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• there are 3 gens. of quarks and leptons

• masses are hierarchical

• CKM angles :   𝜃13 ≪ 𝜃23 ≪ 𝜃12

• PMNS angles: 𝜃13 < 𝜃23 ∼ 𝜃12

How to explain the hierarchies ? 

modular symmetry ! 

2. Modular flavor symmetry 

➢ finite modular symmetry ΓN
′ ≔ Γ(1)/Γ(𝑁)

generators: 
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same as discrete flavor symmetries, e.g. Γ4
′ ≃ 𝑆4

′

➢modular forms 

under modular sym., Yukawa couplings are “modular forms” 
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• 𝜏 is a complex scalar, called modulus (field)

• 𝑘 ∈ ℕ is a modular weight 

• 𝑟 labels representation whose matrix is 𝜌 𝑟

➢ residual symmetry

ex) if Im 𝜏 ≫ 1, 𝑇 ∶ 𝜏 → 𝜏 + 1 is unbroken  

“residual” ℤ𝑁
𝑇  symmetry is approximately unbroken 
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Froggatt-Nielsen [FN] mechanism
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natural and predictive realization of FN mech.

ex) modular form for 𝑘 = 1, 𝑟 = 3 under Γ4
′ ≃ 𝑆4

′

3. 𝑆4
′  model 

4. Summary

…first model for both Q and L

𝑢𝑐 = 1 ⊕ 1 ⊕ 1′ 𝑑𝑐 = 1 ⊕ 1 ⊕ 1𝑄 = 3

RH up quark RH down quarkLH doublet quark

0 0 00 0 1(2,3,1)

𝑒𝑐 = 3𝐿 = 1 ⊕ 1 ⊕ 1

LH doublet lepton RH charged lepton

0 0 0 (2,3,1)

ℤ4
𝑇-charge

➢ Textures of masses and CKM /PMNS matrix

𝑉𝐶𝐾𝑀 ∼
1 𝜖 𝜖2

𝜖 1 𝜖
𝜖2 𝜖 1

𝑚𝑢, 𝑚𝑐 , 𝑚𝑡 ∼ 𝜖3, 𝜖, 1  𝑚𝑡

𝑚𝑑 , 𝑚𝑠, 𝑚𝑏 ∼ 𝑚𝑒 , 𝑚𝜇 , 𝑚𝜏 ∼ 𝜖3, 𝜖2, 𝜖 𝑚𝑡cot𝛽

• 𝑁 = 4 is minimal for different hierarchies in up and down Qs

• additional factors from 2Im𝜏 𝑘 by canonical normalization

𝑉𝑃𝑀𝑁𝑆 ∼
1 1 1
1 1 1
1 1 1

➢ Numerical results

with coefficients ∈ [0.62, 5.4]

𝑘𝑄 = 4 ,  𝑘𝑢1
, 𝑘𝑢2

, 𝑘𝑢3
= 0, 4, 3 , 𝑘𝑑1

, 𝑘𝑑2
, 𝑘𝑑3

= 0, 2, 4

𝑘𝐿1
, 𝑘𝐿2

, 𝑘𝐿3
= 0, 2, 4 , 𝑘𝑒 = 4

➢Representations

➢Modular weights

well-fit (< 1.8𝜎) to the data

masses at GUT scale CKM/PMNS angles

• modular sym. realizes non-Abelian discrete sym. wo/ flavon

• FN-like mechanism by a residual symmetry 

• constructed the first model for both Q and L 

• successfully explains the experimental data

• 𝑆𝑈(5) GUT model is possible for Γ6
(′)
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tan𝛽 = 3.7, Im 𝜏 = 2.8

cot𝛽: = Τ𝐻𝑑 𝐻𝑢
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