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Introduction



Vacuum decay in

the standard model
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High energy

� < 0
(due to RG running)
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Bubble nucleation rate

� = Ae�B

B = SE(�̄)� SE(v)

Bounce solution
(Fubini-Lipatov instanton)B =

8⇡2

3|�|
�̄(r) =
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Size of the instanton

Independent of R

(classical scale invariance)

A rate to have a bubble in unit volume

[C. G. Callan, S. R. Coleman, ’77]

for a negative λ



Bubble nucleation rate

� = Ae�B
A rate to have a bubble in unit volume
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[C. G. Callan, S. R. Coleman, ’77]

Quantum correction to B

exp(
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Typical scale?

� = Ae�B
A rate to have a bubble in unit volume

A ⇠ M4
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Dimensional analysis
Typical scale

What is the typical scale?

SM is classically scale invariant
Any size of bounce is allowed



Renormalization scale?

� = Ae�B

B = SE(�̄)� SE(v)B =
8⇡2

3|�|

A rate to have a bubble in unit volume

What is the renormalization scale for λ?
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Figure 1: Top: The RG evolution of the SM coupling constants as functions of µ (in units of
GeV). The dashed line indicates λ < 0. The black dotted line shows the scale where φ̄C =
MPl, taking µ = 1/R. The horizontal axis is common with the bottom panel. Bottom: The
integrand of the decay rate with µ = 1/R, taking the central values for the SM parameters.
In the shaded region, λ is positive and the integrand is zero.

three-loop effects and the contribution from the bottom and the tau Yukawa couplings):
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At a low energy scale, the term proportional to y4t drives λ to a negative value. As the scale
increases, yt decreases while gY increases, which brings λ back to a positive value. Notice
that λ is bounded from below in the SM.

We show the integrand of γ in the bottom panel of fig. 1, together with that of

γtree =

∫
d lnR

1

R4
e−B. (3.17)
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� < 0
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Calculate A!

� = Ae�B

B = SE(�̄)� SE(v)B =
8⇡2

3|�|

A rate to have a bubble in unit volume
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The renormalization scale uncertainty is canceled

If we calculate A, we do not have such problems

We do not need “typical scale”



Standard Model

@ one-loop

Instability

107

109

1010

1012

115 120 125 130 135
165

170

175

180

Higgs mass Mh in GeV

Po
le
to
p
m
as
sM

t
in
G
eV

1,2,3 s

Instability

Stability

Meta-stability

G. Ishidori, G. Ridolfi, A. Strumia; ‘01

However,
There were no established ways to subtract dilatational and gauge zero modes
They use an approx. for the gauge zero mode subtraction, which is gauge dependent



Gauge zero mode

However,
There were no established ways to subtract dilatational and gauge zero modes
They use an approx. for the gauge zero mode subtraction, which is gauge dependent

JHEP 1711 (2017) 074, M. Endo, T. Moroi, M. M. Nojiri, YS
We have found the correct treatment of the gauge zero mode

Flat direction

Bounce

detS00
E |bounce = 0
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Higgs

[A. Kusenko, K. M. Lee, E. J. Weinberg; ’97]
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Gauge invariant 
analytic result



Improvement

� =

Z
dR

d�

dR
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dR
= e�

8⇡2

3|�| ⇥A0(h) ⇥A(t) ⇥A(W,Z) ⇥ · · ·
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We improve the treatment 
of the R-integral

We use a different gauge fixing so that we 
can treat gauge zero modes

We get analytic results
1

2

3



Gauge fixing

LGF =
1

⇠
(@µAµ)

2

NG boson

LGF = (@µAµ � g�̄�)2
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Numerical 
Evaluation

Treatment of 
gauge zero 

modes

Semi-analytical 
Evaluation

Phys. Lett. B771(2017)281 JHEP11(2017)074



Gauge contribution

other. For J > 0, the fluctuation operator for (αS,αL,αϕ) is given by

M(S,L,ϕ)
J ≡

⎛

⎜⎜⎜⎜⎜⎜⎝

−∆J +
3

r2
+ g2φ̄2 −2L

r2
gφ̄′ − gφ̄∂r

−2L

r2
−∆J − 1

r2
+ g2φ̄2 −L

r
gφ̄

2gφ̄′ + gφ̄∂r +
3

r
gφ̄ −L

r
gφ̄ −∆J +

(∆0φ̄)

φ̄

⎞

⎟⎟⎟⎟⎟⎟⎠

+

(
1− 1

ξ

)

⎛

⎜⎜⎜⎜⎝

∂2r +
3

r
∂r −

3

r2
−L

(
1

r
∂r −

1

r2

)
0

L

(
1

r
∂r +

3

r2

)
−L2

r2
0

0 0 0

⎞

⎟⎟⎟⎟⎠
, (2.20)

where φ̄′ ≡ ∂rφ̄, and

∆J ≡ ∂2r +
3

r
∂r −

L2

r2
. (2.21)

For J = 0, αL-mode does not exist, and the fluctuation operator is in the form of 2 × 2
differential operator; M(S,ϕ)

J=0 is obtained from Eq. (2.20) by eliminating the second row and
the second column:

M(S,ϕ)
J=0 ≡

⎛

⎜⎜⎝

1

ξ

(
−∆0 +

3

r2
+ ξg2φ̄2

)
gφ̄′ − gφ̄∂r

2gφ̄′ + gφ̄∂r +
3

r
gφ̄ −∆0 +

(∆0φ̄)

φ̄

⎞

⎟⎟⎠ . (2.22)

In addition, the fluctuation operator of the transverse modes is given by

M(T )
J = −∆J + g2φ̄2. (2.23)

while that of the FP ghosts is

M(c̄,c)
J = −∆J . (2.24)

The radial mode functions can be expanded by using the eigenfunctions of these fluctuation
operators.

