or matter from the core. One might
also consider whether the apparent overabundance of ha-
los found in simulations can be explained if the low ve-
locity halos form primarily low surface brightness galax-
ies,17 which are difficult to find. However, while low
brightness galaxy surveys suggest a steeper luminosity
function outside of groups,18 even these surveys do not
find enough small galaxies to eliminate the discrepancy
between theory and observations. If star formation in
dwarfs is sufficiently suppressed,19 then they should have
been detected as gas clouds in the local group20 or ex-
ternal systems. HI surveys do not find large numbers of
small isolated gas clouds.21 Even if any of the processes
were successful in reducing the number of visible dwarfs,
the dense small halos would still persist. When these ha-
los fall onto galactic disks, they will heat the stellar disks
and destroy them.12, 22, 23 These dense halos will also set-
tle to the centers of the central halo and produce a high
density core in galaxies and clusters. Since the baryon
fraction in the centers of low surface brightness galaxies
is low,17 hydrodynamic processes are not likely to alter
their dark matter profiles.3, 4

The success of the cold dark matter model on large
scales suggests that a modification of the dark matter
properties may be the best approach for resolving the
problems on small scales. If the dark matter is not cold,
but warm (moderately relativistic), this alleviates some
of these discrepancies.24 However, the remarkably good
agreement between standard cold dark matter (CDM)
models and the observed power spectrum of Lyman α ab-

1

ing regime. Thus, for our Galaxy, the core collapse time
(roughly 3 half-mass relaxation times) is between 4.5 -
6000 Gyr, or perhaps significantly longer if the collapse
stage is delayed by the infall of new material. Hence, for
most of our range of parameters, the collapse time for our
Galaxy exceeds the lifetime of the universe, yet there is
sufficient number of interactions to lower the dark matter
density in the inner 5 kpc of our Galaxy. As the particle
mean free path approaches the lower bound (0.3 Mpc) or
the upper bound (300 Mpc) at the half-mass radius, our
estimates suggest that one or the other condition is not
satisfied, but more accurate methods are needed to deter-
mine the precise range. [Note added in proof: A. Burkert
(astro-ph/0002409) has constructed an N-body code that
simulates self-interactions and obtains results consistent
with these estimates based on the Fokker-Planck approx-
imation.]

To summarize, our estimated range of σ/m for the
dark matter is between 0.45-450 cm2/g or, equivalently,
8 × 10−(25−22) cm2/GeV. Numerical calculations are es-
sential for checking our approximations and refining our
estimates. Even without numerical simulations, we can
already make a number of predictions for the properties
of galaxies in a self-interacting dark matter cosmology:
(1) the centers of halos are spherical; (2) dark matter ha-
los will have cores; and (3) there are few dwarf galaxies in
groups but dwarfs persist in lower density environments;
and, (4) the halos of dwarf galaxies and galaxy halos
in clusters will have radii smaller than the gravitational
tidal radius (due to collisional stripping). Intriguingly,
current observations appear to be consistent with all of
these predictions.
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Cosmological models with cold dark matter composed of
weakly interacting particles predict overly dense cores in the
centers of galaxies and clusters and an overly large number
of halos within the Local Group compared to actual obser-
vations. We propose that the conflict can be resolved if the
cold dark matter particles are self-interacting with a large
scattering cross-section but negligible annihilation or dissipa-
tion. In this scenario, astronomical observations may enable
us to study dark matter properties that are inaccessible in the
laboratory.

Flat cosmological models with a mixture of ordinary
baryonic matter, cold matter, and cosmological constant
(or quintessence) and a nearly scale-invariant, adiabatic
spectrum of density fluctuations are consistent with stan-
dard inflationary cosmology and provide an excellent fit
to current observations on large scales (! 1 Mpc).1 How-
ever, an array of observations on galactic and subgalactic
scales (≤ few Mpc) appears to conflict with the struc-
ture formation predicted by analytical calculations and
numerical simulations. The predictions are based on the
standard view of cold dark matter as consisting of parti-
cles with weak self-interactions, as well as weak interac-
tions with ordinary matter.

A generic prediction for weakly self-interacting dark
matter, independent of other details of the cosmological
model, is that cold dark matter forms triaxial halos with
dense cores and significant dense substructures within the
halo. Yet, lensing observations of clusters2 reveal central
regions (roughly galactic scale) with nearly spherical low
density cores. Dwarf irregular galaxies appear to have
low density cores3–6 with much shallower profiles than
predicted in numerical simulations.7, 8 The persistence
of bars in high surface brightness galaxies imply that
galaxies like our own Milky Way also have low density
cores.9 Observations of the Local Group reveal less than
one hundred galaxies,10 while numerical simulations11, 12

and analytical theory13, 14 predict that there should be
roughly one thousand discrete dark matter halos within
the Local Group.

In this paper, we propose that the inconsistencies with
the standard picture may be alleviated if the cold dark
matter is self-interacting with a large scattering cross-
section but negligible annihilation or dissipation. The
key feature is that the mean free path should be in the
range 1 kpc to 1 Mpc at the solar radius, where the dark
matter density is about 0.4 GeV/cm3. The large scatter-

ing cross-section may be due to strong, short-range in-
teractions, similar to neutron-neutron scattering at low-
energies, or weak interactions mediated by the exchange
of light particles (although not so light as to produce a
long-range force). Depending on the interaction and the
mean free path, the requisite mass for the dark matter is
in the range 1 MeV to 10 GeV. For the purposes of our
proposal, only two-body scattering effects are important
so either repulsive or attractive interactions are possible.
Exchanged particles should be massive enough that they
are not radiated by the scattering of dark matter parti-
cles in the halo.

We are led to consider self-interactions because ordi-
nary astrophysical processes are unlikely to resolve the
problems with standard, weakly interacting dark matter.
Consider the dwarf galaxy problem. One might suppose
that supernova explosions15 could cause the galactic core
density to be made smoother; but, while the explosions
suppress star formation in dwarf galaxies, numerical sim-
ulations16 find that starbursts in dwarfs are very ineffi-
cient at removing gas or matter from the core. One might
also consider whether the apparent overabundance of ha-
los found in simulations can be explained if the low ve-
locity halos form primarily low surface brightness galax-
ies,17 which are difficult to find. However, while low
brightness galaxy surveys suggest a steeper luminosity
function outside of groups,18 even these surveys do not
find enough small galaxies to eliminate the discrepancy
between theory and observations. If star formation in
dwarfs is sufficiently suppressed,19 then they should have
been detected as gas clouds in the local group20 or ex-
ternal systems. HI surveys do not find large numbers of
small isolated gas clouds.21 Even if any of the processes
were successful in reducing the number of visible dwarfs,
the dense small halos would still persist. When these ha-
los fall onto galactic disks, they will heat the stellar disks
and destroy them.12, 22, 23 These dense halos will also set-
tle to the centers of the central halo and produce a high
density core in galaxies and clusters. Since the baryon
fraction in the centers of low surface brightness galaxies
is low,17 hydrodynamic processes are not likely to alter
their dark matter profiles.3, 4

The success of the cold dark matter model on large
scales suggests that a modification of the dark matter
properties may be the best approach for resolving the
problems on small scales. If the dark matter is not cold,
but warm (moderately relativistic), this alleviates some
of these discrepancies.24 However, the remarkably good
agreement between standard cold dark matter (CDM)
models and the observed power spectrum of Lyman α ab-
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Fig. 1.— Projected mass distributions in a box 15h−1Mpc on
a side. The collision cross-sections per unit mass, core radii, axis
ratios for each model and small panels showing the central region
(2h−1Mpc on a side, enlarged) in a different color scale are given to
the right of the corresponding image.

2. THE SIMULATIONS

Our simulations use the parallel tree code GADGET
developed by Springel (1999, see also Springel, Yoshida &
White 2000). We study the same cluster as Yoshida et
al. (2000) who resimulated the second most massive ob-

ject in the ΛCDM simulation of Kauffmann et al. (1999).
In order to simulate elastic scattering of CDM particles
we adopt the Monte Carlo method introduced by Burkert
(2000). We implement this scheme in the following man-
ner. At each time step we evaluate the scattering proba-
bility for particle i,

P = ρiσ
∗Vrel∆t, (1)

where ρi is the local density at the particle’s position, σ∗ is
the scattering cross-section per unit mass, Vrel = |vi−vngb|
is the relative velocity between the particle and its near-
est neighbour, and ∆t is the time step. This prescrip-
tion is similar to Burkert’s, but uses the relative velocity
rather than the absolute velocity of particle i. Kocha-
neck & White (2000) use a similar scheme but estimate
the scattering rate more accurately by looping over a cer-
tain number of neighbours. However, the larger smoothing
involved in such a procedure can itself introduce difficul-
ties in regions with significant velocity gradients (Meiburg
1986), and so we prefer our simpler scheme which should
be unbiased even if somewhat noisier. We choose timesteps
small enough to ensure that a particle travels only a mi-
nor fraction of its mean free path within ∆t. We assume
each collision to be elastic, of hard-sphere type, and to
have a cross-section independent of velocity. Scattering is
assumed isotropic in the center-of-mass frame, so that rel-
ative velocities are randomly reoriented in each collision.
We carry out simulations for three values of σ∗ differing
by factors of ten.

Most of our simulations employ 0.5×106 particles in the
high resolution region, with a mass per particle mp =
0.68 × 1010h−1M#. The gravitational softening length is
set to 20h−1kpc, which is ∼1.4% of the virial radius of the
final cluster. We ran one simulation with 5 times better
mass resolution and 7 times better spatial resolution to
check for numerical convergence. All of our resimulations
start from the same initial conditions. The background
cosmology is flat with matter density Ωm = 0.3, cosmo-
logical constant ΩΛ = 0.7 and expansion rate H0 = 70
km−1Mpc−1. It has a CDM power spectrum normalised
so that σ8 = 0.9. The virial mass of the final cluster is
M200 = 7.4 × 1014h−1M#, determined as the mass within
the radius R200 = 1.46h−1Mpc where the enclosed mean
overdensity is 200 times the critical value.

3. RESULTS

The large-scale matter distribution in all our simulations
looks very similar. Because we start from identical initial
conditions, the particle distributions differ only in regions
where collisions are important. Figure 1 shows that the
final cluster is more nearly spherical and has a larger core
radius for larger collision cross-section. The quoted ax-
ial ratios are determined from the inertia tensors of the
matter at densities exceeding 100 times the critical value.
Miralda-Escude (2000) argues that the ellipticity of clus-
ter cores, as inferred from gravitational lensing observa-
tions, can be used to limit the interaction cross-section.
Among our final clusters, S1W-b and S1W-c are severely
constrained by the limits he quotes.

In Figure 2 we show density profiles for all of our sim-
ulations. Also plotted in the bottom panel is the mean
collision number per particle. (We counted collisions for
each particle throughout the simulation.) Figure 2 clearly
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start from the same initial conditions. The background
cosmology is flat with matter density Ωm = 0.3, cosmo-
logical constant ΩΛ = 0.7 and expansion rate H0 = 70
km−1Mpc−1. It has a CDM power spectrum normalised
so that σ8 = 0.9. The virial mass of the final cluster is
M200 = 7.4 × 1014h−1M#, determined as the mass within
the radius R200 = 1.46h−1Mpc where the enclosed mean
overdensity is 200 times the critical value.

3. RESULTS

The large-scale matter distribution in all our simulations
looks very similar. Because we start from identical initial
conditions, the particle distributions differ only in regions
where collisions are important. Figure 1 shows that the
final cluster is more nearly spherical and has a larger core
radius for larger collision cross-section. The quoted ax-
ial ratios are determined from the inertia tensors of the
matter at densities exceeding 100 times the critical value.
Miralda-Escude (2000) argues that the ellipticity of clus-
ter cores, as inferred from gravitational lensing observa-
tions, can be used to limit the interaction cross-section.
Among our final clusters, S1W-b and S1W-c are severely
constrained by the limits he quotes.

In Figure 2 we show density profiles for all of our sim-
ulations. Also plotted in the bottom panel is the mean
collision number per particle. (We counted collisions for
each particle throughout the simulation.) Figure 2 clearly
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ABSTRACT
Spergel & Steinhardt proposed the possibility that dark matter particles are self-interacting as a solu-

tion to two discrepancies between the predictions of cold dark matter models and observations : First,
the observed dark matter distribution in some dwarf galaxies has large, constant-density cores, as
opposed to the predicted central cusps ; and second, small satellites of normal galaxies are much less
abundant than predicted. The dark matter self-interaction would produce isothermal cores in halos and
expel the dark matter particles from dwarfs orbiting in large halos. Another consequence of the model is
that halos should become spherical once most particles have interacted. Several observations show that
the mass distribution in relaxed clusters of galaxies is elliptical. Here, I discuss in particular gravitational
lensing in the cluster MS 2137[23, where the ellipticity of the dark matter distribution can be measured
to a small radius, r D 70 kpc, suggesting that most dark matter particles in clusters outside this radius
do not collide during the characteristic age of clusters. If true, this implies that any dark matter self-
interaction with a cross section independent of velocity is too weak to have a†ected the observed density
proÐles in the dark-matter dominated dwarf galaxies, or to have facilitated the destruction of dwarf
satellites in galactic halos. If is the cross section and the mass of the dark matter particle, thens

x
m

xcm2 GeV~1.s
x
/m

x
\ 10~25.5

Subject headings : dark matter È galaxies : clusters : general È galaxies : formation È
large-scale structure of universe

1. INTRODUCTION

The cold dark matter (CDM) model of structure forma-
tion in the universe has been tremendously successful in
accounting for a huge variety of available observations (e.g.,
the cosmic background Ñuctuations, the abundances of
clusters of galaxies, peculiar velocity Ðelds, the Lya forest),
provided that the mean density of matter is only a fraction

of the critical density, and the existence of vacuum)
m

^ 0.3
energy with a negative pressure equation of state is allowed
to make the universe spatially Ñat (e.g., Knox & Page 2000 ;
Perlmutter, Turner, & White 1999 ; Bahcall et al. 1999 ;
Strauss & Willick 1995 ; Eke, Cole, & Frenk 1996 ; Croft et
al. 1999).

A possible problem of this model has emerged when com-
paring the density proÐles of dark matter halos predicted in
numerical simulations with observations of the rotation
curves in dwarf galaxies (Moore 1994 ; Flores & Primack
1994 ; Navarro, Frenk, & White 1996 ; Moore et al. 1998 ;
Kravtsov et al. 1998 ; Moore et al. 1999b). Whereas the
observations show linearly rising rotation curves out to
core radii greater than 1 kpc in certain dwarf galaxies where
the density is dominated by dark matter everywhere
(indicating that the dark matter has a constant-density
core), the simulations predict that the collapse of collision-
less particles of cold dark matter produces cuspy halo
density proÐles, with a logarithmic slope [d log o/
d log r [ 1 down to the smallest resolved radius. A second
problem is that the number of dwarf galaxies observed in
the Local Group is much smaller than the total number
predicted from numerical simulations (Klypin et al. 1999 ;
Moore et al. 1999b).

A solution to this discrepancy has been proposed by
Spergel & Steinhardt (1999) : if the dark matter is self-

1 Alfred P. Sloan Fellow.

interacting, with large enough cross section to make most
particles in the inner core of a dwarf galaxy interact among
themselves over a Hubble time, then an isothermal core will
be produced. A clear prediction from this hypothesis is that
when most of the particles of a halo within some radius r

chave interacted, then the halo should be close to spherical
inside or else be supported by rotation, because ther

c
,

velocity dispersion tensor should become isotropic. This
paper examines the consequence of this prediction for the
inner parts of rich clusters of galaxies, where highly magni-
Ðed images of background galaxies are occasionally
observed. We will Ðnd that severe restrictions on the col-
lisional dark matter hypothesis are obtained.

2. THE COLLISIONAL RADIUS IN DWARF GALAXIES AND

IN GALAXY CLUSTERS

We assume that a halo of self-interacting dark matter has
an initial density proÐle equal to the one for the case of
collisionless dark matter, and is thereafter modiÐed by the
e†ects of the collisions. Numerical simulations of collision-
less CDM models have shown that halos have a character-
istic density proÐle, with a logarithmic slope that increases
gradually with radius (Navarro, Frenk, & White 1996,
1997 ; Moore et al. 1999b). We deÐne the radius where ther

hlogarithmic slope is equal to 2, so that o d log o/d log r o \ 2
at and o d log o/d log r o [ 2 at The particlesr \ r

h
, r [ r

h
.

closest to the center will be the Ðrst ones to collide due to
the higher density. We deÐne the collisional radius, as ther

c
,

radius within which more than half the particles have inter-
acted. The e†ects of the collisions will be to change the
velocity distribution of the particles inside the collisional
radius toward a Maxwellian distribution with constant
velocity dispersion. This implies that the density proÐle
within the collisional radius will be altered toward that of
an isothermal sphere with a Ðnite core. The core radius

60

ing regime. Thus, for our Galaxy, the core collapse time
(roughly 3 half-mass relaxation times) is between 4.5 -
6000 Gyr, or perhaps significantly longer if the collapse
stage is delayed by the infall of new material. Hence, for
most of our range of parameters, the collapse time for our
Galaxy exceeds the lifetime of the universe, yet there is
sufficient number of interactions to lower the dark matter
density in the inner 5 kpc of our Galaxy. As the particle
mean free path approaches the lower bound (0.3 Mpc) or
the upper bound (300 Mpc) at the half-mass radius, our
estimates suggest that one or the other condition is not
satisfied, but more accurate methods are needed to deter-
mine the precise range. [Note added in proof: A. Burkert
(astro-ph/0002409) has constructed an N-body code that
simulates self-interactions and obtains results consistent
with these estimates based on the Fokker-Planck approx-
imation.]

