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QCD Dhase Diagram and Methods 4

QCD at T and µ
(QCD at extreme conditions)

I neutron stars

I heavy ion collisions

I Early Universe

Methods of dealing with QCD

I First principle calcultion
– lattice QCD

I Effective models

I DSE, FRG

I .....



More external conditions to QCD 5

More than just QCD at (µ, T )

I more chemical potentials
µi

I magnetic fields

I rotation of the system ~Ω

I acceleration ~a

I finite size effects (finite
volume and boundary
conditions)
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More than just QCD at (µ, T )

I more chemical
potentials µi

I magnetic fields
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Different types of chemical potentials 7

Baryon chemical potential µB

Allow to consider systems with non-zero baryon densities.

µB
3
q̄γ0q = µq̄γ0q, nB =

1

3
(nu + nd)

Isotopic chemical potential µI

Allow to consider systems with isospin imbalance (nn 6= np).

µI
2
q̄γ0τ3q = ν (q̄γ0τ3q)

nI = nu − nd ←→ µI = µu − µd
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Chiral imbalance 8

chiral (axial) chemical potential

Allow to consider systems with chiral imbalance (difference
between densities of left-handed and right-handed quarks).

n5 = nR − nL ←→ µ5 = µR − µL

The corresponding term in the Lagrangian is

µ5q̄γ
0γ5q



Chiral magnetic effect 9

~J ∼ µ5
~B,

A. Vilenkin, PhysRevD.22.3080,
K. Fukushima, D. E. Kharzeev and H. J. Warringa, Phys. Rev. D 78 (2008) 074033



Chiral isospin imbalance 10

µu5 6= µd5 and µI5 = µu5 − µd5

Term in the Lagrangian — µI5
2 q̄τ3γ

0γ5q = ν5(q̄τ3γ
0γ5q)

nI5 = nu5 − nd5, nI5 ←→ ν5



Chiral isospin imbalance nI5 and µI5 generation 11

I Chiral isospin imbalance nI5 and hence µI5 can

be generated by ~E || ~B

(for n5 and µ5 M. Ruggieri, M. Chernodub, H. Warringa et al)

I in dense quark matter

I Chiral separation effect
(Thanks for the idea to Igor Shovkovy)

I Chiral vortical effect



Notations 12

Different chemical potentials and matter content

µ =
µB
3
, ν =

µI
2
, µ5, ν5 =

µI5
2



Nambu–Jona-Lasinio model 13

NJL model can be considered as effective model for QCD.

the model is nonrenormalizable
Valid up to E < Λ ≈ 1 GeV µ, T < 600 MeV

Parameters G, Λ, m0 chiral limit m0 = 0

dof– quarks, no gluons only four-fermion interaction
attractive feature — dynamical CSB

the main drawback – lack of confinement (PNJL)



Nambu–Jona-Lasinio model 14

Nambu–Jona-Lasinio model

L = q̄γν i∂νq +
G

Nc

[
(q̄q)2 + (q̄iγ5q)2

]
q → eiγ5αq

continuous symmetry

L̃ = q̄
[
γρi∂ρ − σ − iγ5π

]
q − Nc

4G

[
σ2 + π2

]
.

Chiral symmetry breaking

1/Nc expansion, leading order

〈q̄q〉 6= 0

〈σ〉 6= 0 −→ L̃ = q̄
[
γρi∂ρ − 〈σ〉

]
q



Dualities 15

Dualities

It is not related to holography or gauge/gravity
duality

it is the dualities of the phase structures of
different systems



Equivalent Lagrangian 16

To find the thermodynamic potential we use a semi-bosonized
version of the Lagrangian

L̃ = q̄
[
i/∂+µγ0+ντ3γ

0+ν5τ3γ
0γ5+µ5γ

0γ5−σ−iγ5πaτa

]
q−Nc

4G

[
σ2+π2

a

]
.

σ(x) = −2
G

Nc
(q̄q); πa(x) = −2

G

Nc
(q̄iγ5τaq).

Condansates ansatz 〈σ(x)〉 and 〈πa(x)〉 do not depend on
spacetime coordinates

〈σ(x)〉 = M, 〈π1(x)〉 = π, 〈π2(x)〉 = 0, 〈π3(x)〉 = 0.

where M and π are already constant quantities.