We also need fluctuation operators around the false vacuum, which are denoted as
M̂(Aµ,ϕ), M̂(S,L,ϕ)

J , M̂(T )
J , and so on. (In this paper, the “hat” is used for objects around the

false vacuum.) They can be obtained from the corresponding fluctuation operators around
the bounce by replacing φ̄ → v, and φ̄′ → 0. For the case of v = 0, (∆0φ̄)/φ̄ should be
replaced by m2

φ.
Finally, let us comment on the contribution of the Higgs mode. In this paper, we concen-

trate on the case where there exists only one charged scalar field which has non-vanishing

6

A(Aµ,') =
1Y

J=0

 
detM(S,L,')

J

det cM(S,L,')
J

!�(2J+1)2/2 
detM(T )

J

det cM(T )
J

!�(2J+1)2
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M(T )
J ⌘ ��J + g2�̄2
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�J = @2
r +

3

r
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L2

r2

L =
p
4J(J + 1)hatted operator: �̄ ! 0

<latexit sha1_base64="wD5ZvrqjY0bQQKctOQdgGOCDES4="></latexit><latexit sha1_base64="wD5ZvrqjY0bQQKctOQdgGOCDES4="></latexit><latexit sha1_base64="wD5ZvrqjY0bQQKctOQdgGOCDES4="></latexit><latexit sha1_base64="wD5ZvrqjY0bQQKctOQdgGOCDES4="></latexit>



Theorem

detM
det cM

=

 
lim
r!1

det[ 1(r) · · · n(r)]

det[ ̂1(r) · · ·  ̂n(r)]

! 
lim
r!0

det[ 1(r) · · · n(r)]

det[ ̂1(r) · · ·  ̂n(r)]

!�1

M, cM : (n x n) radial fluctuation operators

M i = 0, cM ̂i = 0 : independent solutions (regular at r=0)

[J. H. van Vleck, ’28; R. H. Cameron and W. T. Martin, ’45; …]
We give a proof for our case in JHEP11(2017)074



Decomposition of simultaneous 
differential equations

Hereafter, we use the fact that the solution of Eq. (36) can be decomposed as

Ψ ≡

⎛

⎝
Ψ(top)

Ψ(mid)

Ψ(bot)

⎞

⎠ =

⎛

⎜⎜⎜⎝

∂rχ

L

r
χ
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⎞

⎟⎟⎟⎠
+

⎛

⎜⎜⎜⎜⎝

1

rg2φ̄2
η

1

Lr2g2φ̄2
∂r(r

2η)

0

⎞

⎟⎟⎟⎟⎠
+

⎛

⎜⎜⎜⎜⎜⎝

−2
φ̄′

g2φ̄3
ζ

0

1

gφ̄
ζ

⎞

⎟⎟⎟⎟⎟⎠
, (41)

where the functions χ, η, and ζ obey the following equations:

(∆J − ξg2φ̄2)χ =
2φ̄′

rg2φ̄3
η +

2

r3
∂r

(
r3φ̄′

g2φ̄3
ζ

)
, (42)

(∆J − g2φ̄2)η −
2φ̄′

r2φ̄
∂r

(
r2η

)
= −

2L2φ̄′

rφ̄
ζ , (43)

(∆J − ξg2φ̄2)ζ = 0. (44)

Then, the following identities hold:#5

∂rΨ
(top) = −

3

r
Ψ(top) +

L

r
Ψ(mid) + ξg2φ̄2χ, (45)

∂rΨ
(mid) =

L

r
Ψ(top) −

1

r
Ψ(mid) +

1

L
η. (46)

Hereafter, we give three independent solutions ΨI (I = 1−3) of Eq. (36), and show their
boundary conditions at r = 0. The solutions can be constructed with the following three
sets of the functions (χI , ηI , ζI):

1. For Ψ1, we take η1 = ζ1 = 0, and

χ1 = f (FP)
J , (47)

with which Eqs. (42), (43) and (44) are satisfied. Then,

Ψ1(r → 0) ≃

⎛

⎝
2Jr2J−1

Lr2J−1

gφ̄Cr2J

⎞

⎠ , (48)

where

φ̄C ≡ φ̄(r = 0). (49)
#5At the leading order in fluctuations, Eq. (45) is equivalent to αF + ξζ = 0, where αF is the radial mode

function of the gauge fixing function, i.e., F(x) ∋ αF(r)YJ,mA ,mB
.
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Gauge invariant 

analytic formulae

The bounce solution is an O(4) symmetric object [51,52], and transforms under a global
U(1) symmetry. Thus, choosing the center of the bounce at r = 0 (with r ≡ √

xµxµ), we
can write the bounce solution as

Φ|bounce =
1√
2
eiθφ̄(r), (2.7)

with our choice of the gauge fixing function, without loss of generality. Here, θ is a real
parameter. The function, φ̄, obeys

∂2r φ̄(r) +
3

r
∂rφ̄(r)− λφ̄3(r) = 0, (2.8)

with boundary conditions ∂rφ̄(0) = 0 and φ̄(∞) = 0. For a negative λ, we have a series of
Fubini-Lipatov instanton solutions [53, 54]:

φ̄(r) = φ̄C

(
1 +

|λ|
8
φ̄2
Cr

2

)−1

, (2.9)

which is parameterized by φ̄C (i.e., the field value at the center of the bounce). We also
define R, which gives the size of the bounce, as

R ≡

√
8

|λ|φ
−1
C . (2.10)

The action of the bounce is given by

B =
8π2

3|λ| . (2.11)

Notice that the tree level action is independent of φ̄C owing to the classical scale invariance.
Once the bounce solution is obtained, we may integrate over the fluctuation around it.

We expand Φ as

Φ =
1√
2
eiθ
(
φ̄+ h + iϕ

)
, (2.12)

where h and ϕ are the physical Higgs mode and the Nambu-Goldstone (NG) mode, respec-
tively. At the one-loop level, the prefactor can be decomposed as

Ae−B =
A(h)

V4D
A(σ)A(ψ)A(Aµ,ϕ)A(c,c̄)e−B, (2.13)

where V4D is the volume of spacetime, and A(X) is the contribution from particle X . Each
of the factors has a form of

A(X) =

(
DetM(X)

DetM̂(X)

)w(X)

, (2.14)

4

• Quantum corrections have !̃ℓ−1 at the ℓ-th loop since the loop expansion is equivalent
to the !̃ expansion.