To summarize, our estimated range of σ/m for the
dark matter is between 0.45-450 cm2/g or, equivalently,
8 × 10−(25−22) cm2/GeV. Numerical calculations are es-
sential for checking our approximations and refining our
estimates. Even without numerical simulations, we can
already make a number of predictions for the properties
of galaxies in a self-interacting dark matter cosmology:
(1) the centers of halos are spherical; (2) dark matter ha-
los will have cores; and (3) there are few dwarf galaxies in
groups but dwarfs persist in lower density environments;
and, (4) the halos of dwarf galaxies and galaxy halos
in clusters will have radii smaller than the gravitational
tidal radius (due to collisional stripping). Intriguingly,
current observations appear to be consistent with all of
these predictions.

ACKNOWLEDGEMENTS

We would like to thank R. Dave, J. Dalcanton, G.
Dvali, J. Goodman, E. Kolb, J. March-Russell, J.
Miralda-Escude, J. Ostriker, J. Peebles, J. Silk, S.
Tremaine, M. Turner and N. Turok for discussions. We
are grateful to the West Anglia Great Northern Railway
whose train delay provided the opportunity for initial
discussions. This work was initiated at the Newton In-
stitute for Mathematical Sciences. DNS acknowledges
the NASA Theory program and the NASA MAP Satel-
lite program for support and PJS was supported by the
US Department of Energy grant DE-FG02-91ER40671.

[1] N., Bahcall, J.P. Ostriker, S. Perlmutter, S., & P.J. Stein-
hardt, Science, 284, 1481 (1999).

[2] J.A. Tyson, G.P. Kochanski, & I.P. Dell’antonio, ApJ,
498, L107 (1998).

[3] B. Moore, Nature, 370, 629 (1994).
[4] R.A. Flores & J.A. Primack, ApJ,427, L1 (1994).
[5] W.J. G. De Blok & S.S. McGaugh, Mon. Not. Roy. As-

tron. Soc. 290, 533 (1997).
[6] J. Dalcanton & R. Bernstein, in Galaxy Dynamics: from

the Early Universe to the Present, eds.: F. Combes, G. A.
Mamon, and V. Charmandaris, ASP Conference Series,
23 (1999).

[7] J.F. Navarro, C.S. Frenk, & S.D.M. White, ApJ, 462,

563 (1996).
[8] B. Moore, F. Governato, T. Quinn, J. Stadel, & G. Lake,

ApJ Letters, 499, L5 (1998).
[9] V.P. Debattista, & J.A. Sellwood, .ApJ (Letters), 493,

L5 (1998).
[10] M. Mateo, Ann. Rev. Astron. Astrophys., 36, 435 (1998).
[11] A.A. Klypin, A.V. Kravtsov, O. Valenzuela, & F. Prada,

ApJ, 522, 82 (1999).
[12] B. Moore, S. Ghigna, F. Governato, G. Lake, G., T.

Quinn, J. Stadel, & P. Tozzi, ApJ Letters, 524, L19
(1999).

[13] W.H. Press, & P. Schechter, ApJ, 187, 425 (1974).
[14] G. Kauffmann, S.D.M. White, & B. Guiderdoni, Mon.

Not. Royal Astron. Soc. 264, 201 (1993).
[15] A. Dekel & J. Silk, ApJ 303, 39 (1986).
[16] M.M. MacLow & A. Ferrara, ApJ 513, 142 (1999).
[17] J. Dalcanton, D.N. Spergel, & F.J. Summers, ApJ, 482,

659 (1997).
[18] J. Dalcanton, D.N. Spergel, J.E. Gunn, J.E., M. Schmidt,

& D.P. Schnedider, . Astron. J. 114, 635 (1997).
[19] J.V. Kepner, A. Babul, & D.N. Spergel, . ApJ 487, 61

(1997).
[20] L. Blitz, D.N. Spergel, P.J. Teuben, D. Hartmann, &

W.B. Burton, . ApJ 514, 818 ( 1999).
[21] M. Zwann, F. Briggs, D. Sprayberry, E. Sorar, ApJ 490,

173 (1997).
[22] G. Toth & J.P. Ostriker, ApJ, 389, 5 (1992).
[23] M. Weinberg, Mon. Not. Royal Astron. Soc. 299, 499

(1998).
[24] R. Schaeffer, and J. Silk, ApJ 332, 1 (1988).
[25] R.A.C. Croft, D.H. Weinberg, M. Pettini, L. Hernquist,

& N. Katz, ApJ 520, 1 (1999).
[26] R. Bernabei, et al, Phys. Rev. Lett. 83, 4918 (1999).
[27] C.W. Stubbs, Phys. Rev. Letters, 70, 119 (1993).
[28] G. Starkman, A. Gould, R. Esmailzadeh, and S. Di-

mopoulos, Phys. Rev. D41, 3594 (1990).
[29] B.-A. Gradwohl & J.A. Frieman, ApJ, 398, 407 (1992).
[30] E.D. Carlson, M.E. Machacek, & L.J. Hall, ApJ 398, 43

(1992).
[31] M.E. Machacek, ApJ, 431, 41 (1994).
[32] A.A. de Laix, R.J. Scherrer, and R.K. Schaeffer, ApJ

452, 495 (1995).
[33] E.W. Kolb, D.J.H. Chung,. & A. Riotto, hep-ph/9810361

(1998)
[34] A. Kusenko & M. Shaposhnikov, Phys.Lett. B418, 46

(1998).
[35] G. Dvali, Phys. Lett. B459, 489 (1999).
[36] G. Dvali & G. Gabadadze, Phys. Lett. B460 47 (1999).
[37] J.J. Mohr, A.E. Evrard, D.G. Fabricant, & M.J. Geller,

ApJ 447, 8 (1995).

4

64 MIRALDA-ESCUDEŠ

ticity and the orientation of the major axis (Mellier et al.
1993 ; Kneib et al. 1993 ; Kneib et al. 1995). If the underlying
dark matter distribution became spherical due to the colli-
sions, the ellipticity of the stellar distribution would be
reduced (although not eliminated, owing to the anisotropy
in the velocity dispersion tensor). According to Hammer et
al. (1997), the central galaxy in MS 2137[23 has ellipticity
v \ 0.16 ^ 0.02 beyond the radius of the radial arc, and the
best Ðt ellipticity for the lens model is v \ 0.18 (see also
Kneib et al. 1995 for similar conclusions obtained in the
cluster A2218). We note again that the ellipticities of the
optical isophotes decline at a radius smaller than that
probed by gravitational lensing (Porter et al. 1991).

The ellipticity of the cluster halo can be used to place an
upper limit on the interaction rate of the dark matter, in
terms of the cross section and mass of the dark matters

x
m

xparticle. We assume here that the collisional radius must be
smaller than the distance from the center to the long
tangential arc and two other arclets (these images are
A01ÈA02, A2, and A4 in Hammer et al. 1997, and they
also require an ellipticity similar to that of the central
galaxy in the lensing models), which is about 70 kpc. The
dark matter density at this radius is whereo ^ &crit/2r,
the critical surface density is g cm~2 for a source&crit ^ 1
at Assuming also a cluster velocity dispersionz

s
\ 1.

p \ 1000 km s~1 (roughly the minimum value required
given the Einstein radius of the cluster), and a cluster age

years, we obtain the upper limitt
c
\ 5 ] 109

s
x

m
x
\ 1

o21@2pt
c
^ 10~25.5 cm2

m
p

^ 0.02
cm2

g
. (14)

For the dwarf galaxies DDO 154, DDO 170, and DDO 236
mentioned in ° 2, with velocity dispersion p \ (28, 52, 45)
km s~1, and core radii (3, 2.5, 6) kpc, the time it would take
for the collisional radius to reach the value of their core
radii if were equal to the above upper limit is t \ (40,s

x
/m

x5, 40) ] 1010 years, respectively (where we have used the
relation from eq. [1]) .t P p3/r

c
2,

The limit we have obtained on the self-interaction of the
dark matter also rules it out as an explanation for the low

abundance of dwarf galaxies in the Local Group, compared
to the predictions of halo satellite abundances from numeri-
cal simulations (Klypin et al. 1999 ; Moore et al. 1999a). In
order to strike out the dark matter particles, the satellite
halos must be moving in an orbit inside the collisional
radius. For example, in the Milky Way halo (with p ^ 150
km s~1), the collisional radius cannot be greater than about
6 kpc, if kpc in a cluster with p \ 1000 km s~1r

c
\ 100

(where we use the scaling r
c
P p3@2).

Finally, we mention three ways by which the collisional
dark matter hypothesis might still remain viable as an
explanation of the constant density cores observed in some
dwarf galaxies. A Ðrst possibility is that the presence of
substructure in the mass distribution of MS 2137[23, or of
other massive structures projected on the line of sight of the
cluster, introduces an external shear that would modify the
positions of the images. However, this seems unlikely as
discussed in ° 3, because elliptical models Ðt the observed
positions and shapes of the images remarkably well with
fewer model parameters than observational constraints, and
an external shear induces a lensing potential di†erent than a
constant ellipticity and would not generally be aligned with
the major axis of the galaxy. The second possibility is that
the ellipticity of the dark matter could be supported by
rotation, instead of anisotropic velocity dispersion.
However, halos formed by collisionless collapse are known
to rotate very slowly (Barnes & Efstathiou 1987 ; Warren et
al. 1992), and the collisions would further slow down the
rotation of the central parts of the halo by enforcing solid
body rotation. Finally, there is the possibility that the cross
section for the dark matter interaction decreases with veloc-
ity. Here we have assumed the cross section to be constant ;
if it were proportional to v~1 (see, e.g., Firmani et al. 2000),
then the constraints we have used here from gravitational
lensing in clusters of galaxies would allow a large enough
collisional radius in dwarfs to explain their dark matter core
radii.
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Weinberg for discussions and for their encouragement.
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Luppino, G. A. 1997, ApJ, 491, 477
Jobin, M., & Carignan, C. 1990, AJ, 100, 648
Klypin, A. A., Kravtsov, A. V., Valenzuela, O., & Prada, F. 1999, ApJ, 522,

82
Kneib, J. P., Mellier, Y., Fort, B., & Mathez, G. 1993, A&A, 273, 367
Kneib, J. P., Mellier, Y., R., J., Le Borgne, J.-F.,Pello# , Miralda-Escude# ,

H., & Picat, J.-P. 1995, A&A, 303, 27Bo$ hringer,
Knox, L., & Page, L. 2000, Phys. Rev. Lett., 85, 1366
Kravtsov, A. V., Klypin, A. A., Bullock, J. S., & Primack, J. R. 1998, ApJ,

502, 48
Lacey, C., & Cole, S. 1993, MNRAS, 262, 627

Lake, G., Schommer, R. A., & van Gorkom, J. A. 1990, AJ, 99, 547
Landau, L. D., & Lifshitz, E. M. 1977, Quantum Mechanics (Non-Rela-

tistic Theory) (London: Pergamon Press).
Lavery, R. J., & Henry, J. P. 1988, ApJ, 329, L21
Mellier, Y., Fort, B., & Kneib, J. P. 1993, ApJ, 407, 33

J. 1995, ApJ, 438, 514Miralda-Escude# ,
Moore, B. 1994, Nature, 370, 629
Moore, B., Ghigna, S., Governato, F., Lake, G., Quinn, T., Stadel, J., &

Tozzi, P. 1999a, ApJ, 524, L19
Moore, B., Governato, F., Quinn, T., Stadel, J., & Lake, G. 1998, ApJ, 499,

L5
Moore, B., Quinn, T., Governato, F., Stadel, J., & Lake, G. 1999b,

MNRAS, 310, 1147
Navarro, J. F., Frenk, C. S., & White, S. D. M. 1996, ApJ, 462, 563
ÈÈÈ 1997, ApJ, 490, 493
Perlmutter, S., Turner, M. S., & White, M. 1999, Phys. Rev. Lett., 83, 670
Pierre, M., Le Borgne, J. F., Soucail, G., & Kneib, J. P. 1996, A&A, 311,

413
Porter, A. C., Schneider, D. P., & Hoessel, J. G. 1991, AJ, 101, 1561
Spergel, D. N., & Steinhardt, P. J. 1999, Phys. Rev. Lett., 84, 3760
Strauss, M. A., & Willick, J. A. 1995, Phys. Rep., 261, 271
Warren, M. S., Quinn, P. J., Salmon, J. K., & Zurek, W. H. 1992, ApJ, 399,

405
Yoshida, N., Springel, V., White, S. D. M., & Tormen, G. 2000, ApJ, 544,

L87

- not consistent?



10

Velocity dependence (self-interaction)

- typical collision velocity in a galaxy cluster 
is 10 times higher than that in a dwarf galaxy

Cosmic-ray anomalies (2008)

⟨vrel⟩ ∼ 103 km/s
⟨vrel⟩ ∼ 102 km/s

- but SIDM was not considered for a decade after that

- maybe not well motivated to consider a “complication” 
(velocity dependence)

- Pamela, ATIC… reports an 
excess in electron/positron flux

Coutu, Physics, 2013

- requires 100 times larger cross 
section (boost factor) than canonical 
value for correct relic abundance

Ωh2 = 0.1 ×
3 × 10−26 cm3/s

⟨σannv⟩

Dormant decade
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Velocity dependence (annihilation)

Dark force and light mediator

- dark matter may have its own “long-range” force

Dark force and light mediator as an explanation (2009)

- typical collision velocity around the freeze-out 
is much higher than that in our MW galaxy

⟨vrel⟩ ≃ 1.5 × 105 km/s
⟨vrel⟩ ∼ 102 km/s

A theory of dark matter
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We propose a comprehensive theory of dark matter that explains the recent proliferation of unexpected

observations in high-energy astrophysics. Cosmic ray spectra from ATIC and PAMELA require a WIMP

(weakly interacting massive particle). with mass M! ! 500–800 GeV that annihilates into leptons at a

level well above that expected from a thermal relic. Signals from WMAP and EGRET reinforce this

interpretation. Limits on !p and "0-#’s constrain the hadronic channels allowed for dark matter. Taken

together, we argue these facts imply the presence of a new force in the dark sector, with a Compton

wavelengthm"1
$ * 1 GeV"1. The long range allows a Sommerfeld enhancement to boost the annihilation

cross section as required, without altering the weak-scale annihilation cross section during dark matter

freeze-out in the early universe. If the dark matter annihilates into the new force carrier $, its low mass

can make hadronic modes kinematically inaccessible, forcing decays dominantly into leptons. If the force

carrier is a non-Abelian gauge boson, the dark matter is part of a multiplet of states, and splittings between

these states are naturally generated with size %m$ ! MeV, leading to the eXciting dark matter (XDM)

scenario previously proposed to explain the positron annihilation in the galactic center observed by the

INTEGRAL satellite; the light boson invoked by XDM to mediate a large inelastic scattering cross section

is identified with the $ here. Somewhat smaller splittings would also be expected, providing a natural

source for the parameters of the inelastic dark matter (iDM) explanation for the DAMA annual modulation

signal. Since the Sommerfeld enhancement is most significant at low velocities, early dark matter halos at

redshift !10 potentially produce observable effects on the ionization history of the universe. Because of

the enhanced cross section, detection of substructure is more probable than with a conventional WIMP.

Moreover, the low velocity dispersion of dwarf galaxies and Milky Way subhalos can increase the

substructure annihilation signal by an additional order of magnitude or more.

DOI: 10.1103/PhysRevD.79.015014 PACS numbers: 95.35.+d

I. PAMELA/ATIC AND NEW DARK FORCES

Thermal weakly interacting massive particles (WIMPs)
remain one of the most attractive candidates for dark
matter. In addition to appearing generically in theories of
weak-scale physics beyond the standard model, they natu-
rally give the appropriate relic abundance. Such particles
also are very promising in terms of direct and indirect
detection, because they must have some connection to
standard model particles.

Indirect detection is particularly attractive in this re-
spect. If dark matter annihilates to some set of standard
model states, cosmic ray detectors such as PAMELA,
ATIC, and Fermi/GLAST have the prospect of detecting
it. This is appealing, because it directly ties the observable
to the processes that determine the relic abundance.

For a weak-scale thermal particle, the relic abundance in
the case of s-wave annihilation is approximately set by

"h2 ’ 0:1#
! h&vifreeze
3# 10"26 cm3s"1

""1
: (1)

For perturbative annihilations, s-wave dominates in the
late universe, so this provides an approximate upper limit

on the signal that can be observed in the present day. Such a
low cross section makes indirect detection, whereby the
annihilation products of dark matter are detected in cosmic
ray detectors, a daunting task.
However, recent experiments have confirmed the long-

standing suspicion that there are more positrons and elec-
trons at 10s–100s of GeV than can be explained by super-
nova shocks and interactions of cosmic ray protons with
the ISM. The experiments are
(i) PAMELA.—The Payload for Antimatter Matter

Exploration and Light-nuclei Astrophysics has re-
ported results [1] indicating a sharp upturn in the
positron fraction (eþ=ðeþ þ e"Þ) from 10–100 GeV,
counter to what is expected from high-energy cosmic
rays interacting with the interstellar medium (ISM).
This result confirms excesses seen in previous ex-
periments, such as HEAT [2,3] and AMS-01 [4]. One
possible explanation for this is dark matter annihila-
tion into eþe" [5–7], but this requires a large cross
section [8].