Dualities of the phase diagram 17

The TDP

Ω(T, µ, µi, ..., 〈q̄q〉, ...)

Ω(T, µ, ν, ν5, ...,M, π, ...)

The TDP (phase daigram) is invariant under

Interchange of - condensates - matter content

Ω(M,π, ν, ν5)

M ←→ π, ν ←→ ν5

Ω(M,π, ν, ν5) = Ω(π,M, ν5, ν)
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Duality in the phase portrait 18
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Figure: NJL model results

Ω(M,π, ν, ν5) = Ω(π,M, ν5, ν)

D : M ←→ π, ν ←→ ν5

Duality between chiral
symmetry breaking and pion
condensation

PC←→ CSB ν ←→ ν5



Duality 19

Duality was found in

I In the framework of NJL model

I In the leading order of large Nc

approximation or in mean field

I In the chiral limit



Duality, Chiral limit 20

LQCD =
∑
f=u,d

q̄f (iD/−mf )qf −
1

4
Gµν,aGµνa

LNJL =
∑
f=u,d

q̄f

[
iγν∂ν −mf

]
qf +

G

Nc

[
(q̄q)2 + (q̄iγ5~τq)2

]
mf is current quark masses, mf : mu+md

2 ≈ 3.5MeV

typical values of µ, ν, T, .. ∼ 10− 100s MeV, e. g. 200-400 MeV

One can work in the chiral limit mf → 0

I mf = 0 → mπ = 0

I physical mf a few MeV → physical mπ ∼ 140 MeV

In the chiral limit mf = 0 the Duality D is exact



duality is approximate 21

Duality between CSB and PC is approximate in physical
point
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Figure: (ν, ν5) phase diagram



Dualities on the lattice 22

Dualities on the lattice
(µB, µI , µI5, µ5)

µB 6= 0 impossible on lattice but if µB = 0



Dualities on the lattice (µI , T ) and (µ5, T ) 23

µB 6= 0 impossible on lattice but if
µB = 0

I QCD at µ5 —- (µ5, T )

V. Braguta, A. Kotov et al, ITEP
lattice group

I QCD at µI —- (µI , T )

G. Endrodi, B. Brandt et al,
Emmy Noether junior research
group, Goethe-University Frankfurt,
Institute for Theoretical Physics ()
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Dualities on the lattice 24
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Uses of Dualities 25

Uses of Dualities

How (if at all) it can be used

discussed in Particles 2020, 3(1), 62-79



Inhomogeneous phases (case) 26

Inhomogeneous phases (case)

Homogeneous case

In vacuum the quantities 〈σ(x)〉 and 〈πa(x)〉 do not depend on space coordinate x.

〈σ(x)〉 = M, 〈π±(x)〉 = π, 〈π3(x)〉 = 0.

In a dense medium 〈σ(x)〉 and 〈πa(x)〉 might depend on spatial
coordinates
CDW ansatz for CSB, the single-plane-wave LOFF ansatz for PC

〈σ(x)〉 = M cos(2kx1), 〈π3(x)〉 = M sin(2kx1),

〈π1(x)〉 = π cos(2k′x1), 〈π2(x)〉 = π sin(2k′x1)



Duality 27

Duality in inhomogeneous case is shown

DI : M ←→ π, ν ←→ ν5, k ←→ k′



schematic (ν5, µ)-phase diagram 28

I exchange axis ν to the axis ν5,
I rename the phases ICSB ↔ ICPC, CSB ↔ CPC, and

NQM phase stays intact here

ν, MeV

μ, GeV

ν5, MeV

μ, GeV

Figure: (ν, µ)-phase diagram.

M. Buballa, S. Carignano, J. Wambach, D.

Nowakovski, Lianyi He et al.