Based on the above arguments, Beff is expected to be expressed as

Beff =
8π2

3|λ(µ)|
+

nzero

2
ln

|λ(µ)|
8

+
∞∑

ℓ=1

(
|λ(µ)|
8

)ℓ−1

Pℓ

(
κ(µ)

|λ(µ)|
,

y(µ)√
|λ(µ)|

,
g(µ)√
|λ(µ)|

, lnµR

)
,

(2.80)

where Pℓ is the contribution at the ℓ-loop level, and nzero is the number of zero modes.
If the effects of higher order loops are fully taken into account, Beff should be independent

of µ because the decay rate is a physical quantity; in such a case, we may choose any value of
the renormalization scale µ. In the perturbative calculation, the µ-dependence is expected
to cancel out order-by-order; as shown in eq. (2.66), we can explicitly see the cancellation
of the µ-dependence at the one-loop level [59]. In our calculation so far, however, we only
have the one-loop result, in which µ dependence remains. As indicated in eq. (2.80), the µ
dependence shows up in the form of lnp µR with p = 1, 2, · · · . If | lnµR| ≫ 1, the logarithmic
terms from higher order loops may become comparable to the tree-level bounce action and
the perturbative calculation breaks down. In order to make our one-loop result reliable, we
should take µ ∼ O(1/R), i.e., we use R-dependent renormalization scale µ.#4 With such a
choice of µ (as well as with the use of coupling constants evaluated at the renormalization
scale µ), the integration over the size of the bounce is dominated only by the region where
|λ(1/R)| becomes largest. In the case of the SM, the integration over the size of the bounce
converges with this prescription as we show in the following section.

2.6 Final result

Here, we summarize the results obtained in the previous subsections and Appendices. The
decay rate with a resummation of important logarithmic terms is given by

γ =

∫
d lnR

1

R4

[
A′(h)A(σ)A(ψ)A(Aµ,ϕ)e−B]

MS, µ∼1/R
, (2.81)

where
[
lnA′(h)]

MS
= −3

4
− 6 lnAG +

5

2
ln
π

3
− 5

2
ln

|λ|
8

+ 3 ln
µR

2
, (2.82)

[
lnA(σ)

]
MS

= −1

2
Sσ(zκ) +

κ

|λ| +
κ2

3|λ|2

(
1 + γE + ln

µR

2

)
, (2.83)

[
lnA(ψ)

]
MS

= − y4

3|λ|2

(
1 + γE + ln

µR

2

)
− 2y2

3|λ|

(
25

4
+ γE + ln

µR

2

)
+ Sψ(zy), (2.84)

[
lnA(Aµ,ϕ)

]
MS

= lnVG +
[
lnA′(Aµ,ϕ)

]
MS

, (2.85)

#4This is equivalent to summing over large logarithmic terms appearing in higher loop corrections if we
work with a fixed µ. Since we have calculated the decay rate at the one-loop level, it is preferable to use, at
least, the two-loop β-function to include the next-to-leading logarithmic corrections.
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with

[
lnA′(Aµ,ϕ)

]
MS

=

(
1

3
+

2g2

|λ|
+

g4

|λ|2

)(
1 + γE + ln

µR

2

)

− g4

|λ|2

(
31

3
− π2

)
− 1

4
− 1

3
γE − 2 lnAG − 1

2
ln

|λ|
8

+
1

2
ln π

− 3

2
Sσ(zg)−

3

2
lnΓ(1− zg)Γ(2 + zg). (2.86)

Here, VG is the volume of the group space generated by the broken generators. The definitions
of Sσ(z), Sψ(z) can be found in Appendix C. We emphasize that the final result does not
depend on the gauge parameter, ξ, and hence our result is gauge invariant. The above
result is also applicable to the case where the U(1) symmetry is not gauged as explained in
Appendix E.

We have also derived fitting formulae of the functions necessary for the calculation of the
decay rate; the result is given in Appendix F. The fitting formulae are particularly useful
for the numerical calculation of the decay rate. In addition, a C++ package to study the
ELectroweak VAcuum Stability, ELVAS, is available at [60], which is also applicable to various
models with (approximate) classical scale invariance.

3 Decay Rate of the EW Vacuum in the SM

3.1 Decay rate

Now, we are in a position to discuss the decay rate of the EW vacuum in the SM. As we
have discussed, the decay of the EW vacuum is induced by the bounce configuration whose
energy scale is much higher than the EW scale. Thus, we approximate the Higgs potential
as#5

V (H) = λ(H†H)2, (3.1)

where H is the Higgs doublet in the SM and λ is the Higgs quartic coupling constant. Notice
that λ depends on the renormalization scale µ; in the SM, λ becomes negative when µ is
above ∼ 1010 GeV with the best-fit values of the SM parameters. In addition, the relevant
part of the Yukawa couplings are given by

LYukawa ∋ ytHq̄Lt
c
R + h.c., (3.2)

where qL is the left-handed 3rd generation quark doublet, tcR is the right-handed anti-top
quark, and yt is the top Yukawa coupling constant.

#5We assume that the Higgs potential given in eq. (3.1) is applicable at a high scale. In particular, we
assume that the effect of Planck suppressed operators, which may arise from the effect of quantum gravity,
is negligible. For the discussion about the effect of Planck suppressed operators, see [61–69].
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We can calculate all of the determinants analytically

[A. Andreassen, W. Frost, M. D. Schwartz; ’17, S. Chigusa, T. Moroi, YS; ’18]
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The integral apparently diverge!

However, the result can converge if one includes two or more loops
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RG improvement

For each bounce size R, we take the renormalization scale as

(Corresponding to resummation of  higher loop logarithmic corrections)

at the one-loop level
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Figure 1: Top: The RG evolution of the SM coupling constants as functions of µ (in units of
GeV). The dashed line indicates λ < 0. The black dotted line shows the scale where φ̄C =
MPl, taking µ = 1/R. The horizontal axis is common with the bottom panel. Bottom: The
integrand of the decay rate with µ = 1/R, taking the central values for the SM parameters.
In the shaded region, λ is positive and the integrand is zero.

three-loop effects and the contribution from the bottom and the tau Yukawa couplings):

16π2 dλ

d lnµ

∣∣∣∣
one-loop

= 12λ

(
2λ+ y2t −

g2Y + g22
4

− g22
2

)
− 6y4t + 6

(
g2Y + g22

4

)2

+ 12

(
g22
4

)2

,

(3.15)

16π2 dyt
d lnµ

∣∣∣∣
one-loop

= yt

(
9

2
y2t − 8g23 −

9

4
g22 −

17

12
g2Y

)
. (3.16)

At a low energy scale, the term proportional to y4t drives λ to a negative value. As the scale
increases, yt decreases while gY increases, which brings λ back to a positive value. Notice
that λ is bounded from below in the SM.