(ii) ATIC.—The Advanced Thin Ionization Calorimeter
is a balloon-borne cosmic ray detector which studies
electrons and positrons (as well as other cosmic rays)

PHYSICAL REVIEW D 79, 015014 (2009)

1550-7998=2009=79(1)=015014(16) 015014-1 ! 2009 The American Physical Society

- non-minimal dark sector
V = −

αχ

r
e−mϕr

- Yukawa potential
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Sommerfeld enhancement

- attractive dark force increases the probability of finding 
two DM particles at the “zero” distance

- annihilation cross section is 
enhanced at low velocity 
(Sommerfeld enhancement)

- high velocity particle does 
not care the potential

✏v = 10�3

✏v = 10�2

✏v = 10�1

✏v = 1

10-7 10-6 10-5 10-4 10-3 10-2 10-1
10-1

100

101

102
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104

★★★★

100 101 102
100

101

102

103

104

105

106

f
m = 20GeV

( ) (↵,m�) = (3.09⇥ 10�2, 0.4GeV)
( ) (↵,m�) = (4.58⇥ 10�3, 0.06GeV)

Hulthén potential

AK, Kim and Kuwahara, JHEP, 2020

How dark force explains velocity dependence in annihilation

(σannvrel) = S(σ(0)
annvrel)

- without potential

χ

χ

ϕ

ϕ
ϕ …
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Scattering in quantum mechanics

- scattering state (energy-eigenstate of Schrödinger equation)

ψk( ⃗x) → eikz + f(k, θ)
eikr

r
r → ∞

- (in-coming) plane wave

- out-going spherical wave

[−
1

2μ
∇2 + V(r)] ψk( ⃗x) = Eψk( ⃗x) E =

k2

2μ
- potential from long-range force

k = μvrel

- reduced mass (               
for identical particle)

μ = m /2

Partial-wave decomposition
ψk( ⃗x) =

∞

∑
ℓ=0

1
k

ei( 1
2 ℓπ + δℓ)(2ℓ + 1)Rk,ℓ(r)Pℓ(cos θ)

[ 1
r2

d
dr

r2 d
dr

+ k2 −
ℓ(ℓ + 1)

r2
− 2μV(r)] Rk,ℓ(r) = 0

- radial Schrödinger equation

Schrödinger equation

- scattering amplitude

Weinberg, “Lectures on 
Quantum Mechanics”

eikz =
∞

∑
ℓ=0

1
2ikr

(2ℓ + 1)Rk,ℓ(r)Pℓ(cos θ)(eikr − e−i(kr−ℓπ))
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Sommerfeld enhancement

Scattering phase

Rk,ℓ(r) →
sin(kr − 1

2 ℓπ + δℓ)

r
r → ∞

f(k, θ) =
∞

∑
ℓ=0

(2ℓ + 1)fℓ(k)Pℓ(cos θ)

σ =
∞

∑
ℓ=0

σℓ σℓ =
4π
k2

(2ℓ + 1)sin2 δℓ(k)

- radial wave function at infinity

- radial wave function around the origin

Sk,ℓ =
Rk,ℓ(r)

R(0)
k,ℓ(r)

2

r → 0

- annihilation through the contact interaction (delta function potential)

- without potential

fℓ(k) =
e2iδℓ − 1

2ik

- diagonalized S-matrix Sℓ = e2iδℓ

Cassel, J.Phys.G, 2010Iengo, JHEP, 2009

Scattering in quantum mechanics
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Dark force also introduces velocity dependence in self-interaction
χ

χ
ϕ …

χ

χ
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Figure 5: Phase shift and cross section near the first resonance. (top): Phase shifts of
s-wave scattering (left) and p-wave scattering (right) for given b as a function of k/m�.
(bottom): Cross section of s-wave scattering (left) and p-wave scattering (right) in unit
of m� for given b as a function of k/m�. The black-dashed line in the bottom-right panel
shows the cross section � ' 3⇥ 4⇡/k2.

given in terms of the scattering phase shift as follows.

f` =
e2i�` � 1

2ik
=

1

k cot �` � ik
. (19)

Both the scattering length a0 and the e↵ective range re,0 are positive just above the
resonance for s-wave. The pole k = ib for s-wave is found as a function of the e↵ective-
range parameters as follows.

b =
1

re,0

✓
1�

r
1�

2re,0
a0

◆
. (20)

Concerning for p-wave, the scattering length a1 is positive and the e↵ective range re,1
is negative just above the resonance, and we find the pole is approximated as b '

(�2re,1/a31)
1/2 when |re,1| ⌧ a1. This method for determining poles is valid as far as

b . |re,`|�1, otherwise the higher order of k2 in the e↵ective range theory can be required.
For both s- and p-wave, the bound state can be a zero-energy bound state, b ! 0, as

10

b =
αχmχ

mϕ

AK, Kuwahara and 
Patel, arXiv:2303.17961

- people “re”-started to study 
SIDM again

Re-assessment of galaxy-cluster 
halo shape (2014)MNRAS 430, 105–120 (2013) doi:10.1093/mnras/sts535

Cosmological simulations with self-interacting dark matter – II. Halo
shapes versus observations

Annika H. G. Peter,‹ Miguel Rocha, James S. Bullock and Manoj Kaplinghat
Center for Cosmology, Department of Physics and Astronomy, University of California, Irvine, CA 92697-4575, USA
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ABSTRACT
If dark matter has a large self-interaction scattering cross-section, then interactions among
dark-matter particles will drive galaxy and cluster haloes to become spherical in their centres.
Work in the past has used this effect to rule out velocity-independent, elastic cross-sections
larger than σ/m ! 0.02 cm2 g−1 based on comparisons to the shapes of galaxy cluster lensing
potentials and X-ray isophotes. In this paper, we use cosmological simulations to show that
these constraints were off by more than an order of magnitude because (a) they did not
properly account for the fact that the observed ellipticity gets contributions from the triaxial
mass distribution outside the core set by scatterings, (b) the scatter in axis ratios is large and
(c) the core region retains more of its triaxial nature than estimated before. Including these
effects properly shows that the same observations now allow dark matter self-interaction cross-
sections at least as large as σ/m = 0.1 cm2 g−1. We show that constraints on self-interacting
dark matter from strong-lensing clusters are likely to improve significantly in the near future,
but possibly more via central densities and core sizes than halo shapes.

Key words: methods: numerical – galaxies: haloes – dark matter.

1 IN T RO D U C T I O N

The nature of dark matter is one of the most compelling mys-
teries of our time. On large scales, the behaviour of dark matter
is consistent with what cosmologists of yore called ‘dust’ (e.g.
Tolman 1934), meaning its behaviour is consistent with being col-
lisionless and non-relativistic (‘cold’) for the vast majority of the
Universe’s history (Reid et al. 2010). This consistency has been of
great interest to the particle-physics community because the most
popular candidate for dark matter, the supersymmetric neutralino,
displays exactly this behaviour (Steigman & Turner 1985; Griest
1988; Jungman, Kamionkowski & Griest 1996). While the super-
symmetric neutralino paradigm is attractive in many ways, there are
two outstanding problems with it. First, astroparticle searches have
yet to turn up evidence for the existence of the neutralino, though
searches are rapidly increasing their sensitivity to interesting neu-
tralino parameter space (Goodman et al. 2010; Ackermann et al.
2011; Cotta et al. 2012; Geringer-Sameth & Koushiappas 2011;
Atlas Collaboration 2012; Baudis 2012; Baer, Barger & Mustafayev
2012; Bertone et al. 2012; Koay 2012; XENON100 Collaboration
et al. 2012). Secondly, there are predictions for the structure of
dark-matter haloes that have not been observationally verified at a
quantitative level (Dubinski & Carlberg 1991; Diemand et al. 2008;
Stadel et al. 2009; Vogelsberger et al. 2009; Navarro et al. 2010). In

" E-mail: ahpeter@uci.edu

fact, there are hints of tension with the neutralino paradigm on sub-
galactic scales (Dobler & Keeton 2006; Gentile et al. 2007; de Blok
et al. 2008; Kuzio de Naray, McGaugh & de Blok 2008; Kuzio de
Naray et al. 2010; Zwaan, Meyer & Staveley-Smith 2010; Boylan-
Kolchin, Bullock & Kaplinghat 2011; Papastergis et al. 2011). Yet,
most of the effort to characterize the evolution of the Universe
(experimentally, observationally and theoretically) has been in the
context of this dust-like cold dark matter (CDM). In the absence of
evidence for any dark-matter candidate, much less the neutralino, it
is important to explore the structure and evolution of the Universe
for dark-matter phenomenology beyond cold and collisionless.

One intriguing possibility is that the dark matter belongs to and
interacts with a ‘dark’ or ‘hidden’ sector (Khlopov, Stephan &
Fargion 2006; Feldman, Kors & Nath 2007; Foot 2007; Pospelov,
Ritz & Voloshin 2008; Feng & Kumar 2008; Arkani-Hamed et al.
2009; Feng et al. 2009; Sigurdson 2009; Cohen et al. 2010). The
Standard Model has rich intra-sector phenomenology; it is not un-
reasonable to speculate that a complex dark sector only tenuously
connected to the Standard Model might exist as well. The sim-
plest kind of dark-matter interaction is a hard-sphere interaction
of identical dark-matter particles. Such an interaction – with an
isotropic, velocity-independent, elastic scattering cross-section –
was first introduced in an astrophysical context by Spergel & Stein-
hardt (2000). Interactions of this type were invoked to ameliorate
the tensions between observations and CDM predictions on small
scales (on the scales of individual dark-matter haloes) while leaving
the large-scale successes of CDM intact. In this paper we revisit this

C© 2013 The Authors
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great interest to the particle-physics community because the most
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displays exactly this behaviour (Steigman & Turner 1985; Griest
1988; Jungman, Kamionkowski & Griest 1996). While the super-
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context of this dust-like cold dark matter (CDM). In the absence of
evidence for any dark-matter candidate, much less the neutralino, it
is important to explore the structure and evolution of the Universe
for dark-matter phenomenology beyond cold and collisionless.
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ing regime. Thus, for our Galaxy, the core collapse time
(roughly 3 half-mass relaxation times) is between 4.5 -
6000 Gyr, or perhaps significantly longer if the collapse
stage is delayed by the infall of new material. Hence, for
most of our range of parameters, the collapse time for our
Galaxy exceeds the lifetime of the universe, yet there is
sufficient number of interactions to lower the dark matter
density in the inner 5 kpc of our Galaxy. As the particle
mean free path approaches the lower bound (0.3 Mpc) or
the upper bound (300 Mpc) at the half-mass radius, our
estimates suggest that one or the other condition is not
satisfied, but more accurate methods are needed to deter-
mine the precise range. [Note added in proof: A. Burkert
(astro-ph/0002409) has constructed an N-body code that
simulates self-interactions and obtains results consistent
with these estimates based on the Fokker-Planck approx-
imation.]

To summarize, our estimated range of σ/m for the
dark matter is between 0.45-450 cm2/g or, equivalently,
8 × 10−(25−22) cm2/GeV. Numerical calculations are es-
sential for checking our approximations and refining our
estimates. Even without numerical simulations, we can
already make a number of predictions for the properties
of galaxies in a self-interacting dark matter cosmology:
(1) the centers of halos are spherical; (2) dark matter ha-
los will have cores; and (3) there are few dwarf galaxies in
groups but dwarfs persist in lower density environments;
and, (4) the halos of dwarf galaxies and galaxy halos
in clusters will have radii smaller than the gravitational
tidal radius (due to collisional stripping). Intriguingly,
current observations appear to be consistent with all of
these predictions.
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our main conclusions.
II. SIDM halo model. Scattering between DM particles

is more prevalent in the halo center where the DM density is
largest. It is useful to divide the halo into two regions, sepa-
rated by a characteristic radius r1 where the average scatter-
ing rate per particle times the halo age (tage) is equal to unity.
Thus,

rate⇥ time ⇡
h�vi

m
⇢(r1) tage ⇡ 1 , (1)

where � is the scattering cross section, m is the DM parti-
cle mass, v is the relative velocity between DM particles and
h...i denotes ensemble averaging. Since we do not assume
� to be constant in velocity, we find it more convenient to
quote h�vi/m rather than �/m. We set tage = 5 and 10 Gyr
for clusters and galaxies, respectively. Although Eq. (1) is a
dramatic simplification for time integration over the assembly
history of a halo, we show by comparing to numerical simu-
lations that it works remarkably well.

For halo radius r > r1, where scattering has occurred
less than once per particle on average, we expect the DM
density to be close to a Navarro-Frenk-White (NFW) profile
⇢(r) = ⇢s(r/rs)�1(1+r/rs)�2 characteristic of collisionless
CDM [26]. In the halo center, for radius r < r1, scattering
has occurred more than once per particle. Here, we expect
DM particles to behave like an isothermal gas satisfying the
ideal gas law p = ⇢�2

0 , where p, ⇢ are the DM pressure and
mass density and �0 is the one-dimensional velocity disper-
sion. Since the inner halo achieves kinetic equilibrium due
to DM self-interactions, the density profile can be determined
by requiring hydrostatic equilibrium, rp = �⇢r�tot. Here,
�tot is the total gravitational potential from DM and bary-
onic matter, which satisfies Poisson’s equation r2�tot =
4⇡G(⇢ + ⇢b), where G is Newton’s constant and ⇢b is the
baryonic mass density. These equations yield

�2
0 r2 ln ⇢ = �4⇡G(⇢+ ⇢b) , (2)

which we solve to obtain ⇢(r) assuming spherical symmetry.
We model the full SIDM profile by joining the isothermal

and collisionless NFW profiles together at r = r1:

⇢(r) =

⇢
⇢iso(r) , r < r1
⇢NFW(r) , r > r1

(3)

where ⇢iso is the solution to Eq. (2). We fix the NFW param-
eters (⇢s, rs) by requiring that the DM density and enclosed
mass for the isothermal and NFW profiles match at r1. Thus,
our SIDM halo profile is specified by three parameters: the
central DM density ⇢0 ⌘ ⇢(0), velocity dispersion �0, and
r1. Lastly, we note that this model exhibits a two-fold degen-
eracy in solutions for h�vi/m. We keep the smaller h�vi/m
solutions but note that this situation may be indicative of the
degeneracy between halo profiles with cores that are growing
or shrinking in time [5].

III. SIDM fits. To constrain DM self-interactions, we con-
sider a set of six relaxed clusters and twelve galaxies with
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FIG. 1: Self-interaction cross section measured from astrophysical
data, given as the velocity-weighted cross section per unit mass as
a function of mean collision velocity. Data includes dwarfs (red),
LSBs (blue) and clusters (green), as well as halos from SIDM
N-body simulations with �/m = 1 cm2/g (gray). Diagonal
lines are contours of constant �/m and the dashed curve is the
velocity-dependent cross section from our best-fit dark photon model
(Sec. V).

halo masses spanning 109 � 1015 M�. These objects ex-
hibit central density profiles that are systematically shallower
than ⇢ / r�1 predicted from CDM simulations. To determine
the DM profile for each system, we perform a Markov Chain
Monte Carlo (MCMC) scan over the parameters (⇢0,�0, r1)
characterizing the SIDM halo, as well as the mass-to-light ra-
tio ⌥⇤ for the stellar density. The value for ⇢(r1) determines
the velocity-weighted cross section h�vi/m from Eq. (1), as a
function of average collision velocity hvi = (4/

p
⇡)�0 for

a Maxwellian distribution. We also verify our model and
MCMC fit procedure using a mock data set from simulations.

Clusters. We consider the relaxed clusters from the data
set of Newman, et al. [19, 27] for which spherical modeling
is appropriate (MS2137, A611, A963, A2537, A2667, and
A2390). These clusters have stellar kinematics as well as
strong and weak lensing measurements allowing the mass pro-
file to be measured from stellar-dominated inner region (⇠ 10
kpc) out to the virial radius (⇠ 3 Mpc). The baryonic and
DM densities are disentangled by constraining ⌥⇤ through
the assumption that all the clusters share a similar star for-
mation history. The inferred DM density profile is consistent
with CDM expectations except in the inner O(10) kpc region
where a mass deficit is inferred [19]. These small core sizes
dictate the preference for a velocity-dependent cross section.

We model each cluster using Eq. (3) and fit directly to the
stellar line-of-sight velocity dispersion data [27]. We include
the gravitational effect of the stars following Eq. (2) and allow
for a ±0.1 dex spread in ⇢b to account for systematic uncer-
tainties [19, 27]. Further, as a proxy for fitting to the gravi-
tational lensing data at large radii, we fit to posteriors of the
maximum circular velocity Vmax and the corresponding radius
rmax that have been obtained from the lensing data [27].
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“Data” points
Overview

- cores in various-size halos may prefer velocity 
dependence of self-scattering cross section

M ∼ 1014 M⊙

- galaxy cluster 
(Abell 2744)

M ∼ 1011 M⊙

- dwarf spiral galaxy 
(IC 2574)

Kaplinghat, Tulin, 
and Yu, PRL, 2016



17

Light mediator fit to data

Data points

- DM and mediator masses are 
pinned down

4

than the median halo, the inferred �/m become consistent,
within errors, with ⇠ 1 cm2/g.

Turning this around, we can fix �/m and look at the impact
of the scatter in the ⇢s-rs relation on Vc(2 kpc). Within our
analytic model, we have checked that the spread in the ⇢s-
rs relation in ⇤CDM leads to about a factor of two spread in
Vc(2 kpc) for the relevant galaxies. If we were to add baryons
(which could be important within 2 kpc), it is conceivable that
the bulk of the spread seen in Ref. [31] can be explained.

V. Dark matter particle properties. The energy depen-
dence of the cross section allows one to discern the underly-
ing particle dynamics of SIDM. The data in Fig. 1 range over
a factor of 104 in kinetic energy and prefer a cross section that
mildly falls with energy.

To illustrate the implications for particle physics, let us con-
sider the dark photon model for DM self-interactions. In this
model, self-interactions are governed by a Yukawa potential,
V (r) = ↵0e�µr/r, where ↵0 is the coupling constant (anal-
ogous to the fine structure constant ↵ ⇡ 1/137) and µ is the
dark photon mass, which screens the potential [33–35]. To be
concrete, we will set ↵0 = ↵. We then compute h�vi/m using
standard partial wave methods discussed in Ref. [25]. Com-
paring the theoretical predictions to the data points in Fig. 1
using a ��2 test, we determine the preferred regions for the
DM mass m and dark photon mass µ . To take into account
the uncertainty in our modeling (apparent in our predictions
for the simulated halos), we have included an additional sys-
tematic uncertainty (in quadrature) of �(logh�vi/m) = 0.3
and �(loghvi) = 0.1 for each system.