Figure: (ν5, µ)-phase diagram



Preliminary conclusions 29

Duality was found D : M ←→ π, ν ←→ ν5

pion condensation←→ chiral symmetry breaking

isospin imbalance (ν)←→ chiral imbalance (ν5)

I In the framework of NJL model

I In the leading order of large Nc

approximation or in mean field

I hints that it could hold not only in large Nc

and in NJL model



QC2D 30

Two colour QCD case

QC2D



Similarity of SU(2) and SU(3) 31

Although the SU(2) and SU(3) are
very different

there are a lot of similarities

cf. previous talks



Two colour NJL model 32

Instead of chiral symmetry

SUL(2)× SUR(2)

one has Pauli-Gursey flavor symmetry

SU(4)

Two colour NJL model

L = q̄
[
i∂̂ −m0

]
q +H

[
(q̄q)2 + (q̄iγ5~τq)2 +

(
q̄iγ5σ2τ2q

c
)(
qciγ5σ2τ2q

)]
(1)



Two colour NJL model 33

L = q̄
[
i∂̂ −m0

]
q +H

[
(q̄q)2 + (q̄iγ5~τq)2 +

(
q̄iγ5σ2τ2q

c
)(
qciγ5σ2τ2q

)]
(2)

If you use Habbard-Stratanovich technique and auxiliary fileds

σ(x) = −2H(q̄q), ~π(x) = −2H(q̄iγ5~τq)

∆(x) = −2H
[
qciγ5σ2τ2q

]
= −2H

[
qTCiγ5σ2τ2q

]
∆∗(x) = −2H

[
q̄iγ5σ2τ2q

c
]

= −2H
[
q̄iγ5σ2τ2Cq̄

T
]

Condensates are

〈σ(x)〉 = M, 〈π1(x)〉 = π1, 〈∆(x)〉 = ∆, 〈∆∗(x)〉 = ∆∗.



Phase diagram of QC2D 34

Phase diagram of QC2D

in effective NJL model



Possible phases and their Condensates 35

Condensates and phases

M = 〈σ(x)〉 ∼ 〈q̄q〉, CSB phase: M 6= 0,

π1 = 〈π1(x)〉 = 〈q̄γ5τ1q〉, PC phase: π1 6= 0,

∆ = 〈∆(x)〉 = 〈qq〉 = 〈qTCγ5σ2τ2q〉, BSF phase: ∆ 6= 0.



Phase structure 36

I ν −→ PC

(isospin imbalance

trigger pion

condensation)

I ν5 −→ CSB

(catalysis of chiral

symmetry breaking)



Phase structure 37

μ/GeV

BSF

PC

I µ −→ BSF

(diquark condensation

is generated at

non-zero baryon

density)

J. Andersen, T. Brauner, D. T. Son,

M. Stephanov, J. Kogut, ...



Dualities in QC2D 38
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(a) D1 : µ←→ ν, π1 ←→ |∆|, PC←→ BSF

(b) D3 : ν ←→ ν5, M ←→ π1, PC←→ CSB

(c) D2 : µ←→ ν5, M ←→ |∆|, CSB←→ BSF
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I ν −→ PC (isospin imbalance trigger pion condensation)

I ν5 −→ CSB (catalysis of chiral symmetry breaking)

I µ −→ BSF (diquark condensation at baryon density)



Uses of Dualities 40

Uses of Dualities

How (if at all) it can be used

in three color case discussed in Particles 2020, 3(1), 62-79



Phase structure: (µ, ν)-phase diagram 41
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Figure: (µ, ν5)-phase diagram
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Uses of Dualities in two colour case 43

I Phase diagram is highly symmetric due to dualities

The whole phase diagram, including diquark
condensation, in two color case can be obtained from the
results of three color case without any diquark
condensation.

CSB and PC phenomena in two and three color case are similar
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Figure: three color
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Two colour QCD — QC2D 44

Let us consider QC2D Lagrangian

L = iΨ̄γµDµΨ

where Dµ = ∂µ + igAµ = ∂µ + ieσaA
a
µ.

And Ψ field is

Ψ =


ψuL
ψdL

σ2(ψCR)u

σ2(ψCR)d

 Ψ̄ =
(
ψ̄uL, ψ̄dL, (ψ̄CR)uσ2, (ψ̄CR)dσ2

)

Ψ ∈ SU(4), Ψ→ ωΨ,

SU(4)/Z2 = SO(6), Ψ̄C~ΣΨ ∈ SO(6)



Two colour NJL model 45

(Ψ̄C~ΣΨ)2, |Ψ̄C~ΣΨ|2

L = G|Ψ̄C~ΣΨ|2, L =
G

2

[
(Ψ̄C~ΣΨ)2 + h. c.