We show the integrand of γ in the bottom panel of fig. 1, together with that of

γtree =

∫
d lnR

1

R4
e−B. (3.17)
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Figure 2: Top: The integrand of the decay rate with the central values of SM parameters.
The solid line corresponds to a result at the one-loop level and the dashed one corresponds
to that at the tree level. The horizontal axis is common with the bottom figure. We show
φ̄C = MPl with the vertical dotted line. Bottom: The size of each quantum correction. The
dashed line corresponds to δB(1)

eff .

rate of the present universe). Such a small decay rate is harmless for realizing the present
universe observed.#9

In fig. 3, we show the decay rate in mh vs. mt plane. In the red region, γ becomes larger
than H4

0 , which we call unstable region. In the yellow region, the EW vacuum is metastable,
meaning that 0 < γ < H4

0 . In the green region, the EW vacuum is absolutely stable because λ
is always positive. The dashed, solid, and dotted lines correspond to αs = 0.1192, 0.1181, and
0.1170, respectively. The black dot-dashed contours show log10 [γ ×Gyr Gpc3] = 0,−100,
−300, and−1000 with the central value of αs. We also show 68, 95, and 99 % C.L. constraints
on the Higgs mass vs. top mass plane assuming that their errors are independently Gaussian
distributed. In fig. 3, we terminate the integral at φ̄C = MPl, but it does not change the
figure as far as the cut-off is not so far from the Planck scale.#10 The value of φ̄C at the

#9Cosmologically, the Higgs field may evolve into the unstable region due to the dynamics during and after
inflation [87–107]. We do not consider such cases.
#10Even with a lower cut-off such as φ̄C < 0.1MPl, the result does not change significantly. It reduces
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(     : field value at the center of the bounce)

(1) Ignore effects of gravity

(2) Impose a cutoff of R

They are also shown in a linear scale in the top panel of fig. 2.
There are some remarks on the integral over R.

• As indicated by the top panel of fig. 2, the integral is dominated by the interval
1017 GeV ! 1/R < 1018 GeV, corresponding to 1018 GeV ! φ̄C < 1019 GeV, which
is close to the Planck scale. We may formally perform the R-integration up to the
scale where λ becomes positive again; the result of such an analysis is denoted as γ∞.
Otherwise, we may stop the integration at φ̄C ∼ MPl, expecting that the SM breaks
down at the Planck scale due to an effect of quantum gravity; we also perform such a
calculation terminating the integral at φ̄C = MPl, assuming that the bounce solution
is unaffected by the effect of quantum gravity. The result is denoted as γPl.

• As one can see in the bottom panel of fig.1, there is an artificial divergence of the
integrand at 1/R ≃ 1010 GeV. This is due to a breakdown of perturbative expansion
owing to a too small |λ|, which makes the one-loop effect larger than the tree-level
one. We expect that the effect of such a bounce configuration is unimportant because
the bounce action for such a small |λ| suppresses the decay rate significantly. Thus,
we exclude such a region from the region of integration. In our numerical calculation,

we require

∣∣∣∣
δB(1)

eff
B

∣∣∣∣ < 0.8 and
∣∣∣ [lnA(X)]MS

B

∣∣∣ < 0.8 for each X , where δB(1)
eff is the one-loop

contribution to Beff , and [lnA(X)]MS is a contribution from particle X ; the region that
does not satisfy these conditions is excluded from the integration.#7

By numerically integrating over R, we obtain#8

log10
[
γPl ×Gyr Gpc3

]
= −582+40 +184 +144 +2

−45 −329 −218 −1, (3.18)

log10
[
γ∞ ×Gyr Gpc3

]
= −580+40 +183 +145 +2

−44 −328 −218 −1, (3.19)

where the 1st, 2nd, 3rd, and 4th errors are due to the Higgs mass, the top mass, the strong
coupling constant, and the renormalization scale, respectively. (In order to estimate the
uncertainty due to the choice of the renormalization scale, we vary the renormalization scale
from 1/2R to 2/R.) Currently, the largest error comes from the uncertainty of the top mass.
With a better understanding of the top quark mass at future LHC experiment [79–85], or
even with at future e+e− colliders [86], more accurate determination of the decay rate will
become possible. One can see that the predicted decay rate per unit volume is extremely
small, in particular, compared with H−4

0 ≃ 103 Gyr Gpc3 (with H0 being the expansion

#7The numerical result is insensitive to the cut parameter, 0.8, as far as only the region where the pertur-
bation breaks down is removed from the integration. In the SM, with the central values of the couplings,
the numerical result is not affected much even if we change the number from 0.04 to 1.2.
#8In our previous analysis [25], we used a different renormalization scale, i.e., µ = φ̄C instead of µ = R−1.

With µ = φ̄C , the decay rate becomes log10
[
γ ×Gyr Gpc3

]
= −570 for the best-fit values of the SM

parameters. Difference between this result and that in [25] is due to the correction of an error in Eq.
(29) of [25] (see Eq. (D.38)). The uncertainty related to the choice of µ should be regarded as theoretical
uncertainty.
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• As indicated by the top panel of fig. 2, the integral is dominated by the interval
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scale where λ becomes positive again; the result of such an analysis is denoted as γ∞.
Otherwise, we may stop the integration at φ̄C ∼ MPl, expecting that the SM breaks
down at the Planck scale due to an effect of quantum gravity; we also perform such a
calculation terminating the integral at φ̄C = MPl, assuming that the bounce solution
is unaffected by the effect of quantum gravity. The result is denoted as γPl.

• As one can see in the bottom panel of fig.1, there is an artificial divergence of the
integrand at 1/R ≃ 1010 GeV. This is due to a breakdown of perturbative expansion
owing to a too small |λ|, which makes the one-loop effect larger than the tree-level
one. We expect that the effect of such a bounce configuration is unimportant because
the bounce action for such a small |λ| suppresses the decay rate significantly. Thus,
we exclude such a region from the region of integration. In our numerical calculation,

we require

∣∣∣∣
δB(1)

eff
B

∣∣∣∣ < 0.8 and
∣∣∣ [lnA(X)]MS

B

∣∣∣ < 0.8 for each X , where δB(1)
eff is the one-loop

contribution to Beff , and [lnA(X)]MS is a contribution from particle X ; the region that
does not satisfy these conditions is excluded from the integration.#7

By numerically integrating over R, we obtain#8

log10
[
γPl ×Gyr Gpc3

]
= −582+40 +184 +144 +2

−45 −329 −218 −1, (3.18)

log10
[
γ∞ ×Gyr Gpc3

]
= −580+40 +183 +145 +2

−44 −328 −218 −1, (3.19)

where the 1st, 2nd, 3rd, and 4th errors are due to the Higgs mass, the top mass, the strong
coupling constant, and the renormalization scale, respectively. (In order to estimate the
uncertainty due to the choice of the renormalization scale, we vary the renormalization scale
from 1/2R to 2/R.) Currently, the largest error comes from the uncertainty of the top mass.
With a better understanding of the top quark mass at future LHC experiment [79–85], or
even with at future e+e− colliders [86], more accurate determination of the decay rate will
become possible. One can see that the predicted decay rate per unit volume is extremely
small, in particular, compared with H−4

0 ≃ 103 Gyr Gpc3 (with H0 being the expansion

#7The numerical result is insensitive to the cut parameter, 0.8, as far as only the region where the pertur-
bation breaks down is removed from the integration. In the SM, with the central values of the couplings,
the numerical result is not affected much even if we change the number from 0.04 to 1.2.
#8In our previous analysis [25], we used a different renormalization scale, i.e., µ = φ̄C instead of µ = R−1.