Our results shown in Fig. 3 illustrate the important comple-
mentarity between observations across different scales in con-
straining DM microphysics. The red, blue, and green shaded
bands show the individual 95% confidence level (CL) regions
preferred by our analysis of dwarf galaxies, LSBs, and clus-
ters, respectively. The solid (dashed) black contour shows the
95% (99%) CL region from all observations combined. These
data prefer DM mass of 15+7

�5 GeV and dark photon mass of
17 ± 4 MeV at 95% CL. For the best-fit values of m and µ,
we plot h�vi /m as a function of hvi in Fig. 1 (dashed).

Fig. 3 also shows the regions excluded by the Bullet Clus-
ter constraint of �/m < 1.25 cm2/g at 68% CL [36] at
v = 2000 km/s (dot-dashed) and the constraint from an en-
semble of merging clusters of �/m < 0.47 cm2/g at 95%
CL [37] at v = 900 km/s (long-dashed). A more refined anal-
ysis of the merging clusters, including large dissociative clus-
ters that show offsets between the luminous and dark compo-
nents [36, 38–40], would be interesting in light of the velocity
dependence.

It is remarkable that astrophysical observations can pick out
a closed range for the DM mass m (albeit within the sim-
ple model we have adopted). For m . 10 GeV, the cross
section changes little with velocity, � / m2/µ4, which is
disfavored by the velocity dependence evident in Fig. 1. For
m & 100 GeV, cross section tends to the Rutherford limit,
� / 1/(m2v4), which is too steep a velocity dependence to be
consistent with our fits. The preferred region lies in between
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FIG. 3: Parameter space for dark photon model of self-interactions
(with ↵0 = ↵), preferred by dwarfs (red), LSB spiral galaxies (blue),
and clusters (green), each at 95% CL. Combined 95% (99%) region
is shown by the solid (dashed) contours. The estimated Bullet Clus-
ter excluded region lies below dot-dashed curve and the ensemble
merging cluster excluded region below the long-dashed curve.

these extremes: � is constant at small velocity and turns over
to a Rutherford-like dependence at large velocity.

VI. Conclusions. SIDM paradigm may provide a unified
explanation for the apparent deficit of DM in the central re-
gions of galaxies and clusters. We have explored the direct
connection between self-interactions and astrophysical obser-
vations for a set of twelve galaxies and six clusters using a
simple model for SIDM halos calibrated to N-body simula-
tions. Despite the diversity of DM halo properties in these
systems, the majority of dwarfs and LSBs is remarkably con-
sistent with �/m ⇡ 2 cm2/s. Clusters favor 0.1 cm2/g
because their halo profiles are largely consistent with CDM
except in the inner O(10 kpc) region. The velocity depen-
dence discernible in these data provides an important step to-
ward understanding the possible particle physics of DM self-
interactions. Within the dark photon model we considered,
these data prefer DM mass of ⇠ 15 GeV and dark photon
mass of ⇠ 17 MeV. While these conclusions are model-
specific, SIDM in general indicates a new mass scale much
below than the electroweak scale. Using DM halos as particle
colliders, we may be able to unveil the particle physics nature
of DM, independent of whether the dark and visible sectors
are coupled via interactions beyond gravity.
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- repulsive Yukawa (for simplicity)
αχ = αem

mχ ∼ 10 GeV mϕ ∼ 10 MeV

non-perturbative

perturbative αχmχ = mϕ
- perturbative: Born (tree-level) 
approximation is good

- non-perturbative: need to solve 
Schrödinger equation 
(resummation of ladder diagrams)

Tulin, Yu, and Zurek, PRD, 2013
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Summary
Self-interacting dark matter

- turns a density profile from core to cusp

- non-minimal dark sector

Velocity dependence

- larger cross section for smaller velocity is preferred

- light mediator

- inferred by combining observations of different size halos

Cross section computation

- non-perturbative effect is important

- solve Schrodinger equation
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Brief history of SIDM

- diversity problems: dwarf spiral galaxies and satellite galaxies

Model-building aspects

- Sommerfeld enhancement and indirect detection

- strong self-interaction and gravothermal collapse

- (1st stage) core vs cusp problem and constant cross section

- (2nd stage) cosmic-ray anomalies and velocity-dependent cross section 

Frontier of SIDM (3rd stage)



-      and      are not 
independent 
(concentration-mass 
relation)
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Rotation curves

Diversity in dwarf spiral galaxies

- simulation: inner circular velocity is almost 
uniquely determined by outer circular velocity

- observation: diverse 
inner circular velocity

Oman et al., MNRAS, 2015

ρNFW =
ρs

r/rs(1 + r/rs)2

ρs rs
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Naively, no
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ABSTRACT

We examine the circular velocity profiles of galaxies in ⇤CDM cosmological hydro-
dynamical simulations from the EAGLE and LOCAL GROUPS projects and compare them
with a compilation of observed rotation curves of galaxies spanning a wide range in
mass. The shape of the circular velocity profiles of simulated galaxies varies system-
atically as a function of galaxy mass, but shows remarkably little variation at fixed
maximum circular velocity. This is especially true for low-mass dark matter-dominated
systems, reflecting the expected similarity of the underlying cold dark matter haloes.
This is at odds with observed dwarf galaxies, which show a large diversity of rotation
curve shapes, even at fixed maximum rotation speed. Some dwarfs have rotation curves
that agree well with simulations, others do not. The latter are systems where the in-
ferred mass enclosed in the inner regions is much lower than expected for cold dark
matter haloes and include many galaxies where previous work claims the presence of
a constant density “core”. The “cusp vs core” issue is thus better characterized as an
“inner mass deficit” problem than as a density slope mismatch. For several galaxies the
magnitude of this inner mass deficit is well in excess of that reported in recent simula-
tions where cores result from baryon-induced fluctuations in the gravitational potential.
We conclude that one or more of the following statements must be true: (i) the dark
matter is more complex than envisaged by any current model; (ii) current simulations
fail to reproduce the effects of baryons on the inner regions of dwarf galaxies; and/or
(iii) the mass profiles of “inner mass deficit” galaxies inferred from kinematic data are
incorrect.

Key words: dark matter, galaxies: structure, galaxies: haloes

1 INTRODUCTION

Cosmological simulations have led to a detailed theoretical
characterization of the clustering of dark matter on galaxy
scales. It is now well established that, when baryons may be
neglected, the equilibrium mass profiles of cold dark matter
(CDM) haloes are approximately self-similar and can be ad-
equately approximated by a simple formula (Navarro et al.
1996b, 1997). The “NFW profile”, as this is commonly known,
has a formally divergent density “cusp” near the centre, ⇢ /

? koman@uvic.ca

r�� , with � = 1, and steepens gradually at larger radii. The cor-
responding circular velocity profile, Vcirc(r), is thus relatively
steep near the centre, Vcirc / r1/2, in contrast with the rotation
curves of some dwarf galaxies, where the inner rotation speed
rises linearly with radius. The latter behaviour suggests that the
dark matter density profile has a shallower inner slope than pre-
dicted by simulations, closer to a constant density “core” rather
than a steeply divergent “cusp”. This “cusp vs core” problem
(Moore 1994; Flores & Primack 1994) has been known since
the mid 1990s and has elicited a number of proposed solutions.

One is that the dark matter is not “cold”. Cores can be pro-
duced in dark matter haloes by particle physics effects if the
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Figure 4. Four examples of galaxies in our sample with rotation curves that are in good agreement with the circular velocity curves of our ⇤CDM
hydrodynamical simulations. The four galaxies have been chosen to span a wide range in maximum circular velocity, from ⇠ 30 (top left) to ⇠
120 km s�1 (bottom right). As in Fig. 2, the solid curves and shaded areas show the median (and 10th-90th percentile range) of all simulated galaxies
in 20 per cent-width bins centred at the maximum circular velocity of the galaxy in each panel (see legend). The solid black curve corresponds to the
median circular velocity curve of our DMO simulations.

4.4 The challenge to baryon-induced core formation

The diversity of observed rotation curves presents a challenge
not only to our simulations, but also to the baryon-induced
“core” creation mechanism: why would baryons carve out cores
so different in galaxies that are so similar in terms of morphol-
ogy, halo mass, and galaxy mass? Further, we would expect
the dark matter to be most affected in systems where baryons
play a more important role in the potential, such as high-surface
brightness galaxies, whereas observations seem to suggest the
opposite trend.

A second challenge concerns the magnitude of the effect
needed to create a core as large as that inferred, for example,
for IC 2574. Published simulations where baryon effects cre-
ate cores tend to have overall a modest effect on the total inner
mass profile of the galaxy. One example is provided in Fig. 1;
although baryons have carved a ⇠ 1 kpc core in the dark matter
halo in the simulated galaxy DG1, the total inner mass profile is
actually quite similar to what is expected for galaxies of that cir-
cular velocity in our simulations (green-shaded region), which
do not produce cores. This is because, to first order, the baryons
that displace the dark matter to create a core take its place, lead-
ing to modest net changes in the total mass profile.

In other words, “flattening the dark matter cusp” is not
enough to explain galaxies like IC 2574. A net removal of large
amounts of mass from the inner regions is needed to reconcile
such galaxies with ⇤CDM, at least if we equate the measured
rotation curve with the circular velocity curve. In the case of
IC 2574, at least ⇠ 2.5 ⇥ 109 M� seem to have been expelled
from the inner ⇠ 5 kpc; more than the total baryonic mass of
the galaxy. It seems unlikely that baryon-induced fluctuations
can cause an effect this large.

4.5 The challenge to alternative dark matter models

Finally, we note that the diversity of rotation curves illustrated
in Fig. 5 disfavours solutions that rely on modifying the phys-
ical nature of the dark matter. Cores can indeed be produced if
the dark matter is SIDM or WDM but, in this case, we would
expect all galaxies to have cores and, in particular, galaxies of
similar mass or velocity to have cores of similar size. This is in
disagreement with rotation curve data and suggests that a mech-
anism unrelated to the nature of the dark matter must be invoked
to explain the rotation curve shapes.

c� 0000 RAS, MNRAS 000, 000–000

Really? But galactic disks show diversity
- different disk sizes in different halos
- SIDM profile is exponentially sensitive to baryon distribution 

⇢DM(~x) = ⇢0DM exp(��(~x)/�2)

�� = 4⇡G(⇢DM + ⇢baryon)

- iso-thermal region forms through 
self-interaction

Can SIDM explain it?
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SIDM reproduces diversity (unlike a naive expectation)
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NGC 2903, c200:median, M200:1.2×1012M⊙
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compact stellar disk extended stellar disk

- compact disk→ redistribute SIDM significantly

- extended disk→ unchange SIDM distribution

AK, Kaplinghat, Pace, and Yu, PRL, 2017

M* = 0.83 × 1010 M⊙ M* = 0.57 × 1010 M⊙

σ/m = 3 cm2/g

SIDM explanation
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MW satellites (classical)

Diversity in MW satellites
10 Hayashi et al.
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Figure 3. Dark matter density profiles along major axes of the galaxies derived from our Jeans analysis. The solid line in each
panel denotes the median value, and the dark and light shaded regions denote the 68 and 95 per cent confidence intervals. The
vertical dashed line in each panel corresponds to the half-light radius of each galaxy. In the panel for Draco, we mark on two
power law density profiles, ⇢DM / r�1 (cusp) and ⇢DM = const. (core) under the shaded regions.

Figure 4. Dark matter density profiles of all dSphs, with taking into account a wider parameter range of � (described in
Section 4.2). The solid lines in each panel denote the median values (thick) and the 68 per cent confidence intervals (thin)
calculated by our default parameter range (0  �  2.5), while the dashed ones are calculated by a new parameter range
(�2.5  �0  2.5, but if �0 < 0 ! � = 0). The vertical dashed lines in each panel correspond to their half-light radii.

Equation 7 is fixed at 2 for simplicity, while the dark
matter profiles in this work and Geringer-Sameth et al.

(2015) take into account these parameter as free param-
eters.

Hayashi, Chiba, and Ishiyama, ApJ, 2020

- shows diversity in inner 
slope and density, though 
uncertainty is still large

Dark matter profiles in the dSphs 13
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Figure 6. The impact of baryonic feedback on the inner profiles of dark matter halos. The inner dark matter density slope
at 1.5%Rvir is shown as a function of the ratio of stellar-to-halo masses. The filled black circles with error bars are the results
from this work. The shaded gray band shows the expected range of dark matter profile slopes for NFW as derived from dark
matter only simulations (Tollet et al. 2016). The blue and orange points are expected from NIHAO (Tollet et al. 2016) and
FIRE-2 (Fitts et al. 2017; Hopkins et al. 2018) hydrodynamical plus dark mater simulations, respectively. The blue and orange
shaded bands are the expected range from NIHAO (Tollet et al. 2016) and FIRE-2 (Lazar et al. 2020) predictions, respectively
(to guide the eye).

Madau et al. 2014; Oñorbe et al. 2015). In particu-
lar, Oñorbe et al. (2015) predicted that the dwarfs with
rapid SFHs tend to have cuspy dark matter density pro-
files, while ones with consecutive SFHs have cored ones
at the present day. Therefore, we investigate whether
this dependence indeed exists by comparing it with the
observed SFH of dSphs.

To this end, we adopt the SFHs derived by Lee et al.
(2009) for Sextans and Weisz et al. (2014) for the other
classical dSphs. The left panel in Figure 7 displays the
cumulative SFHs of the classical dSphs taken from their
works. As is shown in the panel, the SFHs of the dSphs
can be classified into two groups: the dwarfs (the dashed
lines in the panel) that formed the majority of their stel-
lar component early on (before z ' 2), and the other
ones (the solid ones) that formed only a small fraction
of their stars at early times and continued forming stars
over almost a Hubble time (Gallart et al. 2015; Bermejo-
Climent et al. 2018). To quantify these properties of
the dwarfs, we estimate the lookback time at achieving

70 per cent of the current stellar mass of these dSphs, ⌧0.7
(as indicated as a black horizontal dotted line in the left
panel in Figure 7). ⌧0.7 can characterize the duration and
e�ciency of star formation in dSphs. The middle panel
in Figure 7 shows the comparison between ⌧0.7 and dark
matter inner slope, �, from our analysis. According to
the prediction from Oñorbe et al. (2015), we expect that
the galaxies with higher ⌧0.7 may have cuspy dark mat-
ter density profiles. From this figure, however, we find
no clear relation between them within uncertainties of �.
Therefore, the diversity of the dark matter inner slopes
cannot be explained straightforwardly by SFH within
the current observation and model uncertainties. One
of the possible reasons why there is no relation could be
that the cusp-core transition requires the resonance be-
tween dark matter particles and a gas density oscillation
induced by periodic SN feedbacks. Ogiya & Mori (2014)
suggested that to transform cusp into core, at least 50
oscillations with O(100) Myr periods are needed. Un-
fortunately, current photometric and spectroscopic ob-

- mass distribution is 
determined by line-of-
sight velocity dispersion 
(LOSVD) profile

SIDM again? Naively, no

- satellite galaxies have 
only negligible amount of 
baryons
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Figure 1. Inferred dark matter density profiles along the major axes of the eight galaxies having the largest numbers of
kinematic sample. The solid line in each panel denotes the median value, and the shaded region depicts the 68% confidence
interval. On the other hand, the gray thick and thin dashed lines show the median and the the 68% confidence intervals for the
case of a wider prior range (�2.0  �0  2.0, but if �0 < 0 ! � = 0, see the text in details). The vertical dashed line in each
panel corresponds to the half-light radius of each galaxy.

matter density profile without relying on any baryonic
physics (e.g., Hayashi et al. 2021a,b). This implies that
dark matter densities of Segue 1 and Willman 1 could
be cusped inner slopes.

Secondly, the other UFDs tend to be somewhat cuspy
profiles, but there are huge uncertainties in the inferred
density slopes. In fact, they permit � ⇠ 0, that is,
a cored dark matter density within 95% confidence.
Therefore, it is impossible to make a final conclusion
whether these galaxies have cored or cusped dark mat-
ter halos. The other galaxies, which are not shown here,
also have huge uncertainties on their inner slopes of dark
matter density profiles from the 8th column in Table A1,
which is the constraints on � parameter.

Thirdly, dark matter densities of the di↵use galax-
ies (Antlia 2 and Crater 2) are around one order of mag-
nitude less dense than those of the other dwarf satellites.
In particular, Antlia 2 favors having the di↵use dark
matter halo as well as its stellar component. The dark
matter scale density (⇢0) of Antlia 2 is consistent with
the result from Torrealba et al. (2019).

3.2.2. Robustness of the estimated density profiles

To investigate the robustness of our results, espe-
cially regarding the inner slope of a dark matter density
profile, �, we perform the same MCMC fitting proce-
dure (see Section 2.2) for the case of a wider range of
prior for � than the fiducial parameter range (0  � 
2.0). Namely, we adopt here the case of a flat prior over
range �2.0  �0  2.0, and we impose � = 0 if �0 has
a negative value and � = �0 otherwise. This is because
the fiducial one might lead to a bias toward cuspy den-
sity profiles. Using this new wide prior, we re-run the
MCMC fitting procedure and estimate the dark matter
density profiles for the representative eight galaxies.