]
L = G1

1

2

(
L+ L

)
+G2

1

2

(
L − L

)
=

= G1

{
(ψ̄ψ)2 + (iψ̄~τγ5ψ)2 + (iψ̄σ2τ2γ

5ψC)(iψ̄Cσ2τ2γ
5ψ)
}

+

G2

{
(iψ̄γ5ψ)2 + (ψ̄~τψ)2 + (ψ̄σ2τ2ψ

C)(ψ̄Cσ2τ2ψ)
}

L = q̄
[
i∂̂ −m0

]
q +H

[
(q̄q)2 + (q̄iγ5~τq)2 +

(
q̄iγ5σ2τ2q

c
)(
qciγ5σ2τ2q

)]
(3)



Terms with chemical potentials 46

M = µΨ†
(

1 0
0 −1

)
Ψ + µIΨ

†
(
τ3 0
0 −τ3

)
Ψ+

µ5Ψ†γ5

(
1 0
0 1

)
Ψ + µI5Ψ†

(
τ3 0
0 τ3

)
Ψ

M = Ψ†
{
µ

(
1 0
0 −1

)
+µI

(
τ3 0
0 −τ3

)
+µ5γ

5

(
1 0
0 1

)
+µI5

(
τ3 0
0 τ3

)}
Ψ



Dualities in QC2D: approximations 47

Dualities D1, D2 and D3 were found in

- In the framework of NJL model

- In the large Nc approximation (or mean field)



Dualities in QC2D 48

D3 : ψR → iτ1ψR

µI ↔ µI5

ψ̄ψ ↔ iψ̄γ5τ1ψ

M ←→ ∆, ν ←→ ν5, µI ←→ µI5

iψ̄Cσ2τ2γ
5ψ ↔ iψ̄Cσ2τ2γ

5ψ, ψ̄Cσ2τ2ψ ↔ ψ̄Cσ2τ2ψ

ψ̄τ2ψ ↔ ψ̄τ3ψ, ψ̄τ1ψ ↔ iψ̄γ5ψ, iψ̄γ5τ2ψ ↔ iψ̄γ5τ3ψ

There is also D1 and D2



Dualities in QC2D 49

Dualities were found in

- In the framework of NJL model
non-pertubartively (or beyond mean field)

- In QC2D non-pertubartively (at the level of
Lagrangian)



Duality in SU(3) QCD 50

QCD Lagrangian is

L = iψ̄γµDµψ + ψ̄
[
µγ0 +

µI
2
τ3γ

0 +
µI5
2
τ3γ

0γ5 + µ5γ
0γ5
]
ψ

D : ψR → iτ1ψR

µI ↔ µI5

ψ̄ψ ↔ iψ̄γ5τ1ψ

M ←→ ∆, ν ←→ ν5, µI ←→ µI5

iψ̄Cσ2τ2γ
5ψ ↔ iψ̄Cσ2τ2γ

5ψ, ψ̄Cσ2τ2ψ ↔ ψ̄Cσ2τ2ψ

ψ̄τ2ψ ↔ ψ̄τ3ψ, ψ̄τ1ψ ↔ iψ̄γ5ψ, iψ̄γ5τ2ψ ↔ iψ̄γ5τ3ψ



Duality in QCD 51

Duality was found in

I In the framework of NJL model
non-pertubartively

(beyond mean field or at all orders of Nc

approximation)

I In QCD non-pertubartively (at the level of
Lagrangian)



Duality in QCD 52

D ∈ SUR(2) ∈ SUL(2)× SUR(2)

µI ↔ µI5

M 6= 0 breaks the chiral symmetry

Duality D is a remnant of chiral symmetry



Conclusions and Thanks for the Attention 53

I (µB, µI , ν5, µ5) phase diagram was studied in two color
color case

I It was shown that there exist dualities in QCD and QC2D

Richer structure of Dualities in the two colour case

I There have been shown ideas how dualities can be used

Duality is not just entertaining mathematical property but
an instrument with very high predictivity power

I Dualities have been shown non-perturbetively in the two
colour case

I Duality has been shown non-perturbarively in QCD