With µ = φ̄C , the decay rate becomes log10
[
γ ×Gyr Gpc3

]
= −570 for the best-fit values of the SM

parameters. Difference between this result and that in [25] is due to the correction of an error in Eq.
(29) of [25] (see Eq. (D.38)). The uncertainty related to the choice of µ should be regarded as theoretical
uncertainty.
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Figure 3: The stability of the EW vacuum in the SM with a cut-off of the integration at
φ̄C = MPl. The red region is unstable, the yellow region is meta-stable, and the green region
is absolutely stable. The dashed, solid, and dotted lines correspond to αs = 0.1192, 0.1181,
and 0.1170, respectively. The black dot-dashed lines indicate log10 [γ ×Gyr Gpc3] = 0,
−100, −300, and −1000 with the central value of αs. The blue circles indicate 68, 95, and
99 % C.L. constraints on the Higgs mass vs. top mass plane assuming that their errors are
independently Gaussian.

maximum of the integrand ranges from 1018 GeV to 1020 GeV.
It is well known that, currently, our universe is (almost) dominated by the dark energy.

If it is a cosmological constant, then our universe will eventually become de Sitter space
with the expansion rate of about 56.3 km/sec/Mpc [108]. Then, based on γPl, the phase
transition rate within the Hubble volume of such a universe is estimated to be 10−580 Gyr−1,
which may be regarded as a decay rate of the EW vacuum in the SM.

For comparison, we also perform a “tree-level” calculation of the decay rate using eq. (3.17).

The results are log10

[
γ(tree)Pl ×Gyr Gpc3

]
= −575 and log10

[
γ(tree)∞ ×Gyr Gpc3

]
= −570.

Thus, the difference between γ and γ(tree) turns out to be rather small. This is a conse-
quence of an accidental cancellation among the contributions of several fields. In the bottom
panel of fig. 2, we show individual quantum corrections separately, as well as the total one-
loop contribution. We can see that the large quantum correction from the top quark is
cancelled by those from the gauge bosons. We have also checked that the unstable region
on the mh vs. mt plane shifts upward by ∆mt ≃ 0.2 GeV if we use γ(tree).

log10 γ by about 20.
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Ignoring QC, we have

mh mt ↵s µ
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Figure 3: The stability of the EW vacuum in the SM with a cut-off of the integration at
φ̄C = MPl. The red region is unstable, the yellow region is meta-stable, and the green region
is absolutely stable. The dashed, solid, and dotted lines correspond to αs = 0.1192, 0.1181,
and 0.1170, respectively. The black dot-dashed lines indicate ln [γ ×Gyr Gpc3] = 0, −100,
−300, and −1000 with the central value of αs. The blue circles indicate 68, 95, and 99
% C.L. constraints on the Higgs mass vs. top mass plane assuming that their errors are
independently Gaussian.

maximum of the integrand ranges from 1018 GeV to 1020 GeV.
It is well known that, currently, our universe is (almost) dominated by the dark energy.

If it is a cosmological constant, then our universe will eventually become de Sitter space
with the expansion rate of about 56.3 km/sec/Mpc [104]. Then, based on γPl, the phase
transition rate within the Hubble volume of such a universe is estimated to be 10−580 Gyr−1,
which may be regarded as a decay rate of the EW vacuum in the SM.

For comparison, we also perform a “tree-level” calculation of the decay rate using eq. (3.17).

The results are log10

[
γ(tree)Pl ×Gyr Gpc3

]
= −575 and log10

[
γ(tree)∞ ×Gyr Gpc3

]
= −570.

Thus, the difference between γ and γ(tree) turns out to be rather small. This is a conse-
quence of an accidental cancellation among the contributions of several fields. In the bottom
panel of fig. 2, we show individual quantum corrections separately, as well as the total one-
loop contribution. We can see that the large quantum correction from the top quark is
cancelled by those from the gauge bosons. We have also checked that the unstable region
on the mh vs. mt plane shifts upward by ∆mt ≃ 0.2 GeV if we use γ(tree).

log10 γ by about 20.
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They are also shown in a linear scale in the top panel of fig. 2.
There are some remarks on the integral over R.

• As indicated by the top panel of fig. 2, the integral is dominated by the interval
1017 GeV ! 1/R < 1018 GeV, corresponding to 1018 GeV ! φ̄C < 1019 GeV, which
is close to the Planck scale. We may formally perform the R-integration up to the
scale where λ becomes positive again; the result of such an analysis is denoted as γ∞.
Otherwise, we may stop the integration at φ̄C ∼ MPl, expecting that the SM breaks
down at the Planck scale due to an effect of quantum gravity; we also perform such a
calculation terminating the integral at φ̄C = MPl, assuming that the bounce solution
is unaffected by the effect of quantum gravity. The result is denoted as γPl.