Figure 1 shows the comparison of the inferred dark
matter density profiles for the eight galaxies for the fidu-
cial and wider prior ranges. The colored solid line and
shaded region in each panel show the results from the
fiducial case, while the gray dashed lines denote the ones
for the case of wider prior ranges. It is found from this
figure that the estimated dark matter density profiles
of most galaxies are largely a↵ected by the new prior
range. In particular, this prior makes their central den-
sities less dense clearly. Therefore, we bear in mind that
most of the galaxies with small data volumes should be
sensitive to the choice of priors.
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Hayashi, Hirai, Chiba, and 
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Figure 2. The inner dark matter density slope at 1.5% of
the virial radius of a dark halo, rvir, as a function of the ra-
tio between stellar and dark-halo masses, M⇤/Mhalo, of the
Galactic dSphs. The filled magenta circles with 1� error bars
are the results of the represented galaxies in this work, while
the black filled ones are the results of the classical dSphs re-
ferred by Hayashi et al. (2020). The shaded gray band shows
the expected range of dark matter profile slopes for NFW
profiles as derived from dark-matter-only simulations (Tollet
et al. 2016). The blue and orange points are simulated satel-
lites from NIHAO (Tollet et al. 2016) and FIRE-2 (Fitts et al.
2017; Hopkins et al. 2018; Lazar et al. 2020) hydrodynamical
simulations, respectively. The blue and orange shaded bands
show the expected ranges from these simulated galaxies (to
guide the eye).

On the other hand, the galaxies having a cusped dark
matter halo like Eridanus II, Segue 1 and Willman 1 do
not change so much their dark matter density profiles
even for the new prior range. The possible reason why
these galaxies prefer cusped dark matter density pro-
files comes from the following properties of their line-
of-sight velocity dispersion profile in the central region.
Although the variations of Q (dark halo shape) and �z

(velocity anisotropy) give a similar e↵ect on entire shape
of line-of-sight velocity dispersion profiles (see Cappel-
lari 2008; Hayashi & Chiba 2015), the inner slope of dark
matter density profile, �, can have an impact only on a
central velocity dispersion profile (Hayashi et al. 2020).

Note that cusped dark matter density profiles in Eri-
danus II, Segue 1 and Willman 1 come mainly from the
kinematic sample in the inner part (especially within
10 pc) in our unbinned analysis. The unbinned analy-
sis can trace the inner kinematic structures in galaxies,
while the binned one might smear out such information,
and thus may not provide such a constraint on inner
slopes of dark matter density profile as the unbinned
one.

3.2.3. Inner Dark Matter Density Slope versus
Stellar-to-halo Mass Ratio

Figure 2 shows the logarithmic slope of the dark mat-
ter density profile at 1.5% of the virial radius of a dark
halo as a function of the stellar mass-to-halo mass ratio,
M⇤/Mhalo. This is analogous to the figure 6 in Hayashi
et al. (2020, originally following from Bullock & Boylan-
Kolchin 2017), but including several galaxies as samples
in this work. The blue and orange dots and shaded
bands depict the results from NIHAO (Tollet et al. 2016)
and FIRE-2 (Fitts et al. 2017; Hopkins et al. 2018; Lazar
et al. 2020) zoom-in hydrodynamical simulations, while
the gray band shows the expected range of dark matter
profile slopes for NFW as derived from dark matter-only
simulations (Tollet et al. 2016).

To compute the stellar mass-halo mass ratios of the
currnt dwarf galaxies, we employ the self-consistent
abundance matching model by Moster et al. (2013) and
adopt the stellar masses of most dSphs taken from rel-
evant papers (Table 1). For several UFDs having no
information about stellar masses, we calculate those of
their UFDs by their luminosities assumed to be the stel-
lar mass-to-light ratio with 1.6M�/L�, which is an av-
eraged value for dSphs measured by Woo et al. (2008).
The black points with 1� error bars are the results of
classical dSphs estimated by Hayashi et al. (2020), while
the magenta ones are the largest eight galaxies among
the sample in this work. According to the predictions
from the simulations (blue and orange bands), an in-
ner slope of a dark matter density profile in the UFD
regime (M⇤/Mhalo . 10�4) might not be a↵ected largely
by baryonic feedback e↵ects. On the other hand, there
are large uncertainties in both the inner slopes and the
stellar-to-halo mass ratios of the UFDs. Thus, we can-
not make a robust conclusion about whether the relation
exists or not from the currently available data.

4. DISCUSSION

4.1. Dark Matter densities at 150 pc

Read et al. (2019) introduced the dark matter density
at a common radius of 150 pc from the center of each
dSph, ⇢DM(150 pc), which can be estimated robustly as
the central dark matter density without dependence of
� prior ranges in spherical mass models. They also ar-
gued that this density is enough di↵erent to divide the
luminous dwarf galaxies into cusps or cores. Kapling-
hat et al. (2019) found that ⇢DM(150 pc) of the Galactic
dSphs anti-correlates with their orbital pericenter dis-
tance, rperi, estimated by Gaia. In combination with
the too-big-to-fail problem (Boylan-Kolchin et al. 2011,
2012), they proposed that this anti-correlation can pro-
vide a new incisive test of the nature of dark matter,
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銀河のダークハロー構造の多様性： 
 銀河系矮小楕円体銀河の観点から

林　　　航　平
〈東北大学大学院理学研究科天文学専攻　〒980‒8578 仙台市青葉区荒巻字青葉 6‒3〉

e-mail: k.hayasi@astr.tohoku.ac.jp

銀河のダークハロー構造の詳細を知ることは，ダークマターの性質を知る上で重要である．特に
銀河系矮小楕円体銀河は，その星の詳細な動力学解析からダークハロー構造を調べることができ
る． 筆者らは独自に構築した動力学解析手法を用いて矮小楕円体銀河のダークハロー構造，特に
中心部の密度分布を調べ，銀河によってその振る舞いが異なる，つまりダークハロー構造の多様性
を発見した．本稿では小質量銀河でのダークハロー構造を調べる重要性を述べた上で，筆者らの研
究成果について紹介し，この多様性を説明する理論メカニズム（の一部）について議論する．また
すばる望遠鏡を用いた矮小楕円体銀河の将来観測について述べ，ダークマター研究の今後の展開を
紹介する．

1. ダークマターの存在
電磁波では観測できない未知の物質の存在を最
初に示唆したのは，今から88年前の1933年，カ
リフォルニア工科大学の研究者であったFritz 
Zwickyである．彼はかみのけ座銀河団に所属す
る銀河の速度に対してビリアル定理を適用し，そ
れぞれの銀河を銀河団内に保持するために必要な
銀河団の総質量を見積もった．その結果，その総
質量は銀河団内にある銀河を足し合わせた質量の
400倍も重く，彼は「かみのけ座銀河団には目に
見えない物質があり，その見えない物質に支配さ
れている」と未知なる物質の存在を指摘した [1]．
その後，様々な天文観測から正体不明の物質の存
在が示唆されてきた．中でも1970年代終わりか
ら80年代にかけて，Vera Rubinらによる円盤銀

河の回転速度の観測から，銀河の回転曲線が円盤
の外側までほぼ一定であることが明らかになった
[2]．これは銀河円盤の光度分布から予測される
回転曲線とは大きく矛盾し，未知の物質が存在す
る確かな観測的証拠となった*1．
この未知の物質は「ダークマター」と呼ばれる

ようになり，WMAP衛星 [3, 4]やPlanck衛星 [5] 
による精密観測的宇宙論の進展により，宇宙の物
質の8割以上を占める重要な物質であることが明
らかになっている．しかし重要な物質であるにも
かかわらず，ダークマターの正体は今でも謎に包
まれており，この正体を解明することは現代物理
学の極めて重要な課題であると言える．

2. CDM理論とその問題点
無衝突ダークマターである冷たいダークマター

*1 これらの功績が讃えられ，2020年，現在建設中の大型シノプティック・サーベイ望遠鏡（Large Synoptic Survey Tele-
scope: LSST）を運用する天文台はVera Rubin天文台と名付けられた．
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Resonant SIDM

Two possibilities on the table

- explain only cuspy profile by taking 
a small cross section at low velocity

- leave cored profile for stellar 
feedbacks

3

of rSIDM halo dynamics on astrophysical observations.
We give concluding remarks in Section V.

II. METHODOLOGY

Resonant self-interaction. In the presence of a par-
ticle resonance mediating the self-scattering of DM, the
(spin-averaged) non-relativistic cross section � can be
parametrized as a sum of a constant piece �0 and res-
onant piece parametrized by a Breit-Wigner form [43]:

� = �0 +
4⇡S

mE(vrel)

�(vrel)2/4

[E(vrel) � E(vR)]2 + �(vrel)2/4
, (1)

where m is the DM mass, E(v) = (m/2)v2
/2, and S =

(2sR +1)/(2sdm +1)2 is the symmetry factor taking into
account the spin degrees of freedom of DM (sdm) and
the resonance (sR). The resonant velocity is given as
E(vR) = mR�2m where mR is the mass of the resonance.
We assume that the total decay width of the resonance is
dominated by R ! dm dm around the resonant velocity;
we parametrize the momentum-dependent decay width
as �(vrel) = mR�v

2L+1
rel , where L is the orbital angular

momentum for the self-scattering and � parametrizes the
coupling between the resonance and DM.

Inside a halo, we approximate that the scattering ve-
locity vrel follows the Maxwell-Boltzmann distribution
parametrized by the local one-dimensional velocity dis-
persion ⌫(r):

f(vrel; ⌫) =
v
2
rel

p
4⇡⌫3

exp

✓
�

v
2
rel

4⌫2

◆
. (2)

We will denote the distribution averaging by h·i; the inte-
gration range for vrel is taken to be from 0 to the local es-
cape velocity which is usually larger than the local veloc-
ity dispersion in the central region of a halo. In this work,
we take the local escape velocity to be infinity. Note that
the expectation value of the scattering velocity is given as
hvreli = (4/

p
⇡)⌫. The semi-analytic method of isother-

mal Jeans modeling is often used to fit the predicted
cSIDM halo profile to the observed astrophysical data
in the core expansion phase [26, 32, 47, 49, 51]; there,
the quantity inferred from observations is h�vreli/m (ver-
tical axis of Fig. 1) at a given DM scattering velocity
(one-dimensional velocity dispersion) that characterizes
the isothermal profile for the inner core (horizontal axis
of Fig. 1). As shown in Fig. 1, the dwarf/LSB galaxies
(red/blue data points) prefer h�vreli/(mhvreli) ⇠ 2 cm2

/g
around hvreli ⇠ 100 km/s, while the UFDs put a strin-
gent upper bound as . 0.1 cm2

/g at low velocities, i.e.,
. 30 km/s.

Such a sharp drop towards lower velocities is realized
in rSIDM in the limit of a narrow resonance width. The
resonant contribution, i.e., the second term in the RHS
of Eq. (1), to h�vreli/m around vrel = vR can be picked
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FIG. 1. Velocity-weighted average of the resonant SIDM cross
section per DM mass. The data points with error bars are
the inferred SIDM cross sections from field dwarf (red)/LSB
(blue) galaxies and galaxy clusters (green) [32]; the curves la-
beled by S1 (S2) and P1 are the best-fit curves to the data
points in the narrow (broad)-width s-wave and p-wave res-
onant scattering, respectively [43]. The colored regions are
inferred (1�) from UFDs (Willman 1 and Segue 1) [42]. Mo-
tivated from the stringent upper limit from the UFDs, we
explore the P2 and P3 benchmark parameters; they are the
same with the P1 benchmark, but with smaller o↵set cross
sections, i.e., 0.03 cm2/g and 0.001 cm2/g, respectively.

up by using a narrow-width approximation (NWA) [43]:

h�vreli

m

����
res.

=
16⇡

3/2
S�v

2L+1
R

m3⌫3
e
� v2

R
4⌫2 , (3)

which is a good estimation of h�vreli/m around the reso-
nance for �v

2L�1
R . 1. The resonant part in the narrow-

width limit exhibits the minimal transition width to-
wards lower velocities, �hvreli ⇠ vR/2; hereafter, we
will focus on this case. The peak of the distribution-
averaged cross section given in Eq. (3) happens at the
hvreli =

p
8/3⇡ vR.

In Fig. 1, we display the velocity dependence of
h�vreli/m for the benchmark parameters that fit the ob-
servations on dwarf/LSB galaxies and galaxy clusters,
i.e., S1, S2 and P1 [43]. The S1 (S2) benchmark repre-
sents the case of narrow (broad) s-wave resonance, i.e.,
L = 0; the rSIDM parameters for the S1 (S2) benchmark
are vR = 120 km/s (5035 km/s), � = 10�4.5 (10�1.1),
m/S

1/3 = 22GeV (16 GeV) and �0/m = 0.1 cm2
/g (⌧

0.1 cm2
/g). Away from the resonant velocities, the non-

vanishing Breit-Wigner distribution renders out-of-pole
contributions which have additional �-suppression com-
pared to the resonant one (see Appendix A for more dis-
cussion). The low-velocity limit of the out-of-pole contri-
bution to h�vreli/(mhvreli) is ⇠ 24(L+1)

⇡�
2
⌫

4L
/(m3

v
4
R)

which is not velocity-suppressed for the s-wave scatter-
ing. Such out-of-pole values can be larger than the taken
o↵set value �0hvreli/m. Nevertheless, one can always

Strong SIDM
- explain diversity by taking a further 
large cross section at low velocity

101 102 103
10-3

10-2

10-1

100

101

102

103

f
m = 20GeV

( ) (a, a/re) = (�292 fm, �22.5)
( ) (a, a/re) = (�292 fm, �152)

AK, Kim and Kuwahara, JHEP, 2020

- gravothermal collapse is sensitive 
to initial profiles and orbits in MW
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Gravothermal collapse

Strong SIDM
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- SIDM halo evolution: core expansion 
→ core collapse

- core expansion lasts till the temperature 
profile gets flat (thermalization)
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FIG. 6. Snapshots of the halo evolution for an initially NFW profile with cross section per mass �m = 5 cm2/g at times
t̃ = 0, 1, 53, 351, and 374.56. The density profile and luminosity are shown on a log-log scale as functions of the radius.
The 3D velocity dispersion is plotted on a linear-log scale, with the linear axis given on the right. All the quantities are
represented as dimensionless variables, defined below Eq. (3d), with v0 ' 84 km/s, t0 ' 0.255 Gyr, and L0 ' 1.9⇥ 107 L� for
⇢s = 0.019 M�/pc

3 and rs = 2.59 kpc.

FIG. 7. Same as Fig. 6, but for a halo with an initially truncated NFW profile with rt = rs at t̃ = 0, 1, 5.2, 20, and 52.99.

part of the halo gets significantly colder, and the
temperature peak around r ⇠ rs becomes smaller
and narrower compared to the NFW profile with-
out truncation.

2. t̃ = 1: Core expansion. Compared to the initially
NFW halo in Fig. 6 at the same time, the core
is closer to being fully thermalized due to the less

pronounced peak in velocity dispersion.

3. t̃ = 5.2: Formation of the isothermal core. The
luminosity becomes entirely positive, and the core
expansion halts at a much earlier time than seen
in Fig. 6. As a result, the isothermal core is more
concentrated: its size is smaller, and its density is
higher (⇢c ' 7.1 ⇢s).
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FIG. 6. Snapshots of the halo evolution for an initially NFW profile with cross section per mass �m = 5 cm2/g at times
t̃ = 0, 1, 53, 351, and 374.56. The density profile and luminosity are shown on a log-log scale as functions of the radius.
The 3D velocity dispersion is plotted on a linear-log scale, with the linear axis given on the right. All the quantities are
represented as dimensionless variables, defined below Eq. (3d), with v0 ' 84 km/s, t0 ' 0.255 Gyr, and L0 ' 1.9⇥ 107 L� for
⇢s = 0.019 M�/pc

3 and rs = 2.59 kpc.

FIG. 7. Same as Fig. 6, but for a halo with an initially truncated NFW profile with rt = rs at t̃ = 0, 1, 5.2, 20, and 52.99.

part of the halo gets significantly colder, and the
temperature peak around r ⇠ rs becomes smaller
and narrower compared to the NFW profile with-
out truncation.

2. t̃ = 1: Core expansion. Compared to the initially
NFW halo in Fig. 6 at the same time, the core
is closer to being fully thermalized due to the less

pronounced peak in velocity dispersion.

3. t̃ = 5.2: Formation of the isothermal core. The
luminosity becomes entirely positive, and the core
expansion halts at a much earlier time than seen
in Fig. 6. As a result, the isothermal core is more
concentrated: its size is smaller, and its density is
higher (⇢c ' 7.1 ⇢s).
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Gravothermal collapse

Strong SIDM
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- core contraction proceeds by 
depositing heat to the outer region

- heat deposit → lower energy but higher 
temperature (negative heat capacity)
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FIG. 6. Snapshots of the halo evolution for an initially NFW profile with cross section per mass �m = 5 cm2/g at times
t̃ = 0, 1, 53, 351, and 374.56. The density profile and luminosity are shown on a log-log scale as functions of the radius.
The 3D velocity dispersion is plotted on a linear-log scale, with the linear axis given on the right. All the quantities are
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3 and rs = 2.59 kpc.

FIG. 7. Same as Fig. 6, but for a halo with an initially truncated NFW profile with rt = rs at t̃ = 0, 1, 5.2, 20, and 52.99.

part of the halo gets significantly colder, and the
temperature peak around r ⇠ rs becomes smaller
and narrower compared to the NFW profile with-
out truncation.

2. t̃ = 1: Core expansion. Compared to the initially
NFW halo in Fig. 6 at the same time, the core
is closer to being fully thermalized due to the less

pronounced peak in velocity dispersion.

3. t̃ = 5.2: Formation of the isothermal core. The
luminosity becomes entirely positive, and the core
expansion halts at a much earlier time than seen
in Fig. 6. As a result, the isothermal core is more
concentrated: its size is smaller, and its density is
higher (⇢c ' 7.1 ⇢s).

Nishikawa, Boddy, and Kaplinghat, PRD, 2020

- SIDM halo evolution: core expansion 
→ core collapse
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Gravothermal collapse

Strong SIDM
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- very sensitive to initial profiles 
and orbits in MW

- tidal stripping: different orbits in MW → 
different “initial” profiles 

8 Camila A. Correa

Figure 4. Left panel: Carina’s DM density at 150 pc, ⇢150, as a function of lookback time. The coloured lines correspond to the subhalo
model initialised with a di↵erent cross section value, ranging from �/m� = 32 cm2g�1 to �/m� = 40 cm2g�1, but the same initial virial
mass, M200, init = 2 ⇥ 109 M�. The dashed lines show the evolution of ⇢150 (and M200) in the scenario that the subhalo does not lose mass
from tidal interactions. The black symbols show the values of ⇢150 (and M200) taken from Kaplinghat et al. (2019), who assumed an
isothermal cored profile as well as NFW. Right panel: same as left panel, but showing the evolution of Carina’s virial mass, M200, as a
function of lookback time.

Figure 5. Same as Fig. 4 for the remaining subhaloes hosting the MW dSphs as indicated in each panel.

bols show the values of ⇢150 and M200 reported by Kapling-
hat et al. (2019), who assumed both an isothermal cored
(grey symbol), as well as NFW (black symbol), profile. We
derive M200 from the Vmax and Rmax estimations of Kapling-
hat et al. (2019) assuming an NFW profile for the subhalo
density.

The left panel of Fig. 4 shows that the central density
quickly drops when the core of the subhalo forms, and it
rises again as the core begins to collapse. For both cases,

with or without tidal stripping, the central density reaches
a minimum stable value, roughly independent of the cross
section. For the model that includes mass loss from tidal
stripping, the collapse time becomes shorter than the age of
the Universe (as also shown by e.g. Nishikawa et al. 2020),
and the central density reaches higher values for a higher
cross section.

The right panel shows that for the case of no tidal strip-
ping, the subhalo’s virial mass slightly increases during its

MNRAS 000, 1–?? (2015)
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- early stripping

- tidal stripping accelerates gravothermal collapse

- late stripping
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On-going efforts

More precise prediction
- isolated halo + tidal stripping through gravothermal-fluid modeling

- Resonant SIDM: density breaks develop (different from constant SIDM)

How to examine?

- cosmological simulations (time-consuming) are limited so far

- Strong SIDM: collapsed halos
- through perturbations of strong-lensed systems
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ABSTRACT

The presence of an invisible substructure has previously been detected in the gravitational lens
galaxy SDSSJ0946+1006 through its perturbation of the lensed images. Using flexible models for the
main halo and the subhalo perturbation to fit the lensed images, we demonstrate that the subhalo
has an extraordinarily high central density and steep density slope. The inferred concentration for
the subhalo is well above the expected scatter in concentrations for ⇤CDM halos of similar mass. We
robustly infer the subhalo’s projected mass within 1 kpc to be ⇠ 2-3.7 ⇥ 109M� at >95% CL for all
our lens models, while the average slope of the subhalo’s projected density profile over the radial range
0.75-1.25 kpc is constrained to be steeper than isothermal (�2D . �1). By modeling the subhalo light
directly, we infer a conservative upper bound on its luminosity LV < 1.2 ⇥ 108L� at 95% CL, which
shows that the perturber is dark matter dominated. To compare to ⇤CDM expectations, we analyze
subhalos within analogues of lensing galaxies in the Illustris TNG100-1 simulation over many lines
of sight, and find hundreds of subhalos that achieve a projected mass within 1 kpc of & 2 ⇥ 109M�.
However, less than 1% of the mock observations yield a log-slope �2D steep enough to be consistent
with our lensing models, and they all have stellar masses in excess of that allowed by observations
by about an order of magnitude or more. Comparison to the dark-matter-only TNG100-1 simulation
suggests that these high projected masses and steep slopes are explained by adiabatic contraction due
to their high stellar mass within 1 kpc (& 109M�), an insignificant e↵ect for the observed subhalo
given its low stellar mass. We conclude that the presence of such a dark, highly concentrated subhalo
is unexpected in a ⇤CDM universe. Finally, we show that this tension with CDM is not significantly
reduced if the perturber is assumed to be a line-of-sight structure, rather than a subhalo.

Keywords: gravitational lensing: strong – dark matter – galaxies: dwarf

1. INTRODUCTION

A key prediction of the Cold Dark Matter (CDM)
paradigm is the presence of dark matter subhalos within
larger host halos (Klypin et al. 1999; Moore et al. 1999).
This prediction is shared by closely-related models like
self-interacting dark matter and warm dark matter mod-
els. However, these models make distinct predictions for
the density profile, concentrations and shapes of subhalos
(Vogelsberger et al. 2012; Rocha et al. 2013; Lovell et al.
2014). Detecting these subhalos and inferring their prop-
erties provides an essential test of dark matter physics.

In order to test the cold dark matter paradigm, one
should ideally probe the structure of dark matter halos
that are su�ciently “dark” such that baryonic physics
cannot alter its overall mass or density profile signif-
icantly. There are two principle strategies to accom-
plish this. In the Milky Way, dark matter halos can be
detected by their perturbations of stellar tidal streams
(Carlberg 2012; Carlberg & Grillmair 2013; Erkal & Be-
lokurov 2015). This strategy has recently led to the de-
tection of a 106 � 108M� subhalo in the GD1 stellar

stream (Bonaca et al. 2019). In distant galaxies that
act as strong gravitational lenses, dark matter subha-
los (or small field halos along the line of sight) can be
detected via their perturbations of highly magnified im-
ages (Mao & Schneider 1998; Metcalf & Madau 2001;
Koopmans 2005). The presence of dark matter substruc-
ture can be established statistically (Dalal & Kochanek
2002; Kochanek & Dalal 2004; Xu et al. 2015; Hezaveh
et al. 2014; Cyr-Racine et al. 2016), or else individual
perturbers can be detected for strong enough perturba-
tions (Vegetti & Koopmans 2009); in the latter category,
detections have been claimed in four lens systems thus far
(Vegetti et al. 2010, 2012; Nierenberg et al. 2014; Hezaveh
et al. 2016). A great many more subhalos are expected
to be detected among the avalanche of strong lenses ex-
pected from the upcoming Euclid and LSST surveys, af-
ter high-resolution follow-up imaging of these lenses.

Several papers have compared the mass function of de-
tected substructures (as well as field halos along the line
of sight; cf. Despali & Vegetti 2016; Li et al. 2017) per-
turbing lensed arcs to the expectation of CDM, showing
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Summary
Diversity problem

- more complicated than just core vs cusp

- explain diversity of rotation curves through diversity in galactic disks

- inner density of MW satellites (large uncertainty)

SIDM

- rotation curves of dwarf galaxies

- Strong SIDM: explain diversity of inner density through gravothermal 
collapse and diversity in initial profiles and orbits in MW

σ/m ∼ 1 cm2/g

σ/m ∼ 40 cm2/g

- Resonant SIDM: explain only cuspy satellites, while leaving cored 
satellites for stellar feedback

⟨vrel⟩ ∼ 100 km/s

⟨vrel⟩ ∼ 30 km/s

σ/m < 0.1 cm2/g
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Contents
Brief history of SIDM

- diversity problems: galaxies and satellite galaxies

Model-building aspects

- Sommerfeld enhancement and indirect detection

- strong self-interaction and gravothermal collapse

- (1st stage) core vs cusp problem and constant cross section

- (2nd stage) cosmic-ray anomalies and velocity-dependent cross section 

Frontier of SIDM (3rd stage)
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What should be concerned?

Light mediator
- naively overcloses the Universe 

Enhanced annihilation

- decay or efficient annihilation

- CMB constraints are relevant

Planck Collaboration: Cosmological parameters
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Fig. 46. Planck 2018 constraints on DM mass and annihilation cross-section. Solid straight lines show joint CMB constraints on
several annihilation channels (plotted using di↵erent colours), based on pann < 3.2 ⇥ 10�28 cm3 s�1 GeV�1. We also show the 2�
preferred region suggested by the AMS proton excess (dashed ellipse) and the Fermi Galactic centre excess according to four
possible models with references given in the text (solid ellipses), all of them computed under the assumption of annihilation into bb̄

(for other channels the ellipses would move almost tangentially to the CMB bounds). We additionally show the 2� preferred region
suggested by the AMS/PAMELA positron fraction and Fermi/H.E.S.S. electron and positron fluxes for the leptophilic µ+µ� channel
(dotted contours). Assuming a standard WIMP-decoupling scenario, the correct value of the relic DM abundance is obtained for a
“thermal cross-section” given as a function of the mass by the black dashed line.

the range 0.8–1.2. We found that our bounds remain una↵ected
by floating these additional nuisance parameters, which are not
correlated with pann.

Figure 46 translates the bounds on pann into joint limits on
the mass m� and annihilation cross-section h�vi of DM, assum-
ing twelve plausible WIMP s-wave annihilation channels. The
value of fe↵ for each mass and channel was computed39 using the
public DarkAges module of Stöcker et al. (2018), which relies
on the energy transfer functions presented by Slatyer (2016b).
We consistently account for corrections related to low-energy
photons in the manner described in section V.B. of Slatyer
(2016b). Finally, the DarkAges module defines fe↵ by convolv-
ing f (z) in redshift space with the weighting function recom-
mended by Slatyer (2016a). Note that for the W

+
W
� and Z

0
Z

0

channels, the bounds assume on-shell 2-body processes and are
cut sharply at the mass of the daughter particle, while in reality
they would extend further to the left in Fig. 46.

As usual the strongest bounds are obtained assuming anni-
hilation into electron-positron pairs. The case of annihilation
purely into neutrinos is not shown here, since the constraints
are orders of magnitude weaker in that case. Assuming a ther-
mal cross-section (shown in Fig. 46), the 95 % CL lower bounds
on the DM mass range from m� � 9 GeV for annihilation
into tau/anti-tau, up to m� � 30 GeV for annihilation in elec-
tron/positron. To compare with hints of DM annihilation in indi-
rect DM search data, we first show the regions preferred by the
AMS/PAMELA positron fraction and Fermi/H.E.S.S. electron-
positron flux, assuming s-wave annihilation into muons and
standard halo profiles. These regions, taken from Cirelli et al.
(2009), have long been known to be in strong tension with CMB
data.

We also indicate the regions suggested by the possible DM
interpretation of several anomalies in indirect DM search data.
The 95 % CL preferred region for the AMS anti-proton excess

39Courtesy of P. Stöcker.

is extracted from Cuoco et al. (2017b,a). The DM interpretation
of the Fermi Galactic centre excess is very model-dependent
and, as in figure 9 of Charles et al. (2016), we choose to show
four results from the analyses of Gordon & Macias (2013),
Abazajian et al. (2014), Calore et al. (2015), and Daylan et al.
(2016). For the Fermi Galactic centre excess and the AMS anti-
proton excess, we only show results assuming annihilation into
bb̄, in order to keep the figure readable. About 50 % of the region
found by Abazajian et al. (2014) is excluded by CMB bounds,
while other regions are still compatible. The 95 % CL preferred
region for the AMS anti-proton excess is still compatible with
CMB bounds for the bb̄ channel shown in the figure, and we
checked that this is also the case for other channels.

8. Conclusions

This is the final Planck collaboration paper on cosmological pa-
rameters and presents our best estimates of parameters defining
the base-⇤CDM cosmology and a wide range of extended mod-
els. As in PCP13 and PCP15 we find that the base-⇤CDM model
provides a remarkably good fit to the Planck power spectra and
lensing measurements, with no compelling evidence to favour
any of the extended models considered in this paper.

Compared to PCP15 the main changes in this analysis
come from improvements in the Planck polarization analysis,
both at low and high multipoles. The new Planck polariza-
tion maps provide a tight constraint on the reionization op-
tical depth, ⌧, from large-scale polarization (and are consis-
tent with the preliminary HFI polarization results presented
in Planck Collaboration Int. XLVI (2016)). This revision to the
constraint on ⌧ accounts for most of the (small) changes in pa-
rameters determined from the temperature power spectra in this
paper compared to PCP15. We have characterized a number of
systematic e↵ects, neglected in PCP15, which a↵ect the polar-
ization spectra at high multipoles. Applying corrections for these
systematics (principally arising from errors in polarization e�-
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Planck Collaboration, A&A, 2020

- energy deposit around the last scattering

- large Sommerfeld enhancement by long-range force
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Enhanced annihilation

Sommerfeld enhancement and self-scattering
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Figure 1: Self-scattering cross section � (in unit ofm�) and the Sommerfeld enhancement
factor S for s-wave processes in the Yukawa potential as a function of b.

to the asymptotic solution at r = ri (where �`(kri) = 1), we obtain the Sommerfeld
enhancement factor.

S` = |B`|
2 =

����
(2`+ 1)!!

A`(kri)`+1

����
2

. (9)

We show the resonant self-scattering s-wave cross section and Sommerfeld enhance-
ment factor for s-wave annihilation process in Fig. 1. We define the dimensionless parame-
ters, a ⌘ vrel/2↵ and b ⌘ ↵m�/m�. Both the scattering cross section and the Sommerfeld
enhancement factor resonantly enhance in low velocity (i.e. low a), and we can find that
the resonant points for both quantities coincide with each other. In the following sec-
tions, we clarify the underlying reason why these resonant points are closely associated
with each other.

3 Watson’s Theorem

The annihilation of DM � is induced via an operator ⇥�, and we introduce the form factor
as

�(k2 + i✏) ⌘ h0|⇥�|��, ini , (10)

where k denotes the relative three-momentum, and |��, ini denotes an in state for the
initial two-body system. When the system has time inversion invariance, by inserting the
complete set of out states, we can rewrite the form factor as follows.

h0|⇥�|��, ini = e2i��(k2 + i✏)⇤ , (11)

4

- resonant enhancement occurs at the same parameter point

- tightly correlated

- annihilation amplitude and scattering phase 
are related by Watson theorem

AK, Kuwahara and 
Patel, arXiv:2303.17961Γℓ(k2 + iϵ) = e2iδℓΓℓ(k2 + iϵ)*

- model-independent 
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Maximally self-interacting dark matter
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- comparison with “data”

- large           in effective range theory|a /re |

-                       is in good 
agreement with data

m ≃ 20 GeV
- depends solely on DM mass

σel = σel,max
ℓ=0 =

16π
m2v2

rel

-   -wave Unitaritys

Resonant enhancement

σel,max
ℓ ∝ 1/v2

rel

AK, Kim, and Kuwahara, JHEP, 2020
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Evade constraints

- s-wave annihilation into 
electromagnetic energy is disfavored
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FIG. 2. Constraints at 95%C.L. on DM annihilating into
vector mediators that kinematically mix with hypercharge as
a function of the DM and mediator masses. The blue shaded
region shows the combinations of DM mass m� and mediator
mass m� that lead to a DM self-interaction cross section of
0.1 cm2 g�1 < h�T i30/m� < 10 cm2 g�1, which would visibly
a↵ect astrophysical observables at dwarf galaxy scale [16].

the parameter region excluded by CMB constraints. To
calculate the appropriate value of fe↵ as a function of
m� and m�, we multiply the di↵erent decay modes with
the e�ciency factors from [51]. Our results are shown
in Fig. 2, where we also show the Fermi and AMS-02
bounds discussed above. We observe that the CMB con-
straints, and partially also the other indirect detection
constraints, exclude all combinations of m� and m� that
lead to interesting self-interaction cross sections.

We emphasize that very close to a resonance both the
preferred SIDM region and the various constraints may
be modified by the impact of a potential second period
of DM annihilation on the relic density calculation (see
above). For late kinetic decoupling the resulting modi-
fications will be small, but we expect even larger e↵ects
not to change our results qualitatively.

Discussion.— The bounds shown in Fig. 2 have been
obtained under very conservative assumptions and are
expected to apply in a similar way to other models of
spin-1 mediators. The CMB constraints, in particular,
are very robust because we probe DM annihilation in
a kinematical situation where the Sommerfeld enhance-
ment is typically already saturated. Even for parameter
combinations where this is not the case, our constraints
are extremely conservative because we evaluate �v no
later than at recombination, and for larger values of vrec
than expected in a realistic treatment of kinetic decou-
pling. Nevertheless, our analysis does rely on a number
of assumptions, which we will now review in detail.

For our calculations so far, there was no need to specify

the kinetic mixing parameter ✏, as long as mixing is suf-
ficiently large that the mediator decays in time to a↵ect
the reionisation history. Nevertheless, we have assumed
implicitly that ✏ is large enough to thermalise the visible
sector and the dark sector before freeze-out. Depending
on the DMmass, the required value of ✏ for this to happen
is of order 10�7–10�5 [70]. However, DM direct detec-
tion experiments (as well as astrophysical constraints for
m� . 1 MeV [71]) typically require much smaller values
of ✏ [20]. The conclusion is that a di↵erent mechanism
must be responsible for bringing the visible and the dark
sector into thermal contact.
The simplest possibility would be a thermal contact at

higher temperatures, via a di↵erent portal. After this in-
teraction ceases to be e↵ective, the temperatures of both
sectors would then evolve independently, depending on
the number of degrees of freedom in each sector. For size-
able ↵� the DM relic abundance will still be determined
by dark sector freeze out, but at a di↵erent temperature.
For reasonable temperature ratios, as we discuss in detail
in Appendix A, such a situation does not lead to quali-
tatively di↵erent results compared to the case where the
two sectors have the same temperature. For the case
where the two sectors never reach thermal equilibrium
and the DM relic abundance is for example set via the
freeze-in mechanism, we refer to [23].
A second important assumption is that DM can self-

annihilate via an s-wave process. In the p-wave case the
resulting cross sections are much smaller, even though
the Sommerfeld enhancement can be quite significant (see
Fig. 1). Moreover, at very small velocities the cross sec-
tion again decreases like v2 and therefore typically be-
comes unobservably small at recombination. Not sur-
prisingly, we therefore find that both CMB and indirect
detection bounds can be evaded for most of the param-
eter space. However, models leading to p-wave annihi-
lation are strongly constrained from independent model
building considerations, in particular the combination of
constraints from direct detection experiments and pri-
mordial nucleosynthesis [20].
Finally, our conclusions can be modified if the media-

tor decays in a di↵erent way than via kinetic mixing. As
a specific example, we discuss the case of mass mixing in
Appendix B, in which case the mediator obtains a signif-
icant coupling to neutrinos. This alleviates constraints
from both DM annihilation and the mediator lifetime,
but in principle o↵ers exciting prospects for indirect de-
tection [15]: DM annihilation into a pair of mediators
followed by the decay � ! ⌫̄⌫ would result in a character-
istic spectral feature [72]. While currently unconstrained
for the models considered here, such a signal is in reach
for IceCube observations of the Galactic halo [73–76].
In general, however, the constraints derived above are

so strong that they can even be applied to models where
mediator decays into leptons are sub-dominant. As a re-
sult, large self-interactions are excluded also for the case
of mass mixing, as long as m� > 2me. Even weaker
constraints could in principle be obtained if the media-

Bringmann, Kahlhoefer, Schmidt-
Hoberg and Walia, JHEP, 2020

- p-wave annihilation, annihilation 
into neutrinos

Lμ − Lτ-             model (muon g-2)

- asymmetric dark matter

AK, Kaneta, Yanagi, and Yu, JHEP, 2018

- almost no late-time annihilation

Ibe, AK, Kobayashi, and Nakano, JHEP, 2018

- dark baryon dark matter (naturally 
explain large cross section)

Possible ways to go
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3

of rSIDM halo dynamics on astrophysical observations.
We give concluding remarks in Section V.