• As one can see in the bottom panel of fig.1, there is an artificial divergence of the
integrand at 1/R ≃ 1010 GeV. This is due to a breakdown of perturbative expansion
owing to a too small |λ|, which makes the one-loop effect larger than the tree-level
one. We expect that the effect of such a bounce configuration is unimportant because
the bounce action for such a small |λ| suppresses the decay rate significantly. Thus,
we exclude such a region from the region of integration. In our numerical calculation,

we require

∣∣∣∣
δB(1)

eff
B

∣∣∣∣ < 0.8 and
∣∣∣ [lnA(X)]MS

B

∣∣∣ < 0.8 for each X , where δB(1)
eff is the one-loop

contribution to Beff , and [lnA(X)]MS is a contribution from particle X ; the region that
does not satisfy these conditions is excluded from the integration.#7

By numerically integrating over R, we obtain#8

log10
[
γPl ×Gyr Gpc3

]
= −582+40 +184 +144 +2

−45 −329 −218 −1, (3.18)

log10
[
γ∞ ×Gyr Gpc3

]
= −580+40 +183 +145 +2

−44 −328 −218 −1, (3.19)

where the 1st, 2nd, 3rd, and 4th errors are due to the Higgs mass, the top mass, the strong
coupling constant, and the renormalization scale, respectively. (In order to estimate the
uncertainty due to the choice of the renormalization scale, we vary the renormalization scale
from 1/2R to 2/R.) Currently, the largest error comes from the uncertainty of the top mass.
With a better understanding of the top quark mass at future LHC experiment [79–85], or
even with at future e+e− colliders [86], more accurate determination of the decay rate will
become possible. One can see that the predicted decay rate per unit volume is extremely
small, in particular, compared with H−4

0 ≃ 103 Gyr Gpc3 (with H0 being the expansion

#7The numerical result is insensitive to the cut parameter, 0.8, as far as only the region where the pertur-
bation breaks down is removed from the integration. In the SM, with the central values of the couplings,
the numerical result is not affected much even if we change the number from 0.04 to 1.2.
#8In our previous analysis [25], we used a different renormalization scale, i.e., µ = φ̄C instead of µ = R−1.

With µ = φ̄C , the decay rate becomes log10
[
γ ×Gyr Gpc3

]
= −570 for the best-fit values of the SM

parameters. Difference between this result and that in [25] is due to the correction of an error in Eq.
(29) of [25] (see Eq. (D.38)). The uncertainty related to the choice of µ should be regarded as theoretical
uncertainty.
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ELVAS
(c++ package for ELectroweak VAcuum Stability)

＊実在する都市、背景とは一切関係ありません。



Who don’t even want to 
write a code by theirselves

https://github.com/YShoji-HEP/ELVASshould go to



Other terms are 
neglected since


Assumptions
We consider a more general case where the scalar potential is roughly given by

V (�) =
�

4
�4

<latexit sha1_base64="EsFeYuHWUTt2aDNSEVU2VTB+0Qs="></latexit><latexit sha1_base64="EsFeYuHWUTt2aDNSEVU2VTB+0Qs="></latexit><latexit sha1_base64="EsFeYuHWUTt2aDNSEVU2VTB+0Qs="></latexit><latexit sha1_base64="EsFeYuHWUTt2aDNSEVU2VTB+0Qs="></latexit>

Lambda becomes smallest

at a high energy scale

Energy scale
Mass scale of 

particles

No instability at a low energy scale

M
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The bounce field can have global/local symmetry



Laurent expansions
F Numerical Recipe

In this Appendix, we give fitting formulae of the prefactors at the one-loop level. Contrary to
the analytic formulae including various special functions with complex arguments, which may
be inconvenient for numerical calculations, the fitting formulae give a simple procedure to
perform a numerical calculation of the decay rate with saving computational time. Compared
to the analytic expressions, the errors of the fitting formulae are 0.05% or smaller.

• Higgs

−
[
lnA′(h)]

MS
= −0.99192944327027 + 2.5 ln |λ|− 3 lnµR. (F.1)

• Scalar

Let x = κ/|λ|. For x < 0.7,

−
[
lnA(σ)

]
MS

= −0.239133939224974x2 + 0.222222222222222x3

− 0.134704602106396x4 + 0.102278606592866x5

− 0.0839329261179402x6 + 0.0715956882048009x7

− 0.0625481711576628x8 + 0.0555697470602515x9

− 0.0500042455037409x10 − 0.333333333333333x2 lnµR. (F.2)

For x > 0.7,

−
[
lnA(σ)

]
MS

= −0.0261559272783723 + 0.0000886704923163256/x4

+ 0.0000962000962000962/x3 + 0.000198412698412698/x2

+ 0.00105820105820106/x+ 0.111111111111111x

− 0.181204187497805x2 + (−0.0055555555555556

+ 0.166666666666667x2) ln x− 0.333333333333333x2 lnµR. (F.3)

• Fermion

Let x = y2/|λ|. For x < 1.3,

−
[
lnA(ψ)

]
MS

= 0.64493454511661x+ 0.005114971505109x2

− 0.0366953662258276x3 + 0.00476307962690785x4

− 0.000845451274112082x5 + 0.000168244913551417x6

− 0.0000353785958610453x7 + 7.67709260595572× 10−6x8

+ (0.66666666666667x+ 0.333333333333333x2) lnµR. (F.4)
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For x > 1.3,

−
[
lnA(ψ)

]
MS

= −0.227732960077634 + 0.00260942760942761/x3

+ 0.00271164021164021/x2 + 0.00820105820105820/x

+ 0.53790187962670x+ 0.296728717591129x2

+ (−0.06111111111111111− 0.3333333333333333x

− 0.1666666666666666x2) ln x

+ (0.66666666666667x+ 0.333333333333333x2) lnµR. (F.5)

• Gauge

Let x = g2/|λ|. For x < 1.4,

−
[
lnA′(Aµ,ϕ)

]
MS

=− 0.96686103284373− 1.76813696868318x

+ 0.61593151565841x2 + 0.145084271024101x3

− 0.0241469799983579x4 + 0.00555917805602827x5

− 0.00145020891759152x6 + 0.000402580447036276x7

− 0.000115821925959136x8

+ 0.5 ln |λ|+ (−0.333333333333333− 2x− x2) lnµR. (F.6)

For x > 1.4,

−
[
lnA′(Aµ,ϕ)

]
MS

=− 27.0091748854198 + 0.000266011476948977/x4

+ 0.000288600288600289/x3 + 0.000595238095238095/x2

+ 0.00317460317460317/x+ 1.56519636465016x

− 0.07988363024944x2 + (−3.54033527491510× 10−6/x5

− 0.0000404609745704583/x4 − 0.00051790047450187/x3

− 0.0082864075920299/x2 − 0.265165042944955/x

+ 4.24264068711929)
√
x arcsin

[
s√

s2 + 79164837199872x9

]

+ (−6.01666666666667 + 0.5x2) ln x

+ 1.5 ln[3.14159265358979(−98796.7402597403

+ 136316.571428571x− 136594.285714286x2

+ 92160x3 + 7372800x4 + 6553600x5)]

+ 0.5 ln |λ|+ (−0.333333333333333− 2x− x2) lnµR, (F.7)

where

s = 7 + 80x+ 1024x2 + 16384x3 + 524288x4 − 8388608x5. (F.8)
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The package uses expanded expressions ( < 0.05% accuracy)



What you need
Renormalization group evolution of couplings
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Figure 1: Top: The RG evolution of the SM coupling constants as functions of µ (in units of
GeV). The dashed line indicates λ < 0. The black dotted line shows the scale where φ̄C =
MPl, taking µ = 1/R. The horizontal axis is common with the bottom panel. Bottom: The
integrand of the decay rate with µ = 1/R, taking the central values for the SM parameters.
In the shaded region, λ is positive and the integrand is zero.