II. METHODOLOGY

Resonant self-interaction. In the presence of a par-
ticle resonance mediating the self-scattering of DM, the
(spin-averaged) non-relativistic cross section � can be
parametrized as a sum of a constant piece �0 and res-
onant piece parametrized by a Breit-Wigner form [43]:

� = �0 +
4⇡S

mE(vrel)

�(vrel)2/4

[E(vrel) � E(vR)]2 + �(vrel)2/4
, (1)

where m is the DM mass, E(v) = (m/2)v2
/2, and S =

(2sR +1)/(2sdm +1)2 is the symmetry factor taking into
account the spin degrees of freedom of DM (sdm) and
the resonance (sR). The resonant velocity is given as
E(vR) = mR�2m where mR is the mass of the resonance.
We assume that the total decay width of the resonance is
dominated by R ! dm dm around the resonant velocity;
we parametrize the momentum-dependent decay width
as �(vrel) = mR�v

2L+1
rel , where L is the orbital angular

momentum for the self-scattering and � parametrizes the
coupling between the resonance and DM.

Inside a halo, we approximate that the scattering ve-
locity vrel follows the Maxwell-Boltzmann distribution
parametrized by the local one-dimensional velocity dis-
persion ⌫(r):

f(vrel; ⌫) =
v
2
rel

p
4⇡⌫3

exp

✓
�

v
2
rel

4⌫2

◆
. (2)

We will denote the distribution averaging by h·i; the inte-
gration range for vrel is taken to be from 0 to the local es-
cape velocity which is usually larger than the local veloc-
ity dispersion in the central region of a halo. In this work,
we take the local escape velocity to be infinity. Note that
the expectation value of the scattering velocity is given as
hvreli = (4/

p
⇡)⌫. The semi-analytic method of isother-

mal Jeans modeling is often used to fit the predicted
cSIDM halo profile to the observed astrophysical data
in the core expansion phase [26, 32, 47, 49, 51]; there,
the quantity inferred from observations is h�vreli/m (ver-
tical axis of Fig. 1) at a given DM scattering velocity
(one-dimensional velocity dispersion) that characterizes
the isothermal profile for the inner core (horizontal axis
of Fig. 1). As shown in Fig. 1, the dwarf/LSB galaxies
(red/blue data points) prefer h�vreli/(mhvreli) ⇠ 2 cm2

/g
around hvreli ⇠ 100 km/s, while the UFDs put a strin-
gent upper bound as . 0.1 cm2

/g at low velocities, i.e.,
. 30 km/s.

Such a sharp drop towards lower velocities is realized
in rSIDM in the limit of a narrow resonance width. The
resonant contribution, i.e., the second term in the RHS
of Eq. (1), to h�vreli/m around vrel = vR can be picked
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FIG. 1. Velocity-weighted average of the resonant SIDM cross
section per DM mass. The data points with error bars are
the inferred SIDM cross sections from field dwarf (red)/LSB
(blue) galaxies and galaxy clusters (green) [32]; the curves la-
beled by S1 (S2) and P1 are the best-fit curves to the data
points in the narrow (broad)-width s-wave and p-wave res-
onant scattering, respectively [43]. The colored regions are
inferred (1�) from UFDs (Willman 1 and Segue 1) [42]. Mo-
tivated from the stringent upper limit from the UFDs, we
explore the P2 and P3 benchmark parameters; they are the
same with the P1 benchmark, but with smaller o↵set cross
sections, i.e., 0.03 cm2/g and 0.001 cm2/g, respectively.

up by using a narrow-width approximation (NWA) [43]:

h�vreli

m

����
res.

=
16⇡

3/2
S�v

2L+1
R

m3⌫3
e
� v2

R
4⌫2 , (3)

which is a good estimation of h�vreli/m around the reso-
nance for �v

2L�1
R . 1. The resonant part in the narrow-

width limit exhibits the minimal transition width to-
wards lower velocities, �hvreli ⇠ vR/2; hereafter, we
will focus on this case. The peak of the distribution-
averaged cross section given in Eq. (3) happens at the
hvreli =

p
8/3⇡ vR.

In Fig. 1, we display the velocity dependence of
h�vreli/m for the benchmark parameters that fit the ob-
servations on dwarf/LSB galaxies and galaxy clusters,
i.e., S1, S2 and P1 [43]. The S1 (S2) benchmark repre-
sents the case of narrow (broad) s-wave resonance, i.e.,
L = 0; the rSIDM parameters for the S1 (S2) benchmark
are vR = 120 km/s (5035 km/s), � = 10�4.5 (10�1.1),
m/S

1/3 = 22GeV (16 GeV) and �0/m = 0.1 cm2
/g (⌧

0.1 cm2
/g). Away from the resonant velocities, the non-

vanishing Breit-Wigner distribution renders out-of-pole
contributions which have additional �-suppression com-
pared to the resonant one (see Appendix A for more dis-
cussion). The low-velocity limit of the out-of-pole contri-
bution to h�vreli/(mhvreli) is ⇠ 24(L+1)

⇡�
2
⌫

4L
/(m3

v
4
R)

which is not velocity-suppressed for the s-wave scatter-
ing. Such out-of-pole values can be larger than the taken
o↵set value �0hvreli/m. Nevertheless, one can always
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“Data” points
Overview

- cores in various-size halos may prefer sharp 
velocity dependence of self-scattering cross section

M ∼ 1014 M⊙

- galaxy cluster 
(Abell 2744)

M ∼ 1011 M⊙

- dwarf spiral galaxy 
(IC 2574)

- ultra faint dwarfs (Segue 1)
Minfall ∼ 109 M⊙
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FIG. 2: Top: SIDM density profile fit to cluster A2537 (orange) com-
pared to NFW profile (cyan) and comparison to stellar kinematics
data (inset). Bottom: SIDM fit to the rotation curve of galaxy IC2574
(orange) with contributions from the SIDM halo (solid), the gas disk
(dashed), and stellar disk (dotted).

As an example, we show our results for cluster A2537 in
Fig. 2 (Top). Our SIDM fit is shown by the orange band (1�
width) and the dashed line shows the mean. The CDM predic-
tion (cyan) is the NFW profile obtained from the gravitational
lensing data [27], which provides a poor fit to the stellar kine-
matic data (red boxes in inset figure). The black point is the
value of r1 and its 1� width. It is reassuring that the CDM and
SIDM fits, while agreeing at large radii, begin to diverge at r1.
The inferred values of h�vi/m for all six clusters are shown
in Fig. 1 (green points). Fitted with a constant cross section,
we find �/m = 0.10+0.03

�0.02 cm2/g.
Dwarf and Low Surface Brightness Galaxies. To mea-

sure DM self-interactions at small-to-intermediate scales, we
consider rotation curves of five dwarf galaxies (IC 2574, NGC
2366, Ho II, M81 dwB, DDO 154) in the THINGS sam-
ple [28] and seven LSB galaxies (UGC 4325, F563-V2, F563-
1, F568-3, UGC 5750, F583-4, F583-1) from Kuzio de Naray,
et al. [29]. Two galaxies have been omitted from each of these
samples for which Vmax was not well-determined.

To model these galaxies, we include the contributions to
the rotation curve from DM, gas, and stars, with ⌥⇤ allowed
to vary uniformly by ±0.3 dex from the quoted population

synthesis values [28, 30]. We have checked that it is a good
approximation to neglect the gravitational effect of baryons on
the SIDM density profile in Eq. (2). In our likelihood, we also
include a systematic error (in quadrature with the statistical
error) of 5% of the last measured velocity to avoid skewing
our fits based on data points with small errors, O(1 km/s),
since non-circular motions cannot be excluded at this level.

As an example, we show the SIDM fit to the rotation curve
of IC2574 in Fig. 2 (Bottom). The inferred values of h�vi/m
for the galaxies, shown in Fig. 1, evidently prefer a larger �/m
than the cluster measurement. Fitting all twelve galaxies with
a constant cross section, we find �/m = 1.9+0.6

�0.4 cm2/g. We
note that this value does not include systematic errors, which
we discuss next.

Simulated halos. To test our analytic model, we created
mock rotation curve data from halos in �/m = 1 cm2/g sim-
ulations (without baryons) and fit them with our model. Each
rotation curve consisted of 20 points with a uniform 10% ve-
locity error and covering a range 0.1 . r/rs . 3 . We chose
six halos with virial masses in the range 1011�1014 M� from
Ref. [3] and two dwarf-sized halos around 1010 M� from
Ref. [5].

The fit results shown by the gray points in Fig. 1 demon-
strate that our simple halo model is in good agreement with
results from cosmological N-body simulations for SIDM, ex-
cept for the presence of a bias toward larger cross sections by
a factor of ⇠ 2. The open circles, which also line up along
�/m = 1 cm2/g, represent our SIDM profiles matched onto
the “true” NFW profile for the same halos simulated without
DM self-interactions [3, 5]. This analysis supports the sim-
ple picture in our model that the SIDM halo properties may
be approximated by the corresponding CDM halo properties
augmented with a core determined by Eq. (1).

IV. Diversity. There is considerable diversity in the prop-
erties of the galaxy cores, with almost an order of magnitude
spread in density at fixed Vmax [30]. This has also been re-
cently emphasized in terms of Vc(2 kpc), the measured circu-
lar velocity at 2 kpc [31], which shows a factor of 2�3 scatter
for halos with 50 km/s . Vmax . 100 km/s. This diversity
is also reflected in the scatter in central values for h�vi/m for
the galaxies in Fig. 1.

How does this scatter arise in our model? The answer is
surprising in its simplicity: it is directly related to the halo
assembly history. Different formation histories encoded in
(⇢s, rs) values (essentially the CDM halo-to-halo scatter) lead
to SIDM halos with different core sizes and central densities
through Eq. (3). This explanation is implicit in Fig. 1 where
the large errors on h�vi reflect, partly, the lack of constraints
on (⇢s, rs). Choosing the “right” value of (⇢s, rs) for each
galaxy would reduce the scatter in h�vi/m considerably.

If we fix the ⇢s-rs relation to its median in ⇤CDM cos-
mology [32] in our analysis, the galaxies UGC 5750 and IC
2574 prefer the largest cross sections, �/m ⇠ 10 cm2/g,
while M81 dwB prefers the smallest cross sections, �/m ⇠

0.1 cm2/g. However, if UGC 5750 and IC 2574 halos are 2�
less concentrated and M81 dwB halo 2� more concentrated

Kaplinghat, Tulin, 
and Yu, PRL, 2016

- mass distribution in the outer region is 
determined by strong/weak gravitational 
lensing

- stellar kinematics in the central region 
(brightest cluster galaxies) prefer cored 
SIDM profile

CDM

SIDM

BCG data

σ/m ∼ 0.1 cm2/g

⟨vrel⟩ ∼ 103 km/s
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Dwarf spiral galaxies 

Data points

- mass distribution is broadly 
determined by rotation curves

AK, Kaplinghat, Pace, and Yu, PRL, 2017

- rotation velocity in central region (of 
some galaxies) prefer cored SIDM profile

IC 2574, c200:-2.5σ, M200:1.5×1011M⊙
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Ultra faint dwarf (UFD) galaxies

Data points

- mass distribution is determined by line-of-
sight velocity dispersion (LOSVD) profile

- LOSVD in the central region (of some 
UFDs) prefer cuspy CDM profile

Hayashi et al., PRD, 2021
we show the best-fit curve of σl:o:s:. and the observational
data for Segue 1.
In Fig. 3, we show the 1σ estimation of hvi − hσvi=m

with the MLE for Segue 1 and Willman 1, which corre-
spond to two dimensional contours of −2Δ logðLtotÞ ¼ 2.3.
The large uncertainties of hvi stem from the indefiniteness
of the velocity anisotropy. The Segue 1 and Willman 1
place stringent upper limits. We also show the SIDM cross
section favored in the previous study for the dwarf irregular
galaxies [9], the low surface brightness galaxies [81] (blue),
and galaxy clusters [82] (green) (see Ref. [19] for details).
Some caveats are in order. First, the kinematical data of

UFDs are limited (Willman 1 contains 40 member stars and
Segue 1 contains 70 member stars). Therefore, the results
can be affected by uncertainties of the halo and stellar
model. For example, we obtain weaker upper limits on σ=m
by an Oð1Þ factor for both Segue 1 and Willman 1 for
the exponential profile. Besides, Willman 1 has irregular
spatial and velocity distributions. Although the irregular-
ities can be explained by Poisson fluctuations due to the
smallness of the sample [83,84], the results for the
Willman 1 should be taken with care.
We care the uncertainty from the velocity anisotropy

by taking a wide range of the anisotropy parameters. We
also find that σ=m has no significant correlation with the
anisotropy parameters. Hence, the uncertainty due to the
anisotropy profile is not significant. If we restrict
the velocity anisotropy so that hvi ¼ Oð10Þ km=s, the
allowed parameter region shrinks to around hvi ¼
Oð10Þ km=s while the range of σ=m is unchanged from
Fig. 3 for the corresponding hvi ¼ Oð10Þ km=s.

V. CONCLUSION

We investigated the SIDM by using the stellar kinematics
of the 23 UFDs with the phenomenological modeling of the
SIDM halo profile. We found all the UFDs are consistent
with collisionless CDM. In particular, Segue 1 andWillman
1 provide stringent constraints on the self-interacting cross

FIG. 2. The comparison of the best-fit curve σl:o:s:. and the
observational data for Segue 1. We also show the curves for CDM
and for σ=m ¼ 0.1 cm2=g, fixing the other parameters. The best-
fit parameters are obtained by the unbinned analysis using the
likelihood in Eq. (10). In the unbinned analysis, the simplified
model with σ=m ¼ 0.1 cm2=g is disfavored significantly.

FIG. 1. The interval estimates of σ=m for the 23 UFDs for tage ¼ 10 Gyr. The solid (dotted) segments show 1σð2σÞ intervals. The
blue (red) segments show the Bayesian (MLE) analysis. The values are subject to Oð1Þ uncertainties in the thermalized condition
(Eq. (7) and tage.

FIG. 3. The 1σ parameter estimation of hvi − hσvi=m based on
the MLE for Segue 1 and Willman 1 with the Plummer profile.
We also show the SIDM cross section which are favored by the
dwarf irregular galaxies (red), low surface brightness galaxies
(blue) and clusters (green). The values are subject to Oð1Þ
uncertainties in the thermalized condition (Eq. (7) and tage.

KOHEI HAYASHI et al. PHYS. REV. D 103, 023017 (2021)

023017-4

Segue 1 σ/m < 0.1 cm2/g

⟨vrel⟩ ∼ 30 km/s

- gravothermal collapse?

Correa, MNRAS, 2021
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Gravothermal modeling of isolated halo
- assuming hydrostatic equilibrium in the course of evolution

∂
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(ρv2) = − ρ
GM
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D
Dt

ln ( ν3

ρ ) = −
1

4πr2ρν2

∂L
∂r

=
1

3tcond.

- self-scattering leads to heat conduction

L
4πr2

= − κ
∂T
∂r

- naive interpolation between LMFP and SMFP regimes

- SMFP

- LMFP

b =
25 π

32
≃ 1.38

C ≃ 0.75 Koda and Shapiro, MNRAS, 2011

- start with NFW profile

p = 3?

κ−1 = κ−1
LMFP + κ−1

SMFP

κSMFP =
3
2
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ν
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Outmezguine et al., MNRAS, 2023

Yang et al., ApJ, 2023p = 5?

Outmezguine et al., MNRAS, 2023

- mean c-M relation

Evolution of resonant SIDM halos

- heat conduction timescale

∂
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M = 4πr2ρ
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Resonant SIDM
Density break
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FIG. 6. (Top) (Left) - Density profiles of a halo of mass 7 ⇥ 109 M� at tage = 10Gyr in the rSIDM benchmarks (blue); P1
(solid, �0/m = 0.1 cm2/g), P2 (dashed, �0/m = 0.03 cm2/g), and P3 (dotted, �0/m = 0.001 cm2/g). A cSIDM profile (green)
that exhibits the same central density with the P1 benchmark is presented for comparison; the corresponding constant SIDM
cross section is 0.33 cm2/g. (Right) - Rotation curve of the halo in the top-left panel. The black curves corresponds to the
NFW profile and the blue curves corresponds to the predictions in the p-wave benchmarks. The maximal circular velocity is
Vmax ' 36 km/s. The gray data points represents the observed rotation curve of the WLM galaxy, which has a similar Vmax [5];
we display the data up to r = 2.5 kpc. The white circles are the inferred contribution of DM to the rotation curve; the error
bars are expected to be similar to that of the gray data points. (Bottom) (Left) - Line-of-sight velocity dispersion (LOSVD)
profile of a Draco-like galaxy; halo mass and concentration is the same as the top-left panel. The assumed stellar kinematic
parameters are the best-fit values assuming the NFW profile; (�0,�1, r� , ⌘, r1/2) = (�0.105,�60.7, 850 pc, 4.65, 214 pc) [63].
The gray curve corresponds to the NFW profile, and the blue curves are the prediction of the p-wave benchmarks. The black
data points are the observed LOSVD of Draco [64]; the observed LOSVD is presented as a reference, and we do not attempt to fit
the data points in rSIDM. (Right) - Same as the bottom-left panel but for a Segue1-like galaxy. The assumed stellar kinematic
parameters are the best-fit values assuming the NFW profile; (�0,�1, r� , ⌘, r1/2) = (�68.0,�0.894, 4.42 pc, 10, 23.5 pc) [63].
The black data points are the observed LOSVD of Segue1 [64].

the density profile breaks are thermalized. The thermal-
ization leaves behind a uniform-density core that is vir-
tually indistinguishable from that in cSIDM. While the
explicit smoking-gun signature for rSIDM is absent for
these halos, we point out that the orbital radii of stel-
lar tracers that have formed around the thermalization
period could serve as indirect evidence for rSIDM. Dur-
ing the thermalization, there is a rapid outflow of DM
near the density break that lowers the central mass den-
sity. The sudden shallowing of the gravitational potential
during the thermalization unbinds the stars and increases
their orbital radii. This renders two distinct classes of or-
bits among the stars that have a similar age. Stars that
formed just before the thermalization experienced a rapid
increase in orbital radii upon the propagation of the den-
sity break. Stars that formed just after the propagation
experienced the increase that is more marginal and grad-
ual. The existence of two di↵erent classes of stellar orbits
is a feature that is distinct between rSIDM and cSIDM

since the mass outflow in cSIDM is much more gradual.

To demonstrate the emergence of the two orbital
classes from the thermalization dynamics of rSIDM ha-
los, we follow the evolution of mean orbital radius hrorbiti

of stars that have formed just before and after the pas-
sage of the density break. We focus on a halo mass of
⇠ 3.2 ⇥ 1010 M� with median concentration. For such a
halo, the thermalization completes around t ⇠ 1 Gyr (see
the left panel of Fig. 3). We follow the evolution of hrorbiti

of stars that have formed at t = 0.6 Gyr and 1Gyr. We
assume the stars to be initially in a circular orbit with
an identical orbital radius; this defines the initial energy
and angular momentum of stars. At a given time t, we
define the mean orbital radius by a probability weight
proportional to the time spent on a line element along

WLM

- P3 benchmark halo has a circular velocity profile transiting from 
constant SIDM to NFW around 0.1 kpc

- formation, development and thermalization 
of density break in Resonant SIDM halo

M200 = 7 × 109 M⊙

- may be a distinctive signature if observed by any chance
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LOSVD profile of MW satellites
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FIG. 6. (Top) (Left) - Density profiles of a halo of mass 7 ⇥ 109 M� at tage = 10Gyr in the rSIDM benchmarks (blue); P1
(solid, �0/m = 0.1 cm2/g), P2 (dashed, �0/m = 0.03 cm2/g), and P3 (dotted, �0/m = 0.001 cm2/g). A cSIDM profile (green)
that exhibits the same central density with the P1 benchmark is presented for comparison; the corresponding constant SIDM
cross section is 0.33 cm2/g. (Right) - Rotation curve of the halo in the top-left panel. The black curves corresponds to the
NFW profile and the blue curves corresponds to the predictions in the p-wave benchmarks. The maximal circular velocity is
Vmax ' 36 km/s. The gray data points represents the observed rotation curve of the WLM galaxy, which has a similar Vmax [5];
we display the data up to r = 2.5 kpc. The white circles are the inferred contribution of DM to the rotation curve; the error
bars are expected to be similar to that of the gray data points. (Bottom) (Left) - Line-of-sight velocity dispersion (LOSVD)
profile of a Draco-like galaxy; halo mass and concentration is the same as the top-left panel. The assumed stellar kinematic
parameters are the best-fit values assuming the NFW profile; (�0,�1, r� , ⌘, r1/2) = (�0.105,�60.7, 850 pc, 4.65, 214 pc) [63].
The gray curve corresponds to the NFW profile, and the blue curves are the prediction of the p-wave benchmarks. The black
data points are the observed LOSVD of Draco [64]; the observed LOSVD is presented as a reference, and we do not attempt to fit
the data points in rSIDM. (Right) - Same as the bottom-left panel but for a Segue1-like galaxy. The assumed stellar kinematic
parameters are the best-fit values assuming the NFW profile; (�0,�1, r� , ⌘, r1/2) = (�68.0,�0.894, 4.42 pc, 10, 23.5 pc) [63].
The black data points are the observed LOSVD of Segue1 [64].

the density profile breaks are thermalized. The thermal-
ization leaves behind a uniform-density core that is vir-
tually indistinguishable from that in cSIDM. While the
explicit smoking-gun signature for rSIDM is absent for
these halos, we point out that the orbital radii of stel-
lar tracers that have formed around the thermalization
period could serve as indirect evidence for rSIDM. Dur-
ing the thermalization, there is a rapid outflow of DM
near the density break that lowers the central mass den-
sity. The sudden shallowing of the gravitational potential
during the thermalization unbinds the stars and increases
their orbital radii. This renders two distinct classes of or-
bits among the stars that have a similar age. Stars that
formed just before the thermalization experienced a rapid
increase in orbital radii upon the propagation of the den-
sity break. Stars that formed just after the propagation
experienced the increase that is more marginal and grad-
ual. The existence of two di↵erent classes of stellar orbits
is a feature that is distinct between rSIDM and cSIDM

since the mass outflow in cSIDM is much more gradual.

To demonstrate the emergence of the two orbital
classes from the thermalization dynamics of rSIDM ha-
los, we follow the evolution of mean orbital radius hrorbiti

of stars that have formed just before and after the pas-
sage of the density break. We focus on a halo mass of
⇠ 3.2 ⇥ 1010 M� with median concentration. For such a
halo, the thermalization completes around t ⇠ 1 Gyr (see
the left panel of Fig. 3). We follow the evolution of hrorbiti

of stars that have formed at t = 0.6 Gyr and 1Gyr. We
assume the stars to be initially in a circular orbit with
an identical orbital radius; this defines the initial energy
and angular momentum of stars. At a given time t, we
define the mean orbital radius by a probability weight
proportional to the time spent on a line element along

Draco Segue1

- stellar kinematic parameters are fixed to 
best fit values for NFW profile

- P3 benchmark halo shows a transition from 
constant SIDM to NFW around 0.1 kpc

- may fit the data better than constant SIDM

Hayashi et al., PRD, 2021

Resonant SIDM
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Data points
Overview
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- cores in various-size halos

M ∼ 1014 M⊙

M ∼ 1011 M⊙

- galaxy cluster 
(Abell 2744)

- dwarf spiral galaxy 
(IC 2574)

- MW satellite 
(Draco)
Minfall ∼ 109 M⊙
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Annihilation (Sommerfeld enhancement)
- almost zero-energy virtual level/bound 
state also enhances annihilation
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ϵϕ =
αm
δ

δ = ζ(2)mϕ

- cosmological 
constraint is crucial 
for   -wave freeze-
out DM

ϵv =
vrel

2α

Planck Collaboration: Cosmological parameters
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Fig. 46. Planck 2018 constraints on DM mass and annihilation cross-section. Solid straight lines show joint CMB constraints on
several annihilation channels (plotted using di↵erent colours), based on pann < 3.2 ⇥ 10�28 cm3 s�1 GeV�1. We also show the 2�
preferred region suggested by the AMS proton excess (dashed ellipse) and the Fermi Galactic centre excess according to four
possible models with references given in the text (solid ellipses), all of them computed under the assumption of annihilation into bb̄

(for other channels the ellipses would move almost tangentially to the CMB bounds). We additionally show the 2� preferred region
suggested by the AMS/PAMELA positron fraction and Fermi/H.E.S.S. electron and positron fluxes for the leptophilic µ+µ� channel
(dotted contours). Assuming a standard WIMP-decoupling scenario, the correct value of the relic DM abundance is obtained for a
“thermal cross-section” given as a function of the mass by the black dashed line.

the range 0.8–1.2. We found that our bounds remain una↵ected
by floating these additional nuisance parameters, which are not
correlated with pann.

Figure 46 translates the bounds on pann into joint limits on
the mass m� and annihilation cross-section h�vi of DM, assum-
ing twelve plausible WIMP s-wave annihilation channels. The
value of fe↵ for each mass and channel was computed39 using the
public DarkAges module of Stöcker et al. (2018), which relies
on the energy transfer functions presented by Slatyer (2016b).
We consistently account for corrections related to low-energy
photons in the manner described in section V.B. of Slatyer
(2016b). Finally, the DarkAges module defines fe↵ by convolv-
ing f (z) in redshift space with the weighting function recom-
mended by Slatyer (2016a). Note that for the W

+
W
� and Z

0
Z

0

channels, the bounds assume on-shell 2-body processes and are
cut sharply at the mass of the daughter particle, while in reality
they would extend further to the left in Fig. 46.

As usual the strongest bounds are obtained assuming anni-
hilation into electron-positron pairs. The case of annihilation
purely into neutrinos is not shown here, since the constraints
are orders of magnitude weaker in that case. Assuming a ther-
mal cross-section (shown in Fig. 46), the 95 % CL lower bounds
on the DM mass range from m� � 9 GeV for annihilation
into tau/anti-tau, up to m� � 30 GeV for annihilation in elec-
tron/positron. To compare with hints of DM annihilation in indi-
rect DM search data, we first show the regions preferred by the
AMS/PAMELA positron fraction and Fermi/H.E.S.S. electron-
positron flux, assuming s-wave annihilation into muons and
standard halo profiles. These regions, taken from Cirelli et al.
(2009), have long been known to be in strong tension with CMB
data.

We also indicate the regions suggested by the possible DM
interpretation of several anomalies in indirect DM search data.
The 95 % CL preferred region for the AMS anti-proton excess

39Courtesy of P. Stöcker.

is extracted from Cuoco et al. (2017b,a). The DM interpretation
of the Fermi Galactic centre excess is very model-dependent
and, as in figure 9 of Charles et al. (2016), we choose to show
four results from the analyses of Gordon & Macias (2013),
Abazajian et al. (2014), Calore et al. (2015), and Daylan et al.
(2016). For the Fermi Galactic centre excess and the AMS anti-
proton excess, we only show results assuming annihilation into
bb̄, in order to keep the figure readable. About 50 % of the region
found by Abazajian et al. (2014) is excluded by CMB bounds,
while other regions are still compatible. The 95 % CL preferred
region for the AMS anti-proton excess is still compatible with
CMB bounds for the bb̄ channel shown in the figure, and we
checked that this is also the case for other channels.

8. Conclusions

This is the final Planck collaboration paper on cosmological pa-
rameters and presents our best estimates of parameters defining
the base-⇤CDM cosmology and a wide range of extended mod-
els. As in PCP13 and PCP15 we find that the base-⇤CDM model
provides a remarkably good fit to the Planck power spectra and
lensing measurements, with no compelling evidence to favour
any of the extended models considered in this paper.

Compared to PCP15 the main changes in this analysis
come from improvements in the Planck polarization analysis,
both at low and high multipoles. The new Planck polariza-
tion maps provide a tight constraint on the reionization op-
tical depth, ⌧, from large-scale polarization (and are consis-
tent with the preliminary HFI polarization results presented
in Planck Collaboration Int. XLVI (2016)). This revision to the
constraint on ⌧ accounts for most of the (small) changes in pa-
rameters determined from the temperature power spectra in this
paper compared to PCP15. We have characterized a number of
systematic e↵ects, neglected in PCP15, which a↵ect the polar-
ization spectra at high multipoles. Applying corrections for these
systematics (principally arising from errors in polarization e�-

59

Planck Collaboration, A&A, 2020m ≃ 20 GeV

Maximally SIDM

(σannvrel)w/potential = S(σannvrel)w/o

(σannvrel)w/o ≃ 3 × 10−26 cm3/s

s
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Watson theorem

Annihilation matrix element
Γα(k2 + iϵ) = ⟨0 |Θχ |ψ+

α,k⟩
χ

χ
ϕ …

Γα(k2 + iϵ) = ∑
β

Sβα(k)⟨0 |Θχ |ψ−
β,k⟩ = ∑

β

Sβα(k)Γβ(k2 − iϵ)

- inserting out states

- assuming the real matrix element (T-invariance)

Γα(k2 + iϵ) = ∑
β

Sβα(k)Γβ(k2 + iϵ)*

- in-state as a whole

- for a partial wave

Γℓ(k2 + iϵ) = e2iδℓΓℓ(k2 + iϵ)*

- complex     planek2

- possible 
bound states - brunch cut 

Oller, “A Brief Introduction 
to Dispersion Relations”
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Omnès solution

Omnès function
ω(k2) =

1
π ⨍

∞

0
dq2 δℓ(q)

q2 − k2

Γℓ(k2) = Ωℓ(k2)Fℓ(k2)

- rational function reproducing bound-state poles (Levinson theorem)

Ωℓ(k2) = exp[ωℓ(k2)]

- computed by phase shift and reproduce the brunch cut

Fℓ(k2) = ∏
bℓ

k2

k2 + κ2
b,ℓ

- from Liouville theorem

Γℓ(k2) → 1- we normalize k2 → ∞

- scattering phase and Sommerfeld enhancement 
are negligible at high velocity

Sommerfeld enhancement
Sℓ = |Γℓ(k2) |2

- principal value

δℓ(k) → 0



- w/o 
potential
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Around resonances

Levison theorem

- # of bound states is given by phase shift

- underlying idea

δℓ(k → 0) − δℓ(k → ∞) = [#bℓ (+
1
2 )] π

- only for s-wave 
resonances

- zero in our 
normalization

- consider the system confined 
in a large sphere

- scattering states are 
discretized (countable infinity)

- decrease in # of scattering 
states = # of bound states

- total number does not change

kR −
1
2

ℓπ + δℓ = nπ
Rkℓ(r) →

sin(kr − 1
2 ℓπ + δℓ)

r
r → ∞

n = 0, ± 1, ± 2…

- w/ 
potential

kR

Weinberg, “Lectures on 
Quantum Mechanics”

π π
0

k > 0
2π

- excluding virtual states
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Figure 6: Same as Fig. 4, but for the parameter b near (on) the resonance. Di↵erent line
colors correspond to di↵erent choices of b for s-wave (p-wave): b = 1.680 (b = 9.082) for
on the first resonance, b = 1.678/b = 1.682 (b = 9.081/b = 9.083) for below/above the
first resonance.

|a`| ! 1. Therefore, as for the first resonance, we can use the same function F (k2) given
by Eq. (17) with the zero-energy bound state b ! 0, in other words F (k2) = 1.

We compare the Sommerfeld enhancement factors near the first resonance, computed
in two di↵erent ways, in Fig. 6. These factors accurately coincide with each other. In
particular, the scaling of the factor can be found only from the Omnès function and the
Levinson’s theorem. From the Levinson’s theorem, we find the phase shift at k = 0.
Similarly to the previous section, !0(k2) logarithmically diverges near k2 = 0, and the
factor for the s-wave resonance results in

e!0(k2) '

✓
⇤2

k2

◆�0(0)/⇡

=
⇤

k
, (21)

in the small k2 limit. Meanwhile, the factor for the p-wave resonance scales as e!0(k2) '

⇤2/k2.

6 Conclusion
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Figure 5: Phase shift and cross section near the first resonance. (top): Phase shifts of
s-wave scattering (left) and p-wave scattering (right) for given b as a function of k/m�.
(bottom): Cross section of s-wave scattering (left) and p-wave scattering (right) in unit
of m� for given b as a function of k/m�. The black-dashed line in the bottom-right panel
shows the cross section � ' 3⇥ 4⇡/k2.

given in terms of the scattering phase shift as follows.

f` =
e2i�` � 1

2ik
=

1

k cot �` � ik
. (19)

Both the scattering length a0 and the e↵ective range re,0 are positive just above the
resonance for s-wave. The pole k = ib for s-wave is found as a function of the e↵ective-
range parameters as follows.

b =
1

re,0

✓
1�

r
1�

2re,0
a0

◆
. (20)

Concerning for p-wave, the scattering length a1 is positive and the e↵ective range re,1
is negative just above the resonance, and we find the pole is approximated as b '

(�2re,1/a31)
1/2 when |re,1| ⌧ a1. This method for determining poles is valid as far as

b . |re,`|�1, otherwise the higher order of k2 in the e↵ective range theory can be required.
For both s- and p-wave, the bound state can be a zero-energy bound state, b ! 0, as

10
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Around resonances
Effective range theory

- s-wave resonances

k cot δ0 → −
1
a0

+
re0

2
k2

a0 → ∞

δ0 → ( 1
2

+ m) π

k → 0

m = 0, 1, 2…

- Omnès function

k → 0

ω0(k2) =
1
π ⨍

∞

0
dq2 δ0(q)

q2 − k2

k → 0 → − ( 1
2

+ m) ln(r2
e,0k2)

Γ0(k2) = exp[ωℓ(k2)]F0(k2)

→
F0(k2)
k1+2m

k → 0

m = 0

∝ 1/k2
F0(k2) = 1
for m=0 (later)

S0 = |Γ0(k2) |2

AK, Kuwahara and 
Patel, arXiv:2303.17961