In order to understand the µ dependence of λ, let us show one-loop RG equations of
λ and yt (although, in our numerical calculation, we use RG equations including two- and
three-loop effects and the contribution from the bottom and the tau Yukawa couplings):

16π2 dλ

d lnµ

∣∣∣∣
one-loop

= 12λ

(
2λ+ y2t −

g2Y + g22
4

− g22
2

)
− 6y4t + 6

(
g2Y + g22

4

)2

+ 12

(
g22
4

)2

,

(3.15)

16π2 dyt
d lnµ

∣∣∣∣
one-loop

= yt

(
9

2
y2t − 8g23 −

9

4
g22 −

17

12
g2Y

)
. (3.16)

At a low energy scale, the term proportional to y4t drives λ to a negative value. As the scale
increases, yt decreases while gY increases, which brings λ back to a positive value. Notice
that λ is bounded from below in the SM.
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MPl, taking µ = 1/R. The horizontal axis is common with the bottom panel. Bottom: The
integrand of the decay rate with µ = 1/R, taking the central values for the SM parameters.
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In order to understand the µ dependence of λ, let us show one-loop RG equations of
λ and yt (although, in our numerical calculation, we use RG equations including two- and
three-loop effects and the contribution from the bottom and the tau Yukawa couplings):

16π2 dλ

d lnµ

∣∣∣∣
one-loop

= 12λ

(
2λ+ y2t −

g2Y + g22
4

− g22
2

)
− 6y4t + 6

(
g2Y + g22

4

)2

+ 12

(
g22
4

)2

,

(3.15)

16π2 dyt
d lnµ

∣∣∣∣
one-loop

= yt

(
9

2
y2t − 8g23 −

9

4
g22 −

17

12
g2Y

)
. (3.16)

At a low energy scale, the term proportional to y4t drives λ to a negative value. As the scale
increases, yt decreases while gY increases, which brings λ back to a positive value. Notice
that λ is bounded from below in the SM.
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Start
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Execute [BEGIN_ROUTINE]

Execute [MAIN_ROUTINE]Execute [END_ROUTINE]Execute [FINALIZE]

End

Record exists?
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The rest is script routines

And similarly for [END_ROUTINE] and [FINALIZE]



Important functions

e�
8⇡2

3|�| ⇥A(h) ⇥A(t) ⇥A(W,Z)
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– If you want to skip a dataset, use break(). Once it is called, the interpreter
skips the rest of the records in the current [DATASET] section and the coming
[END_ROUTINE] section.

– If exit() is called, the program terminates.

• Output

– print("string") function prints string on the output file.

– print(num1, num2, ...) function prints numbers on the output file. The delim-
iter can be set with the OUTPUT_DELIM entry in the [GENERAL] section. It returns
the result of the last argument.

– output_precision(n) sets the decimal precision for output to n.

In addition, there are constants and functions used for the calculation of vacuum decay
rates. They should be set or called in right places.

! In section [INITIALIZE]

const LN_QR – It fixes lnQR, which should be a constant and relates the renormal-
ization scale, Q, and the instanton scale, R.

! In section [BEGIN_ROUTINE]

func initialize() – It clears the accumulated data of ln φ̄C and ln dγ/dR−1. If you
have multiple [DATASET]’s, this function must be called.

! In section [MAIN_ROUTINE]

const HIGGS_QURTIC_COUPLING – The Higgs quartic coupling normalized as in eq. (1).

const LN_RINV – The instanton scale, lnR−1.

func InstantonB() – It returns the tree level action, B. HIGGS_QUARTIC_COUPLING
should be set before this function is called.

func HiggsQC() – It returns the quantum corrections from the Higgs fluctuations,[
− lnA(h)

]
MS

. HIGGS_QUARTIC_COUPLING and LN_QR should be set before this
function is called.

func ScalarQC(kappa) – It returns the quantum corrections from the scalar fluc-
tuations,

[
− lnA(σ)

]
MS

with κ = kappa. HIGGS_QUARTIC_COUPLING and LN_QR
should be set before this function is called.

func FermionQC(y) – It returns the quantum corrections from the fermion fluctua-
tions,

[
− lnA(ψ)

]
MS

with y = y. HIGGS_QUARTIC_COUPLING and LN_QR should be
set before this function is called.
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func GaugeQC(g_squared) – It returns the quantum corrections from the gauge fluc-
tuations,

[
− lnA(A,ϕ)

]
MS

with g2 = g_squared. HIGGS_QUARTIC_COUPLING and
LN_QR should be set before this function is called.

func save_phiC() – It saves ln φ̄C to memory. If you use get_max_lnQ(x) or get_min_lnQ(x),
you need to execute this function. HIGGS_QURTIC_COUPLING and LN_RINV should
be set before this function is called.

func save_dlngamma_dRinv(dlngamma) – It saves ln dγ/dR−1 = dlngamma to mem-
ory. If you use get_lngamma(x,y), you need to execute this function. LN_RINV
should be set before this function is called.

! In section [END_ROUTINE]

func is_data_enough() – It checks if there are enough data points of ln dγ/dR−1 to
calculate the decay rate. It returns one if they are enough, or zero if not.

func get_max_lnRinv(upper_bound) – It returns the maximum allowed value of
lnR−1 where both ln φ̄C and lnR−1 are below upper_bound. If all the saved
data points have smaller lnR−1, it returns the maximum lnR−1 among the data
points.

func get_min_lnRinv(lower_bound) – It returns the minimum allowed value of lnR−1

where both ln φ̄C and lnR−1 are above lower_bound. If all the saved data points
have larger lnR−1, it returns the minimum lnR−1 among the data points.

func get_lngamma(lnRinv_min,lnRinv_max) – It interpolates the accumulated ln dγ/dR−1

and integrates over interval [lnRinv_min,lnRinv_max]. The return value is ln γ.
There should be a sufficient number of saved data that cover the region of inte-
gration.

4.3 Call routines in a c++ code

If you use our routines in your c++ code, include elvas.h and compile elvas.cpp together
with your code. The following routines are defined. They do not require the boost library.

• Elvas::instantonB(lambdaAbs)

Calculate the tree level action of the instanton.

in const double& lambdaAbs

The value of |λ|.
out The value of tree level action, B.

• Elvas::higgsQC(lambdaAbs, lnQR)

Calculate the quantum corrections from the Higgs field.
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– If you want to skip a dataset, use break(). Once it is called, the interpreter
skips the rest of the records in the current [DATASET] section and the coming
[END_ROUTINE] section.

– If exit() is called, the program terminates.

• Output

– print("string") function prints string on the output file.

– print(num1, num2, ...) function prints numbers on the output file. The delim-
iter can be set with the OUTPUT_DELIM entry in the [GENERAL] section. It returns
the result of the last argument.

– output_precision(n) sets the decimal precision for output to n.

In addition, there are constants and functions used for the calculation of vacuum decay
rates. They should be set or called in right places.

! In section [INITIALIZE]

const LN_QR – It fixes lnQR, which should be a constant and relates the renormal-
ization scale, Q, and the instanton scale, R.

! In section [BEGIN_ROUTINE]

func initialize() – It clears the accumulated data of ln φ̄C and ln dγ/dR−1. If you
have multiple [DATASET]’s, this function must be called.

! In section [MAIN_ROUTINE]

const HIGGS_QURTIC_COUPLING – The Higgs quartic coupling normalized as in eq. (1).

const LN_RINV – The instanton scale, lnR−1.

func InstantonB() – It returns the tree level action, B. HIGGS_QUARTIC_COUPLING
should be set before this function is called.

func HiggsQC() – It returns the quantum corrections from the Higgs fluctuations,[
− lnA(h)

]
MS

. HIGGS_QUARTIC_COUPLING and LN_QR should be set before this
function is called.

func ScalarQC(kappa) – It returns the quantum corrections from the scalar fluc-
tuations,

[
− lnA(σ)

]
MS

with κ = kappa. HIGGS_QUARTIC_COUPLING and LN_QR
should be set before this function is called.

func FermionQC(y) – It returns the quantum corrections from the fermion fluctua-
tions,

[
− lnA(ψ)

]
MS

with y = y. HIGGS_QUARTIC_COUPLING and LN_QR should be
set before this function is called.
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func GaugeQC(g_squared) – It returns the quantum corrections from the gauge fluc-
tuations,

[
− lnA(A,ϕ)

]
MS

with g2 = g_squared. HIGGS_QUARTIC_COUPLING and
LN_QR should be set before this function is called.

func save_phiC() – It saves ln φ̄C to memory. If you use get_max_lnQ(x) or get_min_lnQ(x),
you need to execute this function. HIGGS_QURTIC_COUPLING and LN_RINV should
be set before this function is called.

func save_dlngamma_dRinv(dlngamma) – It saves ln dγ/dR−1 = dlngamma to mem-
ory. If you use get_lngamma(x,y), you need to execute this function. LN_RINV
should be set before this function is called.

! In section [END_ROUTINE]

func is_data_enough() – It checks if there are enough data points of ln dγ/dR−1 to
calculate the decay rate. It returns one if they are enough, or zero if not.

func get_max_lnRinv(upper_bound) – It returns the maximum allowed value of
lnR−1 where both ln φ̄C and lnR−1 are below upper_bound. If all the saved
data points have smaller lnR−1, it returns the maximum lnR−1 among the data
points.

func get_min_lnRinv(lower_bound) – It returns the minimum allowed value of lnR−1

where both ln φ̄C and lnR−1 are above lower_bound. If all the saved data points
have larger lnR−1, it returns the minimum lnR−1 among the data points.

func get_lngamma(lnRinv_min,lnRinv_max) – It interpolates the accumulated ln dγ/dR−1

and integrates over interval [lnRinv_min,lnRinv_max]. The return value is ln γ.
There should be a sufficient number of saved data that cover the region of inte-
gration.

4.3 Call routines in a c++ code

If you use our routines in your c++ code, include elvas.h and compile elvas.cpp together
with your code. The following routines are defined. They do not require the boost library.

• Elvas::instantonB(lambdaAbs)

Calculate the tree level action of the instanton.

in const double& lambdaAbs

The value of |λ|.
out The value of tree level action, B.

• Elvas::higgsQC(lambdaAbs, lnQR)

Calculate the quantum corrections from the Higgs field.
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(for additional scalars)

The routines can be easily constructed
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Figure 7: The same figure as fig. 4 but for a right-handed neutrino. We also show lines
indicating mν = 0.05 eV and mν = 0.08 eV with purple solid lines.

5 Conclusion

In this paper, we have calculated the decay rate of the EW vacuum in the framework of
the SM and also in various models with extra fermions. We included the complete one-loop
corrections as well as large logarithmic terms in higher loop corrections. We used a recently
developed technique to calculate functional determinants in the gauge sector, which not
only gives a prescription to perform a gauge invariant calculation of the decay rate but also
allows us to calculate the functional determinants analytically. In addition, in calculating
the decay rate of the EW vacuum, zero modes show up in association with the dilatational
and gauge symmetries. We have properly taken into account their effects, which was not
possible in previous calculations. We have given an analytic formula of the decay rate of the
EW vacuum, which is also applicable to models that exhibit classical scale invariance at a
high energy scale.

The decay rate of the EW vacuum is sensitive to the coupling constants in the SM and
their RG behavior. We have used three-loop RG equations for the study of the RG behavior
of the SM couplings. The result is used for the precise calculation of the decay rate of the
EW vacuum. The decay rate of the EW vacuum is estimated to be

log10
[
γPl ×Gyr Gpc3

]
= −582+40 +184 +144 +2

−45 −329 −218 −1, (5.1)

where the errors come from the Higgs mass, the top mass, the strong coupling constant,
and the renormalization scale, respectively. Here, only the bounce configurations with its
amplitude smaller than the Planck scale is taken into account; for the decay rate of the EW
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Right handed neutrino
For simplicity, consider one RH neutrino

Neutrino mass

Integration below the Planck scale Integration beyond the Planck scale



Summary
• We obtained analytic formulas for bubble nucleation 

rates, which are manifestly gauge invariant.


• We proposed a way to treat the integral over the bounce 
size, which gives a convergent result.


• We have confirmed that the SM vacuum is meta-stable, 
i.e. the lifetime is longer than the age of the Universe.


• We provide a c++ package that can calculate decay rates 
for generic models with approximate scale invariance.


